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The exact operator system describing the spin system such as ferro-, ferri- and antiferromagnetic ones 
was obtained in which spin ‘’ needs not to be equal to one half. The field operators adopted here are 
well-known annihilation and creation operators usually used for the Bose field, with subsidiary condi- 
tions limiting the infinite space of numbers to a finite value of 2S+1. Exact solutions of these Hamil- 
tonians, of course, can not be obtained because of not bi-linear form but they are solved approximately 
in the case of low temperatures. The resonance conditions obtained by this method for ferro-, ferri- 
and antiferromagnetic cases are the same as those already obtained from the Heisenberg’s equation of 


motions. 


$1. Introduction 


To simplify the problem of magnetic behaviors such as susceptibility and specific heat 
ot consideration about microwave resonance or relaxation phenomena etc. in antiferro- 
magnetic or ferrimagnetic substances, it is very convenient to describe the Hamiltonian of 
spin system with the operators which are usually used in the field theories”. The theories 
hitherto proposed contained more or less unreasonable operators for the system containing 
spins of small value in which 1/S should not be neglected. In Bloch’s well known ex- 
change problem,” however, the exact operator system for spin of 1/2 was used. With 
respect to the spin wave system, in general, it may be worth while to give an exact operator 
system as above without the restriction of 1/2 spin, and for this reason we shall describe 
the method below. Unfortunately it is also unable to solve the definite problems by this 
method as in Bloch’s case since the Hamiltonian thus transformed is made up of not bi-linear 
form of the operators which create or annihilate the number of spin wave quanta 
“spinon” by unity. However this treatment has some convenience to obtain the useful 
bi-linear forms of Hamiltonian which are usually used at low temperatures. Although 
the simplification of Hamiltonian for the ferromagnetic or antiferromagnetic problems have 
been used also by many authors, the method discussed below shows a more straightfoward 
way to construct the Hamiltonian for similar problems which will be seen in the following 
sections with some examples. Moreover, this method makes it easy to compare the rela- 


tion between the theories hitherto proposed. 
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§ 2. Spin wave field 
Now we introduce the operators satisfying the following commutation relations, 
[a;at ]=On, [5 6 |=On, (A=), (2-1) 


; id 
otherwise zero. Denoting the quantum numbers with JV, and .V, (all of them can be 


assumed to have integral non-negative values), the matrix elements of these operators are 


(a,)-.- ; Ye, yh Sea (a; ) =e ae ae aes ) Nee Nk =19 
2 (2-2) 
(O,) “3 We, N;! : os (d; ) 1+ gh Nes overs 0 Nk» NkI—19 


regarding all other quantum numbers a, a; 6, and 6; etc. act as unit matrices. Letting 
the spin eigen function VY (-++; 72,,3:-+) be PF (+++; Vz, V5 +++), the spin operators Sj; = 
Spe ttSiy Sz =Spr—tS pn, and S,. can be represented* by the above operators, we have : 


Sf Su, O:; Sy a, and Spat 12) (ag a,— Of by) (2-3) 


with subsidiary conditions 


+ 


(atap+b20,)E (03 Nex Nese) = (Met MP (Me Mese)y (2-4) 


oe ot 
N,+N,=25,5 (2-5) 
and 
rs + - 
Ag (--55 My Nes) = (Se— as) B (5 tas 2), 
. Apste (2-6) 
N,F (-+-3M 3 Ni; s+) =(S,4+ my) F (5 M1 sK3 vee), - 
To prove the relations (2-3) it is sufficient to show the next relations hold to exactly : 
+ - [oP ae ae - 
SEP (0+°3 tas >>) =a OF (00-3 My, My) =V (N+ LIME (3 et 1, V,—1;---) 


= V (Set mtg) (Se= Mx t VE (005 Mart ls)s (2-7.1) 


+ 


Se F (00°53 ty +++) = dpa, (+My NVi3***) =" N,(N,+1) P (---; N,—1 Veer 1;)-s-) 


a (54 tien) Sat yy 1) Y (+++3 t,.—13 +++), epee 
Saal (+995 tya3. +++) = (1/2) (at a@,—FF3,) DP (vss N,, Mi ve) 
= (1/2) (V,—M,) (3 May Nyse) 


= Migy ET (-++3 mys +), (2-7.3) 
and 


*) After this work it called the anthors a i i 
ttention that J. Schwinger had obtained t i 
in “On Angular Momentum” (1952). : te a ae 
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SF (--+5 10553 +++) = {(1/2) (SESE + SESE) + S2} F (Or5 megg -°) 
= {(1/2) (af 5, 0% ag) + (1/2) (af 0, bf ay) + (1/4) (ad a— SE, 3 F (3 My Mg se) 
= (1/4) (af a+ 5f6,) (atart bi5,42)B (+5 My Ns) (23724) 
= Se(Se+1)¥ (0-95 tes +) 


with the help of relations (2-1), (2-2), (2-4), (2-5) and (2-6). 
The Hamiltonian of spin system H spin NOW in question is assumed to be constructed 
by the Zeeman energy term, exchange energy term, dipole-dipole interaction term and 


the anisotropy term, which is in this case, for simplicity, assumed to be uniaxial anisotropy ; 
fo ion =SBH S.j+ SS (S5Sx) Bp ae Sea 
Z 
+2 ul( S; Sx) — 3750 OSs Myx) Sry sn) | (2-8) 


In the above expression the letters have usual meanings, i.e.: g is the Landé factor, 2 the 
Bohr magneton, // the external magnetic field the direction of which lies in #-direction, 
J jx the exchange integral between 7-th and £-th magnetic ions, Kj, the anisotropy constant, 
and D,, the coefficient of dipolar or pseudodipolar interaction between the above mentioned 
ions. In pure dipolar case Dj, is expressed by g° /73;. 

Using the relation (2-3) the above expression of Hamiltonian is easily transformed into 


j 
cts (1/4) S3 Kj, (az @j— 57 6) (aga,— bz b,) 
j>k 
A374) 2 {ig @j @s— 67 0,) (ajpa,—b;0,) 


HY je Vin (OF L750; + G5. 050} a;) 
at pare jn (0% a, — Of 0;) QiO;+ (aj a;— 67 0,) ar, 
+7 5K YheL (apa, — Of 0,) OF 1534+ (aj a;—bj b,)bfa,| 


+ (75) 2a} ato. + Gj)? of bias}, (2-9) 


_ where, Va is Jiz+Dyas Vix the direction cosine of 2,, 7j is equal to a;,+78, and ay 
and /3,, are also direction cosines of 7; and 7;,. For the case in which all S,’s are 
equal to one half, Bloch obtained already an expression similar to the above. 

As stated in the introduction the direct application of this theory for ferromagnet and 
so forth is mathematically impossible. The spin wave nature of the Hamiltonian (2-9), 
however, is easily understood to some extent. In the ground state configuration we know 
all aj a, or bid, are nearly equal to zero or 2.,, hence we consider that, for 
example, aj a, is either zero or unity. In such a case the matrix elements for 0, etc. 
are nearly constant with respect to /V,, so that we can conclude that Hamiltonian (2-9) 
can be considered to be of nearly bi-linear form of the spin wave operators a; and 
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b,, etc. Changing the representation from configuration space to momentum space, it is 
supposed that the Hamiltonian (2-9) can be approximated by that of an assembly of harmonic 
oscillators with definite wave numbers /‘, by the well known theorem of diagonalization of 
bi-linear form. We shall show explicitly the Hamiltonians thus obtained for the cases of 
ferromagnetic, antiferromagnetic and ferrimagnetic ground states and also the procedures of 


diagonalizations in the corresponding cases in the following section. 


§ 3. Approximate forms of Hamiltonian in special cases 


We shall discuss here the simple approximate forms of the Hamiltonians above mentioned 
for the cases of ferromagnetic, ferrimagnetic and antiferromagnetic spin arrangements at low 


temperatures. At first we consider the case of ferromagnetic spin ordering. 


a) Ferromagnetic case 
If one assumes 


bj~bf~V2S; (3-1) 


and 
nie : 
b5 6, F (---3 Ny, Ng = (2S,—aja;) ¥ (+: 5Ny ++), (3-2) 


then the Hamiltonian (2-9) is found to be the one deduced by Holstein and Primakoff® 


with anisotropy terms, and this corresponds to the ‘‘ ferromagnetic” case : 


i pare =sBH>} (az aj— S,) ie T 5x { ( ney op Sak aj ) ( VS; a— ee aj) 
j f 


Momly 
j>k 


a QZ AAA S;S;} 


+ Ki (apas— Sj) (aba Se) + 33D ul7? (Ss 95 45) (Sp aba) 
c j>k 


ACHR UE For (Qj A+ A543) + (Te)? aj ak + TH)? aa,} 


SE: { RSP a; (apa,— sal ae vt SPD at (a} a;— Sy) \ 


+7 uri S,/2 a,;(aga,—S,) + Sete Q;,( aj aj—S;) \ i (3 > 3) 


Now we consider the case in which the lattice containg magnetic ions can be divided into 
two interpenetrating sublattices I and II, and all spins situated on the sublattice I are Sy 


and those on II are Sy. We shall now define new operators @}, and @,,, etc. by the 
following relations : ; 


a= ZV 1/N; exp [2(#, 7°,) la, | Tee V1/My exp [4 (Myu2;) lua» 
a= SIV 1/N exp (—i (lista) lain | aj = S317 exp [iC 1) ad 
(34) 
Here the summations are taken over the whole sublattice points of I and II, so that J, 
and My are both equal to V/2. The commutation rules are now found to be : 
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Ae St ere huge 2a rte Ouurs (355) 


while all other commutators vanish. Using these operators the main (bi-linear) part of 
the exchange Hamiltonian is transformed into 


4 spin= SV ie Y Six aj = ¥ St az) (Su ax— ¥Si a5) 


25 eos {Sn./(?, 0) aX, a+ Sn/(p, 0) ah, Qa— WS Sy StrJ (01 A) (AX, 22+ CeAr) } 5 


where 


J (0,2) = doe exp [i (Ma 2n) |. (3-7) 


neighbors 
Using further transformations 
Wa cos Uy sin Gs, @,,=— A, sin 6,+ 2, cos §,, 
| a@y,= Az cos 6,+ 4} sin 6@,, | 23,=— Af sin 6,+Afcos9,, (3:8) 
with the commutation relations 
[A, Ay, ]=[2, By)]=0,,,, otherwise zero, (3-9) 
the exchange Hamiltonian (3-6) takes the form 
H spn =>) (CALA + BEB), (3-10) 
where 


i = (1/2) {Sy sin" 0, + Sir cos” a, (0; 0) + MSO GD A) sin a, cos Oss 
(3. 11) 
D,= (1/2) {Sz sin’ 6, + Sycos’ 6,} 7(e, 0) — SS ASH A Go 2) sin 0, cos 6,, 
and @, in the above expression is determined by the equality 


tan 26, =2V SSuJ(p; A) /(Si— S)/(p, 0). (3-12) 


Using this value of 4,, (3-11) is rewritten down as 


OC,= 1/4) 1/7 (@, 9) CSr+ Si) + Vv (S{— Sn) By? ( 0, 0) + 45Su J" (e, a)}, 


Dy= (1/4) {(/(¢ 0) (St+ Si) — ¥ (Si Sn)? P(e, 0) + 4 SiS /* (0, 4) } - 
(3-13) 


If S,; and Sy are equal with each other, then (3-10) turns back to the well-known 


expression already proposed by Holstein and Primakoft : 
B pin=—S>1 {J (; 0) SiGe A)} ax a). (3-14) 


Alternatively if we use the truncated bi-linear Hamiltonian including dipolar, anisotropy 
and ‘Zeeman energies as well as exchange interaction energy, then the Hamiltonian can 


also be diagonalized. The result is as follows : 
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K ion ey AX, Ay, +2, 7. EA A,- VE (3-15) 
where 


Su 
0,4 =[S+SH ((p, 0) +K(p. 0) + Daly 0)} +484 (AEH) (7H 0) 


/2 
+ K(p,0)+D,(p, 0)}°+ S; Su{/(e, 4) +D.(p, 4)} ay. 


x | 22170, 0) + K(p,0) + Da(v, 0)} +B [( 228 Sn) {7(p, 0) 

4 K(p, 0) + D.(p, 0)}2-+ St Sir J(p 4) + Dy (0 4)} »T (3-16) 

with D,(p, 0) ciety gee (3-17) 
Delp, A)=3>Da gexp [7 (Fer 0) Jes (3-18) 

and Dy (ps A) =3 >) Dy exp [i (bs On) 1B (3-19) 


In the above calculation we neglected the long range nature of dipolar force, because if we 
introduce this effect into consideration the final result becomes complicated one. However it can 
be surely supposed that eqs. (3-15) or (3-16) is nearly correct if we approximate 
(3-17) to (3-19) by the well known demagnetizing factors. 

6) Antiferromagnetic case 


Alternative simple application of the theory can be developed in the case of antiferro- 
magnetism near the absolute zero of temperature. In this case we also divide the crystal 
lattice now in consideration into two sublattices as before. In this case we put 


by~bp ~ V2S,, Of 5,8 (+3 My, Nye) = (2S,—af ay) ¥ (05 Ng), (320) 


for the sublattice I, and 
Ay~tt~ VIS, af ap® (--+;Nag Nurs) = (25, —8t6,) F (mg Vs 0), Gd) 
for the sublattice II. Neglecting the dipolar terms in the Hamiltonian (2-9), we obtain 
6 ie =o PH x (aj a;—S) —gPH pe (66,—S) . 
+ DS sil (ajay t Op bg + a5 55 +a,b,) S—ajabjb,—S*| 
— DK yl (apay+ bp6,) S—aga,; bfb,—S*]. (3+22) 


Here we assumed rhat all SS, are equal to one another and to S as before. This expres- 
sion is almost the same as those already obtained by Anderson, Kubo, Nakamura” and 
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Ziman”. So we shall not be concerned about this problem any more. 
¢) Ferrimagnetic case 


If the spin of the sublattice I is S; and that of II is Sy and when SS; is not equal 
to Sy, or the number of the elementary magnet is not same with each other, this case 
corresponds to the so-called “ Ferrimagnetic’’ case. The spin wave nature of this magne- 
tism was discussed by Kaplan” very briefly basing upon the Heisenberg scheme. On the 
contrary we shall try to calculate the same Hamiltonian by means of adding the anisotropy 
energy using the above mentioned method of canonical transformation. 

In this case we use the same approximations of the spin wave field operators as 
previously cited (3-20) and (3-21). The Hamiltonian takes the form 


H won = 88H S} (45 a5— St) — Subd} (6i6,— Sn) 
r) 


+ >/pl (Snajaj+ SyOfO,+ VS Si (aj Op + b,4;) — aja; bf b,—SySu| 
j>k 


+ Kul SrSu— (S106 04+ Sr@j 5) + aj a, 64 6,). (3-23) 
Sk 
By the canonical Fourier transformation defined by 
aj=V1/No > exp [7(K 9°;) lay, b= V1/N, 21 exp [7(Ai,7"x) |é,, 
af = V1) Nad} exp [—ikar des, | of = 17M Sexp [1 har) Vis, 
[a, at, ]=[6, 64,]=90,,,, otherwise zero, (3-24) 
main truncated parts of (3-23) are transformed into : 
aS 3S} {A,af ay + Byof 6, 4+ Cy (aX 62, +a,6_,)}, (3-25) 
x 
with 
A,=gib+ {/(p, 0) —K(p, 0)} Sm, 
By =—gubH+ {/(e, 0) —K(p, 0)} Si, (3-26) 
and O°>7.= V Sy Shes Re 


Using the following succesive canonical transformations 


A al é 
ay = Fa lontiPn), b-»=—Fe(gnat thar), 


[Goa Porat ] = 105619 xa0 


a= Jy (ant), b= (dn— iPr), (3-27) 
and 
Pia =P ©08 A, + fy) sin 9), Qir= 4, cos O, +7, sin A), (3-28) 
pra =—fea sin 0,+f, cos 9, Qua=—x*, sin 6, +7, cos 9), 
where Pe e220 (Aa, (3-29) 


and further 
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4,= {Apt Bat V(Ay— Ba) + 4G {AF Ba W(A,—B-)* + 4C3} Mere 
N= {A,4+6_,— J (A,—B_3)?+ 40,7} nag es ye Vv (A,—B_,)? +404'} ah ee 


and 


X=, cos 0, +7) sin ,, )  Pxr=Px, cos Y, +P, sin Oa» | (3-31) 
: 
Y,= —€, sin 0, +7, cos 7, Py, = — fea sin VU, +Py, cos V,, | 
with tan 23,=8C,V A, B_,—Cy (A2—B_¥)%, (3 +32) 


and finally 

= —1(A,B_,— C2) 4 QYZ 27a, — af),) = (A,B CL) MOTP2 (a, tax), 
Per (A) B_) a a ( 
Par = Rte, — Oe Sas, IRS (Alby Cy?) 9 Q52?2-"? (8, + BX), 


(3-33) 
in which 2,, and 2_, are given by 


O.,= (1/2) {Ap4+ B24 —2CF 4 (4,— B82) V (At Bay SAG 


we are able to obtain the final expression of Hamiltonian as follows : 
Yeas {2,,afa,+2,_ BB, + (A, +5_,—2,,—2)_)/2}. (3-35) 
x 


Inserting (3-26) into this Hamiltonian we can obtain the energy /, of the lower branch 
as a function of wave number vector. 


= S181 B74 2 UK (0, 0) + 1 (p 0) (DY 


I” VII eg ie 
a" {K(p, 0) //(p; 0)} {S7.Sqr/(S1— St) —4.SPSi;/ (S}—Sj1)*} see (3-36) 


From the above relation, spin wave nature is found easily, i.e. the curved bracket in the 
right hand side of eq. (3-36) is proportional to the square of wave number vector. 
4. Microwave resonance conditions 
In usual ferromagnetic resonance phenomena it is well known that the resonance 


condition is 


jv=¢8H, (4-1) 


where » is the frequency of the microwave used. This condition is easily deduced” if the 
g factor of each spin is the same with other. On the other hand the resonance condi- 
tion in such ferromagnetic materials, for example “ Hypomanganite”’,!™ in which there 
are two types of magnetic ions with gy and gj, is also obtained by adding the correspond- 
ing Zeeman energies to the Hamiltonian (3-6), the result in the first approximation is 
given by 

Wy= (Srei+ Sug) (S1+ Sir) “18H. (4-2) 


The resonance condition for the ferrimagnetic case is also given by (3-36) putting A, =0. 


If there are no anisotropy energy the relation slmilar to the above is expressed by 


hv = (Sy i1— Sig 11) (Sy— Si) “18H. (4-3) 
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These two relations (4-2) and (4-3) were already obtained by the present writer’ solv- 
ing the Heisenberg’s equations of motion. The resonance conditions involving the dema- 
gnetizing effect as well as the anisotropy effect corresponding to these cases were obtained 
by Wangsness."” Putting ¢;=g 1, one can find from (3-36) the resonance formula pro- 
posed by Kittel’ for the case of ferrimagnetic resonance. If we use (3-26), in which 
S1=S§u and S;= Sy, antiferromagnetic resonance condition can be found directly from 
(3-34) and the result is the same with those given by Nagamiya,"” Kittel,” Nakamura” 
and Ziman.” 

The intensity of absorption line may also be derived from the relations (3-8) and 
(3-27) to (3-33) with corresponding microwave quanta, as we are not interested at pre 
sent, in this problem as well as in the statistical behaviour of these systems, so we shall 


not discuss them furthermore. 
§ 5. Conclusions 


In this article the exact representation of Hamiltonians for the spin wave field was 
obtained using the well known Bose field operators with subsidiary conditions. The approxi- 
mate solutions were obtained for ferro-, ferri- as well as antiferromagnetic cases in which 
two types of the spins and Lande factors of magnetic ions exist. In special cases these 
results of course agree with those obtained already by many authors. The microwave 
resonance conditions for two sublattice systems corresponding to the above mentioned cases 
were also discussed. These were the same ones as those obtained by the present authors 
and by Wangsness from the classical equation of motion. 

The author wishes to express his hearty thanks to Professor T. Hirone for his encourage- 
ment throughout this work and also Dr. R. K. Wangsness and Professor R. Kubo for 


their kind discussions. 
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The stationary character in the usual variational method is extended by using a trial function with 
stationary character. A successive method for the improvement of the stationary character is also in- 
dicated. We have applied this method both for bound state problems and for continuous spectra 
(scattering problems) . 


§ 1. Introduction 
Consider the eigenvalue equation associated with real eigenvalues 
App=hy B dy, (1) 


where A and #& are self-adjoint operators, and the normalization of ¢, is taken to be 
($, B fer) = 40x Let a normalized set of trial functions be ¢,, (¢, 2 6.) = +1, which 


are close to the correct eigenfunctions ¢/, so that 


6,= (1+ 4y) Pus (2) 


“small”. Expanding 4, by the complete set** ¢,,, 


where J is 
O;= Gx, P, + 31 Gens Pr, La 1 + Ory; Opn = O (4); kk’, 
a 
and defining w,==(4, A $,)/(d, B d,) =4,4+ O( 4"), it follows directly that 


(¢,(A—oy B) i) = (0, — Oy \QyEA O(a) = (W,— Wy) Ayres Xp pQpapt O (d*) . 
for k=E%’, Hence 


*) Recently a paper entitled “ A variation principle for eigenfunctions ” by L. C. Biedenharn and J. M. 
Blatt has been published in Phys. Rev. 93 (1954) 230, which has almost the same contents as in §1 of my article 
appeared in Soryushiron-kenkyu (mimeographed circular in Japanese), 5, 1014, (July, 1953). No applica- 
tion to actual problem is discussed in B—B’s paper. 

**) This is in the sense of mean convergence for 2 or 4, namely, for any almost continuous functions 


Y and @® which are restricted by suitable conditions (for example; if 2 is positive definite, (0 B 0) <x, 
(VY BV) <ce), the following relations hold. 


(OB ¥)= Zan (0 B dx) = Das (dar BY), an=(be BY)/(de B dx), 
(9 4 WY =D de te OB be) =D de! Ow (Ger BV). bx = (0 B dur)|(Oer B us). 


If B is of “short range”, (3) is valid for the trial functions ¢x% which are restricted only by (2) only in the 
region where 2 is appreciable, (B~O(1)) 
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$.=b,—S) Oey bu =~,+ O( A’). Gs 
kk 
Using ¢, as the trial function, we have 


w,= (Gb, A $.)/(b Bb) =Aet+ O(4"). (4) 


When this @, is considered as a functional of ¢,,, the first, second and third functional 
derivatives of w, vanish by dint of (1) for all ¢,,. We shall call it the super-stationary 
character of w,. Let 4, be constructed from the first trial functions ¢,,, and take these 
¢, as a new set of trial functions. Then it is possible to calculate the approximate values 
of 4,, which has errors of the order only O(4*). This process can be performed endlessly as 
one pleases. In Sec. 2 we examine the accuracy of w, with two examples, namely the 
problem in which the depth of a potential is to be determined when a neutron and a 
proton interact through the exponential potential with zero binding energy. For trial func- 
tions we take a) the correct solutions for Hulthén potential and b) the correct solutions 
for a square well potential. For continuous spectra the quantity to be solved is not the 
eigenvalues A, but, for example, the phase shift or the scattering amplitude. In Sec. 3 
the present method is extended to such problems. Two examples in Sec. 3 are: 1) To _ 
solve the scattering length in 7-p collision. 2) To solve the two phase shifts 0%, 0° 
and the mixing ratio € in the scattering of neutron-proton with tensor forces. The results 


obtained both for bound state and scattering problems ate good as expected by our theory. 


§2. Bound state problem 


Problem: A neutron and a proton constitute a ground state with zero binding energy 
by the exponential type potential. Find the depth of this potential. 
In this case A and & are with the conditions ¢,(0) =0, ¢,(7)—>const; vo, 


A=—d" far’, Baer". 
a). Hulthén type trial functions 
As the set of trial functions we take the correct solutions for the Hulthén potential; 
Bo=e"/(1—e7”): 
Gece 2 as 2) 1 —e > on 
The behaviors of the exponential and the Hulthén potentials differ considerably at the origin 
so that one might think that such trial functions will not give a good approximation. 


Nevertheless the high accuracy of the order of 0.02% is reached as shown in the following 


calculations. The correct eigenvalue corresponding to the ground state is 


1,=1.4458(0). 


*) If the normalization of $, is not specified, azz: is given by 
annt = (bur (A—op B)bx)/ (6x1 (A—on B) Gur) = (Ant & Bax—Anw Bern) |(Ante Bar =Ank Brix )s 
Ann =(o% 4 bar), Brent =(be FB ger). 
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From the usual variational method we obtain 
W,=1.5, 4a,/A~0.04= (20%)’. 
It is inferred that these Hultlén type trial functions have errors of about 20%. Calcula- 


ting @,. we get 


C= 10/32, On OMe IZ 


IV 


Thus 
6,=const X (22%+152°). 
Putting it into (4) we have 


@,=1611/1114=1.44614, dew,/4,~0.0002. 
This result is better than our prediction which is about (20% )'=0.0016. 
b). Square well type trial functions 
Since the intrinsic range for e” is 3.54”, we shall take the solutions for a square 
well whose range is 4 for simplicity. 
bn= Cy, sin{(2z+1)zr/8}, r<4. n= 0. 


This set of trial functions does not constitute a complete set for true solutions in a strict 


sense, but this set is shown to be good enough for approximate calculations. To do this 
we cut off the potential as 


Votan yee (Vibe ye be 
This gives 

W=1.75, Aw/Ay~ (35%)’- 
In fact, calculating @,, we get 


Qi =0.227, Ayyg=0.026, ayg=0.007, y= 0.002. 


From both examples @) and ) it is seen that the convergence of @,, series is good. 
Since we may neglect the quantities of order J”, it is convenient to set @  —=Q@),=ay,= 
--=0. Thus we have 

$,=c {sin(77/8) + 0.095 sin (37r/8)}; <A —0.905e3) 754. 
From (4) using this ¢, without cutting off the potential, we get 


(= 1.464, dw,//A,~ 0.012. 


The error of @, is thus of the same order of (35%)'=0.015. This result may be 
regarded rather good in considering that further approximation such as the cutting off of the 
potential is made. 

As seen in the preceding examples the merit of the present method may be found 
in the following three points. 1). The computation is simple. 2). The measure for 
errors can always be inferred. In this connection we notice that 40,~0,—0,~(4’), or 
Max |ajx|~(4), (k--2’). 3). The convergence property of a,,, is good and we 
can (and should) neglect consistently a@,,, which are of the order of 2°. 


Super-stationary Variational Method Ne} 


§ 3. Seattering problem 


In this case the quantity to be solved is not the eigenvalues /, but, for example, the 
phase shift. We shall extend this method to the phase shift 0, where 2 is given. If the 
phase shift is given and the corresponding depth / is to be found, however, the problem 
is just the same in Sec. 1 and Sec. 2. 

For simplicity, first consider the radial wave equation for S-scattering with a central 


potential |/(7). 
Lb==(A—AB) p= — (a?/dr’ +4V(r)) $=0, £(0) =0. 
According to Kato”, we normalize a trial function ¢ as 
d(7)—cos(kr +0) +A, sin (kr +6); roo, 6(0) =0, 


and also normalize ¢ in the same way as d where @ is a fixed constant and / is an adjustable 
parameter depending on the asymptotic form of g. The usual variational principle for 


the scattering problem is derived from 
k cot (0—0)=kA,+ (6 L$) — (46244), 4d=s—$=O(4). (5) 
fh Az==kA,+ (4L4), 4A,==cot (8—0)—A=0(4), 44=0(2). 


Once having found £1 which has only an error of the order of 4°, we choose a set of 
trial functions 4, (since é corresponding to 4 is one of ¢,, ¢ will be written as ¢,) which 
give this £/1 asymptotically. By imposing this boundary condition on the system, there 
exist the eigenvalnes 4, and the corresponding eigenfunctions ¢/, whose asymptotic forms 
have the same £1 determined as above. The trial functions 4, we have chosen should be 
close to such eigenfunctions. Then it is possible to construct the new trial functions ¢,, 
as described in the preceding paragraph, which involve errors of only O(4’). Applying 
this g, to (5) we get an accurate LA=LA+ (P,Lg,) & cot (0O—8)+0(4'). Thus 2d 
has the superstationary character. 


One of the methods by which RA is found is to put 
(Go L bo) =(b)(A—AB) 6) =0, (6) 


by assuming only one adjustable parameter related to the phase shift. (6) is the Hulthen’s 


variational principle, and is analogous to the relation in Sec. 1 as 
A= (4, A $o) / o B Bo) , 


A is only an approximate quantity for the boundary condition imposed by taking ¢, as 
above. Hence 4 corresponds to w, in Sec. 1. (A=). The situation is indeed the same 
as in the Rayleigh-Ritz method excepting that the point of view is reverse. Therefore the 
usual variational methods may be called en bloc the Rayleigh-Ritz-Hulthen method. 
(Example 1) 
Solve the scattering length for S-wave neutron-proton collisions in the exponential 


potential. 
We shall take the trial functions analogously as in Sec. 4, 
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b,= {—4/(24+1) a" /dx"*- [a*(1—4x)"*"]4+ (— 1) 2 ae, eles (7) 
where @ is an adjustable parameter which corresponds to the reciprocal of scattering length. 


If a is determined from (6), we have 
a= (9A—6— V36 + 36A— 152°) /(242), —0.76 <2 <3.16. 
Using ¢, in (7) with the above a, we get 
P= C2(Ge— Di App Our), Op (—1)**A—ar); ro, 
where a,,, are calculated as in the footnote in Sec. 1. Thus 
—a=—a+ (g, / $,). 
First we shall consider the case: /==w,=2. a, are 
Qj =0.122, A y=0.028, a= —0.013,---. 


Since A,~O(4°), (1 = 2), these @,,(7 = 2) should be neglected. The values of & 
calculated by neglecting a,,(7 = 2) are tabulated in Table 1. This example concerns zero 
energy scattering. At all energies the square well type trial functions may be of use as 


in the example 0). of Sec. 2. 


Pre a a numerical 
ao | (Hulthén) (Super-stalionary) solution 

1 | —0.190 —0.166 (—0.136) 

3/2 0.0000 0.0146 0.0144 

2 0.1057 0.1142 0.1149 
3 0.2500 0.2546 (0.2528) 


Table 1. The reciprocal values of scattering length for various 4. Assuming 
the trial functions as (7), we get a by Hulthén’s variational method and a by the 
present method. In the column of numerical solution we put the values obtained 
from the interpolation formula in table 5 of reference of which validity is restricted 
by -0.05<a<0.15 as mentioned in that reference. Hence for 4=1 and {=3 the values 
of a are to be superior to those values. 
(Example 2) 
The super-stationary method is extended to the tensor force scattering in neutron- 
proton collision, as an example for complicated problems. 
When we notice S—/ mixed scattering in the spin triplet state, the equations to be 
solved are with the boundary conditions ~(0)=w(0)=0, 


(°/dr? +k +pV(r))u(r) + V8 vW(r)w(r) =0, 


(2°/dr? +k + pV (7) —2W(r) —6/7°) w(r) + V8 vIV(r)u(r) =0, 


or with an abbreviation, (7) is rewritten as 
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—Ig=0, $= BE | 


For such coupled equations there are two independent solutions. We choose these two 
trial functions by setting =0 as follows” 


u"(7)—> cos €" (cos £7 + cot 0 sin £r), 


g® =| (8) 


we (r)—sin E™ (x,(kr) + cot 0"7,(ér)), (r->00). 
u@ (7) > — £* sin E™ (cos kr +cot 0™ sin Rr), 


w™ (r)—>F cos E™ (7,(kr) +cot 0 Jo(hr)). 


gra} 


n,(kr) =~ rkr/2 Js, (kr) —>— cos &r, 
Pilkr) = Vrkr/2 Js. (kr) >—sin kr, (x) ; “th order Bessel function, 


where 0, 0” are the phase shifts for S-predominant, D-predominant waves ¢, #, and 
€ is a quantity concerning the mixing of S and /-waves. For correct solutions ¢, the 
relation: €9%=€°—=E€ holds. We have first to get the stationary expressions for 0”, 
0 and €. To do this it is convenient to use the following exact relations, from which 


one can easily find the variational formulae. 


R-* cot 0 cos (E—E™) = h* cot 0 cos(E—E™) + (GML 6) — (44%Ldg), 
(eh DB 


# sin(E—&) (cot 8° —cot 8%) = — (4, Lg) + (46 L 49), (9) 
# sin (E—E) (cot 0 —cot 3 = — (6™, Lb) + (4b L$). 
where 46% == —$=O(4), and ( ) denotes both radial integration and inner 


product of 2—2 matrix related to w(7) and w(7). Since the quantities of order J” may 


be dropped in the variational expressions, the stationary expressions” for 0\” 0 will be 


derived by noticing that 
cos (E—&) =14+0(4%), (46°L446°) =O( 4), 
and similarly we have 
sin €=sin €& + J cos E + O( 4"), (=1,2) 
sin (E— (609 +E™) /2) = (4% +4) /24+0(#), ete, 
A= (6, Ld) / fF (cot 0 —cot 0)}, (7) 


and also one’s corresponding to cos € or tan&. For applying the present method to this 
problem, we first take the trial functions dé” and 6° which involve the four adjustable 
parameters 0™, &, (¢=1,2) as in (8). These parameters are determined, for example, 


with Z=/1,—H,—»/7,, by 
(4, LO?) =0. G12. fmt 2, )e 


db and € thus determined have stationary character as seen from the above arguments. 
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Noticing the S-predominant solutions, then there exist eigenfunctions ¢{) which give above 
6° and &" asymptotically, and corresponding eigen-values pi and vi). For these 
eigenvalues there exist also /)-predominant solutions (i in which S and D-waves have 
the same phase shift as in (8). Let é{? and g@ be the trial functions which are close 
to (i() and ff. df? have to give above 0"? and &” asymptotically. ;},’, pe 


defined as 


are 


( ey (H,— oP) H,— pH.) 9}?) =0, (¢=1,2) 
which are an extension of (46,(4—, 2)4,)=0 in Sec. 1. And 
oP =P +0(L), pP=H + 0(4); JP —$ =O), 
are verified from (9). Then we have 
$9 =6 —S1a®, 69 + 0(4%), (P =P + 04’), 
ek 
a= (69 (H,—o PT, —p He) 6) / OP e—o HL, — pl? HE 8Y). 
For the 2-predominant solutions the arguments are given in the similar way. Thus it 
is possible to find 0, 0 and & with super-stationary character. To more general problems 
the argument may be extended in a similar way. 
The author wishes to express his thanks to Prof. T. Yamanouchi and Prof. T. Kato 


for their kind interests and guidances. He is also indebted to the Yukawa Yomiuri 
Fellowship for the financial aid. 
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In Einstein’s generalized theory of gravitation, we clarify the expressions of the basic quantity of 
the electromagnetic field and define “ field strength” so as to introduce “ four-vector potential”. When 
the distribution of matter and charge is static and spherically symmetric, we can choose, by using the 
electrostatic potential, a suitable boundary condition independently of the coordinate system used and 
can overcome the difficulty of Wyman and others. After that the asymptotic behaviour of Wyman’s 
solution is studied and the resulting forms are found to be satisfactory. The mutual effect of matter and 


charge is also discussed and the results are compared with those of general relativity for a point charge. 


§ 1. Introduction 


Since Einstein proposed a generalized theory of gravitation,” many authors have studied 
static spherically symmetric solutions of the field equations. In these investigations it has 
been assumed that the non-symmetric fundamental tensor 2°), is spherically symmetric, that 


“spatial”? rotations. In the static case, such a 


is, form-invariant under the group of 


tensor has the form 
edie % 0, f(r) 
0, —Brir), h(x) sin 0, ) | (1-1) 
0, —h(r) sin 6, —B(r) sin’ 6, 0 | 
k =/(7), 0, 0, Cyr) | 


in “spherical polar coordinates” +*=(7, 6, ¢, ct). At first, two solutions were given by 
Papapetrou satisfying the conditions 2=0, f*; 0 (case I) and f=0, “0 (case IL) 
respectively.”* Afterwards Takeno et al. obtained a solution such as //*0, which reduces 
to that of the case I or II of Papapetrou by putting /=0 or f=O respectively.” The 
solution of the case I of Papapetrou is the most general one under the condition 4=0, 
while that of the case II is quite particular. The general solution for the latter case (i.e., 
the case f=0) was obtained by Wyman by a skilful method.” In the above researches 


*) Papapetrou has solved Schridinger’s final affine field equations, which contain a constant 4.°) His 
solutions reduce to those of Einstein’s new theory by putting A=0. Throughout this paper “ Papapetrou's 


solutions’ are to be understood in this sense. 
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the components of gj, are real quantities. More general solutions in which the compo- 
Se , 

nents are allowed to be imaginary were derived by Bonnor.” 

The general solution of the case =O has the following properties: the symmetric 


. . ’ 
part of the fundamental tensor ¢y, goes over asymptotically for 7—»00 to Schwarzschild’s 
exterior solution of general relativity; the antisymmetric part {yy describes the field of a 

Vv 
magnetic pole, if one identifies the dual of gy with the electromagnetic field strength. In 
Vv 


Einstein’s new theory it is considered that the charge-current density is given by 
+r Aas : 
Pe Sep c/ 3 (1-2) 
Vv 


where €¥° is the Levi-Civita tensor density. Then it follows that no charge and current 
can exist anywhere in the case =O, because the right-hand member of (1.2) vanishes 
identically. We must therefore discuss solutions such as / = 0, when we wish to deal 
with the electromagnetic field produced by sources. 

In the case 2 *= 0, f=0, the works of the above authors are not sufficient in the 
following points. 

(1) There is some difficulty in choosing suitable boundary conditions, which state 
that matter and charge have no effect at a large distance. We shall explain this in some 
detail. As the expression of the boundary condition, the above authors have assumed that 
£a. approaches to its Galilean values as y—>co. Att first sight this assumption seems natural, 
but it is not invariant for the coordinate transformations and is significant only when the 
coordinate system is fixed. For instance, if we impose this assumption on Wyman’s solution 
in spherical polar coordinates, / vanishes identically and the solution degenerates into that 
for the pure gravitational field. However, in certain other coordinates, the same assump- 
tion implies that / does not necessarily vanish and there can exist some solutions contain- 
ing both the gravitational and electromagnetic fields. (See § 4.) This has been pointed 
out by Wyman himself. We see similar situations also in Bonnor’s solutions and he has 
chosen a certain advantageous coordinate system in putting boundary conditions. 

(2) There are no profound and convincing investigations concerning the connection 
between the obtained solutions and those of the corresponding classical problems. As is 
well known, Maxwell’s electromagnetic theory gives satisfactory results to a great extent. 
Also, in general relativity, the spherically symmetric solution of the field equations for 
empty space explains the observed facts successfully. Consequently it is desirable that, as 
the field becomes weak for 7—»00, some of the spherically symmetric solutions of Einstein’s 
new theory may approach to the corresponding solutions of classical Einstein’s and Maxwell’s 
equations (Schwarzschild’s exterior solution, the Coulomb field of a point charge, etc.). 
There have been some attempts to clarify this point, but they have not yet arrived at 


satisfactory conclusions. For example, Bonnor concluded that the electric part of his solu- 
tions tends to the field of a point charge as 7—>co. 


But he made only a little discussion 
on the asymptotic form of the gravitational part. 


(1) and (2) are the least requirements to be satisfied in order that the solutions of 


the field equations have physical meanings. In more detail, (1) is a criterion to select 
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solutions of physical meanings out of those obtained by purely mathematical computations. 
Further, if one finds a solution meeting these requirements satisfactorily, one may consider 
it a basis on which one can conclude that Einstein’s new theory is a good generalization 
of general relativity. 

In this paper we shall first define the quantity which corresponds to the strength of 
the Maxwell field. When a new theory is proposed in physics, one must first make clear 
in what manner the basic quantity of the theory is related to the classical one or, in other 
words, what expression the physical quantity assumes in the theory. Without this it is 
almost impossible to interpret the resulting solutions physically. Nevertheless, it seems that 
the above authors have been eager only to solve the field equations and have paid little 
attention to the study of the expression of a quantity corresponding to the field strength of 
Maxwell’s theory. We begin with the clarification of this point. We shall first impose 
no restriction on the distribution of matter and charge and shall search for the mathema- 
tical expression of “ electromagnetic field strength”? so as to be able to introduce “ four- 
vector potential” as in the ordinary theory (§ 2). Then we shall clarify the connection 
between the electrostatic potential and the fundamental tensor, when the magnetic field is 
absent and the electric one is static. Further it will be shown that, if the distribution 
of matter and charge is spherically symmetric, the fundamental tensor must be spherically 
symmetric, that is, assumes the form (1-1) in a suitable coordinate system GSE 

By using the results of our discussion concerning the electromagnetic field quantity, 
it will be shown that the above requirements (1) and (2) can be satisfied. That is, 
the boundary condition is no more dependent on the coordinate system used, if we impose 


the condition on the electrostatic potential instead of gy, (§ 4). In this way it will also be 
V 


shown that the general solution of the case f/=0 has the following asymptotic form for 


700: & yy goes over to Schwarzschild’s exterior solution and the electrostatic potential to 


that of a point charge ($5). We shall further study the mutual effect of matter and charge 
and shall compare the results with that of general relativity for the corresponding problem 


($ 6). 
§ 2. Introduction of four-vector potential 


In Hinstein’s generalized theory of gravitation the fundamental quantity is a nonsym- 


metric tensor £,,, whose symmetric part £1, and antisymmetric part Say refer to the field 
of gravitation and to that of electromagnetism respectively. If we put Sry = 0, the field 
equations reduce to those of gravitation in general relativity. Accordingly gy, may be 
considered to represent the gravitational potential in the same way as the metric tensor 


does in general relativity.* 
On the other hand, there are some difficulties for the case of the electromagnetic 


field. That is, even when the gravitational field vanishes and gy, 1s assumed to be the 


metric of the Minkowski space-time (for example, Gel a other 2a 


*) There are other possible interpretations. For example, see Reference 7). 
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=0), the resulting field equations are not linear with respect to Sry and do not coincide 
with those of Maxwell. Similar situations hold for the weak field. For instance, the 
equations for linear approximation are weaker than those of Maxwell.” Also, for the second 
approximation, Schrodinger has drawn some conclusions which are entirely different from 
those obtained by Maxwell’s theory.” 

These show the fact that it is difficult to find a classical analogue of the electromag- 
netic quantities in the new theory. So one may have the following questions concerning 
the electromagnetic field. What is the basic quantity which is worth being interpreted as 
the field strength? In what relation is gy, to that basic quantity? It seems to the 
present author that the ambiguous attitude towards these problems has brought about the 
difficulties concerning the boundary value problems. (See $1.) Therefore, in this section, 
we shall define the “strength” of the electromagnetic field /,, so as to introduce the 
“ four-vector potential” g, and then shall express /,, in terms of 2yy. 


In Maxwell’s electromagnetic theory the field strength satisfies 
Janene +f a+ Pa pO, (2-1) 


where the comma denotes the ordinary differentiation with respect to the 1’s. This equa- 


tion implies the existence of four-vector potential ¢,, of which /, is the curl, that is, 
Fy =0,u—Oy, a+ (2-2) 

By the use of this ¢, many problems become very simple. Accordingly, in the generalized 

theory of gravitation, we shall introduce “‘ four-vector potential”? @, in like manner. For 


this purpose we must define “ field strength” /, which satisfies (2-1) identically. How- 


ever, ~, or its dual tensor is not suitable for being identified with /,,, because they 
V 3 


do not necessarily satisfy this condition. In order to obtain from gy, an antisymmetric 


tensor of the second order satisfying (2-1), we have only to define 
Fy gg 0772); (2-3) 
where q*" is given by 
gage — ez, Sgt =H, gadet. £1, (80). (2-4) 
/y,, thus defined satisfies (2-1) on account of one of the field equations : 
0V0=0. (2:5) 


Thus we can introduce the four-vector potential by the defining equation (2-2). 
it 8 =0, we have /,,=0 from the definition of /*,,. Conversely when fy =, 


we have g,,=0, because it follows from (2-3) that 
Vv 
Sh eras (2-6) 


Consequently, instead of Shu we may adopt /y, or @, as the basic quantity of the electro- 


magnetic field. 


As the field equations are not linear, it is impossible to superpose the fields and the 


he’ 


On Static Solutions of Einstein's Generalized Theory of Gravitation, I 21 


introduction of 6, does not make the problem so easy as might be expected from Maxwell’s 
theory. However, it will be made clear that this introduction is not only very advanta-' 


geous in choosing boundary conditions (§ 4), but also useful in comparing the results of 
the new theory with those of Maxwell’s (§ 5). 


We shall now express /,, in terms of 
Niyy an and Srp=f rw (2 -7) 
tt 


for later uses. In the following the indices of f,, are raised and lowered by means of /** 


and /,,, where /** is the conjugate of %,,. We have from (2:4) 
Coe a ff) fet fee fan/ 28}, 
where we have put 
p=Eer? Fs frs/8, g=det. yy. (2-8) 


Substituting this result into (2-3), we obtain 
1 Sorell WU i €xuenf g/2) (V8; (2-9) 


which is the desired expression for /,. 


When Einstein derived the field equations by the variational method, he has already 


« 


required that qi be derived from a “ vector potential’, that is,’ 


gv =g""*, « (2-10) 
where g**” is a tensor density which is antisymmetric with respect to all indices. If we 
define g*"” in terms of the above 9, by 

qty ee Gg, (2-11) 
(2-10) holds good for this q*””. instein has used the vector potential for convenience’ 


sake in deriving the field equations, while we have succeeded in taking it in the theory 


as an entity more physical. 


§ 3, The electrostatic field 


Hereafter we shall assume that the field arises from a static distribution of matter and 
charge and, for the time being, that the distribution has not necessarily any spatial symmetry 


in general. In this case it is natural to assume that in a suitable coordinate system the 


four-vector potential is given by 
d,= (0, 0, 0, d). (3-1) 


where ¢ is a function of “spatial coordinates”? 1'= (21, 2°, x°).* We have then from 
(2-9) 


‘ 


*) Latin indices take the values 1, 2, 3. 
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bi= (ut Guage g/2)/~ —#: (3-2) 


pata ieee. (3-3) 


The gravitational field is also static from the assumption and in the above coordinate 
system we may represent this field by 


Awy=0, hry =O; (3-4) 


: ve , ; : ag : 
where the dot denotes the differentiation with respect to “time coordinate”? a*. This 


condition for the staticness is usually assumed in general relativity. Then we obtain from 
(373) 


p=0, Su=0,* (3-5) 
hence from (3-2) 


b.= € i408 es Bi2 V—s, 
or fps ag g/V-s, Ce; ts &, =cyel. C123) ys (3-6) 


where the symbol (7, 7, £=cycl. (1,2,3)) shows that the equation holds good for any 
cyclic permutation (7,7, £) of (1, 2, 3). 
Now the charge-current density is represented by (1-2), ie. j>~=€**"? oy,,/3!, which 
Vv 
is based on the fact that j* satisfies the continuity equation j*,,=0. We note further 
that, for linear approximation, /*=j*/~ —g is identical with #**, ,. When fiw (ie., 
/y,) is of the form (3-4), it follows for the electrostatic field that 
i= Sartor tfua)/3=0* (J, bevel. (1,23) (3-7) 
= (fost/or tor) /3=function of x! alone. (3-8) 
This justifies the definition (3-1) of the electrostatic field. 
So far the distribution of matter and charge has been considered to be of no spatial 
symmetry in general. We shall hereafter assume the distribution to be spherically symmetric. 


Then the above formulae will be simplified further. That is, the fields being spherically 


symmetric, we may assume that in spherical polar coordinates 


(—A(r) -0, 0, 0 \ 
| 0, —B as 0 
Sau = a ; : (3-9) 
0, 0, —A(r)sin* —, 0 
0, 0, 0, Chee 


§=9(r) (3-10) 


*) In order to derive (3.5), only the first equation of (3.4) is sufficient For its derivation see 
Appendix. 


**) The proof of /;j,4=0 is given in the Appendix. 
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In this case it follows from (3-6) that 
S2=Sx=9, 
OAC) {8 sin Oe (fis) ) | fans (3-11) 


where the prime denotes the differentiation with respect to 7, Solving (3-11) in terms 


of f2, we have 
f= +56’ sin 0/ VW {AC— (¢’)*} =sin 6 x (function of 7). 


Therefore, when the fields arise from a static spherically symmetric distribution of matter 
and charge, ¢,, must have the form (1-1) with f=0, ice., 
Vv 


(o 0, 0, 0 \ 
0, 0, £(r) sin 6, | 

eee 2(7°) sin 0 hs (3-12) 
¥ | 0, —A(r) sin 8, 0, 0 | 
Lo, 0, 0, 0/ 


which is usually derived from the invariancy property of Sa under the group of spatial 
rotations. As for the electrostatic potential and the charge-current density we have from 
(3+11) and (3-8) 

d=—S\V{AC/(B°+h’)} hdr + const., (3-13) 

j 738 6/2. (3-14) 


In the following sections, the above arguments will be applied to examine the static 


spherically symmetric solution obtained by Wyman. 


§¢4, The problem of boundary conditions 


It follows, from the results of the preceding sections, that we can solve the field 
equations on the assumptions (3-9) and (3-12), when the distribution of matter and 
charge is static and spherically symmetric. The resulting solutions will contain some inte- 
gral constants, whose values must be determined so as to satisfy a suitable boundary condi- 


tion. This condition usually states that the field vanishes at large distance from matter 


and charge. 
In formulating this condition mathematically, Wyman met with the following difficulty: 


On passing from the spherical polar to the “cartesian coordinates” x*= (4, 7, 2, ct) by 
x=rsindcosy, y=rsinOsing, 2z=r cos ty PEE (4-1) 
(3-12) reduces to the form 
0 02) iO) Fae 
nee —vwvz/r, 0, Ot} t, 0 ep oe: (4-2) 
uy/r, —vx/r, 9, 0 
0, 0, Oecd) 
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We Mr gia. ox ’ Ve ae 
He considered that matter and charge distribute at finite distance from the “ spatial origin ”’, 


and assumed as the boundary condition that : 
The field approaches to zero as 7. (4-3) 
For the electromagnetic field this was expressed mathematically by 


2,70 as VY— CO. (4: 4) 
Vv 


At first sight this expression seems natural, but it has different meanings according to the 
coordinate system chosen. For example, in the spherical polar and the cartesian coordinates, 
(4-4) has the form “+0 and v->0 respectively. The former is obviously stronger than 
the latter and both are not the same. Thus the mathematical expression (4-4) of the 
boundary condition (4-3) depends on the coordinate system used and has no definite 
meanings. This is the difficulty stated in $1. It seems to the present author that this 
difficulty may have been caused by the ambiguity for the basic quantity of the electromag- 
netic field. In fact, if we use the results of the preceding sections, we can easily overcome 
the difficulty. In the following we shall show this in detail. 

Before carrying out this plan, we shall reflect on the behaviour of (4-3) with respect 
to the coordinate transformations and shall clarify the intrinsic nature of the above difficulty. 
It is to be noted that the condition (4-3) itself is not necessarily invariant and depends 
on the system of coordinates used. As an example, let us imagine a charged matter located 
at the spatial origin in some coordinate system. If we use another system in which the matter 
is far away from the origin, then the field does not vanish any more for 7—>0o. Thus 
(4-3) itself has no definite significance till a class of coordinate systems is suitably chosen. 
However, if one defines by x'=const. a space-like surface on which matter and charge 
exist at some moment and further defines spatial infinity on that surface by 7—>0co, then 
(4-3) has certainly a definite meaning. The mathematical expressions of (4-3) must 
therefore be invariant at least for the two classes of transformations, such as 


S= {transformations of the spatial coordinates x* which leave infinity invariant} , 
l= (linear transformations of the time coordinate x*\ * 
The works of Wyman and others have ambiguities in this point, that is, the mathematical 


expression of (4-3) is changed by a transformation of S such as (4-1). 


Now, as was already shown in § 2, it is not gj, but /,, that is worth being inter- 
Vv 


preted as the field strength. Consequently, for the electrostatic field, it is natural to express 
the boundary condition (4-3) in the form 


d—const. (200) as 7-00, (4-5) 


*) By a nonlinear transformation of . the staticness of the field is apparently lost, since some com- 
ponents with the index 4 of a world tensor will be multiplied by a function of x4 by such a transformation. 


A similar situation holds for the pure gravitational field and Takeno has discriminated the staticness of the 
space-time and that of the metric. See Reference 11). 
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instead of (4-4). This is obviously invariant for 7° and also for S, since ¢ is an invariant 
scalar for the transformations of x*. Thus we have obtained an expression of the 
boundary condition (4.3), which has an intrinsic meaning for S and 7. The condition 
(4-5) is of course not equivalent to (4-4). Even when (4-5) is satisfied and the 


field strength /,, approaches to zero, 2), does not necessarily go to zero. 
Vv 


As for the gravitational field, we may express (4-3) in the form 


Say>Galilean values as 7-00, (4-6) 


as in general relativity. This takes the form 
A-1, Bor, C1 as ro, (4-7) 


in the spherical polar coordinates. If we make a transformation : ‘t—7t/+ const., where 7 
is constant, then C-—>1 reduces to 'C—>c° (=the Galilean value of g,, in the new coor- 
dinates). In this sense (—>1 is invariant for 7. It is also invariant for S. The con- 
dition L—>7* will be used in the form 2—>co in the actual computations of §5. The 
latter condition shows that the area on a sphere 7=const. subtending a definite solid angle 
increases infinitely as 7—>cc. It can therefore be considered that 5-7” has an invariant 
meaning for S and 7. As will be seen in § 5, the condition A—>1 will determine not 
the values of integral constants but the asymptotic form of C. In other words, it is not 
a restriction on the solution itself but a condition for the choice of the radial coordinate 
y. Thus we can conclude that the expression (4-6) of the boundary condition is invariant 
for and 7. 

Thus the requirement (1) of §1 is satisfied. It is worth noticing that this is not 


achieved until we introduce the electrostatic potential in the new theory. 


$5. The asymptotic form of a sphericaily symmetric solution 


Throughout the remainder of this paper, we shall deal with the static spherically 
symmetric solution such that f= 0 and / is real. The general solution in this case was 


derived by Wyman. His solution is given by that C is an arbitrary function of 7, and 
A, B and / satisfy 


h+iB=4mipf| (eACunl? 4 ete?) C(g +1), (5-1) 
A=C“B* + i) / 470 C. (5-2) 
In these equations, 72(*50) and @ are arbitrary real constants, @ is an arbitrary complex 
constant, and p=1+7(3e/m"), where ¢ is an arbitrary real constant*. 


In this section, using the boundary conditions (4.5) and (4-7), we shall determine 


these constants and shall derive the asymptotic form of the solution. 


*) We do not treat of the Wyman’s solutions for which #=0. By a similar way as in this section, 
we can see that one of them corresponds to a charge distribution without mass and the other to the trivial case 


without matter and charge. 
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By substituting (4-7) into (5-1), we find 


eo ais (5-3) 
and then (5-1) becomes 
: 4m’ Vv p a 1 (5-4) 
} Bas ee ee ae “ = ah? : 
oe gti aX fears Ve i} 
where we have put 
C=1—NX. (5-5) 


If we expand {(1—.)’” —1}~' in terms of Y and then differentiate, the imaginary and 
real parts of (5-4) reduce to 


jp ate Te OE ORES heey (5-6) 
Cale OE GRY the Vin et! 


baad i Bi ess SOU) (5-7) 
(Pil) A 7 alle cgetal 


and hA=— 


respectively, where O(.") denotes terms of the second and higher orders in _Y. 
On account of (5-2), (3-13) reduces to 


d= — (1/2m) | C’hdy + const. = (1/2m) (aX 4+ const., 
hence from (5-7), 


1 | ee pee ne O(X%) | +eonst (5-8) 


2m Gt1)XN ¢+4+1 


As r—>co, Y->0. Accordingly, making use of the condition (4-5), we have from (5-8) 
g=0. (5-9) 
If we substitute (5-6) and (5-7) into (5-2), we have 
A= (X'/X*)? {114+ X+ OCX?*)} {4? + OCX)}. (5-10) 
Then it follows from (4-7) that V’=+X°/2m for Y<1, and hence 
X=F2m/r, (X<€1), (5.11) 


by a suitable choice of the integral constant. This shows that the boundary condition 


A—1 is a restriction on the asymptotic form of C and not the condition on the solution 
itself. (See the end of § 4.) 


By means of (5-9) and (5-11), 4, C and ¢ have asymptotically the expressions 
B=r7{14+0(1/y)}, 
C=1—(2m/r) {1+ O0(1/r)}, (3°12) 
d=(e/r) {14+ O0(1/r)} +const., 


where we have adopted the positive sign of .V on the analogy of general relativity. The 
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second term of C has the same form as in general relativity, which is used to interpret 
m as the mass producing the field. The first term of 6 shows that ¢he electrostatic field 
tends to that of Coulomb for a point charge as r->>0.* We can therefore consider the 
remaining constants of integration as referring to the mass and charge from which the 
fields arise, that is, 


m:--mass, ¢:--charge. (5-13) 


Thus it is possible to conclude that the above solution of the field equations is a signi- 
ficant one, and that we are given assurance for our discussion in the preceding sections. 

As a further result of our boundary conditions, we shall prove that g,, éevds to the 
metric of the Schwarzschild space-time asymptotically for rc. In Wyman’s  solu- 
tion C is given arbitrarily with the only restriction (5-12). Let us now write 


X= (2m/r) {1 +h/r+ O1/P)}, (5-14) 
where # is an arbitrary constant. Then we have 

X1/X?=— (1/2m) (1+ 0(1/7°)}, 
and hence from (5-10) 

A=1+4 (2m/r) {1+ 00/7}, (5-15) 


whatever the value of & may be. Thus it is shown that A, A and C given by (5-12) 
and (5-15) reduce to those of the Schwarzschild space-time for large 7. 

From these results it may be concluded that Einstein’s new theory is a good generaliza- 
tion of the theory of gravitation. And it is to be noted that “ec asymptotic form of the 
solution thus obtained is a consequence of the boundary condition (4-5) and (4-7) 


only, and any further condition has not been assumed. 


$6. The mutual effect of matter and charge 


Since it is likely that the mutual effect of matter and charge does not appear at a great 
distance, the solution is expected to approach to that derived from the classical theory for 
each free field. The result of the last section actually presents this feature. In this 
section, going a step further, we shall study what effect they have with each other. For 
that purpose we expand the solution asymptotically to the higher order. 


Assuming that Y has the expansion formula (5-14), it follows that 
Bar{1—2k/r+ O0/7)}, (6-1) 
b= (e/r) {1+ (a+h)/r+ O(1/r7)} + const., 


: 2 
in the same way as in the last section. In order to obtain the term of the order 1/7 


in the expansion of A, we must consider the term of the order 1/7* in C as well as that 


a point charge. Rather it may possibly be produced 


*) This does not mean that the field arises from 
form of the charge density (3.14). See Reference 6). 


by a dispersed distribution of charge, as is seen from the 
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of the order 1/7°, as is easily seen by a direct computation. Accordingly, since C can be 
: ? 
arbitrarily chosen with only one restriction (5-12), we shall assume for convenience’ sake 


that the term of the order 1/7* in C vanishes, that is, 

C=1—(2m/r) (1+4/r+O0(1/7*)}, (6-2) 
which is always possible by a transformation of the form 77+ O(1/ r). Then from 
(5-10) we have 

A=1+4+2m/r+2 (2m? +mk—F)/7P?+0(1/2*). (6-3) 


When the spherically symmetric space-time is treated in general relativity, there is 

re Be ithe ' 

ambiguity in choosing the radial coordinate 7. A similar situation appears in Wyman’'s 
solution and presents itself in that C is an arbitrary function of 7. It seems to be’ natural 


to determine the radial coordinate so that 
Ba'1+0(1/'7)}* 
For that purpose we may use a transformation 
r='r+ bk. 

Then, by using the transformation law of a tensor, the solution has the following expres- 
sion in the new coordinates : 

1/A=1— (2m/r) {1—#?/mr+ O0(1/7*)}, 

B=r77{1+0(1/77)}; 

C=1—(2m/r) {1+ O0(1/7*)}, 

d= (e/r) {1+ m/r+O\1/7*)} +const., 
where we have omitted the primes which show that the new system of coordinates is used. 


We note that in the new coordinate system the term of the order 1/7” in C vanishes, 
while that of the order 1/7* appears. 


(6-4) 


The constant % in (6-4) is arbitrary. However, if we assume the above solution 
(6-4) to coincide with that of Schwarzschild : 


1/A=C=1—2m/r, B=r 


by putting g,,=0, £ must be a constant which depends on ¢ and reduces to zero 
Vv 


by putting e=0. In the following argument / will be considered as such a constant. 
By a suitable transformation of the form 7—>7{1+O(1/7)}, we can take & to be 
zero. Hence there is a coordinate system in which gy, is of the same form as 


Schwarzschild’s exterior solution to within terms of the second and higher orders.** 


*) Itis more natural to take /#=/,*, but in this case the transformation equation of » is much com- 
plicated and the treatment of the problem becomes difficult. 


**) The order in the asymptotic expansion of the solution is considered with respect to 1/7. It is further 
assumed that, for the 0-th order, the solutions reduce to those of the corresponding classical problems. 
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To within terms of the same orders, the deviation of 6 from the Coulomb potential is 
: : re : 

given by we/7r°, which is considered as representing the mutual effect of matter and charge. It 
is noted that, even if the terms of the second and higher orders are neglected, there ts 


no coordinate system for which $ assumes exactly the form of the Coulomb potential. 


Otherwise, as is seen from (6-1), we have m-+=0 in such a coordinate system. This 
is obviously contradictory to the above dependence of /# on e. 


In general relativity the solution for a point charge is given by 
1/A=C=1—2m/r+4ne/7, B=r’, b=e/r. (6-5) 


Comparing (6-5) with (6-4) we can easily see that there appears, even in the first order, 
a difference between the solution of general relativity and that of Hinstein’s new theory™. 

The term me/r* of ¢ does not vanish in any coordinate system, for which 4 has 
the form (6-4). We can therefore interpret this as the “ intrinsic ” mutual effect. On the 
other hand, the term 24°/7* of 1/A in (6-4) depends on the radial coordinate used and can 
be put to zero by a suitable transformation of r. Therefore this term can be considered 


as representing the “ apparent ” effect. 


Concluding remarks 


In Hinstein’s generalized theory of gravitation there are various antisymmetric tensors 
of the second order which may be interpreted as the strength of the electromagnetic field. 
Of these quantities we have chosen a certain one so as to introduce the four-vector poten- 
tial. By using this potential, when the fields arise from a static spherically symmetric 
distribution of matter and charge, we have overcome the difficulty concerning the boundary 
value problems. Further we have derived the asymptotic form of Wyman’s solution, which 
coincides with those of the corresponding classical problems. 

Our results are sufficiently satisfactory in the sense that it satisfies the two require- 
ments of §1. From our standpoint we can discuss the case f*50, 4=0, too. Studies 
for this case will be published in a subsequent paper. 

The author wishes to express his sincere thanks to Prof. Y. Mimura and Prof. H: 


Takeno for their kind interest in this work. 


Appendix 


Proof of (3-5) 
We have only to prove (3-5) at an arbitrary point 7 of the space-time. We choose 


the coordinates so that the components of 4, at P are 
deg = Por= lig — lag = —1, other Ay, =. 


Since /,,=0 holds identically, the transformation to such coordinates leaves the assumption 


*) For example, the terms 4ne2/r2 in (6.5) and 222/72 in (6.4). 
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(3-1) unaltered, and we shall prove using these coordinates. Then (3-3) becomes 
Ph tha, tf Beye. (1, 2-3) )- 
Multiplying by /,, and summing for £, we have by means of (2-8) 
p+ >i Fu)'=0. 
From this we can easily obtain (3-5), since f;, and y are all real quantities. 


Proof of fiys=0 in (3-7) 
We have from (3-6) 


fi cae 4, V—zg, (A-1) 
and hence 
(eye = — Sf a leae ee Psp sq: (A-2) 


On account of (3-5) g takes the form 


g=g(1 OS Py bet EAE 
Substituting this into (A-2), f.,/% is found to be a function of /,, and 6,; Since 


/txus4=9 and $,,=0, we have (fy, f%),,=0, and accordingly g,,=0. Thus we can see 
the staticness of f,; by means of (A-1). 
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The equations of motion of a point particle interacting with charge symmetrical mesons are deduced 
on the action-at-a-distance theory from a variation principle which is analogous to that of Fokker in 
electrodynamics. In the first article an action is first defined with the help of a Riesz function in terms 
of a parameter a to be determined by the method of analytical continuation. It is then shown that by 
expressing the mesic charge-current and dipole densities with the help of a Riesz function which for 
a—>2 behaves like Dirac’s d-function, the adjunct fields, which are introduced on purely formal grounds, 
satisfy the fundamental equations of meson field in the usual field theory for a->2. The variation of 
the action function for a—>2 finally gives the required equations of motion. In the second article the 
adjunct fields, which are singular on the world line of the particle, are evaluated by Riesz method of 


analytical continuation for a@—>2. The scattering of mesons by nucleons are calculated in the last article. 


Introduction 


The derivation of the equation of motion of a point particle involves an intimate 
knowledge of the behaviour of the fundamental particles and the nature of the interaction 
The interaction of the particles is customarily described with the help of 
the particle creates a Geld around itself which then acts on the other 
the field. But the idea of the self-field involves the question of the 
cle upon itself. The conception of the self-force, 2.c. the force experienced 
by a moving particle due to its own field has given rise to serious divergence difficulties 
in the formulation of the theory of fundamental particles and in the construction of their 
It has been observed that the equations of motion containing the 
radiative reaction terms are obtained only when the field produced by the particle is taken 
to be the retarded field. It is, in fact, the retarded field of the particle upon itself that 
And as this field is singular at the position of the particle 
stance, by Dirac” and Riesz,” 


between them. 
the field concept: 
particle located in 
action of the parti 


equations of motion. 


provides the radiative reaction. 
it has to be evaluated by a limiting process as suggested for in 
to obtain the divergence free equations of motion. In the case of the symmetric field, 
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defined as the sum of the retarded and advanced fields, the radiative reaction terms are 
completely absent. Wheeler and Feynman” have recently revived the alternative theory of 
action at a distance previously studied by Schwarzschild,” Tetrode” and Fokker.” In this 
description of direct interparticle action no direct use is made of the concept of the field. 
Each particle moves in compliance with the principle of stationary action formulated by 
Fokker. It has been shown by Wheeler and Feynman that the theory of direct inter- 
particle action may be considered to be equivalent to what they call an adjunct field theory 
in which the fields acting on a given particle arise only from the particles other than the 
given one and are given by the symmetric fields. They have thereby shown that in the 
limiting case of universe in which all electromagnetic disturbances are ultimately absorbed, 
the symmetric fields acting on a given particle are made up of (i) the sum of the retarded 
fields generated by every particle other than the given one, and (ii) the radiation field, 
which is defined as half the difference of the retarded and advanced fields produced by the 
given particle. Wheeler and Feynman thus succeeded in obtaining the equation of motion 
of a particle interacting with the electromagnetic field which correctly described the radiative 
reaction. The theory of Wheeler and Feynman has been extended recently by Kanazawa” 
and Havas’ to obtain the equations of motion of a nucleon interacting with the neutral 
meson field characterised by mesic charge y. The present authors” generalised the theory 
further to obtain the equations of motion of a spinning particle in a neutral meson field 
characterised by a mesic dipole moment /. It is noteworthy that while the adjunct field 
theory leads to identical equations of motion for a point particle interacting with the 
electromagnetic field, it gives equations which differ significantly in the case of a point 
particle interacting with the meson field with regard to the terms involved in the integrals ; 
the integrations are to be extended over the past and future motion of the particle. 

The present paper is an extension of the previous works on the action at a distance 
theory and deals with the formulation of the equations of motion of a point nucleon in 
charge symmetrical meson theory in which the combination of positive, negative and neutral 
mesons are involved in the description of interactions. The classical theory of the inter- 
action of point particles with charged fields was first given by Fierz."” The corresponding 
equations of motion of a point particle in charge symmetric scalar and vector meson field 
in the field theory had been already given by Vachaspati and one of the present authors.” 
Le Couteur' has also established the similar equations in vector meson field. In the 
first article of the present paper we derive the equations of motion of a point particle for 
symmetric interactions with mesons from a variation principle which is similar to that of 
Fokker in electrodynamics. We have thereby defined an action function with the help of 
anew Riesz function which is an analogue of the usual Green’s function and expressed it 
in terms of a parameter @ which is to be determined by the method of analytical continu- 
ation. Further the charge-current and the dipole densities are expressed with the help of 
a Riesz function which for analytical continuation of the parameter a@-—»2 behaves like 
Dirac’s 0-function. It is then shown that the adjunct fields, which are introduced in the 
theory on purely formal grounds, satisfy the fundamental equations of meson field for 


a->2. In the second article the adjunct Riesz fields have been first defined in terms of 
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an integral which is an analytical function of a parameter a@, assumed large enough for 
the integrals to be convergent. The fields are then calculated on the world line of the 
particle by analytical continuation with regard to the parameters @ to 2 for which they 
satisfy the meson equations. The third article deals with the scattering of mesons by 
nucleons on the basis of charge symmetrical theory. 


§ 1. Variation principle and the equations of motion 


We shall derive in this section the equations of motion of a point particle interacting 
with the symmetric scalar or vector mesons. We shall adopt the symmetrical meson theory 
of Kemmer™ in which the field quantities are regarded as three component vectors in 


isotopic spin space (or charge space). Thus 


P.= Ca > Pua Pus) =a, Dit t+ Bs Puot 23 Py 5 ? (1) 
where @,, @,, @, are three orthgonal unit vectors in the isotopic spin space; @, and a, 
components together describe the charged mesons and @, refers to the neutral mesons. If 


7,, 7. and ¢, are the isotopic spin components in this space we have 
THAT, + AyTot Ast. (2) 
We take the metric tensor 7,,=0 if 4» and 
Joo= —In= —I2= —IGs3= 1 (3) 
and the velocity of light is put equal to unity (c=1). We shall denote the coordinates 
of the 7-th particle by 2, which are functions of the proper time 7;, measured from an 
arbitrary point on the world line of the 7-th particle. A dot over a symbol will mean 
differentiation with respect to the proper time and the velocity S;,, of the ¢-th particle will 
be denoted by 7;,- The spins of the particle will be described by tensors S;, and oy 
for the scalar and vector mesons respectively and are considered to be a function of 7;,. 
Following Fokker and incorporating in it the idea of Riesz we now deduce the equations 
of motion from a variation principle in which the action / (, which is defined for a para- 
meter a@ to be determined by the method of analytical continuation, is an extremum. 
We define the action function as 
~ 
JO =a] +Jun- (4) 
Here /, is the action for the free particles and /(") represents the action for the inter- 
action of the particles. We write 


$f, n> | § 0,4 + > (Z@ut > (Lede, (5) 


* The more general equations of motion as obtained by Le Couteur may be easily deduced from the 


equation (5) by replacing the mass ‘7’ by 
TNE ality Send 
ieeeeR =) ee SE 
4 \ at 4 dt dt 


s defined by him. This general case, however, has little practical significance 


where Z and X are constants a 


and we are not giving the results here. 
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where 
vu ——i) (6) 


The first term stands for the translational motion, the second term for the rotational 
motion of the spin and the third term for the rotation of the isotopic spin of the point 
particle. 

We define the variation of 7; as follows 


Owe” (7a) 


ipy 


iTS 
Z. 


for the vector meson, and 


T= Teno d of ae Se? (7b) 
2 f 


for the scalar mesons, where «,,, is the angular velocity of the z-th particle, defined by 


Wnv=A2iy,/at:, 2, being the angular coordinate. €,,,. is a tensor antisymmetric in 


wy 
all indices with €5,.,=—1. 


We further define for the case of isotopic spin 
OL, =A,7;-00;, (8) 


where @; denotes the angular coordinate of the isotopic spin of the 7-th particle in charge 


space and 0;,=0,;/d7,; and A, is a constant having the dimension of an angular momentum. 


We define 
nt = 1 {fee [ a iv +- Is U; a" Ss vy a 
t a k van P ae” , ey » Ji we iw 
x lv Vet Be Vo a =f Om, cP | G™ (¢,—2,)dt,dz, (9a) 
De Sky OF ne O2 nn 


for the vector meson, and 


int =>) 1 |e T, [oe hase | 2 U—Se Ses 2 | G™ (¢,—2,)at,dz, 
x 5 OZ sy OF nw 
| (9b) 
for the scalar meson, where 7 as usual is a characteristic constant for meson having the 
dimension of a reciprocal length, and gy, g’ and J, f', are mesic charges and dipole 


moments for the vector and scaler mesons respectively. G™(s,) stands for the Riesz- 
function given by 


y- 
Ca CIS ae eal CS GONE (10) 
which, as can be easily verified, satisfies the equation 


(3°/Ax, dx" + 7°) G (s,) =G*- (s,), (11) 


where — Ea) atl 
St =SipSky Sip=Xyp— Spy (12) 


een 
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We now define 


g@ - Ii O° 
(4) = ace > Vo = Sao) Day 216%) at, (13a) 


0 4 On Oo OF na 


=o.) Te Viy GO (sy) @t,+ Le as —|" Tako (sp) AT, 


sae 7 Ax’ dx, 
0 ‘i < (a) 
+f,— Te Gr: (si) acne (14a) 
Oa ee 
and 
GID, (x) =99 (2) /8x" 29 (x) /ax” (152) 
for the vector meson, and 
UP (2) =|" | 9a fd Sm? | OP Gare (13b) 
—o ky 
=a!|= 110 G(s) devt fil = 2 TESCO Gacy, (14b) 
Eales 
and 
TA Cay ick Oye a iek 2 (15b) 


for the scalar meson. 
It is easily found that by operating Tt, [FeVev tGe/ 0° V0 9°/ 02% 0220 — Se Stav/ OZ na | 
on both sides of the equation (11) and integrating with respect to c, between the limits 


—co and +00, we get for vector mesons 


( = +7) (©) (x) =42 JS) (4) +> An FSi) 4 4x 9D 9 De (#) (16a) 
v 


Ax, dx" OF O46 OX, 
where 
TP (@) = ie Tt Ge at, (17a) 
©) (1) = 24 |r. Se GO 2(s,) dz, (18a) 
It can be further shown that 
OP (x) /Ox,=47/P OS in (4) /O%y » (19) 
and 
IG, (x) Ot, tL PR (4) =42ID (A) +479 (4) 94) - (20a) 
Similarly for the scalar meson, we obtain 
(a) 
( F_ 4) UP (x) = 4nd (2) +42— 9S) (16b) 
Ox, Ox" Oty 
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(a) (a) fo 
OEP (1) 4 PUO (2) <4 Tf (x) +42 2S) | (20b) 
=o Ox, 
where 
Ph 
JOG) = [eGo den, (17b) 
i's 
t 
sO ~ = (rs Sy, GO s,) dey. (18b) 
47 


It is to be noted that for a=2, 
G@-» (5,) =0 C21) 


for a point outside the world line of the /-th particle, and hence oJ) cand => \, torte 
vector meson, and J{” and >}{? for the scalar meson also vanish ce the world line. 
Further following Fremberg it can be shown by analytical continuation to a=2 that at 


any point on the world line of the %-th particle 


TD =I/ 47 Tig (Te), (22a) 

He =fe/47- Fy Oz, Ta) (23a) 
for the vector meson, and 

J MO Arar. (22b) 

ST fel 4 et gle (23b) 


for the scalar meson. 
It further follows from (19) and (21) that for a=2, 
3 OPE /Azan= 0» ad 
Aya 
It should be noted that the quantities defined by (14) and(15) satisfy the fundamental 
equations for the meson field when a=2 and may therefore be considered equivalent to 
the potentials and fields adjunct generated by the /-th particle at the point x,. It is to 
be further observed that the potentials as defined above are distinguished from all other 
solutions of meson equations by being symmetric, 7.c. equal to half the sum of the retarded 
and advanced potentials. Similarly the adjunct fields are also symmetric fields : 


We can now write the action function representing the interactions 


fy (a)v 
fn = >, as\t TU Pe” “(sy)dt,+ >) Ii a z Pe (si st) at 
i<k i<k hs . Ory O24, 


pe 
) Si 
aot Aanyan as (a) 7 cae (25a) 


ick Oey 


and 


a | a ah ee he 
I= Wa Pie U2 (su)der— SSA ta Soy au - OU) nse 
, av 
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for vector and scalar mesons respectively and where 


San = in ean) (rss (26) 


To determine the equations of motion, we shall have to perform the variation of the action 
functions given by (4), (5) and (25) subject to the conditions 


U=0,0 —=1,— Spyv=0, 3S, 7° =0. (27) 

We therefore consider the variation of 
P («) ea a! ae ee) + = Ve, (Uj, UF — Lge ae ae Sane Uy hee ’ (28a) 
Pea] +) aoa (55, ve — 1)dt,+ >) (76 Si, v7 aT; (28b) 


for vector and scalar mesons respectively, where ¢;, 7!’ and ¢;, 7; are Lagrange’s multipliers 
to be determined later, and then pass to the limit a—>2 by the process of analytical 


continuation. 


The translational equations of motion : 
Now by altering -the world line of the particle ‘a’ from 2%(7,) to 2% T;) + 0% (ta) 
and requiring that the variations in P in (28) are zero, we obtain the translational equation 


of motion of the a-th particle for a—>2 with the help of the relation (24) 


= d ee AC =2) 3 =2 
MaVay ar eae V2saU ce aE ASS =>) Ia Tar Ge (ee ag P is. mM 
aT ka 
1 aGe- 
awa. Diele Tq Ee TA > (29a) 
2 kta ke 
and 
: d ae eS: SPSS oe! = a (t Ace Ge)» 
Mea Vay + We oa tae ap p= > Ja \ra Aw a ay Can —% 
at ka ‘ hse 
a 
ARE 
/ k 
=a POS) maaan so (29b) 
kta Sa 


for vector and scalar mesons respectively. 


The rotational equations of motion : 
The equations of motion for the rotation of the spin of the point particle are easily 


obtained by the variation of the angular co-ordinate of the particle ‘gq’ and using the 


relation (7). Thus we obtain by passing to the limit a— 2, 
1 San ae ne Tage Vaw ad Sane Dark a a te Ta" (Gea Saiy == Giier?? Sanu) (30a) 


for the vector meson and 


da = ‘as oes c 
—— Cenc Ue Sa) —Na\Vaw ay Yay Se) 
“a 


ea way Pe” Cae Sav — : Sap) (30b) 
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for the scalar meson. 
The equations of motion for isotopic spin : 
. . . . . 5 ° < ? 
The equations of motion for the isotopic spin vector Tq of the particle ‘a’ are 
. . . . . . av 
obtained from the variation principle by considering a small rotational displacement 00, of 


in the charge space and using the relation (8) and passing to the limit a—>2. We 


Te 
thus obtain 
dy cralibene -) 
T= oa >) le x (Ya Vay Neg ti —f, Say aes) Ra = 
jh, bea 2 
for vector mesons and 
; jee: THe=% ; =2 
EAGER tax (Ja UF sd eS en eh (31b) 


for scalar mesons. 
It is to be mentioned that in deriving the equations of motion we have freely used 


the following relations ; 


O Saye (OG GeO emo neys (32a) _ 
Ow gpa’ Maxece (32b) 
and Oc. =| 00. ere). (33) 


We now determine the Lagrangian multipliers from (29a) and (29b) by multiplying 
them by vi, and 7° and y from (30a) and (30b) by multiplying them by vy. We 


thus obtain after some simplications 


ra Las ~ = 
25,= =, ' —Ja Tq° ary Gis. ’ 
kta 
(34a) 
a ey Mie}. “ai 5 7 =2 
Na ln s Ror > latent ‘3 Gy is 
kta 
for vector mesons and 
tees Vo =)v¢ 
25.=—>} ‘ T° Ee aN ne 
kta 
34b) 
ee ae / =2) ..% ( 
ha= >to Ta an oi 


kya 
for scalar mesons. 


Thus substituting (34) in (29) and (30) the translational and rotational equations 
of motion finally reduce to 


. a S 1 
aia ey ’ ~ 0 “A <P 
My % au ah — 7. Oe yp Vg— Sy ata’ (2 2 Uap. oe. Ga ate Dan Gis : o%) 


(4 ape kta 
< : (a@=2)Av 
=S'\r.l(g Qe 0G ie Ses 
igal. Ya Vkwy Va rk Saayv— Dee Gata Pin hs (35a) 
ge , 


Ty Sopy Ean Saupe ay ie ti, eee pe Ea? oe eee (36a) 
kta 
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where 
== (a=2 eer 
D4,=GE; kee Gray Va Vay (37a) 


for vector mesons and 


Bs say 
Po s [Ps (a=2 ! =2)p - = . 
MaVay = Hee [> Tae (Ya Like, Uy Ff, ye ES ) Vap thal Ee ) oP 5) 
ad 


= Tye a2 et S| Sie, ( 9. FEMA S2 EE) 35h) 
Ss ae es Uy S?P= ~ Bale Ta"| Daw Se 5) (36b) 

where 
DD ee ee DIS, (37b) 


for the scalar meson. The negative sign as subscript after the square bracket | |_ indicates 
that the same terms as in the bracket, but with ~ and » interchanged, are to be subtracted. 
From (30) and (28) it is easy to show that 


Se” Sau, =constant, S$ .S,,,=constant, (38) 
for the vector and scalar mesons respectively ; and from (31) it follows that 
Tt,’ =constant. (38’) 


It will be noted that the fields entering in the equations of motion of a given point 
particle interacting with vector ot scalar mesons as described above contain symmetric fields 
which are produced by ail the particles other than the given one. Now following Wheeler 
Feynman, we write 


SOP SS) OF 4 1/2-(Cr— Oa") —1/2 (OF Oe"), (39) 


kta ka ll & 


~ 


where Q denotes either potential or field strength. The condition of ‘ complete absorption ’ 
postulated by Wheeler and Feynman gives 
Lie (CO, 0, On (40) 
all k 

The application of this very significant condition, so to say, reduces the fields involved in 
the equations of motion of a given particle ‘ a’ to those of the retarded fields of all 
particles other than the particle ‘qa’ together with the radiation field of the particle ‘a’ 
itself which provides the radiative reaction. The fields of the theory of action at a distance 
therefore differ from the retarded self-field of the usual field theory in the terms which 


involve integrals over past and future of the particle. 


§2. Evaluation of the adjunct fields on the world line of the particie 


For the purpose of investigating the scattering of charge symmetric mesons by nucleons 


i 
from the equations of motion established in the previous article it will be necessary to 
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evaluate the potentials and the fields on the world line of the nucleons. The calculations 
are cartied out by Riesz method of analytical continuation as already discussed in a previous 


paper by two of the present authors" in connection with the neutral meson fields. We 


shall give the results only. 


(a) Charged symmetric vector mesons : 


The potential on the world line may be obtained from (14a) 


rad 


g = (on the world line) = Bey = vv" Tee a oY Ti+ ie ou T 
2 2 A ae : 


1 
es [2 #+4 T,i*+— 1p (88) —{20,0" T, (69) +2008 Tt +0," Dee 


UU" Tot ; USTED wate 2U ge oe 4 oo T+ 1 oi" T, +20, 0" sie 
3} 3 
+20,i"T, OAT, += de D, +o bP Ty pe os 
3) 


Seal st Tr, Ls(K5) de —\ 's3* Ti Lsk4s) Be 42 147, oO 
—0 ay 3 


Ss T 
ae SAYS chia Aw A) eat 
ie ifs" Tee i ae! — [se m,, AD ae I. (41a) 


Similarly the field on the world line is obtained from (15a) 


rad 


GS> (on the world line) == Ty (Vd) + Tee Ge Ts 
3 


‘ 


oiiN ah ; 23 2 Ln +4 6 4 = 
+|+ U Ek tn +2uv Tyr? + by Wot + ty Trot + ty Toi” 


Phat ne - 
F 4 P°420 P49 ety phe » Ps Ts | 
3 : yA vo ‘ He fie v 27 wp Ayot -- 20, ae ve + ZU, vo rah =Ie Uy vu 


Bilary dle - : f ~ ; f % 
sy de {P+ 5 ae Lh+yz i| Py, 2D ag —| TH LMS) aet\ 
Ss = s 


Tall alee ee " 
i 2 a oe - E fa =|". f he ole AUS) a} 
vv pty—vy f kg << (Uy Tew 7) + (vy, Tis Te =. 1 5 Teas T,) 


pee ly 
3 
toh, s 
en = 5,0) 29 act |G. T,—s, 1) 190) 4 ‘h (42a) 
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where 


Dee ee ee. (43) 


(6) Charged symmetric scalar meson: 


The potential and the field are given by (14b) and (15b) 


rad 


Ue = —Z— 1{| 20!) AW. g!—\V'Z(') WIS) act} 


e Ss 


Zs 7a Le ramet 
—(Z, 2% +Z,o"+ e Z,, i") 


+ a is Z, PAC) det —\ Zi SKS) a}, 
ny Ko 


41b 
sae : (41b) 


a Oe, 2 ZU, © pho, +2 {{'s,26) LD ac! 


_ [uZ@) PACA) as'| - = Z, (0%) + 2 Zi + = Z, 
: Sy 


: , . . +9 4 iva 
= [ BU Lint 0 A Uigligd U + -—U, Let A 20 
; 3 


aQ 
i 
N 
i) 
~_ 
x) 
oa 
| 
a 
NX 
co] 
Ps) 
° 


eget eR 4 Ned APE 
+ te Delight 120, Lgl + 20,L0° + pip Lai? + ty Lo +38, Z,%| 
3 
ay ¢ (Z,—v, Z, v°) + va {| Zee) wT) at! — | Za) PAC 5) ast 
D2 2 aa ‘Sie “ct Ss 


_ x {| se SoZ, (T)) J) as —| SS ag ae) LO. a} 3 (42b) 
where 
Zagt, By=f' tS, (44) 


For our calculations of the scattering cross sections we shall need the potentials and 
the fields generated by the nucleons in the rest system, 7.¢., for v,=(1,0,0,0). To 
this approximation we may replace c’ by a’ and s=¢—?z’. Thus we obtain 

for vector meson 


, 3 é co = 
(C=2) 3 gtv,— ue rz vy + Ds {| TU, LAD | TU, PAG) atl 
: @ We zy —o Si zt x 
, [e} ar 
ee 1 gy {| =x LUD ae —| TU, SAMS) ae 
Q) ee ES) t AY / 
Pp co : we ¢) i R 
= lay {fr aa oe Ss{ts) at! + Esys' Uy AGE at } (45a) 
DEA es Ss ‘ s 


42 R. C. Majumdar, S. Gupta and S. K. Trehan 


and 


rad 


Gr =F 2 ELE Spy + BE Spy + 3t Sut 5s} +f (FSyy+TSyy) 


+0/{) Si, at! — 7 ae PIS) at’. (46a) 


C¥ 
for scalar 7neson 


Ue =—g/t— ; fx {| AMS) gy = |= Lids) at'|, (45b) 
y S 


= A) “t 


and 


rad ase 
Be ag tt gr 0_,+ +toy| |e. 


Ftp) me de | Toh (XS) oy | 


—o 


+ =f" (#5, +3#S, +345, 4+75,) + 3 Lf (ES, +28) 
ar af" re i hese Solus) at! — rs, Las) dt‘. (46b) 


The time-symmetric equations of motion of the action-at-a-distance theory for the 
mesic charge (7 #0, f=0; y’40, f’=0) of the nucleon have been published by Mehl 
and Havas" while the present paper was undar preparation and will not be repeated here. 
There corresponding equations of motion for the rotation of the spin of the nucleon (g= 
0, fA0; y’=0, f'0) follows immediately from the equations (36) and (46). We 
write thereby 


Sos, S31) S»p=M,, M, Ms ; Gs; Ga, G,.= H,, H,, iife (47) 
and, -1/2iS$_.5 "=e, 1 


and drop the suffix ‘a’ which denotes the ‘a ’-th particle. 
We get the equations of motion 


r! 8 j 3 


dt ae at at’ at 
+7°t- {| ru lhts) at'— | rar a7} | (48a) 
— Sim Y t Sa 


for the vector meson and 


oa 3 dt lake’ i z at 


+ . refed p(s a] (48b) 


t 


re =[S, f’t- Pv} 7? |S F S a8 ae S ee OA te Leds 


for the scalar meson. Here JZ denotes the components (,, ,, M, and S the com- 
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penchts S;, So, Ss. Similarly A stands for the components //,, //,, H; and / for 
ele iy. 
penuadly the equations of motion on the action-at-a-distance theory for the rotation 
of the isotopic spin of the nucleon are obtained from the equations (31) together with 
the help of the potentials and the fields given by (45) and (46): 
3 / 3 
d os ct Ihe Gh ae 


) at —s Oin me i 
12E =[ex 9 9" MH") H-| ex 0 at 
ae 2 dt yx, dé 


eed (| at S48) at —[S LAL) ay’) 


2 = ay S Peele S 


val fear fda 


eae) dt, 2 at e aes 


—[2x*42( a7 
. . at at 3 at? he 


+Me(\ Mr ZED a — [ee LE ae) | (49a) 
co t Ss 


for the vector mesons and 
122 [rx (gf UY 7'(SP")T 
a 


[reat ipo Salf 00 ae fed 


at ; 


5 EAS \ ahs i al ye il at 
— ex Ss Ne +- +—7 
| : ( ai at By aie D x at 


+i ys,( [rs 22 a—|s. L849) av) ] (49) 
I Lye Se 


=o) t 


for the scalar meson. 
The equations (48) and (49) can be easily solved for small oscillations performed 


t initial directions. If we neglect terms which are of second 
the equations for dt/dt and ¢M/dt for vector mesons as well 
and the equations for dM/dt and 
h the corresponding 


by WM, S and t about thei 
order in the displacements, 
as for dt/di and aS/di for scalar mesons separate, 


aS/dt become identical except for the terms within the integrals wit 


equations of motion of dipoles obtained by Bhabha and Harish Chandra in neutral meson 


field. 


§ 3. The scattering of mesons by nucleons 


ns of the scattering of neutral mesons by mesic charge and dipole 


16) FJarish Chandra‘? and Pauli’ and of the charged 


and Le Couteur™ on the basis of the 


The cross-sectio 
have been already evaluated by Bhabha, 


. . 11 
mesons by Fierz,"” Majumdar and Vachaspati'” 
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retarded field theory. We shall in this section give results for the corresponding scattering 
cross sections on the basis of Wheeler-Feynman theory of action-at-a-distance developed in 
earlier sections. The calculations of cross-sections are practically the same as employed by 
these authors and we shall give only the essential results. For comparison we shall side 
by side write down the scattering cross-sections obtained from the retarded field theory. 
The results of the scattering of mesons by mesic charge are already published’” as mentioned 


before and we omit them from our discussions. 


I) Scattering by the spin of the nucleon. 


The scattering cross-sections as calculated below will refer to the scattering which 
correspond to that of a transversely polarised neutral mesons by the rotation of the spin 
of the neutron or proton. As already discussed by Bhabha that a dipole free to rotate 
will not scatter longitudinal meson waves at all. The scattering of longitudinally polarised 
mesons is due to the translational motion of the dipole and is practically negligible in the 
approximations used in our calculations. 

Let us now suppose that a periodic force /7 with a frequency «,/27 acts on the 


dipole 
Fi=f1s COs Oye (50) 


where //, lies along the +-axis. We consider the scattering for weak fields, so that the 


oscillation of the dipole is small and we may write 
M(t)=M+Msinw,t, (M-M)=0. (51) 
M, is the initial direction of the dipole and J7,°=1. We will neglect terms quadratic 
in MM. Introducing (50) and (51) in (48a) and writing for brevity 
== 3/291/f"," SF = 3/25 | Al Ss Gl a (52) 
we obtain 
3/2f-[M,x H|=aM,o,+ [x MM], €. (53) 


To solve this equation we denote by # the angle between J/, and //,, and 7 the angle 


between vectors [x H,| and J7,, JV, lying in suce a direction that the angle between 
the planes | 7, x J/,| and |x Hj] is (7/2) —7. It then follows that 


B sin 0 


WEL oa rany yale ea (54) 
and the total energy radiated by the dipole is 
3 2 sin’? 0 ¢ 
4 2 were ¥ (55) 


The scattering cross-section, 7.¢., energy scattered divided by the energy flow due to the 


5 ‘ 5 . 9 2 9\—-1 . 6 4 e-0) A ° 
incident wave, which is /7,°w,(w,2—y°) 7/2/87, is, when averaged over all initial orientations 


of the dipole, 
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_ 16x ie 2 (wy —7%)° 
eae (=) z : (56a) 


1 
Wy 1+ 4 (2) (oe—7)* ; 
FNS Wy 


Exactly in the same way the scattering cross-section for scalar mesons is obtained from the 
equation (48b) : 


smh (ff tape. 
9 Lay Wo, 1 il (= ya : 
el aews 


2 
Wp 


(56b) 


The corresponding scattering cross-sections in the retarded field theory are 
4 ve 2 (w 2 a?)8 4 ie 2 ye 
: ) 9 9 9 9 1 ar = ie 2 = =i ; - 
ry, pl ie ) (or 1)" 2 ( 7) Oy. 9 ( I Wy. 
Oued. wg fir t( ZV GE". 4 (2) 2-84) 
oe HE 3 ORS / 9 Nits Ss ae 


3 
Wo Wy 


(57a) 


for vector mesons and 


1 4 Abe 2 ( eae py 1 tae 2) /® 
pen (2) oe eG) a rg eae 
a9 Be Ore - 


f® 2(w2—7)* / fA? x8 2 aN 6 
[i+ ae ae Fal ii ) | AG ) i 


(57b) 


for scalar meson. 


Il) Scattering by the isotopic spin of the nucleon « 
We now solve the equations (49a) and (49b) under the action of a weak, simply 
periodic incoming field of frequency ,/27. We put 
t=, €,sin(@t+o;) +A, €,sin(a t+.) +aa,, (58) 
where a= +1 according as the particle 1s initially a neutron or a proton and €, and €, 


are small quantities such that their higher powers are neglected. 
Vector meson: We now substitute (58) in (49a) and equate the coefficients of 


a, and a, on both sides of the equation, whence we obtain 


A yo: 7 AS ee ee 2 23/2 9 
Bae €, cos(wyt+ 01) =9 sin(at# )+—(9 Pea fie \as — 1 €, cos (W)f+ 0") 
a 2 Y. 3 / 


(59) 
and 
bens 2 42 2 g 2) 3/2 i 
er €, cos (Wt + 2) =0 sin ont alo nit oe =H) Pe cos (Wf + 1); 
a 
(60) 


where we have put 
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{gp°"—f(MH")} a,=0 sin(w,¢+7/2), 

{gp""—f(MH") }a,=0 sin wot , 
where -++ signs are associated with positive or negative mesons. It immediately follows 
from (59) and (60) that 


(61) 


of=0,+7/2 and €,=€,=€ (62) 


and _ hence 
39 


eo ae sears. ‘ (63) 
PB wy 


Before we evaluate the scattering cross-section it is to be noticed that the term t- Hf" in 
(48a) is of the second order of smallness and hence the forced oscillation of JZ does not 
contribute to the scattering of charged mesons. Then it can be easily verified that the 
variation of fJ7-dt/dt due to the forced oscillation of t induces a purely -transverse 


retarded field given by 


gi = ef (ae —7')" {a, cos (ayt—r Vag —F +04) 
[2 ue 
r 


+d, cos(w,t—r Vwe—7 +6>)} 


(64) 
and the variation of y-@t/d?t induces a longitudinal field given by 


pots Soke (w2—7) {a, sin(wt—r Vweg—¥ +6) + Gy sin(at—rV wf —-F+0)} 
a (65) 


V wv, UL PEE 
EJ Wy" o;- —7~ {a, sin(w,¢—r Voe—~ °—y°+0,)+a,sin(wt—r Vos—7+o")}. 


ry 


It is to be noted that the charge of the meson is conserved in the scattering process. The 


pe ae ee 
k= 


total energy radiated in transverse waves is 1/2-€°f°w(w, —y")*? sin’ 6 and in logitudinal 
waves 1/27°-€°w,(w,—Y7)*? where » is the angle between the direction 7 in which the 
meson radiation is observed and the spin JZ. The energy flow associated with incident 


. . . 1 ° / 
transverse and logitudinal waves on the other hand are given by, — w,(w—7)~*?- 
2 49 87 * cos’ @ 
Aang ere) . 
and ds wo (w,—7)~"/? —— respectively, where @ is the angle between J7 and //"", Averag- 
7 p 


ing over all inclinations of 7 relative to 7 the total radiated energy is 


9 


€ ° 2) 3/9 2 2 9 oO 
2 Wy ( Wy — Y°) / Oh ai. 3 f° f). 
Dividing this by the inflowing energy, averaged over all orientations of JZ, we finally obtain 


for the effective cross-section for the scattering of transverse mesons 


pany, vestee CA yw ad he bs 
ae ere 2 + Tati 
3 Wy MWe 


i 


p+ : fa) (66) 


WS) 7n Sumo NG 
1+ > (9+ 2 pfiy) Seay 
ax 3 Oy. 

and of longitudinal mesons 
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aa 47 0, — a) a 9 B 9.9 
ots r ( 1) e (+277) epee OT) 
0 eee (g+—f /) (wy — 7)" 
Ky 3 Wy 


Scalar meson: Substituting again (58) in (49b) and equating the coefficient of 
a, and a” we obtain 


y 
— = €, cos(@,¢+o,) = {g' U"—f'(MH")} 4,4 Q€,cos(at+o,) (68) 
and 


og 


€, cos (wy) +o) = {9 U"—f' (MH™)}4,+Q €,cos(mett+o;) (69) 
a 


where 
asiyee * 2 1 1a. A ES ei esas 
== (02 =7)"{9"— 478-2) (70) 


The variation os f/M-dt/dt and g'-dt/dt due to the forced oscillations of t generate the 
potentials at a very distant point 7 from the source which are respectively given by 
U't=ef! (w2—7)*? {G sin (w,t—rvV woe —7° +) 
+a, sin(w,¢—r Vor—+o°)} te) : 
Ae 


(71) 
U''= eg’ {Oy sin (w)t—r Vw) —~ +0) 
ra 
+ @, sin (wy/—7 Vw —L+59)}- 


Now the similar procedure as in the vector meson case gives the total scattering cross 


section as follows 


126.9 2 il ‘ 2 2\2 
a ge gf (og —L) +—f "(or —- YX) 
et Oo. ih sbslacches Jag O/4) 
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The corresponding cross sections for the scattering of transverse and longitudinal mesons 


in retarded field theory are respectively given by 


i AT (oe 7.) ss mo 2 2 
es cae Re (y = 7) 


fh : 
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Ot ee PR ee ae ae 2 = : , \ 2 9 aye . (67’) 
F +h (7+2rr)]+ ee koe =x)" 


Ly Wo 


Similarly the scattering cross section for scalar meson in retarded field theory is 


O.= 


AT 
ome s 
4 Wy 


ga a ; gf" (we—7) tie =f" (wo, — 7°)? 
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F Ss a? (y+ 1 72)| = = ( -K) 7" <9 *f" (we —7X) + f"(oi-7)'| 
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(72') 


An examination of the above expressions for the scattering cross-sections shows that 


all the terms which are due to the inertial reactions of the meson field resulting in an 


apparent change of the mass, spin and the isotopic spin of the nucleon in the retarded 


field theory are completely absent in action at a distance theory. The terms which, on the 


other hand, are due to the reactions of the field resulting in an irreversible damping on 


the motion of the nucleon remain the same in both the theories. 


The implications of the classical scattering cross-sections given by (56), (66), (67) 


and (72) above and their experimental verifications will be discussed in the light of quantum 


mechanics in a subsequent paper. 


One of us (S.K.T.) is grateful to the Atomic Energy Commission, Government of 
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Using the distribution of the virtual particles in the true vacuum and around a real particle, a 
complete set of states are defined, each of which may be interpreted as representing a prescribed number 
of real particles. The representation spanned by this sct of states is non-orthogonal and the Schrédinger 
equation transformed into this representation includes the non-Hermitian interaction Hamiltonian. How- 
ever, the usual definition of the transition probability can be used also in this representation. The 
equation has the advantage that the energy of the system appears as the difference from the vacuum 
energy and that the vacuum or the single particle self-energy process no longer occurs. An alternative 
Hermitian equation is also derived, which, applied to proton-neutron system, gives the non-adiabatic Dancoff 
potential and the finite single nucleon self-energy term to the second order in the coupling constant. 
To this order, the divergent vacuum self-energy term reappears, but it is shown to be cancelled by 
including the contributions of the higher order terms. The simple relations between the true vacuum 
state, the real one-particle states and the other unbound stationary states are also deduced. All these 
formulations may be used to treat the many-particle systems on the knowledge of the solutions of the 


one-particle systems. 


§ 1. Introduction and summary 


Contrary to the complete success of the quantum electrodynamics, the meson theory 
based upon the conventional formulation of quantum field theory seems to have failed so 
far in giving the quantitative explanation of the nuclear phenomena. Although the failure 
might be due finally to the fundamental defect of the meson theory itself, there still remain 
several points to be clarified within the framework of the current theory, before we can 
draw any definite conclusion about the validity of our meson theory. Among all, there 
seems to remain a possibility of obtaining the better results by taking into account to a 
sufficient extent the higher order effects (we do not necessarily mean the use of the perturbation 
theory), which are believed to play a decisive role in meson theory. Indeed, in the weak 
det calculations often proved to change the results of 


coupling approximation, the fourth or 
However, using the perturbation theory, the higher 


the second order ones considerably. 


order calculations beyond the fourth are very complicated and dificult. Moreover, the 


uch calculation itself is in doubt in view of the questions raised against the 


: sek as 
convergence of the perturbation expansions De 


1 be of some value to formulate a method that enables 


meaning of s 


In these circumstances, it wil 


one to treat the many-particle systems like pion-nucleon and nucleon-nucleon systems from 


the knowledge of the distribution of the virtual cloud around a nucleon, namely, the one- 


* Now at Stanford University, Stanford, California, U.S. A. 
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particle solution. If this is possible, then the difficulties of evaluating the branes ora 
effects, which have been met in every problem, could be concentrated into the determination 
of the virtual cloud of a nucleon. The virtual cloud of a nucleon may be determined, 
for instance, half-phenomenologically from the experimental data like the anomalous magnetic 
moments of nucleons and the electron-neutron interaction. If the underlying theory were 
correct, this would correspond to taking account of the higher order corrections. This 
procedure, which is by no means a complete solution of the difficulty, will, however, serve 
to see how far the current meson theory can describe various types of nuclear phenomena 
without contradiction. 

The present paper will be devoted to the formulation of the methods that connect 
the solutions of one- and many-particle systems. It includes two such formulations. One 
is a remark about the simple relations between the stationary states representing the true 
vacuum, the real one-particle and the scattering of any number of particles. Indeed, it 
will be shown that the exact knowledge of the distribution of the virtual particles in the 
true vacuum or around a real particle immediately leads to the complete determination of 
the other stationary scattering states except those including the bound systems. The applic- 
ability of the relations to practical problems along the above mentioned line will depend 
on how good one-particle solution we can obtain phenomenologically. The other is con- 
cerned with the construction of a new representation in the quantum field theory which 
is suited for the above mentioned program and is applicable for the bound as well as the 
unbound systems. 

The usual representation, employed in the perturbation theory as well as in Tamm- 
Dancoff’s method, is one which diagonalizes the free Hamiltonian, so that each basic vector 
represents a state of a prescribed number of bare particles. To exploit the one-particle 
solution explicitly, we define, corresponding to each eigenstate of the free Hamiltonian, 
a set of states each of which may be interpreted as representing a prescribed number of 
real particles accompanied by their characteristic virtual clouds. Namely, the states are 
defined as such in which the individual virtual clouds of the real particles involved, defined 
in the absence of the other particles, co-exist independently without being deformed by the 
presence of the other. Since the states thus defined form a complete set, they can be 
used as the basic vectors of the new representation. The interaction Hamiltonian appearing 
in the Schrédinger equation in this representation can be interpreted as the interaction 
between the real particles and the matrix-elements of it can be calculated once we know 
the one-particle solutions. The true vacuum state and the real one-particle states are re- 
presented by the eigenstates of the free Hamiltonian in this representation. 

Unfortunately, however, the basic vectors do not form an orthogonal set, which 
introduces some complications in the formulation. This manifests itself in the fact that 
the interaction Hamiltonian in this representation is not Hermitian. Discussions will be 
made on how to solve the equations and how to derive the observable quantities from the 
solutions of the Schrédinger equation. It will be shown that for scattering problems the 
usual formula of the transition probability can be used also in this representation, in spite 
of the fact that the definition of the expectation value must be changed in general in this 
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representation. This is confirmed by calculating the nuclear potential to the second order 
in the coupling constant using the Schrédinger equation in this representation. It turns 
out to be the same as the usual adiabatic potential. In the eigenvalue problems for bound 
systems, the non-Hermitian interaction Hamiltonian may well lead to the complex eigen- 
value, the imaginary part of which has no physical meaning and can be dropped if it is small 
compared to the real part of the eigenvalue. An alternative equation is also derived, which 
contains only Hermitian operators, so that the real property of the eigenvalue is guaranteed. 

The orthogonality of the base could have been recovered if we had taken a different 
approach by employing an infinite series of successive unitary transformations which remove 
the virtual processes step by step as a generalization of Bloch-Nordsieck transformation. 
This will, however, be useless for our purpose, since every step of the successive unitary 
transformations will correspond already to solving the one-particle problem by perturbation. 

This representation has one more advantage that the energy of the system appears 
in the Schrodinger equation in the form of the difference from the vacuum energy*, which 
is just the observed quantity and that the interaction Hamiltonian never gives rise to the 
vacuum or the single particle self-energy processes. Using the Hermitianized equation, such 
self-energy terms reappear if we employ the non-adiabatic treatment. However, it is shown 
by the example of nuclear potential, that the single particle self-energy term is finite with- 
out subtraction, and is equal to what Dyson” identified as the physically meaningful finite 
part of the diverging expression resulting from the use of the old Tamm-Dancoff method. 
The vacuum self-energy term is divergent in the second order, but in this case the con- 


tributions from every order must be considered also, which altogether turn out to be finite. 


§ 2. Relation between the stationary states 


In this section we shall define the real vacuum and the real one-particle states for the 
later purpose and also derive the relations that connect these states with those that describe 
the scattering processes. 

We shall take, throughout this paper, the case of the nucleon (say, proton) field ¢ 
interacting with the neutral pseudo-scalar meson field 6 through the pseudo-scalar coupling. 
We choose the units 4=c=1. Quantities containing the time-variable explicitly are to 
refer generally to the interaction representation, while those with no time-variable will 
refer to the time-origin, where the Heisenberg, Schrédinger and interaction representations 
are to coincide. To which representation a quantity shall refer will be evident in each 
case if mot mentioned explicitly. First we shall summarize some notations. 

H,: free Hamiltonian (including the mass renormalization terms) 
Hi: interaction Hamiltonian (with mass renormalization terms subtracted ) 
H=H,+H;: total Hamiltonian 


@,: eigenstates of the free Hamiltonian 


* The same result was obtained by Dyson” in the different representation. This seems to be a common 


feature of the representations that employ the true vacuum state instead of the free one as the fundamental 


basic vector, from which other basic vectors are constructed. 
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Y,: eigenstates of the total Hamiltonian. 

If necessary, we shall write 2, as DCP, °°) Pus Vis» Im Kk; eae where the 
arguments represents 7/ protons with momenta 9),,°*',2),, 7 ant-protops py momenta 
Gis ***» Ym and J mesons with momenta K,, ---, A. The same notation will be used also 
for &,. Especially the free and true vacuum states will be denoted simply as @, and ah 
respectively. We introduce as usual the destruction (creation) Bea a3(a,*) /,63er 4 
and c,,(c,*) of a bare proton, anti-proton and meson, respectively, with abs spe Nee 
(and spin we shall not write the spin variable explicitly—) p, by the Fourier expansions 


of the field operators in the interaction representation, 
p (x) eo fg (p)e?+ ee gO (pe 
p P 


i -—ié -ipx+tet 
=>) apueUp leer ee i, ae pp) ee 
Pp Pp 


and 
d(x) =e 6 (2) othe Sy 6 (k)e~*™ 
k k 
=. 1/ V 20, (Cx pikw—iwyt 1 c,* gq teat mys) F 
k 
with &=Vp +n? and wo=VRTE. 


m and ys are the renormalized masses of the proton and the meson. ¢'‘~) and 6 are 
the usual positive and negative frequency part of ¢ and ¢. The thin letter argument /, 
g and & denote the four momenta, while the bold ones the three dimensional momenta. 
us(p) is a cnumber Dirac spinor for the positive and negative energy state. 


We introduce the adiabatic transformation function*? 


say, (/(t, — co), which is defined by 
10U(t, --c0) /At= A, (t) V(t, —~); O(—o, —w)=1. 


in the interaction representation, 


6) 7) 8) 


Then, as is well known , the states defined by the equation 


7. =U(0, —o)®,; H,9,=E,9, , . (1) 


are the unbound eigenstates of the total Hamiltonian //, and we have 
eo (€,+€,) y. . (2) 


That the eigenvalue is given by &+6&,, with & denoting the energy eigenvalue of the 


true vacuum, will be shown in the Appendix. Then, the true vacuum state %, defined 
from the free vacuum state %, by the equation** 


* We suppose that (’(0, —0o) is obtained from that transformation function which is defined by the 
interaction Hamiltonian //;(¢) exp(—a|¢|) by taking the limit a—>0. Then the normalization of VY, is 
guaranteed, since the due consideration of a makes (/(0, —co) unitary"), This can be illustrated, for instance, 
exactly by the example discussed by Van Hove’) (contrary to his result) and to the second order in the coup- 
ling constant in the case considered here. 

** The apparent difference between the equation (3) and that given by Gell-Man and Low is simply an 


indefinite constant phase factor, which we suppose included in Wp. (See the equation (8). The imaginary 
part of 4 is just this phase factor.) 
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PY .=U(O0, —~w)9,, (3) 
will satisfy 
H®,=6%,, (4) 
and the one-particle states defined by 
Pp; 050) =(/(0; —co) O(p;.0; 0); (A, —&) Pp; 0; 0) =0, 
¥(0;q;0)=U(0, —~0)9(0; q; 0); (A—E,) 9(0; |; 0) =0, (5) 
P(0;0;kK)=U(0, —0)9(0; 0; kK); (H,—w,)9(0; 0; &) =0, | 
satisfy 
TOY; 0; 0) = (6, +6,) F (yp; 0; 0); 
PLP (0S Ge3.0) = (E,-+4.67) 8 {03 g 3/0) | (6) 
HY (0; 0; k)=(& +x) ¥ (0; 0; K). 
Now, expanding (7(0, —0o) into the power series of the coupling constant, decomposing 
each term into its normal constituents and rearranging the resulting terms, we get 


U(0, — 10) =Dy* (14+ 1 Aya, + 3D Bet yt] Gat) (7) 
Pp q C 


Here, D,*, A,'*, B,/* and C;,/* are some infinite sums of products of the free creation 
operators and the dotted part represents the terms with more than one destruction operators, 
which describe the scattering processes. The true vacuum state defined by (3) will then 


be written as 
PSD Oe eto* , ¢ (8) 


The last expression of D,* results from the multiple occurrence of the same processes in 
the vacuum®. 4 is a constant which comes from the contributions of the single connected 
“ bubble ” diagrams in (/(0, —co) and in general a complex number. ,* is a sum of 
products of creation operators and corresponds to the diagrams as shown in Fig. 1. Each 
graph contributes a term in d,* and each end of a free line corresponds to a creation 


operator in the term. The real one-particle states defined by (5) can be written from 


(7) as 
P(p;0;0)=—4,* D,* OA ae Ava. +A ssh 
B(0;q;0)=B,*D*%=BX Ps Bit = 6," a BF, (9) 
OO-.O5 Kk) = CG, Let Om Cy Pas Creer 
Where we have used the following relations. 
oes WA (Ds BS \=|D,*; le, OF Ce i==(B,*, G0. an 
(4,*, Bt}. =[A,", Ay "le =[Br% Bo *].=0 - | 


* > P s 
This follows from the fact that the terms of D,* and €,* contain an even number of, 
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while those of “1,,* and 2,* an odd number of free fermion creation operators. The terms 
of A,,* correspond to the diagrams shown in Fig. 2. Here, the incident line must be 
represented by the c-number spinor u.(p). It is to be noted that the terms of 4,’* 
contain at least two creation operators, since the terms, due to the self-energy processes 
are cancelled by the effects of the mass renormalization terms. The same is true fore 
and C,/*. The terms of C,* correspond to the diagrams shown in Fig. 3. 

Comparing the diagrams of Fig. 2 with those of Fig. 1, we can observe a kind of 
correspondence between them except the diagram 2°. For instance, the diagram 2a can be 
obtained from the diagram 1a by removing the free anti-proton line and adding the in- 


cident proton line. The contributions of the diagram la to @,* and 2a to A,* ate 


—ig PO (PITY) A 
q,p! \k ! 
, A ' 
x4 (29 (pl tak) / (Ey t oat 
‘ ' ' 
+€,+ ,) ' y 
' H Pe 
and H + ' te af BB gS 
: Sheers is la Ib Ic 
mae, Ba (P') ist. (DP) 0 (2) — proton line 
ents cS wheres Cho. a all® a) ak) le ee meson line 
x 0(p'—p+k)/(Ey—E,+o,); Figo4 
respectively. The factor 0( p’+ 4 a \/ 
/ / 
Oth) /(&/+&,+,) is charac- ys / ak =e a 
teristic of (/(0, —co) and re- ciaeela *F i ta 
places the four dimensional 0- 
function of S-matrix, (/(00, go 2a sb ae 
: Fig. 
—oo). The difference between eae 
r 


the above two expressions are : 
(1) anti-proton operator 
gf (—p) in a)* is replaced by 
the c-number Dirac spinor 7 (p) 


a ns ee ae bem 


+ 
+ 


with the prescribed momentum 
p and (2) the sign of &, is 


p 


changed. The same relation holds "Fig. 3 


o 


for every couple of the correspond- A 4 A 

ing diagrams of a,* and Pts \ pt a 

In fact, a general term of d,*, at ‘ ar es ae { 

which represents the creation of Sy / ie NN 

# proton pairs and / mesons, aN af ~ 
2 da db 4h! 


would assume a form Fig. 4 


Const. 5 ge) AG? 
meta (2) Vo, (Pu) Maa, es CPi Pas (POT Ry-++k) 


Py 


XI a) > (Qn) 8O (he) GO (2) OD. 4 bat 
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+h + +) /( Prot + Qt + bt + hi) (11) 


after the integrations on the intermediate state momenta have been performed. Since the 
negative frequency parts of the free operator are taken, any fij, Gj and 4) must be 
negative. The corresponding term of 4,,* would have the same form except that one ¢“?- 
operator must now be replaced by the positive frequency part ¢/°)(g») with ~,>0. Thus, 
we can infer the equation 


Tip eo Od OU) Dies w(p), (12) 
or from (8) and (9), 


F (p30; 0)=9(p; 050) 43% ,/d$(—p) epee CD). (12) 
In the same way, we reach the equation 
F (0; 0; k)=9(0; 0; k)+0¥,/06 (—K)],,5-«,/ 20% - (13) 


Of course, in these relations it is presumed that d,* is expressed by the terms of 
the form like (11) and especially that A is a well-defined function of the three dimensional 
momenta p’s, q’s and k’s as well as the energies €,’s, &,'s and ,’s, since otherwise the 
replacement €,—>—6€,, would become ambiguous. In this respect, it is to be noted that 
A is not necessarily an invariant function of the four-momenta of the created particles, 
since (7(0, — co) is not a Lorentz-invariant operator.* Therefore, the spatial and temporal 
components of the particle four-momenta would appear in 4 in a complicated way, especi- 
ally for the terms which contain the radiative effects. However, it may be remarked that 
in J, considered as a function of the particle four-momenta, the special components p, 
q and k& should not appear in quadratic forms p’, @ and k*, but only in the form of 
(p, p'), (p, &) etc. This would be the sufficient condition to make the replacement 
&,— —&, unambiguous. To see this, consider instead of (/(0, —co) an invariant operator 
U(oc, —c), o being a space-like surface defined by &,4,,=0, with an arbitrary time-like 
vector €,. Then the terms of U(o, — co) must be the invariant functions of the four- 
momenta /, g and & as well as of €,. The quadratic terms P, ¢ and # can be re- 
placed by —m* and —/# and no longer appear. Then, taking €,— (0, 0, 0, 2) the above 
statement is established. 

The other stationary states that describe the scattering processes can also be expressed 


in analogous manner. For example, consider the scattering of a meson by a proton, which 


is described by the terms of U(0, —~) corresponding to the diagrams shown in Fig. 4. 
Comparing these diagrams with those of Fig. 2 and Fig. 1, we obtain 
F(p:0: kh) =0(p: 0: b) $P F(A (—P) BO (=) leys-e pe D)/ V2 


wpe py 


* As is well known, if we replace the factor 8(prt- +2) (Prot +420) that appears in U(O, —oo) 


by —27n76 (pit---+472), we obtain the S-matrix. The invariant property of S-matrix might at first sight 


oe 2 tag NE een Soe ae ‘ 
suggest the invariance of the remaining factor A. But this is not true, since it cam contain terms o! the form 
non-invariant function x (f10-+-- +20) 


which drop in S-matrix by multiplying the four dimensional 6.function. 
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—O(p;0;k) +d (p; 0; 0)/b (—&) Jug r-uz/ V 20¢ - (14) 
Analogously, for the scattering of two protons, we have 
© (pp';0;0)=9(pp’;0;0) +08 (p; 0; 0) /dfb (— 3p’) Je,,2-€ pe (py: 15) 


Thus, the complete knowledge of the distribution of the virtual particles in the vacuum, 
namely, a@,*, would determine the other stationary states except those containing bound 
systems. Also, the exact knowledge of the virtual clouds around a nucleon, 4,*, would 
be sufficient to determine the scattering processes involving a nucleon. This suggests a 
possibility of applying these relations for practical problems. For instance, we may deter- 
mine A,,* phenomenologically so as to fix the magnetic moments of nucleon and electron- 
neutron potential, assuming that A,* consists of the three terms like 2°, 2a and 2b and 
assigning to each of them some adequate function / to take into account the higher order 
radiative corrections. If the two-meson component 2b contributes appreciably to the magnetic 
moments as suggested by Sachs”, then the functional form of 4 could be determined to 
some extent. Then, using (14), it can be used to determine the one-meson components 
4b and 4b’ of #(p;0; hk) which determine the meson-nucleon scattering cross section. 
The inverse procedure, namely, to determine the two-meson components of 4,,* from the 
meson-nucleon scattering data may also be applicable. However, in these procedures it is 
probable that the large arbitrariness of the form of / as a function of particle momenta 


and energies, as discussed above, may decrease the practical value of this method. 


§3. Construction of the real-particle representation 


Using the virtual clouds of the vacuum and real particles, 4,*, B,*, C,* and D,*, 
we now proceed to define the basic states of the new representation introduced in § 1. 
We shall call this the real-particle representation or &-representation and denote its basic 


vectors as @,. The true vacuum state and the real one-particle states must be included 


in the set {9}; 

9=F,, 2(p;0;0)=F(p;0;0), ete. 
We shall define the state @(pp';0;0) which represents the two real protons with 
momenta p and p’ by 

Q(pp' ; 030) =A,* A,* D,* 9,=A,* A, * Q, , 


in which the individual virtual clouds of the vacuum and the two particles, D,*, A,* and 
4l,,*, co-exist except the terms forbidden by Pauli-principle, which automatically drop. In 


the same way, to every eigenstate D(p),, ---, Pas D1>°'s Um 3 By, «+, hy) of the free 
Hamiltonian, we define the corresponding real particle state 


Q(Di, +) Dns Vis “> Am 3 Mas o°*y Ky) = Aoi de® BotensB pe hs 


(16) 
According to (10), the position of the operators C,* (and D,* included in @)) can be 
arbitrarily moved, while the interchange of the two adjacent operators among ,,*’s and 


q mm 


bah OA bry aan 


Z 
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*? : 
5s causes the change of the sign of the expression. From (7) and (9) it is clear 
that we can also express #, as 


Q,= (0, = oo at QD, 0 (17) 


(0, —co)“** means that only the contributions from those diagrams that consist of the 
separate disconnected parts, each associated with one incident particle, should be taken. 
This equation will be useful for calculating @, by perturbation. 

The basic vectors &, thus defined do not form an orthogonal set, as is readily seen 


by calculating @’s to the first few orders in the coupling constant. Therefore, it would 


‘ 


be convenient to define the “ reciprocal lattice’ {6',} that satisfies the relation 


ie, &,) =0np : (18) 


We shall illustrate the method of constructing the set {@%,} by an example. Since the 
states with different total charges and different total momenta are orthogonal, we shall limit 
ourselves to the states of the total charge ¢ and the total momentum py. Such space is 


spanned by a set of states 


A,* 2,, Fes Ci 2,, Ag nan Ge Cin “4, ei 


Remark the fact that all the terms of 4,*, 2;* and C,* contain at least one creation 
. . . - we — 

operator,* that is, they contain no c-number term. This means that any term of 4,;°,C,* 

contains at least two, and any term of A,*,~.C,* C,,* at least three creation operators. 


More precisely 
2(p,, eek Pas Oise 5 Un k,, ee Ie,) cat i [O(p,, 95 Dn 5 Vi. °*'> Vn; k,, eae hy) 
ah et AC Le ot Gz; segs: he, = )D(p/, eae) Du > q; ise Int 5 ky, +8) Key) | : (19) 


(nl +m! +l/)> (n+m4+) 


(7! and m/’ are not less than 7 and 77, respectively, but /’ can be smaller than /, since 
mesons can be transformed into proton pairs.) Therefore, P(p; 0; 0) is orthogonal to 


every , except to ¥(p; 0; 0), and we can take 
O(p; 0; 0)=e49(p; 0; 0). 


By the same reason, P(p—K; 0; kc) is orthogonal to every 4, except to B(p—K; 0; k) 
and @(p;0;0). Therefore, we assume 


So (p—k; 0; k)=a0(p—k; 0; k)+PO(p; 0; 0). 


The coefficient a is fixed from the normalization condition (18) and is simply e~* from 


* This is trivial for 4,* and £B,* but not for Cy* (k =0), which could contain the 


c-number terms corresponding to such graphs as Fig. 5. The contributions of such 


graphs vanish for pseudo-scalar mesons but not for scalar mesons, for which the method 


will need some modifications. 


Fig. 5 


ee ee te oe 
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(19). 7 is then determined from the requirement that 3 (p—hk;0; h) shall be ortho- 
gonal to 2(p; 0; 0) and we obtain 


B=—e~4(Q(p;0;0), P(p—k;0;k)). 


In this way, we can construct the set {@,} successively. From the method of construction, 


it is evident that in general &, has the following from. 


Op, Seis iis) Gt sues Pn k,, gar) hy) =2-“[0 (M,, OOTY LP arin! kine UES k, = ee k,) 


¢ af ,/ ‘ee / fo Kouk ae a! 
ale pa g (Pu! *°5 Drs U's 02 Dar 3 Br’y +2, Re) P (Dp, 9275 Pals Dis 2s Dats ki, > ‘ai 
nl +m! +l!) <(m+m+l) 
( m (20) 


(Again x’ and mm’ are not greater than 7 and yz, but /’ can be greater than /.) 

In order that the set {@,' can be used as the base of a representation, it must be 
shown to form a complete set. @, coincides with the corresponding ®, in the zeroth 
order of the coupling constant. Hence, two different 2,’s never correspond to the same 
®, and the correspondence is one-to-one. However, this may not be sufficient to infer the 
completeness of the set {@,}. The exact proof of the completeness of the set {@,} seems 
hardly accessible and here we shall be content with showing by a constructive method that 
any @, can be expressed by an infinite series of ‘2’s, assuming the convergence of it. 

Take, as an example a free proton state P(p);0;0). From (19), the only @, in 
the space of the total charge ¢ that contains the term 9(p;0;0) is 2(p);0;0). So, 
as a first approximation, we represent 9(p;0;0) by A,*@,. Then, the error produced 
would be the remaining terms of A,* (and 2,*) such as Fig. 2a, 2b, etc., and are at 
least first order in the coupling constant. Next, to cancel, for instance, the term 2a, 
which is proportional to @(p—h; 0; ht) we subtract A,*,C,*@, with an appropriate 
constant factor. (In reality, this cancels not only the term 2a, but a class of infinite 
terms including such as 2b and 2c.) The error here produced, would be at least second 
order in the coupling constant. In this way, we can cancel the redundant terms succes- 
sively by adding some #,’s and the order of the error in the coupling constant becomes 
higher and higher, although the terms to be cancelled increase infinitely as we proceed. 

Having defined the mutually reciprocal bases {@,} and {8}, we shall now transform 
into the representations defined by these bases, say @- and @-representations. In this 
section, the well-known formal aspects of the non-orthogonal representations will be sum- 
marized. Define the transformation functions JI” and |” by 


a 


Wa Se) Bas cine Bay 
and (21) 
V=>3 3.) (9, or o.= VO, i. | 


From (18), we have 
I Te (22) 


Transform a state-vector ®@ in the usual representation (call it hereafter ®-representation) 
into X and Y in s- and 6-representations according to 
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Pie VAX e cand eaP == ]2-Y5; (233) 
Then, from (21) and (22), 
(a|X =o, u A) me (8,, Y) 


(a|¥)=(9,, ¥)=(9%,, F). | 


They are the so-called the covariant and contravariant components* of { in the Q- 
representation ; 


P= >; (a) Xn \ Mo Cah OO. 
They are connected by the equations } 
(al V)=S1(@,, 2) (|X) and (aX) =O, 8) (61¥), 
or simply 
VaGCXi, “XS GY, (25) 
with 
G=WtWw; (AGla)=(, 2) 


and oe) 
Gui= Vi Zs OG a hg ye (f,, ae 


The scalar product of two vectors is given in these representations by 


ara XIG N= (Ga CY A (27) 


§4. Schrodinger equation in the real-particle represeatation 
We shall transform the Schrodinger equation 
(2—77,) F—0 (28) 
into the @- and O-representations. From. (23) and (22) we readily obtain 
(E-H)X=0 ad (£—-A')¥=0, (29) 


where the transformed Hamiltonian 


HAV AY (30) 
has the matrix elements, according to (21), 
(| |a)=(8,, 1 &.). (31) 
To calculate the matrix element of the total Hamiltonian /Z we shall evaluate 72, for 
an arbitrary @,. /7, can be written as 
HyaD yh phy t Sb bE t SS Olen 


* The concept of co- and contra-variant components was used first by Nishijima™ in quantum field 


theory. 
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and age 


Lig Fx) 75 (2)8 (we) — dm $ (2) $ (4) — Bp ba)"] aa 


Zo= 


He | 
Denote by //° the creation part of //, namely, 


H°=Hef=\ [199 7,90 6 —dmgd© JO — : Ob GO| dz. 
2 


%o=0 


We shall introduce a kind of contraction symbol /Y* A,** which means that all the an- 
nihilation operators involved in // shall contract with the creation operators in A,* in 
every possible way. Therefore, is not a cnumber but still contains an infinite sum of 
products of creation operators. The symbol //” A,** A,,*° will be used to represent those 
terms that arise from the part of /7 with more than one annihilation operators contracting 
simultaneously with the creation operators in both A,* and A,,* in all possible ways. In 
this case, therefore, /7, makes no contribution. 77 A,**A,,*° A," shall have the analogous 
meaning. Using these notations, for arbitrary operators 4 and 4 which are the sums of 


products of creation operators, there holds a relation 
H (AB) =H’ A B+HAHVAB+HVCA LB. (32) 
Now, the total Hamiltonian operated on 2, gives 
| H 2,=HD,* ®,= (H°D,* + H* D,**)®, . 
Comparing this equation with (4), we get 
Vo Bt Oye OF cSt But BO (33) 


Analogously, operating // on one-particle states (9), and remarking the equations (6), 
we obtain 


H° A,* Dy* + H? (A,* Dg*)" =(E,+&) Ap* Dy*, 
H¢ B,* D,* + H? (B,* D)*)" = (E+ &) By* Dy, (34) 
H°C,* Dy* + H (C,® Dy*)* = (4+ &) Ce* Dy*. 


Operating HZ on the two-particle state @( pp’; 0; 0), using (32) and rearranging the 
resulting terms, we have 


FT pp’ 5 0 ; 0) =HA,* me Pe RAS ®, 
= 1H" Ay* Dy* + H? (Ap* Dy*)"} Ay * Oy+ Ay* {H° Ap* Dy* + H* (Aps* Dy*)"} ®, 
—A,* Ay*(H°D +H? Dy) O,+ (Hi Ay Ay Dyt + Hi? Ay® Ay™ Dy*) 9, 


Here we have used the relation (10) and the fact that 47° commutes with 1,3) sae 
B* and C,*. From (33) and (34), we get 


H &(pp'; 0; 0) =(& +&,+6&) 2(pp' ; 0; 0) 
+A Agr ide to EL Pad) ie 
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The i 
h sg term represents the energy of the real particles plus the vacuum energy. The 
s ; : 
a sa be interpreted as the interaction between the two real particles, since it connects 
* : 
the A,* and A,,*, and deforms the virtual clouds of the two particles. This equation 
can be readily generalized to 


HQ, = (E+ €a) Bat AF Ba’ ; (35) 
where the abbreviation /7;7@,° means 


Hy @'= H> (A* B* G#-D;*)"®, 
=H? (A*” B* C*+.»+ A B* C# 0 + AY BE C¥ oo + oe) (D,* + D,**)®, 
PH. (AX BY CF + --7)D,* 9, . (36) 


The matrix elements of the transformed Hamiltonian /7, (31), can now be written 


down using (35), 
(6|#\a) = (€&+ Ge) One kOe, tae @,). 


Therefore, introducing the effective interaction Hamiltonian K defined by 


(4|K\a)=(6>, H? @.); (37) 
128 decomposes into three parts, 
H=6,4+MH+K, (38) 
and we can rewrite the equations (29) as 
(>) X=KX C= Eso (1) 
and 
CESAR ae & (1’) 


These are the fundamental Schrédinger equations in our new representations. The eigen- 
states of the free Hamiltonian in 2-representation, X=@,, corresponds to the real-particle 
state @, in the usual representation. Especially, the true vacuum state Q, and the real 
one-particle states such as @(p; 0; 0) are represented by the free eigenstates @, and 
@(p;0;0) in Q-representation ; K operationg on these states vanishes. On the other 
hand, Y=@, corresponds to 8, which permits no direct physical interpretation as 2). 
Hence, we shall consider Q-representation as the fundamental and O-representation as the 
supplementary representation. 

One advantage of equation (1) is th 
from the vacuum energy, €=H—E€&,, w 
gives rise neither to the vacuum self-energy nor to t 
from its definition (37) and (36). The matrix-elements of the interaction Hamiltonian 
but can be calculated once we know the one-particle 
However, A is not Hermitian, reflecting the 


This may introduce some complications 


at the energy of the system appears as the difference 
hich is just the observed quantity. Further, A 


he single particle self-energy processes, 


K ate not expressed in a simple form, 
solutions, namely, 2)”, ee ea” and: C;,*. 


fact that the base @, forms a non-orthogonal set. 


in applying these equations. Postponing the discussions on this point at the end of this 
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section, here we shall derive an alternative Hermitian equation instead of (I). To derive 
this, transform the equation (28) by HV according to (23) as before and multiply from 
left by J”! instead by 17’. We obtain 


(EG—-WtHW)X=0, 
where G is defined by (26). From equation (35) we readily get 
(6|WtH Wa) =(2,, 19,) 
=(€+ En ae )(2,, @,) + 7 FT OSV MON 


Hence, introducing the Hermitian operator /(&) defined by 


(B|L(E) Ja) => (Ent &—26) (Mr, Bq) — (4a) 


+ 2 [ (Qs; He O2)+ (He @,, 2.)), (39) 


we get 
(€—H,)X=l(€)X. (II) 


Although the definition of /(&) is rather complicated, and permits no simple physical 
interpretation, it could be used for the energy eigenvalue problems, since the real property 
of the eigenvalue is guaranteed. Further, in this equation, no explicit knowledge of the 
reciprocal base {@',} is necessary. 

Turning back to equation (I), we shall examine what follows from the non-Hermitian 
interaction Hamiltonian. We shall begin with the scattering problems. Although the 
equation (I) retains the usual form of the Schrédinger equation and permits formally the 
conventional method of finding the transition probabilities, it must be examined whether 
this could be justified or not, since the definition of scalar products of two vectors is 
changed in @-representation as shown in (27). The usual steps to find the transition 
probability applied to equation (I) would be: given the incident wave ®,, solve (1) 
uuder the boundary condition of outgoing wave as 


, 1 ie 
fie DAP eee hese ONE oo 6 Daten Elen Oe 40 
Ban .e ) ( 0 ) a ) 


and obtain the transition probability from the formula 
27 Bs 94 
Wpq= 7 |(6|R\a) |?d(€,—€,), 
where the matrix 7 is given by 


(6|R\a) =(®,, KX,). (41) 


Or, what is equivalent, define the S-matrix in Q-representation, say, S, as usual by 
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$=) (2) = Joape [K(t), K(h), +s Kt) Vdtydt-dt, (42) 
with 
K(t) =e" Kent 
and calculate its matrix-elements, which are related to A by the equation 
(4|S ta) ={4]a) —2720(&—€,) (4|R |). (43) 


We can show that these formal procedures are indeed justified, by proving that the matrix- 
elements of S are equal to those of the S-matrix in the usual representation, say ‘Se u(see 


Appendix IT) 
(6|S a) =(4|S|a)=(4|U (co, —c) Ja). (44) 
This implies from (43) that 
(6|R\a)=(4|Rla\=(,, He.) for Ea=E,, (45) 
where Y, is the eigenstate of /7, define by (1) and satisfies 


: ae pa (A, —&) P . e 


P,=9,+ 
€,—A,+1a 


Thus, we see that the non-Hermitian interaction Hamiltonian introduces no complication 
in scattering problems. These results may be considered as the consequences of the fact 
that the transformation function ]/7 (or @,) contains no term representing the real processes. 

Next we shall consider the energy eigenvalue problem of bound systems. The exact 
solution of equation (I) must have the real eigenvalue €, since it is a transform of the 
usual Schrédinger equation. But the approximations that must be done in defining &, 
and hence the matrix-elements of A as well as the approximate treatment of equation (1) 
such as Tamm-Dancoff’s may lead to the complex eigenvalue €. Denote the Hermitian 
parts of K as K, and K,, respectively. The necessary and sufficient condition for the 
eigenvalue € to be real for a solution X,, is 


(X,, KaAn) =0- (46) 


Suppose that for the approximate XY, we have solved (I) and obtained the eigenvector 
X,, and eigenvalue €,. Then, the condition (46) will not be satisfied in general, and 
the eigenvalue &, will have the complex value given by 

Re En, = Oe 2 (Ay oe 4G) Xe) > 

RO ee or 


K,, Im &,, must vanish from (46), it is expected that for the pro- 


(47) 


Since for the exact 
perly defined X, that 
Im €,<Re En » (48) 


and we may discard /m€, as physically meaningless. Or inversely, if solving (I) the 
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obtained eigenvalue € should not satisfy the condition (48), it must be concluded that the 
K used has not been good. The relation (48) would mean that we could treat A\, as 


perturbation. We could then replace the original equation ( I) by 
('—H,—K,)X'=0 2 . (49) 
if the obtained eigenvector Y,,’ and eigenvalue €,,’ satisfy the condition 
Lier Xe? Rela aes 


since the error thus produced would be, in general, not greater than the imaginary part of 
the eigenvalue obtained from (I). (second order in K,) 

For the practical treatment of equation (I), we may employ the so-called Tamm- 
Dancoff’s method.'” Representing equation (I) by the eigenstate M, of the free Hamiltonian, 
we obtain an infinite set of simultaneous equations for the components (a|X). Eliminat- 
ing all the components other than the specified one that represents a prescribed number 


of particles, for instance, two protons, we would obtain an equation of the form 
(pa|X)= 3) (pall |p'a’) (p'a'|X), 
pg 


where the potential /” would be given by 


FAS lara Nobo | ee at ha a , \ 
(pa\V \p'@a )=(pa K(a &— I, K ) p a’) 
= (pq|K|p'q’) + py K—1_ K pa')+ ve (50) 
t—H, s : 

It should be remarked that the intermediate states should not include the two-proton states. 
The so-called Tamm-Dancoff’s method consists in restricting the intermediate states to a 
small number of specified states (two-proton plus one-meson states, for instance), while the 
adiabatic potential could be obtain by calculating the first few terms of (50) and replacing 
E by &,+6&,,. Both non-adiabatic and adiabatic potentials would be expected to be non- 


Hermitian, and the foregoing general argument for the complex eigenvalue would hold 
here too. 


§ 5. Example 


In order to realize the structure of our fundamental equations (I) and (II), and 
also to check the arguments of the foregoing section, we shall take as example the neutron- 
proton system and solve these equations to the second order in the coupling constant . 
We take the neutral pseudoscalar meson as before. p, g and & will now be used to 
denote the momenta of proton, neutron and meson, respectively, ane p, Y, the momenta 
of the anti-particles. The nuclear potential |” obtained by solving (I) is given by (50). 

We shall calculate the matrix-elements of A’ by perturbation using the expression (19) 


for 2. GO, can be obtained by the method described in § 3. The results are: 


Bp, d= Op, 1) —i9S (2, (D—K) eelD) 1 pee 
)~ 9S €p—a tb O,— &) V 20, EPiak, Gale) 


On a Treatment of Many-particle Systems in Quantum Field Theory 65 


en (Aulp'=Khypnue(p’)) a ; 

—ig 3 ®(p, p'—k, —p’, a,b) + N.T.+0(9° |: 
pik (€,,-p+ o,4+ €,) V2, ( E ( E / Zo ) ; 9 ) 

The first line comes from the contribution of the diagrams 2° and 2a. The third term 

represents the contribution of the diagram la. /V.7. (Neutron term) means the similar 

expressions as the second and third terms and are connected with neutron. O(g”) denotes 


the terms at least second order in 4. 


5 (p, VY) =e *9(p, g) 
ay, . (4, (ptk)y,u.(p)) el) : 
O(p, g, k) = ‘| ,@, k) + fig tists (DP) + og) lope, a 
(Pp, @, kh) =e") O(p, @, k) ee Were (9°) | (2 ) 


ew] 
The matrix-elements of A are given by 


(pa|K\p' a’) =) 2(p, a), Hr 2 (p', 1) 


=9@, (pyr. (P)) (O70. (@)| + + | * 


Ey + Wy—p — Eps Ey + Op—pt — 4 


x Leip sg —p' 9") #09") 


2ZOr Sy 


z=) (p—p" —k")3(q—-4") 
20x 


(py|K |p a kl") =i9 Gs Dist (B")) 
NTO), 
other (pqg|K|a)=0, 
(pq ki" |K\pq)=0(7). 
Thus, to the order g°, only the first term of the expansion (50) makes non-vanishing 


contribution and we have 


(pa\V |p’ a’) =9 (Hs (Dis (P)) @+ (2) 750. (@') )0(p+a—P'—@) x 
cd | 1 i il | ih (51) 


c SCO = ple Cor c, ap pep ey 2Wy-pr 


where vi (q) denotes the Dirac spinor for neutron. This is the usual second order adia- 


The usual non-adiabatic potential cannot be obtained from equation (I) 
It will be shown in the following that it is obtained by solving the Hermitian 
The potential resulting from equation (II) would be given again by (50) 


batic potential. 
to this order. 

equation (II). 
replacing K by /(€). 


1 \T(E Va oss 
(pq| Vp’ a's = (pall) lw’ a’) + Spal) 2) al) Pha) + (52) 


To the second order in g, the intermediate states are restricted to two-nucleon plus one- 
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meson states and two-nucleon plus one nucleon-pair plus one-meson states. From the a 
finition of /(€), (39), and the expression (19) for &, we can readily calculate the matrix- 
elements of /(€). The results are : 


(pall |p) =P (Hs. (D) 5%. (D')) (Bs (D759. (Y)) 0 P+a-—p'—@) * 


gs a _| Sn fade) am —aitleey & 7) |+00), (53) 
20, =p! (ce wpe i Be) (2 7 —> g 


SS) (pall |p" ak) ay 1 (yt g" kT |\p'a’) 
pllqgtk = 


ey eer — Oy 


=9? (%. (DP) 75% (D') ) (Os (D774 (q’)) x 
1 | (€—&, —&,) (E—Ev —En) 0 (p+q—p oe ot Sa ) )|+ 


x 
2Oeer Wel op We rer Cp) (6, big pi ae Can) KE ee Oe a po” 
+nucleon self-energy term (9°) + O(9’) (54) 
and 
Fi i: ‘y 
> (pall |p’ ett k (pq tt k\Z|p'q’) 
Pat Q\l\p"'¢a ) Be ee = es 


=nucleon self-energy term (y”)-+ vacuum self-energy term (7°) +O(g'). (55) 


Adding (53) and (54), we get the second order non-adiabatic potential. 


(Pa|V |p! a) 2.. = — 9? (7. (DP) 75%. (D)) (7. (Q75v.(@’) )6(p+aq—p'—4q’) x 
See | eel jane + — Rolente | |. (56) 
Ze, OF eke a C— 6 op Wo.) = Ce 


The vacuum and nucleon self-energy processes reappear in the symmetrized equation (II), 
contrary to the equation (I). The second order nucleon self-energy contribution from 


(54) and (55) are, however, convergent ; 


(€—&,—&,)*N=—9'*(6—&,—& "O(p—P')8(4—@) 33(1/2a,4) x 


x [ (%,. (Pp) pes nz p—k) 15% 4 (p) )/ See wets wa,—E,)* : (é Ty oR eee) 

— (%,, (Pp) TpAe (p—k) 15% 4 (p) ) Fé {(€,-4+ Ont €,)"(E—E,_3— 2€,—€,) } ] 

+N.T. (57) 
Here ‘+? means the usual projection operator for + energy states. The first term comes 
from (54) and the second from (55). This expression is the same as that Dyson” 
identified as the physically significant part of the diverging expression which results from 
the old Tamm-Dancoff method. It will be the advantage of the equation (II) that this 


finite part can be obtained without subtraction. On the other hand, the vacuum self- 
energy process gives rise to a badly divergent term, 


(€—€&,—&)*M=—/* pea Ir (7,A™ (€)7,4-(—2#’) )0(t+t'+kh)*d(p—p')d(q—q’) 
“t,t! 
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Ce- ee) el, 1 . 
(E€,+&,+.0,)> 2a, (E—€,—€,—E€,—€&)—,;) 


(58) 


It may appear strange that the equations (I) and (II) for the same state vector X lead 
to different results in the same order y°. This is, of course, related to the expandability 
of X in powers of gy. Indeed, if we employ the Born approximation, the above vacuum 
and nucleon self-energy terms vanish on account of the factor (€—&,—€&,)* and the two 
equations (I) and (II) give the same result. For bound states, X can not be expanded 
in powers of g and as for the diverging quantity, it may well be expected that the exact 
evaluation of the higher order terms may change the diverging aspect drastically. In fact 
we can show that there are contributions from the higher order terms of the vacuum self- 
energy type, which added to (58) give the finite results altogether. Namely, we shall 


consider the following vacuum self-energy terms from (52). 


id ib = y 
> (pa|/|paz) aes ee (paz|l|\ py) 


am 


1 
+3) (pall |pay! 4 (pal par)’ (pa TP 


é/+ 


+ ous 2 
where 2 stands for p’ pk suchas p’+ p’'+kh=0 (or YqQ’k such as Gg’ +q’'+k=0) 
Cop + Con + Oy See — Coa. The prime on the matrix-elements means that only 
the vacuum self-energy processes independent of the original nucleon p and q should be 
considered. It will be shown in the appendix III, that the above series contains the fol- 
lowing terms 
ce? M8" M+ eh =e MM _ =, (59) 
1+ MW 

since VM, (58), is the diverging quantity. The equation for the two-nucleon components 


(pq|X) may now be written as 
(e—&,—&)° VM pa|X) =>) pa|V |p! a’) Sv (p'a'|X). 
plat 


However, the grouping of the diverging series as done in (59) may be of course unallow- 
able. The only point that must be stressed here is that as for the vacuum divergence the 


perturbation calculation is completely false. 
In conclusion the author wishes to express his sincere thanks to Professor K. Sakuma 


for his kind encouragements throughout the course of this work, and to Mr. Hiida for 


his valuable discussions. 


Appendix I 


We want to prove that the states defined by the equation 


7 .=C (0, —='0O 5 a)®, (a0) : LEO PEL Og, (A-1) 
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are the eigenstates of the total Hamiltonian with the eigenvalve €,+€,, 
H¥ = (€,+-€,) Le “ (A: 2) 
The adiabatic transformation function is defined by the power series expansion 
(os) eS ol ah 
U(0, —0 :a)= 3 EO. [Pla AMG) died, (3) 
0 Filla) 


where 


Hi () =H (ten. 


On performing the integration, we have”? 


7 & 1 1 
CO aa oos =/1+ >) Hy iets A a). (A-4) 
‘ ptr hat | a=1 €,—H,+n1a €,—H,+ia na 


Using this expression, we find 
(€,—A,) U |a) =H, U |a) —iag aU /dg\a), 


or, since the state |@) is arbitrary, 


U'(A,+ A, U=U' HU=H,+iagU'au/ag . (A-5) 
Hence, in order that the equation (A-2) holds, it is necessary and sufficient to prove that 
Q=lim iag Ut aU/ag=6&,/, (A-6) 


I being the unit matrix. Again using the expression (A-4), we get 
(|Q|a) =lim $3 ** _ (4) (U+7,7) Ja), (A-7) 
a>on=1 €,—E€&,+ 71a 


where (U'H,U)° means the w-th order term of (/' HU. From the series expansion 
(A-3), singling out the factors that form the connected graphs containing //; as a vertex, 


we obtain 


(HC) M—S\(UTHU) gam (U; ym, 


nm 
connec, 
m=) 


where it should be understood that any pair of operators from each of the two factors 
(AH,U)“™ and (UtU)™, shall not contract and ( ) connec. means that only the 
single connected graphs should be taken. But 


Ci Tas4 


and only the term 720 remains : 
(OtH,U) =(UtH.U) ® reo, (A-8) 


Then the diagonal matrix-element of Q is given by 
(a|Q|a) =lim (a| 33+ (Ut HV) @yee.a). 
a->0 n=0 72 


It is easy to show from (A-4) that this gives in the limit a—>0, 
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(alOla)=(al 3 [(% PY | le, (A-9) 


a connec. 


which is simply the expression that gives the energy shift. It consists of the two parts, 
one the self-energy of the vacuum and the other the single nucleon self-energies. But we 


have subtracted the mass renormalization terms just to cancel the lattter. Therefore, we 
have 


(a|Qle)=é,.. (A-10) 
It only remains to show that the non-diagonal matrix-elements of Q vanish. On account 
of the factor 7a(€,—&,+22a)~' in (A-7), (4|Q|a@) vanishes unless €,=&,. Therefore, 
Q conserves the energy as well as momentum (spin and parity). This automatically ex- 
cludes the non-diagonal elements for 9,, ®(p;0;0), ®(0;q;0) and 9(0;0;#). 
However, this is not the case for the other states with more than one particle. In this 
case, (A-5) divides into two parts, one which is associated with the scattering of the 
particles involved and the other that represents the vacuum and the single nucleon self- 
energy processes. In the former, the final states 4 form a continuous set of states and 
this means as usual that the factor (€,—&,+Z2a)~' must be understood as 2770, (€,— 
&,). Hence, the additional factor 7a makes such matrix-elements vanish. On the other 


hand, the latter gives just €, as before. Thus, we can generally infer the equation (A-2). 


Appendix I 
We shall prove the relation (45). S defined by (42) can also be given by 


S= lim ct Hot ct Hot) (t-to) g-tHoto, 


ts—to? 2 


Hence, 


(a|S|a) = lim (Op, gt 80 t-10 @,) et80'-tato 


ts—to?o 

= lim (8, gt H-€o) (tbo) G2) eines ear. 
> 

t,—tg>o 


where we have used the equations (38), (30), (22), and (21). But 
CLG y ) et tet et AE) (t -to) et Hoto 
yt = 
is the transformation function in the interaction representation defined by the interaction 


Hamiltonian H7,—&. (This is obtained from the usual interaction representation by a 


trivial unitary transformation.) Therefore, 


(5|S]a) lim = (Bp, HU (t hetero @,yetottato, (+11) 


t1—-t9?0O 
Expand @, and &,, according to (19) and (20), namely, 
2 =e 9,4+ >) Sar Pa ? | 


rf, ; (A-12) 
Ope, +s Yor ?,) | 
br 
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where it should be remarked that the summations are restricted to those states that satisfy 
Ei Ge ae eres (A-13) 


(No term representing the real processes is contained in 9,). Consider a typical term 


thus obtained. 
(®,, > ACA ty) Dees Eee haa kG - 


The first factor gives the matrix-elements of the usual S-matrix in the limit of ¢—>co and 
¢j—>—©o and contains no oscillatory factor. (If we had not subtracted & from /7;, 
U(t, ¢)) would have contained the oscillatory factor due to the vacuum closed loop graphs. 
The above mentioned trivial unitary transformation corresponds to the Dyson’s rule to drop 
the vacuum graphs from S.) Therefore, the term vanishes unless €,,=&, and €,,=€, on 
account of the oscillating second and third factors. This means from (A-13) that only 
the first terms of &, and G@, in (A-12) contribute to (A-11). Thus we get 


(4|S|a) =(4|U (co, —c) |a)==(4|S|a). 


We shall also mention the following relation which follows from the analogous argument 


as above. 
es eee 
CET ot AK een 


where X, is the solution of (40) and %, is that of 


Fi =9O,+ x : 


7 He—6, fee sit) . 
Se ( ) (a> 0) 


Appendix HI 
We shall prove 


1 


—€é 


(par|! |pay’ + S\(pa|! paz)’ — ~~ (paz|I|pyz')! x 


SV pa|7| paz)’ = 


1 } r 
Me ILL 0 Ves 


=3(-2)" [3@, @)54 (8, 9) | 


= —, I\ 0+ ’ 1 , “]n 
seins ) '| Spal ipa) FB (war\l\pa) | ¢ (A-14) 


From (39), we have 


(py! |paz)!=(—é'+ ; En) (Qeq> Poon) 


1 sy A 
se 2 (i g,, ? i) “Ue (2073 Pe Pie Qian) | . 
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Since only the vacuum processes are considered, we may put 
Cee ee ee), (lie 2 2 y=0), 
(2a, Hi? Qron) = (2), He B,") = (8), (H—E.—E,) Dx) 
=£&,(@,, 2). 
Therefore, we get 
(pa|l|pyz)'=—&'(@,, &,). 


In the same way, to evaluate 


(par|I|par')'=(—E'+— 6+ Eat) (Gromer Lina! 


) ore be cC 
te Lee Q on ? Qiant) ct (eres LT, ae Qian! re he 


we may put 


(Qian 2 par! 
(ee 12 


pqm > 


)=(@,, 2) (2), B21); 
4) = (2s 2,) (2,, HH; 9,7) =— Cn (2,5 2,) (Q,, ey 


par! 


Hence, we have 
(par|l|par')’=—E'(B,, By) (Po, Bar) 
Thus we get the relation (A-14). Since to the order Y; 


=E"M, 


Spall (Mike, a says 


wu 


(A-14) contains the series (59). From the above argument, it is clear that the series 


(52) include the following more general vacuum terms 


nn 
Sey (SO, G) gre Cul dfa@—pyoa-a). (A18) 
n=1 
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The charge conjugation is studied, and it is represented by a reflection in a some space, i.e., the 
charge space. The discontinuity of this transformation gives rise to some arbitrariness and so several 
transformation types. Regarding these transformation types as the intrinsic property of the individual 
elementary particles, we shall investigate the possibility that we could introduce the qualitative difference 
between elementary particles and the conservation law of the heavy particles, more generally, transition 
rule between elementary particles would be supported by such a superselection rule that recently Wigner 


e¢ al, proposed in association with the time reversal. 


$1. Introduction 
The charge conjugation is usually considered as a following transformation. 


ta wes he 


(1) \ 


ba, 


| for a spinor field, (1-1) 
where a and % describe some particle and antiparticle, respectively. 


(II) fs et for a boson field, (1-2)” 


a 


where a@ describes a tensor sufhx. 


(IIL) The coupling constant of the interaction of (4), 4,0) type between the fermion 
and boson is transformed as 


PS Ps, Pv a eS) Ps, Pv al 3) **) 
S\ 22) ae eS Veron. 


where s,s, p, denotes the coupling constant for the scalar, pseudoscalar and pseudovector 
coupling and 2» » (», for the vector, tensor and pseudotensor coupling, respectively. It 
should be noted here that this transformation may be interpreted as a reflection in some 


space called a charge space as we shall show in a following section and that the relation 
between the representation ¢/,, ¢; of a and @ particles : 


Ys = K Qa (1 -4) 


*) The dagger describes the hermitian conjugate. 


**) This transformation of the coupling constant is unique, when the boson field is neutral and the 
spinor particles @ and ¢ are identical, because otherwise the interaction term vanishes. 
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is not unique and involes an arbitrary factor 0= +1, +2,” where K is some unitary 
operator consisted of /,-matrices.*) Further, the discontinuity associated with a reflection 
and the apperance of arbitrary factor are closely connected with each other. 

In this paper we shall treat the charge conjugation from a general point of view which 


involves the conventional one above mentioned as a special case. 


§ 2. The charge conjugation 


As a simple example of the charge conjugation of the spinor field, we shall treat the 
electron field, whose interaction with the electromagnetic field is invariant under this transforma- 
tion. However, the following discussion may be independent from the electric charge and 
holds for such a field as the neutron which does not interact with the electromagnetic field 
in a vector type. 

The interaction Hamiltonian desity between the electron and the electromagnetic field 


has a following form. 
H' =ie/ +2, Eu $.— pz Ly Pa Bw ? (201) 


where ¢/, and = describe tHe electron and positron fields, respectively, and whose relation 
is considered as fixed by a specific value y, of the arbitrary factor in (1-4). Now, let 
us consider ¢/, and (= as two components of the representation of the electron-positron field 
by a specified reference system in a certain two dimensional space which we shall hereafter 


generally —A space and denote this set as 


a ve ; 
9=( pe ) face) 
Using ¢ and Pauli’s isotopic spin matrix 7; whose operand is the above mentioned /—A 


space, we can rewrite (2-1) in a following simple form, 
H!' =ie? /2- {fp E, 7,9} AP, (2-3) 
where ¢ and A® are defined by 


ae 
@! ae 


(2:4) 
lo 


From the expression of (2-3), we can interpret HH’ as a quantity associated with the third 


*) In this paper, we use the notation introduced by S. Watanabe.) Namely, four basic matrices £4, 
E>, Ex and £ are defined by 
1/2- (ZA, Ly +Ly, £4) =Suye 


and the matrix A is such one that 


KA, k= —£,,7; K?=—Kk, 


Further, ~ is defined by 
g=—gt Zo 


in a hermitian system, where £,, “2, “3 and 7/ are hermitian. 
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axis in a certain space, which we shall call hereafter the charge space. Considering Gha ky 
(1-2) and (1-3), it finds out that the charge conjugation corresponds to the following 


transformation 

(Ia) if E, t, 9} —>— {9 Z, 7 $} 

(IIa) A® —~ A® (2-5) 
(IIIa) pO ase oe), 

Further, from the expression of (2-3), (2:5) is equivalent to the following transforma- 
tion. 

(Ib) {b Ey t, $} —~— {G E, zs 9} 

(IIb) Ao Ae (2-5)! 
(IIIb) JO) 


When we adopt the latter expression (2-5)/*) and regard Af? and ¢ Z, 7, ¢ as the 
third components of the vectors in the charge space, (2-5)’ shows that the charge con- 
jugation is a reflection of the third axis in the charge space. * 

Since it seems natural from a physical point of view to consider the charge conjuga- 
tion as (2-5) rather than (1-1) - (1-3), we define it by 


(1) IAP Ey, 73 9} =— {gp Ey T; P} 
(2-6) 
(m1) I, AQ=—A®, 


where /, is the charge conjugation operator in the charge space. However, it is important 
to note that the unitary operator C’ in the /—<1 space which corresponds to /, in the 
charge space, i.e., 


I {p Ey ts 9} ={P C7 EB, z Cp} (2-7) 
is not uniquely determined. From (2-6) and (2-7), C must satisfy the following rela- 
tions : 
Cr; C=—T;. (2-8) 
Therefore the general form of C is given by 


+ ; 0 et? 
ee 
c =. ( Bae 0 ), 


where and ¢ are the real arbitrary factors, respectively. 
It should be noted here that the charge conjugation C which is equivalent to the 


certain unitary transformation HY, of the system is restricted only to the one whose deter- 


*) In order that the charge conjugation is equivalent to some unitary transformation, this interpretation 


of the charge conjugation becomes unique, because the coupling constant remains invariant under the unitary 
transformation. 
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minant is 


that is, 


Oye yap 
C=( oe 0 y 0p: =. (2-9) 


This fact is easily explained as follows. Let us assume that there exists the following 


unitary transformtion ; 


Rp Ro'=C¢, (2-10) 


e\| ee} 
On W He 
Then the relation between and 7, is determined from the fact that the two components 


¢), and > are connected by (1-4) with a specific value y,. Using (1-4) and BR, f, Re" 
=p =~ which follows from (2-10), we have 


where 


R, $ Rz'=p. K R, $, Rz'=p. p* K bz=0* $e (2-11) 
From (2-10) and (2-11), we have 
i=. (Ce 12) 


Thus, the above statement is verified. 
For the boson field, the situation is perfectly analogous to the case of spinor field. 


For brevity, we treat the scalar or pseudoscalar boson, whose current four vector is given by 


Ju=ie(ul 0, u—u dy u"). (2-13) 
Here again, we can rewrite (2-13) as 
Ju=te UO, Ts U, (2-14) 
introducing w=( ‘a ), where 7, and 2, are defined by 
Uy=U 
and gi, Boasay es 


where 7 is an arbitrary factor such as ¢@ in the case of spinors. 


to (2-5)-(2-12) for the spinor field hold for the boson 


The equations corresponding 
field, only if ¢, ¢, Ay, K and p are replaced by 1, u', Oy, 1 and x, respectively. 
§ 3. The superselection rule 


In this section we shall show that the phase factor in the charge conjugation plays 


*) For the neutral boson, y is restricted to be real, that is, 1. However, it is not the case for the 


neutral boson which is represented by the complex variable.®) 
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an important role in connection with the time reversal of Wigner’s type. The time reversal 


of Wigner’s type is defined by the following transformation ; 
Pk, Ry ¥, (3-1) 


where Y is a state vector, A, is an operator which converts the operand into its complex 


conjugate, and further Fy, is a unitary operator which has a following properties : 


Ry fa (t) By =c LK $a(—-2) (3-2) 
Ry $20) Ry =p. c* Ey K ga7(—2) (3-3) 
Ry a, (Q) By =e’ u'"(—2) (3-4) 
Ryu @ Be=ae re 2); (3-5) 


where (3-3) and G: 5) are obtained by using (3-2), (3:4) and ¢r=p, K ga, wo= 
nu’, while c and c’ are arbitrary factors which satisfy the relations cc¥=1 and c’c/*=1. 

According to (2:9), (2-10) and (3+2)-(3-5), the product of the time reversal of 
Wigner’s type and the charge conjugation K, Ry R ~=K, R,, the time reversal of Pauli’s 
type has following properties, operating to the states ¢/, Yo, (7 Wo, etc., where VY, 
denotes a vacuum state. 


K, Rp $(t) Fy=e”" $,(—2) Fo | 


z G6) 
K, By gi(t) By=e™ Jz (OP * 


K, Rp $.(2) ¥ *=—e ™? Pa(—t) %, 
: - ie . (3-7) 
is Rp a (¢) y*= ee dz (—Z) Ca 
In the above expression, ¢’**’” is given by 

Fa ait Ya es C. GB = 8) 


For w, and 2%, the similar equations are fulfilled ; 


Ky Bp af) Few" ut (— 2) F 
: | = 
K, Rp u(t) Fy=e-**? ut (—t) ¥* 
Ke pte) Oe a, (—F) Pe 
K, Rep ug' (t) 8 > * =e"? 4(—2) ¥, : 
whete 
eter? 7* cme ; (3-11) 
Operating the time reversal of Pauli’s type twice in succession, we have 
CK Tt ye Pa PY ee — pen Pa We 
| 3-12 
ee Ei, )* pz v= — pind bz LP ( ) 
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CAGE 5) 2p EN aE 

Ceili) wy lgae ay 2, ie 
It is characteristic to the time reversal of Pauli’s type that the phase factor c*’** remains 
after this transformation operates twice in succession, while in the time reversal of Wigner’s 
type the phase factor is cancelled out in this case. 

Now we assume that the several types under the time reversal corresponding to arbi- 
trary /-values are associated with the intrinsic property of the individual elementary particles 
and give the qualitative difference together with the mass, spin, charge, etc. Especially let 
us call them the particle of the first and second kind, whose /-values are 0 and +1, 
respectively. As shown in (3-12) and (3-13), the /-values of the particle and antipar- 
ticle are connected with each other by 


Ap=— Ap. (3-14) 


Now let us describe the states in which the sum of the existing particles of the first 
kind fermion and second kind boson is even and odd by ¥, and ¥,, respectively, and 
consider the superposed state V+ VW. If we operate the time reversal of Pauli’s type 


twice in succession to this state, the result becomes 
E p+ Eo const. Ex—F 0), (3-15) 


according to the relation (3-12) and (3-13). While the state which is transformed by 
the time reversal twice in succession must be indistinguishable from the original state, it 
is not possible to make any statement as to the relative parity between the two states V’ , 
and &,, and the measurability of the hermitian operator which has finite matrix element 
between the both states would lead to a contradiction. Namely, we can say that the 
superselection rule operates between the both states.’ Accordingly, the phenomena where 
the fermions of the first kind are created or annihilated by an odd number or even number 
are possible only if the bosons of the second kind are created or annihilated by an odd or 
even number, respectively, at the same time. However, the same statement holds for the 
fermions of the second kind from the consideration of the spin and statistics, if all spinor 
particles which are considered to exist in nature are classified into either the first or the 
second kind. 

On the other hand, the heavy particles have been discovered one after another of late 
years and the stability of these particles has been attached importance to. However, the 
lack the principle to determine the interaction Hamiltonian or to 


current theory seems to 
Although these systematic transition tule between 


be phenomenological in this sense. 


elementary particles may be solved positively in a future theory, it seems interesting to 


e that, if we assume that the above nucleonic charge A of the individual elementary 
gned to be identical with A introduced by S. Oneda," then the superselec- 
for the stability of the heavy particles from the fact mentioned above. 
ess his sincere thanks to Prof. S. Sakata and Dr. H. 


pful discussion. He also wishes to express his 


not 
particles is assi 
tion rule plays a role 
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Theoretical phase shifts of pion-nucleon scattering are derived assuming the pseudo-scalar meson 
theory with pseudo-scalar coupling. In order to make static approximation for such a_ relativistic 
coupling, the well-known Tani-Foldy transformation is applied. Since there appears an isotopic-spin- 
dependent term which is negative and rather strong for the 7'=1/2 state, theoretical interpretation of 
recent experiments on the .J-wave scattering seems to be hopeful. As to the /-wave scattering, the Tamm- 
Dancoff approximation and renormalization technique are used. The anomalous magnetic moment of 
the nucleon is also calculated. The cut-off method is used throughout this work and the results are 
very sensitive to the cut-off momentum, but the essential features of the theory would be retained 

' qualitatively and, at lower energies, somewhat quantitatively. /-phase shifts are calculated by the Born 
approximation, though it is possible that the radiative effects, which always tend to make the nucleon 


spread out, are very important in this case. 


§ 1. Introduction 


The recent experimental research on the pion-nucleon scattering by Fermi e¢ al.” shows 
that the two S-phase shifts, a and a, are quite different in behavior and especially the 
isotopic spin 3/2 phase shift a, varies very rapidly with increasing energy. These facts 
seem to be too peculiar to be understood from the present meson theory. In the pseudo- 
vector coupling theory, the S-phase shifts are almost zero up to 100 Mev even if we 
take into account the higher order effects, because these effects would work so as to make the 
interaction much weaker than one expects from the Born approximation. In the pseudoscalar 
coupling theory, there appears not only a strong core term which contributes to the two S-phase 
shifts in equal magnitude, but also a second term which is a type of ZS coupling in the 
isotopic spin space. This second term is still positive for the 7=3/2 state but is negative 
for the 7'=1/2 state and seems at first sight to be very hopeful in order to explain the 


different behavior of these phase shifts.” It turns out however that this term is too small 


*) This work had been prepared for the International Conference on Theoretical Physics held in Japan 
Sept. 1953. 
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to separate a, and a, so large as obtained from experiments, whether we apply the Dyson 
transformation or the Tamm-Dancoff approximation.” 

It is to be noted here that in the pseudoscalar coupling theory one must take into account 
higher order radiative effects much more seriously and, moreover, the usual perturbation 
theory might not work at all especially as to the S-wave interaction ; pair formation, pion- 
pion interaction, etc. should be treated in a way quite different from the Born approxima- 
tion. In this case, therefore, the renormalization problem becomes very much complicated. 
If one takes up the Bethe-Salpeter formalism, the mass and charge renormalization could 
be performed in a consistent way at least in principle,” but still one could not expect a 
good answer because many important radiative effects are omitted in this formalism. Thus 
it seems extremely desirable to explore the interaction between the nucleon and meson field 
from a more general point of view.*? 

In view of these circumstances one of the authors (K. S.)and Akiba” has studied how the 
interaction terms obtained by the Dyson transformation would be modified if one uses the 
other more appropriate transformation function. They found out that the Tani-Foldy 
transformation is in fact the best one among the similar kind of transformations from the 
variation principle and that the interaction terms are all somewhat changed compared with 
the Dyson transformation. In addition their result seems to show that the usual Tamm- 
Dancoff approximation using this Hamiltonian might be rather trustful ; the series obtained 
by taking up higher configurations would be convergent or at least asymptotically. To 
speak more precisely, if we perform the mass renormalization and assume that the bare 
nucleon mass is very small compared with the observed value, then the core and _pseudo- 
vector terms remain almost the same as before, whereas the ZS coupling term becomes 
twice as large and the other higher order terms are considerably cut down. This result 
seems to be advantageous for the theoretical interpretation of the recent experimental data. 

In section II we make use of the Tamm-Dancoff approximation neglecting higher 
configurations which contain more than two mesons and show in fact that the two S- 
phase shifts are enough separated to be in rough agreement with experiments. However, 
since the cut-off method has been adopted throughout this work and the result is very 
sensitive to the cut-off parameter, the emphasis has to be on qualitative, rather than quanti- 
tative, aspects. Moreover, the peculiar character of a, i.e., the fact that it stays close to zero 
up to about 50Mev, was not accounted for, because we did not take into account a force 
of longer range which may be derived from, say, the pion-pion interaction.” 

In section III the /*wave scattering is discussed using the Tamm-Dancoff approxima- 
tion. For the state, 7=1/2 and /=1/2, the renormalization procedure of mass and 


charge is necessary, but we have here omitted the charge renormalization, because this effect 


*) We are indebted to Professor Brueckner for valuable discussions on this point during his stay in 
Japan (Sept. 1953). 

+k SE ‘ ee cris 

*) In the meson theory, the charge renormalization and the dissociation probability are intimately con- 


nected, namely (1—7Z3) expresses this probability, and it is not certain how much of the radiative interaction 
is to be renormalized. 
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seems to be small and in addition there is some ambiguities as to this treatment.**) The 
same approximaton is applied to obtain the anomalous magnetic moment of the nucleon ; 
the result, however, is not so well in agreement with the observed value with our rather 
high cut-off momentum and small coupling constant. 

In section IV the validity of the usual Tamm-Dancoff approximation for the P-wave 
scattering is discussed by examining how much the three meson configuration would con- 
tribute to this scattering. The resulting coupled integral equations are too much complicated 
to be evaluated exactly, but the rough estimate shows that its correction amounts to 20 or 
at most 30 percent.” 

It seems also worthwhile to investigate to what extent the /-phase shifts will be 
effective in the phase shift analysis at somewhat higher energies, because the various con- 
clusions drawn by Fermi e/ a/. are all based on the assumption that this wave contributes 
nothing to the scattering even at 200 Mev.” Thus in section V we have calculated the 
D-phase shifts by the Born approximation. If we take into account higher order radiative 
effects, the /)-wave interaction might be more effective since such effects tend to make the 
nucleon spread out considerably, but the ordinary perturbation theoretic estimation may 


serve as a starting point for further investigation. 


§ 2. S-phase shifts 


If we perform the Tani-Foldy transformation against the pseudo-scalar meson theory 
with pseudo-scalar coupling and make the contraction (well-ordering) of the resulting 


Hamiltonian, we obtain the following interaction Hamiltonian : 


lapede LL Ll cet mt ET 
with 


Hy =A & fae $a-P (8) (eR), 


21 


9 
r= 


H,=B- | ar p* hd ¢, a) 


21 


Hp=C(£-) lar a8 [bxaD4. 

2m 

and 7’ is the remaining terms which contain more than three ordered meson EE In 
eld with observed mass 7, 6 the symmetirc pseudo- 


this expression, ¢ 1s the nucleon fi . | % 
scalar meson field with coupling constant and z the canonical conjugate of ¢. A, 


and C are all the numerical constants which are obtaine 


A=1, B=1 and C=2, independent of the 


d by the procedure of contraction, 


and we can approximately put these values 
cut-off parameter when the coupling is sufficiently large. 


Now, in the case of low energy of the incident meson, 
7 . . 
H, and H,, because /7,,, contributes mainly to the 


the main contribution to the 


S-phase shifts comes from the terms, 


i i 5 : ibution to the S-phase 
P-phase shifts and, as shown in section V, we can neglect its contri p 
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shifts at lower energies. But, as well known, //, is very large compared with /7, in the 
Born approximation and then one might suppose at first sight that this /7, can also be 
neglected compared with //,. This is not the case, however, since the reaction of the term 
H,, will be much larger than that of //,. This situation can be seen from the fact 
that /,, includes the variable z, the time derivative of ¢, in contrast with 7, which 
contains only ¢*?. Thus, if we neglect higher configurations, the interaction Hamiltonian 


can be approximated as follows : 


Him = (dr R$ §42-(£-) lar $3 (e-[8 xa) qa’) 
2m 2m 


The matrix element of this expression for the scattering of pion is given by 


(h’ 


Hya| Ib) = — | 14 StS (cee) | (2) 
74) a Capt ery LG & 2m 


neglecting the recoil of the nucleon. & and fk’ are the momentum of the meson and 


&,= V+, where ys is the mass of the meson. w is the charge isotopic spin operator 
of the meson and has the eigen values ; 


1 for the charge triplet state (7=3/2) 
(<-0)= G3) 
—2 for the charge singlet state (7=1/2) 
1 is the unit matrix in the isotopic space of the meson. The property of the operator 
7-+W@) appearing in the equation (3) seems to be favorable for the theoretical interpreta- 
tion of the experimental results the S-phase shifts given by experiments are negative for 
L=3/2 (a, <0) and positive for 7=1/2 (a,> 0). 

We now calculate the S-phase shifts by solving the Schroedinger equation for the one 
meson system taking the above martix element (2) as the interaction Hamiltonian. This 
is the usual Tamm-Dancoff approximation taking into account only one meson configura- 
tion. We obtain the following result : 


f° k,/m 
tan a= —— za a aie 1 : r 
ACh) REC eed (4) 
where 
A (hp) =| 47+ E, log CE Ro (eget oe fE : 
Ut uw tam 
eae ee on, [LL +Af°/42m? (M?— pf? log 2M/p) |! 
B (by t)=—_—__U+AF arm Mp? log 2) 
1+ €,/m—P# f?/40nP [M*/3—&/2(Me— 2 log 2/1) |’ 
sae P=si/4n (5) 


*) This may be expected from the uncertainty principle. When we take into account the reaction of 
H,, the contribution of this term becomes much smaller compared with the value of the Born approximation. 
This fact is equivalent to the famous damping effect of @ itself. Then, the z, which satisfies the commuta- 
tion relation [4, x’] =—70(ae—a’) will be enhanced by the uncertainty principle. 
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un tOt ey aos (T=3/2) 


A= 


pee torez==1 (7 =1/2) 


which inherit the property of (7-W). 
&, and & are the momentum and energy 
of the incident meson and J/ is the 
ne cut-off momentum of the divergent in- 
tegrals which appear in the solution of 
the Schroedinger equation due to higher 
order radiative effects. The phase shifts 
10° a, given by the expression (4) are 
plotted as the function of the incident 
meson energy in Fig. 1 in which we 


assume f°=20 and cut-off momentum 


oF 
Mie 5.1 or SoA ie 

In this figure the behavior of a, 

ey is very characteristic compared with as, 

ie At low energies, the S-phase shift is 

rd usually proportional to the momentum 

; of the incident particle. The peculiar 
—20 Renar=5.1 ps 


behavior of a, comes from the circums- 
tances that a large cancellation occurs 


Fig. 1. Isotopicspin and energy dependence of .S-phase incidentally in the denomipator omithe 
shifts; az and a, correspond to 7'=3/2 and 7=1/2, 
respectively. a1 is very sensitive to the cut-off momentum. 
The rapid variation of a3 is not obtained. g?/4z=20 value of the numerator. Thus we are 


was chosen. obliged to consider the adequacy of the 


expression (5) near the region of zero 


omission of other terms in equation (1) because of this peculiar behavior of a,. However, 
the contribution from higher configurations seems to be not so large because these terms 
are strongly damped compared with those obtained by the Born approximation. Ihe ae 33 


true, then we shall not perhaps be able to avoid this peculiar behavior even if we consider 


the higher order configurations. 


§3. P-wave scattering and the anomalous magnetic moment of the nucleon 


‘ 


According to the recent experimental research, the resonance phenomenon seems to 
occur in the 7=3/2 and _/=3/2 state at the energy of about 200 Mev, and, as shown 


by many authors, this point is well explained by solving the Schroedinger equation with 


an appropriate interaction kernel for the scattering.” But the self-energy should be renor- 


imalizedsinithe 2-1/2 and/=1/2 state even in the non-relativistic Tamm-Dancoff ap- 


*) The renormalization of the extended source theory has recently been done in a systematic way inde- 


pendently by G. F. Chew (private communication). 
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proximation.* We have subtracted this self-energy by taking into account the fact that 
in the Tamm-Dancoff approximation, the reaction of the meson field in every configuration 
is different, since the maximum number of mesons which are present at the same time is 
restricted to some values; for example, if one considered only up to two meson configura- 
tions, the self-energy of the zero meson configuration is affected by the reaction up to two 
mesons, but that of the one-meson configuration only from the two meson state. Hence, 
we should add different counter terms to the Hamiltonian and determine these counter term 
to the Hamiltonian and determine these counter term in the following way. The usual 


Tamm-Dancoff equations are in this case written down as follows ; 
(E+ 4.) (0| |Z) = sai IV|Z) (6) 
(E—€44,(0)) | W\|£) =AF (0O| V|A) + V2>1y (W'| WV\£) (7) 
(E—€&,—&,) (W|W|E) =(1/V2) H#(U| WIZ) + O/ V2) AF (E| WZ), (8) 


where /7; is given by 


1 (nel / ys 
H= et Sty (0b) a ee 9) 
U (27) 3? ( L ) V2, z oD. = i ( 


in the non-relativistic approximation. And /]” is the wave matrix defined by Moller." 
Substitution of (8) into (7) gives 


are 
Ls 


(Z-6+4,0->— Hu Hi 
Mh je : 


) UWE) = HF (O\IME) Oia (U'| WIZ). 


(10) 
Now 4,(@) is determined by the condition that at the energy =6&,, the equation obtained 
by putting the right hand side equal to zero should have a solution of the form 0(¢—J,), 


representing an incident plane wave. This means that equation (10) holds in the limit 


c 


eT c 


bet eet A 


of infinitely large normalization volume of the meson wave, because in this case the last 
term of (10) gives no contribution since it is proportional to 1/]7, with |” normaliza- 
tion volume. Then, we have 
Ai |? 
4,() = Ze (11) 


uv —€&y 


and (10) becomes 


nat eee Hy |? es pie eee 

(£6) (14 el Na) a areoli a) se 

as ee ee) 8) = H#(0| W/E) +31 
x(U|WIE). (12) 


Then to determine J,, we assume that there is no incident meson, and the solution of 
(12) becomes 


OW\Z)=SUK4) |) — ce 
(2--6,) (peek 
™(—&) (EE, Ey) 


Theoretical Analysis of Pion-nucleon Scattering 85 


=G(l, E) (o|IV|E£) 


where A(Z) satisfies the integral equation ; 


(l|K(E)|k) =0(l—k) + ela oe x 
E-€, Spa Sell A 
( y+ wee, ) (E=En sn) 


Liu Apa 
SU KC io eens 
Spee CIK(ANIR). 04) 


Substituting from (13) into (6), we get 
(E+4,—S) Hy GU, B)) (0| W|Z) =0. (15) 
The counter term in (15) is determined by the condition that the energy shift should 
be cancelled, namely =O should be the solution of this equation. Then 
a I, G(t, 0). (16) 
Thus, obtaining the solution of stationary value problem, we can treat in the usual way 


the scattering problem (there is no energy shift any more). The solution of the equation 


(12), when there is an incident meson of momentum J,, is given by 
Ty: (0| Wb) 


J Se —_ —= Zu i —— 
. EIA ees) 


(L| W |) =S3 (4) K (En) |) {0 Geen kay) 


In the integral equation (14) the factor 


pees ee 


18 
v7 (—€&,) (E—&—€,) ; 


in the denominator expresses the charge renormalization term, but it was put equal to one 
in the following calculations since we have no definite way of treating it in the meson 
theory. 

The equation (14) was solved by the Fredhoim method, only the second order minor 
determinants being retained. The errors introduced are estirnated to be of about 10 percent 
for the 7=1/2 and_/=1/2 state and of about 20 percent for the other states. The phase 
shifts thus obtained are ; 


2. 


4 ( ) ly F 
3p \ 4a E,,—4[ J (Ero) —J (€1/2) | 
oe ay=—2,() a pe 
tan @.,=tan A= 32 \ 4m /E,.+ 2| 7 (Ex) —] (&/2) | 


tan Aso 


1/(G Te. ig ; 
tan a,,=> J : = — wie SOE as a x 
2 30 4a epg | J (G0) —] (E/2) | Er +9] J(E,./2) —</(0) | 
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J(E)= seell <)| AS pee 


: Onn an aan 
(Degree) 


oe G*/40=0.07 


yee) ye 
; 


—= is ——- O31 


10 


200 300 400 (Mev) 


Fig. 2. Energy dependence of /-phase shifts. 
ay;* is the value when the self-energy graph is 
not included. Full circles are the experimental 
values obtained by Fermi ef a/, 


(%) 
50 


40 


30 


20 


10 


0 0.1 0.2 0.5 0.4. (G?/4a) 


Fig. 4. Probability for each configuration. P,, 
indicates the probability for the 7-meson state. 


En +LJ (E/2) —/ (0) ¥ 
(sete eLOy], as) 


Enp— |S (Ex) —/(Eo/2) 


a) 01 02 03 


O.4 (G?/47) 


Fig. 3. Variation of the magnetic moments of 
nucleons with the coupling constant. y\)’s 
represent the values obtained by the second 
order perturbation theory. 
tum wes taken to be Sy. 


The cut-off momen- 


The last 


term of tan a@,, represents the effect of mass 


The results are given in Fig. 2. 


subtraction. 

It is now very easy to calculate the 
anomalous mangetic moment of the nucleon 
by using the above obtained wave matrices. 
In this case the accuracy of the Fredholm method 
is very good. The matrix (0|/1’|0) should 
be determined by the normalization condition 
(%, ¥)=1. 


with the electromagnetic field is given by 
H=—e\drA,,(6£6,—-60' $b.) — 
e/2m(O-L) zp. 


The interaction Hamiltonian 


(20) 
Actually, there exists another so-called catas- 
trophic term 


(eh = —e(g/f) jar * (oA,,) (z x 6) 3 
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but, in our approximation, where the /-wave is dominant and the nucleon recoil is neglected, 
this term contributes nothing to the result. Magnetic moments of the nucleons are given 
in Fig. 3. Dissociation probabilities of the nucleon are given in Fig. 4. for the sake of 
convenience. The probability of one-meson state is very large, in contrast with Sachs’ 
phenomenological theory where this state is neglected.” This will be the main reason 
why we could not get so large values for anomalous magnetic moments as obtained by 
experiments ; this situation is partly due to the rather high cut-off momentum and _ small 


coupling constant. 


§ 4. An estimate of the effects of higher-order configurations. 


In most calculations using the Tamm-Dancoff method, the higher order configura- 
tions have been neglected by assuming that the coupling is rather so weak as to make 
these effects negligibly small, but this assumption is not plausible from the beginning. Thus 
Chew” has tried to estimate the effect of three meson configuration only by taking up 
its contribution to the fourth order scattering potential and has proved that it amounts to 
less than about 20 percent compared with the two meson configuration. We have also 
made a similar investigation from another point of view using the non-relativistic pseudo- 
vector coupling. 

As well known, when one expands the state function Y in the eigen-functions Y,'s 


for free mesons, namely, 7 = 2 C, “,, then one obtains the simultaneous integral equations 


for the amplitude c,’s. For the sake of simplicity, we neglect the four and more meson 
configurations, i.e., put ¢,=0 for 7 > 4, and also approximate the integral equation for c,, 
c, by the first Born approximation. This approximation seems to be too rough at first 
sight, but it is sufficient for an order of magnitude estimate of the higher configurations. 
Then, we obtain the following integral equation for the one meson amplitude ¢,, or more 


precisely C), which means that there exists one meson with momentum J and energy &; 


(E-—€&,—F,) (= — ioe are 2 __ (61) 2,0, + \dl (8,447) Tit Li a 
+ (8F,—2F,) (T3P Lif + Tit Lis) + (26% $F) TG LYNCy (21) 
‘ G | ; aoe 
i= i = x 
ee (27) * ; (2&,) (E—€&,— Ev) 


[ G? ji? h 
2A ie 
lca at (2Eq) (L— En —Evr) (E—&—€u— Ew) 


G 1 x 
Fy = ) 34,2 1/2 1/2 iy 
(27)* (2€,) IP (2&7) (E—€&—€,) 


ofa eae 
. 1 . ; eet, 
an : (2Ey) (B= Ey — Eq) (E—&— Ey. — Ev) 


iG 1 | G ¥ 
2 (27)* (2E;)1? (2Ey)1” 3(27)e 
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[i 
| (2&1) (E— Er En) (EB &), — Ey) (B—&)— Ey — Eur) 


and 


se (E-U') — 1/3 (a1) (at’) Hl T= Ones ae 1/3 T ty (23) 
Liji=1/3 (at) (al) TES ecg 


which are the projection operators; /7 is the projection operator* for the state of angular 
momentum / and 7” for the state of charge /. / is the total energy of the system, G 
is the dimensionless coupling constant of the pseudo-vector coupling and =, is the nucleon 
isotopic spin operator referred to the / meson. 

From this expression we can estimate the order of magnitude of the effect of three- 
meson configuration by calculating the kernel, say, /°,, which consists of two terms; the 
first term in /, comes from the two-meson configuration and the second one from that 
of three meson’s. /’, is the proper three-meson effect. Therefore, we have calculated, as 
an example, for the state /=3/2 and /=3/2, namely, 8/7,4+4/, which is the coefficient 
of the projection operator 777); /j;. Then, /,+2/ becomes, omitting the common 


irrelevant factors,** as 


; We aG” (er mn 
Fi +2F 001 + —. —— ja a as 
ft) Tp Ar E py (Eg 4+ Eps) (Es + En + Es) 
+2 (E+E) hdl! EN Lorca pis tit | (24) 
3 Ear (E, A Eur) (En + Ey) (E+ Ey + En) 
ih hae 
However, | iiss <| al!" — fe 
eal oleh Gal (€ peed) Ein 
14 wid 
jar ; Aeris a pe 
Gi (GS: eon) (Seek Ey + Ey + Ey) “ & ; 


Thus, we can obtain the highest estimation only by 
calculating the integrals /, and /, by elementary inte- 
gration. The results are plotted in Fig. 5 for various 
values of coupling constant and &,+6&,. The cut-off 
momentum appearing in the calculation of /, and /, is 
assumed to be 77/2, where wz is the nucleon mass. 


If we consider the above pseudo-vector coupling as 


Fig. 5. Estimation of the scattering kernel which is derived from 
2 3 ri Fs 6 2 € the three-meson configuration. The ordinate designates its ratio 
E+ &r in percentage to the second order kernel. 


*) To speak more correctly, ///2/’ is the projection operator. 
**) # is taken to be zero in the following evaluation, so the estimate made here may not be trustful 


at somewhat higher energies. 
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obtained from the Tani-Foldy transformation for the pseudo-scalar coupling, then the coupling 
constant G"/47 corresponds to about 0.1 for the /7=20 in Section II. In this case we 
can conclude from Fig. 5. that the order of the effect of three-meson configuration, which 
is of course only the effect of /-wave meson will be at most about 15 percent. Although 
this conclusion has been obtained for the state /=3/2 and 7=3/2 by the Born approxi- 
mation, it is expected even for the other states that this effect is generally less than 25 
percent. (In the case of pseudo-scalar coupling, the effects of higher configurations are of 
course, due to P-wave meson and S-wave meson, but we have not estimated S-wave meson 


effects here). 


As for the S-wave interaction, there is a term, for instance, in //’ in Section II 


as Tis ae u [ir * Bb. 6262 
(2m) 
which contributes to the S-wave scattering through the three and five-meson configurations, 
but the factor J obtained by the contraction becomes about 1/2 which is to be 1 in the 
Born approximation. The higher order terms seem in general to be cut down more and 
more by the inclusion of radiative effects. It is expected therefore that the Tamm-Dancoff 
approximation is also useful for the S-wave scattering. However, calculation shows that 
the inclusion of higher meson configurations leads to the catastrophic result, unless we 
choose the cut-off momentum considerably less than the nucleon mass, which seems to be 
very unnatural. This situation might be improved by the method of normal vibration as 
was discussed by Wentzel, but, in any case, a more consistent approximation should be applied 


before any reliable discussions could be done. 


§ 5. D-phase shifts 


Fermi ¢¢ ad.’ have tried to explain their recent experimental results on the pion-nucleon 
scattering up to 210 Mev in terms of S-and /P-phase shifts on the charge independent 
hypothesis. The phase shifts thus obtained exhibit rather strange features in some respects 
from the theoretical point of view, Le., the peculiar behavior of S-phase shifts, strong 


asymmetry between @,, and a,, and the non-resonance character of a... Their experiments, 


however, have been made only at three angles (45°, 90° and 135° in the laboratory 


system) using the minus pion beam and so they have obtained six values at each energy 


just sufficient to determine the above six phase shifts. One cannot, therefore, rule out 
the D-wave phase shifts entirely from their results; it might be explained equally well by 


including the -wave and the S- and P-phase shifts may turn out to have more reasonable 


values. Thus it seems to be important to study theoretically to what extent the /)-wave 


would contribute to the scattering. 


If we assume the force range of the nucleon an 
it is easily seen by a general consideration that up to 100 Mev only 
Mev, the /)-wave comes 


d meson is of the order of the meson 


Compton wave length, 
the S-and P-waves are important, but at energies more than 100 


into play, its order of magnitude dependent on the special mature of force. In the usual 
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perturbation theoretic treatment neglecting higher order effects, this force range turns out 
to be of the order of the nucleon Compton wave length and the /)-wave contribution is 
expected to be very small even at somewhat higher energies. However, the higher order 
radiative effects tend to make the nucleon spread out considerably and, consequently, the 
interaction of the meson and the clothed nucleon would in practice have a long 
range of as much as the meson Compton wave length, though its strength might become 
much smaller. Thus a more rigorous treatment of the meson cloud should be investigated 
before any reliable discussions could be made as to the /)-wave interaction. But in this 
section we shall calculate the /)-phase shifts only by the first Born approximation as a 
starting point for further investigation. 

Denoting /)-phase shifts as fo,, the first indices 7 representing the total isotopic 


spin, the second / the total angular momentum, they are given by 


1 kEE : 
—tan Pon j= — == KG, J-&), INS) 
= Bor, 27 (an) IV (L.J; &) (25) 


in the center of mass system, wher A’ is the eigen value of the reactance matrix and 4, 
€, E and IW denote the incident meson momentum, its total energy, the nucleon energy 


and the total energy, respectively. In the first Born approximation A’’s are given as 


follows ; 
- SE Pe € on 
KG/2, 3/2)=—f = re akoeaetey) 
d : 15 w& ( 2m mé& ) 
K M372. 5/2)=4f? hit ” > 
15 


|| (Degree) { 


Fig. 6. 4)-phase shifts calculated by the first Fig. 7. S-phase shifts derived from the pseudo- 
Born approximation. /2=20 was chosen. Equi- vector coupling. 
valence theorem between ?.S and P7 couplings 


holds. 


Rapid variation with energy 
above 100 Mev is due to recoil effects (see 
text). £%=20 was chosen. 
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rag 


PRC 2s 2) 1a Se +3 : 


W192, 75/2) 2 f* Pe A (26) 


fi) 
where only the first power of (&/7z) is retained. In this approximation the equivalence 


theorem holds exactly, i.e., in the pseudo-vector coupling case /~ should only be replaced 


by Eeey . Results are shown in Fig. 6. 
p 


The S-phase shifts derived from the equivalent pseudo-vector conpling are also given 
in Fig. 7. Unexpected steep rise of S-phase shifts above 100 Mev is caused by the recoil 
effect. For instance, @, is given by ; 


“2 2 2 4 
Baer seals 2 (aid) 28s) 
4m em € aye 


neglecting higher powers of m in the denominator. The first term is derived from the 


fourth component of pseudo-vector coupling (; 7) and the second term, which is dominant 
above 100Mev, from the positive-positive interference of ,7 and op- (recoil effect) *. 
The last term is due to the fact that part of the angle-independent matrix element should 
be attributed to the D-wave scattering. One would therefore have to take into account 
the ,7-term at somewhat higher energies, even after the Tani-Foldy transformation is 


applied. 
§5. Coneluding remarks 


Qualitative discussions concerning the pion-nucleon scattering are presented in this paper 
using the pseudo-scalar meson theory with pseudo-scalar coupling. Isotopic spin dependence 
of S-phase shifts and the resonance-like phenomena of as are rather reasonably understood. 
In this connection, however, following remarks would be worth mentioning. 

The first point refers to some ambiguities of determining phase shifts from the dif- 
ferential cross sections. Besides the existence of various possible phase shifts which can 


equally well explain the experimental data, there are some essential ambiguities of this 


determination. 


: (ok 
For example, by performing the canonical transformation (/=exp ppd 


i 


(@ is an adjustable parameter which may depend or #) against the meson nucleon wave function 
i(k, o,/), it is easily seen that the angular distribution is invariant against the following 
’ z ? 


transformations ; 


‘ ayes +1/2 os 5— tf (8 
Wey gl J-103 =|ieF 2 cog 0-5? sin Oe~ FO 


*) This term is exactly the same as obtained by E. M. Henley and M. A. Ruderman (Phys. Rev. 90 


(1953), 719) from the view point of Galileian invariance of pseudovector coupling. 
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CT ala [peFt1P cos O-4 eI"? sin O]o~F (for all /) 


where / is the total angular momentum, upper indices are orbital angular momentum and 


‘e47s are related to the phase shift as 
me 2B __ 1, 


Although there exist in general no real phase shifts solutions of these equations except the 
special case of #= +7/2 which has first been pointed out by Minami", there may be 
some sets of possible phase shifts which can equally well fit to the experimental data.* 

Second, if one performes the Tani-Foldy transformation against the 7, coupling, the 
resulting Hamiltonian becomes less and less renormalizable as one takes up higher meson con- 
figurations, though the initial coupling is renormalizable and is less dependent on the cut-off 
parameter. We think that if one takes into account various contributions in a consistent 
way from the transformed Hamiltonian, then the strongly cut-off dependent terms would 
be cancelled out, or, in other words, the cut-off momentum could be taken rather small 
when the result is very sensitive to it. However, the substantial justification of the cut-off 
method would have to be done from different points of view. This problem will be 
discussed at another opportunity by one of us (N.F.) 

Third, the ~,7 term of pseudo-vector coupling should be taken into account in discus- 
sing S-wave scattering above 100Mev, but the consistent elimination of the odd part of 
this term by an appropriate canonical transformation is very difficult. We expect that 
there may be some powerful successive transformations for this elimination.** In addition 
it is highly desirable to derive a reasonable pion-pion interaction which seeems to be neces- 
sary to explain the energy dependence of a, at lower energies. 

Fourth, the anomalous magnetic moment of the nucleon is not likely to be explained 
by the Tamm-Dancoff method taking into account two-meson configuration. It is one of 
the most important problems to see whether Sachs’ phenomenological treatment could be 
justified or not by the current meson theory, using the Tamm-Dancoff or intermediate 
coupling theory. But the former method seems to be more suitable, because the mass and 
charge renormalization can be performed even in the non-telativistic treatment. This 
problem will be discussed at another opportunity, by combining the Tamm-Dancoff and the 
covariant theory. 

In conclusion, the authors would like to express their sincere thanks to Professors S. 
Tomonaga and H. Fukuda for valuable discussions throughout this work. One of them 
(S.O.) is indebted to the Yukawa Yomiuri Fellowship for financial aid. 


*) In the Hamiltonian which is obtained by the above mentioned canonical transformation U, the parity 


is no longer a good quantum number except Minami’s special case. This is the reason why there are in 


general no other real phase shifts which can exactly fit to the experimental data. But, in the practical applicaton, 


only the approximate phase shifts are enough to explain the experiments. It turns out that J(0) is to be taken 
equal to #. 


**) This problem is now under study by S. Tani e¢ a/. 
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The method of canonical transformation is applied to the pseudo-scalar meson theory with pseudo- 
scalar coupling. It will be shown that the Tani!)-Foldy”) transformation results as the best one when 
regarded as a variational function among the similar family of transformation. The resulting Hamil- 
tonian was ordered assuming some cut-off for the virtual meson momentum, and performing the mass 
renormalization. This Hamiltonian shows a good tendency to account for the S-phase shifts for the 
nucleon z-meson scattering; the Z-S' coupling (r-¢%7z) in the isotopic spin space, which is positive for 
the 7'=3/2 state and negative for the 7’=1/2 state, becomes twice as large as obtained by the pertur- 
bation theory. 


$1. Construction of effective Hamiltonian 


The Hamiltonian of the system composed of pseudo-scalar mesons interacting through 
pseudoscalar coupling with the nucleon system is given by ;” 


Hp=H¥ +H +H, (1-1) 
H," = (1/2) | (#2 +6(2—4)d) da, (1-2) 
Hy = \¢* (— ip, OF + py) dav, (13) 
Hi=s\y* pole 6) ¢ doe. san 


Here we transform the state functional as following, with the unknown function f°; 


P =exp| — ify p (ed) f(VE)G aa]|E =e W, (1-5) 


We now determine the form / by requiring that, when (1-5) is regarded as a variational 
function with / to be determined (¥, is then replaced by one of the eigen state (/7,” + 
We Pia iP.) the energy expectation value is to be stationary. 


For this purpose, we first construct the transformed Hamiltonian ; 


ge ( Fr + H+ A,)e7eO 


*) This work was prepared for the International Conference on Theoretical Physics held in Japan 
(September 1953.) 
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=1/2) = +9(—4)d) dt $*(—71)0,(07 )p dart (b* 54, (f) yh aa. 

+ JP* (+ (OP) 4) G(=8) Af) +74 (F) + (=x) 0 An (f) Hau 

+A P* 02Ans (Ff) (78) gh dae 

+ (1/2) SL O* 01 (8 (8) ACL) + Ay (FP) + (7X 9) An (P)) PP aoe, (1-6) 


where 


AChy=x eva: Avid if SECA E (io) 


(¢°) 1/2 é° 2 (g)?? 
4, (py =— SAGA) 3 
a Faye (1-8) 
A (fy ab re(2 bP) 
a) ye (1-9) 
A,(f) =m cos (2(8°)'"f) —e (8) 'Psin(2(8)/), (1-10) 
Ay f) = sin (28°) "F) + cos (2(8°)"F). (1-11) 


(oun 
Then the variation in the energy expectation value with respect to f (functional variation) 
66 A’ =0(G,*-eo(Hy + A+ Ae FF), (lig tz} 


comes from the third term of (1-6) and from the last term, because the first and second 
term is independent of the / and others are odd in meson field variable. 

However, the last term is, as well known, related to the derivative coupling (the 4-th 
term in the right hand side of (1-6)), and represents normal dependent term. So, we 
put this term out of consideration, because they must be considered in combination with 
4-th term (pseudo-vector term). 


Then, we have as a stationary expression for the energy, 
(E*SP* psAn(f pau Fy). (1-13) 
0 


To evaluate this expression, it 1s mecessaty to take the vacuum expectation value of Ay Ge 


This can be given as follows ; 


(An) o= eal (m cos(24f(x)) —gx sin(24f(+)) je~~dar]- (cP) dee 
PB) ee 
= eae fi (m cos (2xf(“)) —§¥ sin(2af(#))e “*dacle-‘ <#2>012"" fag, (1-14) 
Wye). 
So that the variation with respect to (+) gives ; 


ae \jco —24m sin (24f(+)) — 2gx° cos(24f(%))=0, (1-15) 


namely, 
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(Pi ae (eee 1-16) 
Ac ae cz ( m r), ‘ 
1? EEN =e 1, a1 oe eeu : 117) 
ORE aes ran (=) ) ( 


and is just the transformation function due to Foldy.” 
Thus, the Tani-Foldy transformation is proved to be the best one (under the restric- 


tion mentioned above (1-13)) and in this case we have for .’s 


1 Tt 1 ; 
A= Pe Ee OL Ey (1-18) 
2mo (, + (g/m)e V1+ Tae) 
ae Ni 
Moe (1-19) 
"2m Vit(g/my¢ 
1 1 : 
Aion (ee ee eee (1-20) 
agi atta (elm 
An=mV1+(g/m)'6, (1-21) 
We eA) (1-22) 


§2. Ordering of the Hamiltonian 


Ordering of the /l’s are performed by first making their Fourier analysis, e.g., the 
functional Fourier analysis with respect to meson variable 6, and then ordering the exponen- 


tial function. The following formulae are sufficient for further calculations ; 


2) 1/2 = 7 ge) 1 y2/2 Sy. ero a  p- PIED) of 21 
f( (9°) ) (27)? PAC do Ve n= w=0( 20+ Thi i (os, “ 


(ge)7(9°)'””) = (eb) — AARC Pye ay aaee >| ; aerp) yrmt? 


(27 am 2n! (2n+41)!7~ 


x(£ 6, ana) 7 2/2220) dy ile 


(ge,) (bes)/((8")'") = (22 a ae de. Le XG 


oes tia Riera. 5 (e,6) (e6) 3 1 
A Fears LAGOS Ves sen a ms ee 
( woe) ie SS ” e Bas oO n= >(- (2x+2)! us (2x+1)! 


3 ca: ey 2\ 1/2 ,,\ ,—y2/2 4,n+4 ,— (%2/2¢82>0) 
(2n +3)! \( (8°), ) | 76 Yo J ye y; w.| é ; (2-3) 


(where @ means the ordered operators ) .” 


= x 
2n! eerie ) 


After the ordering, the effective Hamiltonian becomes ; 
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‘Ay’ =H," + \*(—i o, 0 +A-m p,)¢ dx 


B wa) TOY 9 7 td 
+ | op, eae é° 4 ae (6°)? + a \g doo \ psp F%°®) yp Ade+ ALO 
m mt m 
+ [p28 © G24 (OPI) tf depen (2-4) 
WW1 


The evaluation of the numerical coefficients are performed by putting the cutoff momentum 


at about nucleon mass 772. 


et eg ta TS a ea ae lS 
- ince ~ a — 
et /4r | 4 | B G | DD, | E 
4r | 2559 | 27.61 ly Sor.49 | 7.082 | 2.543 
6 | 2.985 | 34.18 ‘pate ti9as 8.049 | 2.545 
8x | 3,389 | 40.04 eeetts si 8.598 | 2.566 


Table I. Numerical coefficients appearing in the equation (2.4). The cut-off momentum is at 


nucleon rest mass 7/2. 


By using the abbreviation mA=m*, 


‘Hy = Hy + \b* (— ip, (OV) + m* p") pdac 


2 = oA 79\2 


9 
OT 


48D or (ex t-6)f¢de+-:: 


Am™* 
+B (p, 7+ (OP )b) rhdaet+--. (2-5) 
2m* 
ian eee | B | C | DI | EI 
4n 0.895 —0.492 1.175 1.036 
6x 0.862 —0.453 flea 0.995 
8x 0.859 —0.446 £251 0.979 
8/3z | —64/15z7 16|3z | 8/3x 
=0.849 | = 0.432 = 1870 | = 0.849 


The figures are the relative 


Table II. The numerical coefficients appearing in equation (2-5). 
and if one does not take 


tatio with the coefficients which is obtained by expanding (1.18)-(1.22), 
st order term gives Hamiltonian (2-5) with all coefficients 1. 


en Set Ne aA, 
“Sb 2071 (strong limit) with mi = and 


into account the ordering, the lowe 
The last column is obtained by assuming 


in this case the result is not dependent on the cut-off. 


It will be seen from Table IL that the core term and pseudo-vector coupling reduces slightly 
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but the Z—S coupling term (7-67) is increased by a factor two in the strong limit. 
This is a very interesting result in order to explain the S-wave phase shift in the pion- 


nucleon scattering. 


§ 3. Discussion 


The Tani-Foldy transformation function was found to be the best one in the similar 
classes of transformations which preserves the relativistic invariance of the transformed Hamil- 
tonian. But it is to be shown whether the remaining interaction of the Hamiltonian thus 
derived is small or not. As to this point we cannot say anything at present, but we 
may expect that the main features of the low-momentum meson reactions are well established 
in our effective Hamiltonian. The discussion on this point will be more carefully given 
in a separate paper. 

Of course, if it is found that the higher powers of the transformed Hamiltonian is 
not so weak, we should replace the transformation functions by the more general ones ; what 
we found is that the Foldy type of transformation is the best among the similar type of 
transformations. 

The authors should like to express their thanks to Professor S. Tomonaga and to 
Professor K. Nakabayashi for kind encouragements, and to the members of Tokyo Univer- 
sity of Education for valuable discussions on this subjects. 


References 


1) S. Tani, Prog. Theor. Phys. 6 (1950), 267. 

2) L. L. Foldy, Wouthuysen, Phys. Rev. 78 (1950), 29. 

3) The similar effective Hamiltonian for the Dyson transformation was obtained by S. D. Drell and 
E. M. Henley,-Phys. Rev. 88 (1952), 1053. 

4) We take natural units, c=1, #=1. 

5) Here we take, for simplicity, as arguments of the function /, the form (¢?)2. 


: : 1 S 
6) The expression z-/(¢) means 7 mS) I+ and its vacuum expectation value Sin A@) ep Os 


7) ¢G7)o means (¢;2)9 with ¢ any one of 1, 2, 3, ¢2=¢,2+¢o2+ da2.. 


SIS) 


Letters to the Editor 


High Energy Nucleon Scattering 


by Nuclei 


Osamu Kawaguchi,* Mitsuji Kaway,** 
Yoshihiko Nishida,*** Mitsuo Sano**** 


and Haruo Ui***** 


Yukawa Hall, Kyoto University 


June 23, 1954 


The total cross sections and differential cross 
sections of elastically scattered nucleons by nuclei are 
analyzed by means of the so-called optical model, 
using the parameters recently given by Taylor!) so 
as to fit the total cross section data. We have used 
the method of calculation developed by Montroll et 


10°) 
*: Experimental (Bralenahl 
et. al) 
—— Our calculation 
_—— Partial wave analysis 
—--- Fernbach-Serber-Taylor model 
107 


Fig. 2, Angular distribution of 85 Mev neutrons 
elastically scattered by Al. Absorption coefhicient A” 
=1.97 10!2cm1, increase in the magnitude of the 
propagation vector of a nucleon upon entering the 
nucleus 4;=2.76 x 10'2cm™", nuclear radii A=4.49 


x 107)%cm. 


al.,) which is appropriate for treating the scattering 
of waves by soft obstacles. 

The energy range considered is from 85 Mev to 
400 Mey. The shape of the potential chosen is that 
of square well. The calculated total cross sections are 
in agreement with experimental values, although slight 
systematic deviations are observed. ‘The differential 
cross sections are calculated in the same way and 
compared with the 85 Mev neutron experiment of 
Cook et al.®) and the 340 Mev proton experiment 
of Richardson et al.) Agreement between theoretical 
and experimental values is good, except for too deep 
minima on the theoretical diffraction patterns, as has 
already been reported by other authors.4*) 

Some typical examples are given below. 


10 
| +: Experimental (Richardson 
F et. al) 
— Our calculation 
b\ Fernbach-Serber-Taylor 
if 
10-'r 


10" 


ee SE 
s 10° 15 20 25" 30° 
Fig. b, Angular distribution of 340 Mev protons 
elastically scattered by Cu. 
K=1.76 x 10"cm™, 
R=5,80 x 10~%cm. 


j= 0.750610 crnet, 


* Now at Kwansai Gakuin University, ** at 
Institute for Science and Technology, Tokyo Univer- 
sity, *** at Saga University, ‘eek at Department of 
Physics, Kyoto University, ***** ae Institute of 
Theoretical Physics, Nagoya University. 
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10/ ; Experimental (Richardson) 
—— Our calculation 
eM roe Fernbach-Serber-Taylor 
{\ 
1 
10-'t 
10°F 


Fig. c, Angular distribution of 340 Mev protons 
elastically scattered by Pb. 

vo 1 * 10cm, 

R=8.12 <> “em, 


Ry =0.75.X 10!°cm—!, 


Fig. (a) shows the result for 85 Mev neutron 
on Al. The solid line represents theoretical values 
and the crosses represent experimental results. 
The dotted line represents the result of calculation 
by Pasternack and Snyder®) by means of formula 
given by Fernbach, Serber and Taylor," using the 
present parameters. It would also be interesting to 
carry out the partial wave analysis using the same 
parameters. 

Figs. (b) and (c) show the results for 340 Mev 
proton on Cu and Pb, respectively. In the case of 
Cu agreement is good while for Pb the calculated 
values are systematically a little smaller than the ex- 
perimental ones. It seems to be that the too deep 
minima of theoretical values are due to the inappro- 
priate shape of the potential. It may perhaps be 
necessary to round the edge of the potential. 

The calculation with Gaussian potential by 
Montroll, Hart and Greenberg method is now in 
progress. The details of the result will be reported 
later. 
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Electromagnetic Properties 
of Deuteron 


Iwao Sato and Kiyomi Itabashi 


Department of Physics, Tohoku University 
a - , . 


June 24, 1954 


In recent years considerable progresses have been 
achieved in the meson theory of nuclear forces.1)-6) 
However, before comparing the theoretical results 
with the experiments, it is necessary to know how 
one expresses the magnetic and the electric quadru- 
pole moments of deuteron in terms of its wave 
function. The information to this wiil also clarify 
the meaning of the wave functions used in the 
various theories of nuclear forces. We therefore 
calculate the moments of deuteron using the pseudo- 
scalar meson theory. This problem has been investi- 
gated by Villars) and by Deser’), but their results 
are very different from each other. Moreover, their 
approximations are not sufficient to be consistent with 
those adopted in the recent studies of nuclear forces. 


ho) ee 
See 
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The Schroedinger equation for the system of 
nucleons and meson field interacting with an external 
electromagnetic field is given by 


PP lp an tan) =O; (1) 


where H,,, A, Hye and 5, are Hamiltonian for 
free meson field, kinetic energy of the nucleons, 
interaction between the nucleons and the external 
field, and interaction between the nucleons and the 
meson field respectively. We omit the interaction 
between the meson field and the external field, be- 
cause it does not contribute to the moments of 
deuteron.2) The solution of (1) is written as 


Y= [1—2\(1—2) #19 X 

with 

eee on fll a EP OB 
where wy is the state vector representing the meson 
vacuum, @ is projection operator to Wo and @ is a 
state vector in the nucleon space obeying the equation 
(€-K—-H,.)$=(A’[1—-a"(1—v) HY), (2) 
where the symbol <4) denotes (wo, 4a). To the 
first order in €—7,,-, (2) becomes 

[ea+P)-K]g=(U+U.)¢ @) 

with the abbreviations 

1+P=(0%)), U=(H'b), Ue=(b*Hn eb), 
where 


= bas (Am+K)3(1—27) A). 


P is the relative probability for the dissociation of 
the nucleons into the ‘ bare’ ones and virtual mesons. 
It is easily shown that P is positive definite. If no 


external field exists, (3) reduces to 
[E01 +?) —K] bo=U¢o- (4) 


Tt follows from (3) and (4) that the increment of 
energy due to the external field is, to the first order 


in ¢, given by 
€:=(do, Ve $0)/(Go, (1 +P) $0). (5) 


The deuteron moments are easily calculated from 


(5). 
We take 
Tome fife) 2s 24 Ta 
7=1,2 =) 
x [oO be (Pr) +0: Ter) I. 
We expand P and U, in powers of 7, and take 
only the second and the fourth order terms. In the 


fourth order terms we neglect A’ entirely, while in 
the second order terms A” is taken into account to 
the first order in A/H/,,. We found that the diver- 
gences which remain after the subtraction of self 
energy can be eliminated by the mesic charge re- 
normalization, but this elimination destroys the posi- 
tive definiteness of 7. We therefore use the cut off 
procedure. The cut off momentum is taken as /max 
=3y. 
The results are as follows: 

The magnetic moment sg and the electric quadrupole 
moment Q are written as 


Wings \. { (3/4) (1-+ Bo) 202 
ar (3/2) Br(V 2 uw —w") ae Cee —we —nw|V 2) 
+ (DV 2) Buw + vue! —xu/w) + (p+ un) 


x [1+ £2) 2 —w?/2) +Er (VY 2uw+w*)] pdx, 
NO=p- (1/10) \ x2 [(1 +2) (V2 uv — 2/2) 
ni) 
+ Fp (207 — V 8uwt 3w) | ax, (6) 


N= ir [(1+ Ap) (2 +202) +247 (VY 8 uw —w)] de, 
0 
(7) 


where 
Ay=4 4 [42+ (1+2a749/9) o—“) 
— (¢9—2e, +24) Jo(x) —8 (0 +41)/7 (+) ] 
+a 72 [6292 + 19241 +434 17/2 
— 09 (32, +2) + 8e,+ 424) +4246,/9], 
Ap=ayz[(1+2aya9/9) (Lo +241) — (eo +61) Jo(~) 
— (2a; — ey) — 44) Jr (x) ] — ar? [740% /2 +741" 
+ ey (2e9+5é3+4e4) —44, (e4 +3, +3¢3)/9], 
By=Ay—aA(a,—%)/3 +4 7he1/2, 
Br=Aztasya + 3e5+3e3)/2, 
C=3az2 (Ay +241)?/2—3az (eota/e)s 
D=3ash(e2+23)/4, 
L£y=a4 [a +22(a,—%)/3 + (1+2a742/9) (ky —41) 
= (20/3 +o —2¢1) Jo(*) —2(eo ter) J7 (4) ] 
4a? [Bho + Thaler + 1941/2 —ealer +2¢0 + 4¢9 + 2ea)] 
Eg=ayl(At2apaq/6) (Ao +241) — (co+er) Jo(*) 
— (2a,/3+2¢—41) Jr(*)] +a7° [3292/2 + 5hohi/2 


— hy? — eg (ey +2¢y +e3—¢4) ], 
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fy=2By— A; Fr=Bp—Ar 


with the abbreviations 


ay =/"/4z, A= p/M, ky= (2/z) Ko x ) 


A= (2/z«) AY («), Cy =X NE, 
Amax 4072 2) (n—5) /2g 
An = (6/m) a ‘ FACE + py?) e. 


The functions 7) and _/7 have appeared because 
we replaced AJ appearing in 7? and U, by 
Jot/rSi2, assuming that the equation for ¢y (4) 


can be replaced by an equivalent equation 


(€9—K) do= —H( Sot/ 7512) do- 


» and /7 are taken from the paper of Brueckner 
and Watson.5) Numerical value is computed only 
for the quadrupole moment. In doing this, (6) and 
(7) are approximated by 


Q= \ P (Qo + utx2Pp/5)wedae| | (1+ Ap) 27a, 


where Qy is the quadrupole moment calculated with- 
out the radiative corrections. For the value of Qo 
and the function 7”, we take those given in Reference 
5)’: 


Qo=2.83 x 10-8 cm", for ay =0.086 
u=e—(r-r)/r p—e-8(r—r9)/r p, 

We then have 
Q=3.19 x 10-°8 cm?, 


(Yo; do) /Cho (1 ate P) do) =0.70. 
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Diagonalisation of Hamiltonian 


Susumu Okubo 


Department of Physics, University of Tokyo 


June 25, 1954 


Let us consider the next eigen-value problem. 
HW=EY. (a) 


And let 7 be the projection operator for some states 
that are the eigen-states of the free Hamiltonian. 
These are taken for the two nucleon no pair and 
no meson states, if we consider the problem of the 
nuclear forces. 

Put as follows, 


Y=7", Y¥o=(1—) ¥, (2) 
then we have 
nHa¥,+9H(1—1) Vo=EN;, 
(1—7) 47%, +0.—7) 40-7) HEM. a 


The usual Tamm-Dancoff method is that we repre- 
sent ¥ by Y, from the second equation of (3) and 
obtain the equation of ¥, only. This formalism was 
given by Sawada.!) But here we consider the 
formalism that 47 is diagonalised directly. Perform 
the following unitary transformation. 

( Yr, ) | (14+ AtA)-V2S;, Bens eo) 


Vs A(1+AtA)“U2SH, (14+ 4At)-U2S, 


(ea ® 


Here 4 is an operator whose form is given by 


A=(1—7) Aq (5) 


and S; or % is an arbitrary unitary operator in the 
The condition that (3) is 


respective subspace. 
(1-1) (4+ [H, 4] — AHA) n=0. (6) 

Then (3) becomes to 

(1+4+4)-¥2(14 At) H(1+ 4) (14 4t4)2 Y/ 

(1+ 44*)—12(1— 4+) H(1— At) (14+ AAt) “12 Y/ 


=L£YV,/, 
| (7) 
=L£Y,/. 
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Here we put .S, and .S, to units for brevity. And 
if we put 


J= whe A, (8) 


the first equation of (7) reduces to the next. 


Ce PIC IRI J POPE! HL, (9) 
Here 


(Jo=7J7+G—7)/ A=n). (10) 


J defined here corresponds to _/ given by Sawada!) 
and has close relationship with the Tamm-Dancoff 
method. 

From (2), (5) and (6), (9) is rewritten as 
follows. 


Cf YA DOL DWAR H£ EY. (11) 
Let us put 


=< [* Jl. (12) 
Then 
(HP) O= EO (13) 


(13) is equivalent to the usual Tamm-Dancoff equa- 
tion that the energy £ in the denominators are 
eliminated and @ corresponds to the usual Tamm- 
Dancoff amplitude. In that case, Ys’ is identically 
null. These will be shown in the full paper which 
will be published later in this journal. We can 
calculate the nuclear forces by (9) or (13). The 
latter is the method by the Tamm-Dancof equation. 
Sawada noticed that the potential calculated in this 
way is not necessarily hermitic, and one by (11) or 
(9) is hermitic. The latter corresponds to the fact 
that we renormalise the Tamm-Dancoff amplitude 
so that the normalisation of tha amplitude may be 
equal to one. Of course, the potentials calculated 
from (13) till now are fortunately hermitic and 
(9) and (13) give the same results. But when 
we want to calculate the higher order nuclear forces, 
we encounter on the non-hermitic potential. The 
example is given by the usual Lévy-Klein”) procedure. 
When they calculated the nuclear force that comes 
from the iteration of the second order graph, they 
made the approximation that the energies of two 
nucleon lines in the intermediate state are put to be 
equal, and obtained the potential which was the 
difference of the potentials by Taketani- Machida- 
Onuma and Brueckner-Watson.*) If we do not 
make use of the approximation, we have a non-hermitic 
velocity dependent force. But by (11) or (9), we 
have not such term. 


It is convenient to distinguish the free and inter- 
action Hamiltonian. 


H=Hyo+ ii: (14) 


Noticing (5) and y and 7%) commute with each 
other then (6) is rewritten 2s follows : 


(1-4) (M4 /+ [4 JIA J) 9=0 
If we introduce the interaction representation, we get 
t-dJ|dt=(1—4) (4 J—J/6 J) 0- (15) 


The solution has the close connection with the 
adiabatic theorem if we take y for the projection 
operator for a pure state. The second term of the 
right hand of the above equation represents the 
self-energy. 

At last we notice that the method of Cini-Fubini?) 
is to neglect the second term of the right hand of 
(15) and solve it under the proper initial condition. 
(Of course, the notation is different from ours. / 
here corresponds to 7 there and 7 to 1-7.) 

The details will be published later in this journal. 

The author expresses his thanks to Dr. Sawada 
for the usefull discussions and suggestions on this 


problem. 
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K. A. Brueckner and K. M. Watson, Phys. 
Rev. 92 (1953), 1023. 

4) M. Cini and S. Fubini, Nuovo Cimento 10 
(1953), 1695. 
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Reformulation of Brueckner-Watson 
Method by Means of Canonical 


Transformations 


Smio Tani 


Research Institute for Fundamental Physics*, 
Kyoto University 


June 25, 1954 


The purpose of the present note is to point out 
that the considerations made by Okubo! in the pre- 
ceding note can be formulated by means of a canonical 
transformation of arctangent type and that it is in 
ptinciple possible to reformulate the Brueckner- 
Watson?) method (B.W. method) in nuclear force 
or pion scattering problem by making use of suitable 
canonical transformations. 

If we succeed in this reformulation, the question 
of the ‘ normalization of the state vector’, which has 
been raised and studied by Fukuda, Sawada and 
Taketani*), may be solved naturally. Since we resort 
to the method of canonical transformation, the 
physical interpretation of the results (e.g., that of 
the probability amplitude for a certain meson con- 
figuration in the cloud around a nucleon) will be 
straightforward, and the eigenvalue of the system 
under consideration will be readily evaluated. 

Suppose we deal with a system which is described 
in terms of the total Hamiltonian, Oe ». 4 consists 
of two parts; the one is concerned with non-inter- 
acting meson and nucleon, //), and the other is con- 
cerned with their interaction, 7/7; 


M=Hy +H. (a) 


At the beginning, we must remind ourselves of 
the reformulation of B. W. method due to Klein’). 
Following him, we classify the components of the 
state vector into those with even number of mesons 
present and those with odd number of them. Here- 
after, for convenience, we introduce the classification 
of operators into even or odd ones. The even operator 
is the one by which the even-odd nature of the 
meson occupation number is not changed, and the 
odd one gives rise to the change of the even-odd 


nature of the meson number. //) is even and / is 


* Now returned to Department of Industrial 
Chemistry, Faculty of Engineering, Kyoto University. 


usually odd. In the reformulation of the B.W. 
method, we should eliminate odd operators from the 
transformed Hamiltonian by means of a suitable 
canonical transformation. 

For this purpose it is recommended for us to put 


the transformation function in the form 
Usei tanAG—(147G)-1/V14+E4, (2) 


and look for a suitable odd operator G (which must 
be Hermitian). Then we have the equation of the 


transformation 
U7\(Hy+H)U=Hyt+W; (3) 


where J” denotes the operator which describes the 
effects of self-energy, scattering, emission or absorp- 
tion of even number of mesons, etc., which are 
caused by repeated operation of the interaction //. 
Since Hy and //’ are even, we must find odd operators 
on the left hand side of eq. (3) to cancel each 
other. In view of the last statement of eq. (2), this 


means 
[X, 7G] +H+GAG=0. (4) 


This is the defining equation for G, from which we 
can compute it. If we assume, as usual, that the 
interaction /7 is proportional to the coupling constant 
g and composed of operators for single emission or 
absorption of a meson, then by means of the expan- 
sion of G into power series in g, eq, (4) may be 
solved uniquely. The first order term in g, which 
is denoted by G), is the solution to the equation 


[4, 7G,] + Z=0, (5) 


which is easily solvable. The next term which is 
third order in g is then given by the solution to the 
equation 


[A Gs] +G,H4G,=0. (6) 


The procedures to determine higher order terms 
(Sth, 7th and so on) are similar. 


Any transformation function of the form 
exp{?[an odd and Hermitian operator] } 


may be available for the purpose of elimination of 
odd operators from the transformed Hamiltonian. 
But the ansatz of asctangent is most convenient, since 
it gives the defining equation of the transformation 
generator which has the simplest structure as shown 
in eq. (4). This point can be analysed using the 
method reported by the author®). 

Now in the transformed Hamiltonian IV is com- 
posed of operators which are of order 2” in g 
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After diving the meson number by 2, the term 
“odd” or ‘even’ will be redefined. Those parts of 
WW, which cause emission or absorption of 2,6,10,--- 
mesons, are now called odd operators and their sum 
is denoted by /Vo,aa. The remaining parts are 
denoted by /Wg,eyen, and they contain some operators 
which cause emission or absorption of 4, 8, 12,-:- 
mesons. Here the terms classified in this manner 
should include also those which are looked upon 
their correction terms arising from the multiple 
scattering effects. If we perform a second transform- 
ation by means of 


O/ =ettanG! | (7) 


where G’ is Hermitian and odd in the redefined 
sense, then we can obtain the transformed Hamiltonian 
free from odd operators. G’ turns out to be de- 
termined by the solution of the equation 

= [7% 7G’] = LW oeveus iG’| + Wo oaat G/Wo0aaG’, 

(8) 

which is derived in a similar way as eq. (4) ; it is 
composed (mainly) of terms of order 2(27+1) in 
in g (except for correction terms caused by multiple 
scattering effects). The transformed Hamiltonian 
contains operators which cause emission or absorption 
of 4, 8, 12,--: 
operators and the scattering operators. 

The porcedure is pushed one step further, if we 
divide the meson number by four and redefine its 
even-oddness, then, classify the terms in the twice 
transformed Hamiltonian into J74,.aa and /4,even 
and perform a third transformation to eliminate 
odd operators ; in this third step, the operators termed 
“odd” are those which are responsible for the emission 
or absorption of 4(27+1)-mesons. The definition 
of the transformation function in such further steps 
can be done in a similar way to that in the second 
step which has been explained above. 

The correspondence of the canonical transformation 
here discussed with the procedure in B.W. method 
refined by Sawada and Okubo!) can be found readily, 


if we take the operator of the form 


mesons as well as the self-energy 


yA(1—7) or (1-7) 47 (43 @ projection operato. ) 


in Okubo’s paper as the operaters which are termed 
‘odd’ in the above discussions. 

After the reformulation in terms of the ‘ arctangent- 
transformation ’, it can be naturally understood that 
one gains nothing in making use of the B.W. method 
to treat the neutral scalar meson fieid**. As is well 
known, in this case the total Hamiltonian is made 


diagonal by the canonical transformation with trans- 
formation function 


etGy 


where G, is defined by eq. (5). So, it only com- 
plicates the further treatment to perform a canonical 


transformation with transformation function 


ettan-1G@1 


at the first step of the solution. 


The author is indebted much to K. Sawada and 
S. Okubo for interesting discussions during their 
stay at the Research Institute for Fundamental Physics. 


1) S. Okubo, Prog. Theor. Phys. 12 (1954), 
102 (L). 

2) K. A. Brueckner and K. M. Watson, Phys. 
Rev. 90 (1953), 699. 

3) N. Fukuda, K. Sawada and M. Taketani, Prog. 
Theor. Phys. (1954) (in press). 

4) A. Klein, Phys. Rev. 91 (1953), 1285 (L). 

5) S. Tani, Prog. Theor. Phys. 11 (1954), 190. 

6) E. M. Henley end M. A. Ruderman, Phys. 
Rev. 92 (1953), 1032. 


On the Variational Solution of 
Bethe-Salpeter Equation in 
Pion-nucleon Scattering 


Daisuke It6 and Hiroshi Tanaka 


Physics Institute, Tokyo University of Education 


July 9, 1954 


It is well known that the solution of B-S equa- 


tion) in pion-nucleon scattering 


g=o+ C//) Zp (1) 
obeys the following variational principle” ; 


6\K/=0, (2) 


** Professor R. Marshak called our attention to 
this point at the Intern. Conf. Theor. Phys. held at 
Kyoto, Sept. 1953; cf. also Refr. 6. p. 1041. 
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. (ns Tha) (bo> Ia) 


3 
(eo, Tha) -—Re(bo> T(1/F) ba) ?) 


\K ry — 


where q describe non-interacting initial or final states 
of the system, 1//° denotes the pion-nucleon two body 
propagator and / is the well known interaction kernel. 

As the variational principle of this type does not 
require the correctly normalized trial functions in 
order to secure the hermiticity of the reaction operator 
\K’/, it is especiaily convenient ,for the approximate 
treatment of the scattering problems in B-S formalism 
where the physical interpretation of “ wave functions ” 
as a probability amplitude is not clear and its nor- 
malization is very troublesome. 

Recently Chew®) has pointed out that a crude 
choice of the trial function ¢=¢ gives rather good 
approximation for the problems which have the almost 
factorable kernels such as pion-nucleon scattering. 
In fact, in the factorable kernel, trial function ¢=¢ 
gives the exact ‘A’. 

With this trial function, (3) turns out to be 


7 7 
\ ‘ 
é ¢ 
‘ 


4 
/ 
‘ 
¢ 
/ 
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Fig. 1 Interaction kernel 


10° 


0° 


Fig. 2. ©3 Fermi’s results for ay, 
m; Results of Glicksman and 
Marlin’s Analysis 


Kina 
ae Krna®|Kpa™ 


\Kna! ~ bribes (4) 
where A’) and A“) are the second and fourth order 
reaction operators in the sense of interation, so they 
may be calculated by the usual method of the 
covariant perturbation with the renormalization pre- 
scriptions. Therefore they are free from any ambiguity 
due to the non-relativistic treatment and to the cut- 
off.) It is also seen that the power expansion of 
(4) coincides with the results of the iteration up 
to the 4-th order. Similar results are obtained by 
Cini and Fubini from the more genera! point of view. 
We have applied this method of approximation 
to the case of Fig. 1, calculating A“) and A’) 
covariantly by the method of Feynman-Dyson and 
the actual calculation") is compared with the experi- 
mental results for a;; phase shift in Fig. 2. 
Detailed accounts of our calculation and discussion 
for other phase shift will be given in other part of 


this journal.” 


1) E. E. Salpeter and H. A. Bethe, Phys. Rev. 84 
(1951), 1232. 
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M. L. Goldberger, Phys. Rev. 84 (1951), 929. 
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3) G. F. Chew, Phys. Rev. 93 (1954), 341. 
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done recently by S. Chiba, N. Funkuda and 
M. Yamazaki, Prog. Theor. Phys. 11 (1954) 
in press. 

5) M. Cini and S. Fubini, Nuovo Cimento Il 
(1954), 142. After our present work was 
published in Japanese we have obtained their 
preprint sent to our institute. 

6) The fourth order S matrix element for meson- 
nucleon scattering were calculated, two years ago, 
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owing to their discouraging results. In the case 
of Thomson limit the evaluations were done by 
J. Ashkin, A. Simon and R. E. Marshak, Prog. 
Theor. Phys. 4 (1950), 634. 

7) Concerning the Renormalization of the B-S 
equation for meson-nucleon scattering, see also 
D. Ito and H. Tanaka, Prog. Theor. Phys. 11 
(1954), 501. 
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Some Remarks on the Even-odd Rule 


Kazuhiko Nishijima 


Department of Physics, Osaka City University 


July 13, 1954 


The large yield and striking stability of /-particles 
are tentatively interpreted in terms of the so-called 
even-odd rule"), but since this rule is phenomenological 
in natures several attempts?)—) to relate it to the 
charge independence hypothesis have been made. 

In a previous letter!) (to be referred to as I) a 
possible relationship between them was proposed by 
assigning an integral isotopic spin to the <-particle 
and a half-integral one to the heavy meson. The 
purpose of the present note is to extend the above 
idea so as to include the interpretation of the so- 
called cascade decay.» 

Let us consider the collection of the elementary 
particles that obey the requirement of charge in- 
dependence, then as is weil known there is always a 
definite relationship between the third component of 
the isotopic spin and charge for each elementary 
particle, ¢.g. y=/;+1/2 for nucleon and g=/3 for 
pion. 

In a similar way we may write 


g=lg+1/2+1/2-%a (1-a) 
for a hyperon V, and 
g=l,4+1/2-45 (1-b) 


for a heavy meson I/y,. 

In this note we call this » the 7-charge. The 
y-charge of a nucleon or a pion is zero as is clear 
from the definition. If we assume the charge states 
Bh Aland Kh ase A*;, A%;AG(Z=1) and/or A*(7=0) 
and K+, K(/=1/2) foilowing the assignments in 
Z, we have 7(A)=—1 and 7(X)=1. In general 
an anti-patticle has an opposite v-charge of the particle 
as is the case for the electric charge. 

The total charge 7 and the third component of 
the total isotopic spin of a system are connected 


with each other by 
gq=lsth>(WVa) +43D>4a(WVa) +4390" lo) 
a a 


=/,+ho+4y, (2) 


wheae 7 means the no. of particles minus the no. of 
anti-particles and 4 and 7 are defined respectively by 


b=) n(Na), a Natt(Va) +>} nr (UIIy), (3) 
a a b 


6 is the hyperon number and 7 is the total v-charge. 

In production processes only charge independent 
and electro-magnetic interactions are operating for 
which g, 73, and & are conserved. Hence we have 
a conservation low 


=const., (4) 


this is nothing but the conservation of v-charge. Con- 
trary to the case of electric charge, v-charge is de- 
fined only for such particles that have strong nuclear 
interactions and its conservation is violated by the 
weak interactions responsible for decays. 

The conservation of v-charge will be seen in the 


process®) 
n-tp—>M+K%(or 0), (5) 
GO —h ul 


whereas the following process is forbidden by this 


conservation law 


N+N—A+<A. (4: nucleon) (6) 
yr) ah al 


The decay of a A-particle into a proton and a nega- 
tive pion 


M>p+r-, (7) 
=i © © 


is forbidden and can take place only through a very 
weak interaction so that it is experimentally observable. 
Let the group of particles with the v-charge +s 
be G,, then elementary particles with strong nuclear 
interactions are divided into the following groups 


Go, CG), Go, (8) 


Pions and nucleons belong to Go, and A and 
belong to G;, and so on. If we denote hyperons 
and heavy mesons belonging to the group (’s as IN 
and J[[,, then the even-odd rule is an inevitable 
consequence of the v-charge conservation law. 

In Pais’ original rule!), decays such as 


No No +o (9) 


were not forbidden, but the 7-charge conservation 
further imposes severe selection rules. The process 
(9) is forbidden due to the v-charge conservation. 

Suppose that Y° and Y- are the hyperons 
belonging to Gy (é.2. V2), then the cascade decay 


Y-— A +27, (Ap ss is) (10) 


=2) — 1)" 0 


108 Letters to the Editor 


is forbidden to occur rapidly so that we can observe 
the slow decay process (10).* 

As has been shown in /, heavy mesons except for 
the member of Gy exhibit positive (or negative in 
general) excess. Hence it is tempting to identify 
K+ as the long-lived A and A” as 6° since the 
long-lived A“particles clearly show positive excess and 
the mass is close to that of 9°. Cloud chamber ex- 
periments show that positive and negative particles 
are comparably abundant except for the long-lived A” 
so that there might be heavy mesons being members 
of the group ©). 

Finally it will be instructive to remark that Pais’ 
w-space theory) leads to the multiplication of 
elementary particles within the gsoup Gp. 


1) A. Pais, Phys. Rev. 86 (1952), 663. 

2) A. Pais, Physica, 19 (1953), 869 ; Prog. Theor. 
Phys. 19 (1953), 457. 

3) ™M. Gell-Mann, Phys. Rev. 92 (1953), 833. 

4) T. Nakano and K. Nishijima, Prog. Theor. 
Phys. 10 (1953), 581. 

5) See, for instance, E. W. Cowan, Phys. Rev. 94 
(1954), 161. 

6) Fowler et al., Phys. Rev. 91 (1953), 1237. 

7) Gregory et al., Nuovo Cim. Il (1954), 292. 

8) See ref. 2. 


Damping Effect in the Gamma-decay 
of a Neutral Pion 


Junji Iwadare* and Kazuhiko Nishijima** 


* Department of Physics, Kyoto University 
** Department of Physics, Osaka City University 


July 14, 1954 


In connection with the problem of pion-nucleon 
scattering, Brueckner, Gell-Mann and Goldberger!) 


* Tf we further assume that 4y=0, +1 for weak 
decay interactions, Y° will decay through V0-> 9+ 79, 
so that Y° will not be observable since another 
observable decay mode Y°->f+7-(47=2) is highly 
forbidden. This assumption is an analogue of the 


selection rule 4/=0, +1 for electromagnetic inter- 
actions. 


found in the pseudoscalar meson theory with pseudo- 
scalar coupling that the virtual nucleon pair formation 
is strongly damped by the inertia of the self-field of 
a nucleon. Consequently, at low energies, the s state 
meson scattering which occurs through the virtual 
nucleon pair formation is weakened and the / state 
scattering without the pair formation is relatively 
enhanced since the latter is almost undamped. 

This effect leads to a better qualitative undet- 
standing of the nature of pions in terms of the 
pseudoscalar meson theory with pseudoscalar coupling. 
Further it is also the case for the nuclear forces.*) 

Bearing in mind of these successes we shall 
estimate this effect on the gamma-decay of a neutral 
pion. The motivation of this work is for the foilow- 
ing reasons : 

(a) In pion reactions involving real nucleons 
such as pion-nucleon scattering and nuclear forces, 
the transition amplitudes are partially damped. On 
the other hand, the gamma-decay of a neutral pion 
will be totally damped since this process cannot take 
place without the virtual nucleon pair formation. 

The life-time of a neutral pion calculated by the 
lowest order perturbation theory is given by 


t=0.7 x 10-15(92/4z%c)— sec., (1) 


where g*/4z%c is the coupling constant for the pion- 
nucleon interaction. If we adopt the value g?/4z%c 
=10~20 deduced from other reactions, the formula 
(1) gives a too short life-time compared with the 
experimental ones, i.e. 10-1~10-"® sec..5) We may 
anticipate that the inertial effect will remedy this 
dicrepancy. 


(b) Similarly, the matrix elements for 
Psattr-, ttanttattr 


would also be damped, if the decays would take 
place through the viatual nucleon pair formation.» 

The calculatlon was made as follows: 

First we replace the nucleon propagator Sj by 
the modified function Sj’ the concrete expression of 
which has already been given by several authors.) 
Such a partial insertion of higher order contributions 
generally violates the gauge invariance.) However, it 
is not the case for the present process owing to the 
special situation that the only possible Lorentz invariant 
form of the transition matrix for 2°+2y; is ¢HH 
which is already gauge invariant, i.e. Lorentz invariant 
calculations always lead to gauge invariant results for 
this special process. 

We write the modified propagator in the form 
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Sp (p) =1/ Cpe + 1+ >") 
=1/[C¢r+ 47) (1+4)+ MA+a)], (3) 


where a and 2 are the functions of #2 and do not 
involve 7 matrices. By neglecting terms of order of 
(n/A7)2 compared to unity, the problem is reduced 
to the evaluation of an integral of the form 


at=\ (dp)fCP 4 8). (4) 


The problem is still considerably complicated and we 
further approximate this expression by expanding the 
integrand’ around certain values of ~=(a) and 6=(4). 


u=\ (dp) [fC 22, 4), (>) 


0 
+(a—(a)) SPs (a), 66) 


7} 
FOYE LM (a), (6)) +---]. G) 


The values (2) and (4) are so chosen as 


. 


NLD So toy nS ee 
| DOC gH S=\ (OO 5S =O 
(6) 
and J/ is approximately given by 
u~\ (ap) /(p2, (a), (0))- (7) 


In this way the corrected life-time for x°>27 is 
given by 
G=1.2 x 10 sec. (8) * 

for the value of the coupling constant 9?/4a4c=10. 

From this result one can see that the correction 
is in the favourable direction and we may infer 
that the inertial damping effect leads us to a better 
qualitative understanding of the nature of pions not 
only for processes involving real nucleons but also 


for processes without real nucleons. 


1) Brueckner et al., Phys. Rev. 90 (1953), 476. 

2) K. A. Brueckner and K. M. Watson, Phys. 
Rev. 92 (1953), 1023. 

3) B. M. Anand, Proc. Roy. Soc. A. 220 (1953), 
183. 

4) See, however, T. Kinoshita, to be published. 

5) See ref. 1). Also see, Karplus et al., Phys. 
Rev. 90 (1953), 1072. 

6) Koba et al., Prog. Theor. Phys. 6 (1951), 322. 


* However, this result cannot quantitatively trusted, 


since the approximations employed are crude. 


A Remark on Neutron-Proton 
Mass Difference 


Yasuo Oishi 
Kechi Otemae High School 
and 
Hiroshi Katsumori 
D pt. of Physics, Osaka Gakuger Oniv. 


July 14, 1954 


Lately Feynman and Speisman have shown that 
there is a reasonable possibility to explain the neutron- 
proton mass difference out of the difference of their 
electromagnetic self energies calculated by the pheno- 
menological introduction of a Pauli term representing 
the anomalous magnetic moment coupling’. The 
calculations based on the same idea but involving the 
different cutoff techniques were carried out inde- 
pendently by us. As the comparison between 
Feynman’s calculation and ours seems to serve as a 
reference to know how sensitively the cuto# techniques 
affect the results and if one may give some reasonable 
physical meanings to the cutoff factors, our calcula- 
tions are briefly summarized here. 

One of us (Y.O.) used a convergence factor 
[C(A)]2= [X2/(2 + &*)]? cutting of only the photon 
propagation function 1/4? at energy XK, from the 


viewpoint of uniqueness of a convergence factor”). 


j 
A4M/m 


K/M 


AMn/m-. 


AMp/m. 


Fig. 1 
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The self energies are given as follows, corresponding 
to the interaction terms (7p Ty), (Tp"Oprv) and 


(Oxy Oy rw» 

AM e®)/M=(1/87)a[2d—62 logs +2(0*— 26% + 46)4], 

AM (6) /M= (3/82) an [—8 —262 + (63 —262)log 6 
4+2(—8!+40!—202) 4], 

AMM | = (3/327) ap? [202 —6° log 6 
+2(8!—283—282) A], 


where JZ is the nucleon mass, a the fine structure 
constant, the anomalous magnetic moment in 
nuclear (up=1.79, Un=-—1.91), 
d=(K)/M)? and A= (1/V4d—8? )cos (“6/2) (for 
8<4), 1/4 (for d=4), (1/“d2—40)cosh-!(“ 4/2) 
(for 6>4). Fig. 1 shows proton self energy 4//p 
=AMp(ee) + AMp(e) + AMp), the neutron self 
energy 4/17y= 417"), and the neutron-proton mass 
difference 47= My — Mp=AMy—AMp versus K/M 
_V5, 

Another of us (H.K.) calculated the similar 


quantities using the straight cutoff procedure, after 


magnetons 


the observation of this possibility suggested through 
a rough estimation of classical self energies.") The 
straight cutoff may be performed by means of a 
nonlocal form factor introduced by Kristensen and 
Méller.1) This result is” 

AM) |M= (3/27) a[log(A+V 1+) —a], 

AMC |M= —(3/4z)an [AV 1+ 22—log(At+V¥14+2)], 
AM) |= — (1/327) ay? (21AV” 1+ 2 


—20 log(A+¥1+2) —4], 


AM/m. 
AM/m, 

10 \ 
abt Siew a ao a See eee ee eens een ‘ 

0 K/M 
- of 
=2() 

 AMy/m, 

a AMp/m. 


Fig. 2. shows d1/p, 4)7y, and AM versus A/7=A 
in this case. 


where A=A7M, a=(1/3)AV%14+R—-A) (a 1/6, 
when A>x), and J6=“1+22(A+623) —64'— 428 
log((1+¥1+2)/2] (6-+5/12, when 4-00). 
Concerning these results we may make some 
remarks in the following : 
(i) We agree with Feynman and Speisman on the 
point that there is a possibility to explain the neutron- 
proton mass difference as the effect of a phenomeno- 
logical Pauli moment by choosing of the cutoff 
momentum J/< A°< 2./ irrespective of the details 
of the cutof# methods. 
(ii) With regard to 41/p, Ady, which are un- 
observable quantities, our results have a different 
tendency from Feynman’s one: 


AMyjm, AMp|m, K/M 


Feynman and Speisman 1.0 —1.5 1.4 

[C (4) ] *-cutofF —2.8 ee 1.07 

straight cutoff —23.6  —26.1 1.77 

(classical bar a = (e107, 
magnet model*) ) (—101) (—126) , (4/Mc)) 


In our case, 47‘*¥) cannot be positive, whatever 
different cutoff value we may take. Therefore 4/7, 
is always negative, in a striking contrast to Feynman’s 
result. In order to make clear this situation, one of 
us (Y.O.) has also examined 4.7‘"¥) using [C(4)]5- 
cutoff which corresponds to the case A=A in 
Feynman’s calculation, but has not been able to obtain 
the positive sign. That the sign of 417\#) as well 
as 4/‘*) is negative seems to be natural from the 
classical self energy estimation of the bar magnet 
model. In case of the straight cutoff, 447 and 4p 
have large absolute values, which lead to the observed 
value of 4.7 as a small difference of large numbers. 
This may show that the straight cutoff is a crude 
method for convergence technique, though it gives 
the result having the similar qualitative tendency. 

Some parts of Feynman and Speisman’s discus- 
sion on their cutoff technique look like reasonable, 
but in view of many arbitrariness to determine the 
detail of the cutoff factor (moreover Feynman used 
the different cutoff factors for the photon propaga- 
tion function in the case of nucleon mass difference 
and in the case of z-meson mass dieffrence), it seems 
adventuresome to give the positive physical meanings 
special type of cutoff factors under existing conditions. 
We might not expect to derive something beyond 
the possibility stated in (i) from these phenomeno- 
logical treatments. 

Finally we wish to express our thanks to Dr. Y. 
Katayama for his kind advice. 
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1) R. P. Feynman and G. Speisman, Phys. Rev. 
94 (1954), 500. 
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A Note on Photon-nucleon Scattering 


Yoshio Yamaguchi 


Department of Physics, University of Lllinors, 
Urbana, Ill., U.S.A. 


July 19, 1954 


Photon-nucleon scattering is a rather complicated 
problem which necessitates detailed examination based 
on specific meson theories. However, a part of the 
scattering cross section is so closely connected with 
photo-meson production that it can be calculated 
from the “ experimental ” cross section of photo-meson 
production. It seems worthwhile to call attention 
to this correlation. 

We may classify the photon-nucleon scattering 
according to three different processes : 


(1) normal electro-magnetic interaction, Thomson 
scattering, 

(2) extra scattering due to mesonic effect, 

(3) diffraction scattering caused by absorption 
(photo-meson production). 

As is well-known, absorption of an incident beam 
is accompanied by some elastic scattering, the diffrac- 
tion scattering. Thus the photo-meson production 
from the nucleon must cause the corresponding photon- 
nucleon scattering. If we assume the validity of 
perturbational expansion with respect to the elementary 
charge ¢ and keep the lowest order terms (in our 
case ¢/-tecms), we can easily calculate processes (1) 
and (3) providing the cross section for photo-meson 
production is known. To show this, let us use the 
partial wave analysis. The photo-meson cross section 
due to the “dipole” photon absorption may be 


written as 
32 


dayroalda = [\al?-+|6)?-+3(4)? +181") 


x (24+ 3sin20) —Re(4*a+ B*d) (3cos’§—1) 


4+2Re(4*B+a*b— A*b—a*B) cos 6, 


where * complex conjugate, 
Re real part, 
6 angle between the incident 


photon and the produced 
A - meson, 
the photon wave length divi 
ded by 2z, 
a, A, 6 and & matrix elements of the &- 


matrix, see Table I. 


Thus the diffraction scattering caused by photo-meson 
production (again due to the “ dipole” photon 
scattering) can readily be expressed as follows : 


72 10—3 sin?@ 
doain|do = 55 layt+|d/4+ ((A|'+|2/)— 


4 


aA 


+}9|4BP+2 


24.2|5B|?) (3 cos?@—1) 
4+4(|ABl2+2|A4d|2+2|aBl? +4] a0 |?) cos 6], 


where 0 is the angle between the incident and scattered 
photon. A generalization to higher multipole case 
straightforward. 

In terms of the A-matrix (R=S—1~276, where 
S=e2t6 js Heisenberg’s S-matrix), processes (1) and 
(2) correspond to the imaginary part of the R-matrix, 
process (3) to its real part. Therefore, the net 
photon-nucleon scattering will be the sum of doain/dw 
and (1) plus (2), because (1) and (2) interfere 
with each other but these two do not interfere with 


(3). 
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Table I 
matrix element 
of the R-matrix 
for photo-meson 
Geol ictich 
a electric dipole 
A electric dipole 
b magnetic dipole 


B magnetic dipole 


total 
angular 
momentum 


1/2 
3/2 
1/2 
3/2 


parity 


odd 
odd 
even 
even 
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In order to introduce the coarse-grained measurement of coordinates in qunatum mechanics, the 
whole space is divided into cubic cells, and the coordinate of the center of cell is regarded as the 
coarse-grained coordinate of every point inside the cell. The function which vanishes outside a certain 
cell and which agrees with plane wave within the same cell is called a cell function. If one imposes 
a certain type of boundary condition upon such cell functions, the set of these functions is complete 
and orthonormal, and gives a generalized type of the Wigner distribution functions, from which the 
coarse-grained distribution functions are derived The change of the density matrices with time is 
calculated by means of the method analogous to the time-dependent perturbation theory. From this 
result the collision terms of the Uehling-Uhlenbeck equation are derived on the basis of the equation 
of motion for the generalized phase-space distribution function, under the assumption that the maximum 
range of the intermolecular force is sufficiently short compared with the edge length of elementary cell. 
Owing to the cell functions employed instead of the plane waves, the distribution functions retain 
dependence on tke spatial coordinates irrespective of the postulate of random a frior7 phases, which 
plays an important role in derivation of the collision terms. In the present article, this postulate is 
necessary for derivation of the streaming terms, in which the differentiation operators with respect to 
the coarse-grained coordinates and the coarse-grained distribution functions appear. The domain of 
validity of the Uehling-Uhlenbeck equation is discussed, and, in conclusion, it seems doubtful that the 
Uehling-Uhlenbeck equation is valid even for the transport phenomena in the degenerate Bose gas, on 
account of the singulartiy of the distribution function in momentum space. 


§ 1. Introduction 


In the first paper of this series”, QSTI, an attempt to deduce analytically the 
Uehling-Uhlenbeck eqution from the first principles in quantum-statistical mechanics was 
made. But the distribution function (hereafter we will abbreviate this to d.f.) became 
independent of the spatial coordinates, if we adopt the postulate of random a Priori 
upon which the derivation of the collision terms was essentially based. Then, 
strictly speaking, this analytical method for deriving the Uehling-Uhlenbeck equation is 
valid only for uniform assembly. But, if the gaseous assembly is neatly uniform, a 
y be considered as uniform. On the other hand, if the 
linear dimension of this part is sufficiently large compared with the average de Broglie 
wave length of particles in the assembly, the method of derivation of the Uehling- 
Uhlenbeck equation, developed in QSTI, is valid in this part. But, if we consider that 


the assembly consists of many parts of uniform density, the streaming terms vanish ex- 


phases, 


sufficiently small part of it ma 
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cept at the boundaries of two parts, where the d. f.s. are not differentiable. Thus, oe 
such intuitive consideration, we can simply see that the Uehling-Uhlenbeck equation is 
valid in nearly uniform gases, but we cannot tell to what extent this equation is appli- 
cable to real systems, 

The foregoings compel us to rederive the Uehling-Uhlenbeck equation by means of 
the method in which the spatial variation of the distribution function is properly taken 
into account. For this purpose we have either to abandon the postulate of random @ 
priori phases, or to adopt the other orthonormal set of functions than the set of plane 
waves. Since we are not aware of any other suitable postulate to assign the definite 
values to the non-diagonal elements of the density matrix at the initial time, and since 
this postulate is in accordance with v. Neumann’s theory of observation”, here we shall 
try to find out a new set of orthonormal functions which is adequate for our present 
purpose. 

As mentioned in the first part of this section, we shall deal with the assembly of 
which small parts can be regarded as sufficiently uniform. This suggests us to divide 
the whole volume into cells in which the number density of particles is almost constant. The 
shape of the cells may be arbitrary, but, for simplicity’s sake, we prefer the cubic cells, 
to which we shall refer as the elementary cells. And, in the present article, we confine 
ourselves to the case where the cells are sufficiently large as compared with the maximum 
range of intermolecular force, 7,, because the density variation becomes appreciable only 
in the domain sufficiently large compared with atomic scale in most cases which appear 
in the thermodynamical and hydrodynamical problems. And we shall call the function 
which is different from zero only within one of these cells by the name of cell function, 
and then consider a complete orthonormal set consisting of cell functions. 

As stated in the second part of this series”, QSTII, if one adopts the other ortho- 
normal sets than the set of plane waves, the modifications of the Wigner d.f. are more 
convenient than Wigner’s original form’. Mori” derived the equation of motion for the 
generalized Wigner d.f., a generalization of the Irving-Zwanzig equation’, of which a 
brief description is given in the present articale (§ 2). And the generalized Wigner 
d.f.s. produced from a set of cell functions are related to the d. f.s. for coarse-grained 
coordinates and momenta (§ 3). There are, however, no unperturbed Hamiltonians whose 
eigenfunctions are cell functions, while the plane waves are the eigenfunctions of the total 
kinetic energy which is usually considered as the unperturbed Hamiltonian for a gaseous 
assembly of low density. But we can calculate the change of the density matrix with 
time from the method analogous to the time-dependent perturbation theory (§ 4), and 
the calculation of the generalized transition matrices for the case of the cell functions is 
performed (§5). By means of this result, the collision terms in the Uehling-Uhlenbeck 
equation is deduced for the case where the maximum range of intermolecular force is 
sufficiently short compared with the elementary cells (§ 6). In the present article, the 
streaming terms as well as the collision terms are derived on the basis of the postulate of 


random a@ priori phases (§ 7). Finally the domain of validity of Uehling-Uhlenbeck 


equation is discussed. 
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§2. A generalization of the Wigner d.f. 


When we deal with a mixture of states of a structureless particle, it is convenient 
to use the density matrix p(a,#’; 7), a standing for a set of the Cartesian coordinates 
of the particle. And we shall consider an operator corresponding to an observable R, of 
which eigenvalues are %,, £s, -+:which correspond to the eigenfunctions Pj (@), P(X), 

Now let us consider the function defined by 


g(x, & 3 )=|e(a— : u)e(atoy \o(w——, oe + au )dy. (2-1) 


If the set of ¢,(.")’s is complete and orthonormal, we have 
Sores (0, 2), (2-2) 
: 


which gives the probability density in configuration space. And the integration of 
g(a, 2; ¢) over & gives 


ac ks thda=\o%,(a') 9, (0) 0 (a0', 0 5 1) dada! =p. Z), ((2-2 


which is the probability that the system be in the state ¢,(#). Hence, g(@, 2; 7) 
given by (2-1) may be regarded as the d.f. in ®-A space, although this is real but 
not necessarily positive. 

If a plane wave function h-"exp{—a-p/ihk} is chosen as y,(a) in (2-1), we 
obtain 

of CDs a ala —"y, w+ Us rely, (2-4) 
which is identical with the phase space d. f. first introduced by Wigner?. Then we can 
say that g(@, £37) is a generalized form of Wigner’s phase space d.f. This was already 
employed in the previous part, QSTII. 

As seen from the above mentioned the Fourier transformation, which was extensively 
used by Moyal” to derive the d. f.s. for non-commuting observables, has a special meaning 
only for the d.f.s. in the #—p) space, because of the fact that the plane waves are the 
eigenfunctions of the momentum operator. It may be possible to use, for instance, the 
Hankel transformation instead of the Fourier transformation to derive the d.f.s. for non 
commuting observables. 

Let us consider an assembly composed of N particles, and let us denote the set of 
coordinates of these V particles by 1. And let {%;,(X)} be an orthonormal set of 
wave functions of the assembly, K being a set of eigenvalues of a certain complete set of 


observables. Then, we can easily see from (2:1) that the generalized Wigner d. £.° fot 


an assembly of particles is given by 


2 nat fie Ue at yer ee: 
gay CX kK 3 t) — tage — oa )ea( x an \ (A 2 } ’ xX =f 2 } > JAY, 
(2°5) 
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where p(X, 7; 2) is a density matrix of the assembly. 
A complete orthonormal set of functions for an assembly of the VV identical Bose 


particles may be given by the following functions : 

Prins... =det™[¢, (2;) “Dry (Hy) | (2-6) 
where 7, is the number of particles in the state represented by ¢,(."), and the set of 
n,’s assumes sets of all non-negative values such that 


>i 4=N, (2-7) 
t 


and where det‘*? indicates a permanent. An assembly of Fermi particles can be treated in 
the same way. 
Let a, and a,* be an annihilation and a creation operators, respectively, and the 


quantized wave functions introduced by Fock” are 
P(x) =>) aA: (7) 


P* (x) = 33 a*,*, (a) 


) 


(2-8) 


Then, as shown by Husimi and Nishiyama* 


, the reduced density matrices can be written 


as 


PO (G0 G+**, Un ¢ OO sates 2) 
=trace[ P* (a’,) ++ P* (an) P(ar,) P(r) (4) |, (2-9) 


in which @ is the statistical (or density) operator. The method of derivation of (2-9) 
is shown in QSTII. And the reduced d.f.s. are obtained from the reduced density 


matrices according to the relation 


g@ (ie SOE Waa Ry : Ky 3 t) 
: : | ; | 1 \ : 1 . pot Le 
=|---|¢ Bs (a ew ; i) Gm (a a ; Yn) En (nr, ar 2 Y, oan a »+—-) 


n 1 1 1 1 
-p! (ae — 5 Yt 21 Cy Yn ar, + 5 Ye Ent Yn 3 tad. (2-10) 


And we can prove the relation 
(n) (pr ee <b be 
g (Oy, Wn 3 rete Ae t) 


[VY Wn) S} 1] [9 (agents hy +) by) Ayre Bly (211) 


Ayty ky 


The temporal development of the quantized wave functions is determined by the quantized 
Schrodinger equation, 


ihp = {—(#/2m)p? +4.(a) + G (a) } 


PRONG) 
G(x) = | rg (a) u(ar, a) p (a0), C4) 
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where ¢ and w are the potential energy of the external field and the intermolecular 
potential, respectively. According to (2-9), (2-10) and (2-12), we obtain the equation 
of motion, as shown in QSTII, 


og (a, k; ¢)/ot 


“2 (i/mi)| dyer xe— Yel a0 + La )prvl ae ys, w+ Y; ‘) 


le (a/mi)| ayer a — eu er += y){( o— y)—9{ x+y) 


p( ty, e+—y; t) 
2 2, 


ely 2h jay) ai} why 7 )— Oe +¥.9)} = w—*y) x ~y) 
(1/th) \dy)\ dy ( UY u( ey y ) g*( UY g,( e+—¥ 
" { Ayes he oes 
-0?( e—-—y, Y; H+—y, Y3 4), 
{ (a Ys MAW ‘) (2-13) 


which is a generalization of the Irving-Zwanzig equation” 


* 


§ 3. The cell method and the coarse-grained d.f.s. 


The macroscopic measurement of the coordinate can be performed at the same time 
as the macroscopic measurement of its conjugate momentum, while the accuracy in a 
measurement of momentum is limited by the accuracy in a simultaneous measurement of 
position. Then, for the quantum-mechanical formulation of macroscopic measurements, we 
divide the whole space into cells, and regard the coordinate of the center of a cell as the 
macroscopic coordinate of every point inside the cell. We cannot, however, divide the 
momentum space in the similar cells at the same time, in contrast with the classical case. 

Here, let us divide the positional space into cubic cells whose edge length is @ in 
such a way that their centers constitute a simple cubic array. And we adopt the com- 


plete orthonormal set of the functions 


g(X, P; #) =a-e-* PE (X, w), (3-1) 


with P=/k/a and X =Ja, both k and U being the vectors with integer components. 
And £(X,%) is so-called characteristic function such as 


1, if all of components of X—w lie between —a@/2 and a/2 
E(X, x)= 

0, otherwise. (3-2) 
In other words, E(X,o) is unity within the cubic cell of which the center is located 
at XX, and vanishes outside the cell. Then, X and P may be regarded as the coarse- 


grained (or macroscopic) coordinate and momentum, respectively. In this case, the gene- 


ralized phase space d. f. defined as (2:1) becomes 
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Rane X Dean pa 28 (x w+ y)E(X,a—2 y) 
g SS ee ae Es ’ 2 e 2 


1 Lee ; 
at x — i an en t). 3 3) 
And the d.f. in the coarse-grained phase space is given by 
Vx )=Nie\ g(x, P,X; ddx, (3-4) 


which is normalized to V; and here each set of X and P corresponds to the phase 
volume /°. 

The equation of motion for g(a, P, X ; ¢) defined as (3-3) becomes, according 
fou(2- 13), 


09 (x, P, X ; ¢) /at— (aa? mi) yore P lth 
eae 1 ; f ; | 
. Xn: aces E 2.6 p— 4 3 ? r— oe } wat y; t 
B(x w+ y) ( av SY \rer oth sel : ) 


me =. (i/a°h) |dye VE (X, e+ vu \E (X, x— . y ) 


= a 1 = Woe 1 — 1 = 
; fo {ud w—— Y, y )—u( oo a Y )p( wv — at Y ; aah YU; t). 
(3:5) 
A symmetrized function is given by 
Oe, X )\ ede’ @ GX Pasay or OX Poe Oia (3-6) 


where « stands for a set of ”(X,P)’s, n(X, P) being the number of particles whose 
coarse-grained position and momentum are VY and JP, respectively. 


The V-representation of the density operator is given by 


OP i ete) 


\o" (1c, X) p(X, X's 1) O(e!, VY ANA. (3-7) 
If the \-representation of the density operator is given in the form 

FN aAh ee 4 pa WP ,*(X')P,.CX), (3-8) 
the :\-representation may be written as 

e™ (x, 3-2 = x WCr sis 0) Ca eee, (3-9) 


where C;,(x,72) is the coefficient of the expansion in the series 


PX) = LCi (4, t) O(k, X). (3-10) 
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$4. The change of the density matrix with time 


In order to derive the Uehling-Uhlenbeck equation from (3-5), we shall carry out 
the calculation of the temporal development of the density matrix, by means of the method 
analogous to Dirac’s time-dependent perturbation theory, which was employed in QSTI, and 
we shall choose the system of non-interacting particles as the unperturbed system, of which 
the Hamiltonian will be denoted by //,. The functions given by (3-6) are, however, 
not the eigenfunctions of //,, contrary to the case of plane waves used in QSTI. 


The unperturbed Hamiltonian /Y, is given by 
Hy=— (#/2m) >} pe. (4-1) 


4=() 


And we introduce the function defined by 


D. (ic, XY) = clo lED (K, oO) (4-2) 


where @,(«,.X)’s form a complete set of orthonormal functions. 
Let us consider other orthonormal set of functions Y,(Y,7). Then, the, functions 
W (X;,¢+7) form an orthonormal set, and are given by 


U(X, t+) =e "P(X, 2), (4-3) 
where Z/ is the true Hamiltonian including the perturbation, 
H=H, UX): (4-4) 


U(X) being the potential energy of the system. We expand ¥,(Y,¢+7) in the 


following series : 
v (X14) =30 Glo 2) 0. (6X). (4-5) 
Differentiating both sides of (4-5) with respect to ct, we obtain 


OF {Gt+t) os ENG 7) o eK, XY + 3G; (x, 7) a? see x) (4-6) 


fEA 
OT % 


at 


Inserting (4-2) and (4-3) in (4-6), and using (4-4) and (4-5) we have 


n> Aes). (x, ¥) =D C,(, 1) U(X) P(X). (4-7) 


Since the functions 7,(«, XY) are orthogonal, we immediately obtain 


p $key — scl UO |i!) C(x; z), (4-8) 
aT HIEK 
where 

(«| U| c).= | OMe X)U(X) P(e, X)AX, (4:9) 


As in Dirac’s theory of time-dependent perturbation, regarding C'(«’,7)’s in the right 
hand side of (4-8) as constans and integrating both sides of (4-8) with respect to 7, 
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we obtain 
C,(«, 7) =E;(«, 0) —1% 53 Cie’, 0) |" (x’ | U | «).a. (4-10) 
; nen! 0 


Then we observe that the probability that the system which is found in the state 
P(x, X) at the time ¢ will be found in the state %,(«’, X ) at the time ¢+7 is given 
by £* |fi(«’| 0 | «).adz|°, which is the transition probability discussed by Feynman in 
more general form’. 
Now let ,(X,P; #) be a function which agrees with g(X,P; a) defined by 
(3:1) when t=O and which obeys the equation 
— (#/2m) p*o,(X, P; x) =thog,(X, P; x) /az. (4-11) 
Then from (3-6) and (4-1), M,(«,X) given by (4-2) may be expressed in the form 
Oc, X) det“? go. CXY, Bae Wj) 20 et X pes Oe) he (4-12) 
As an JV-representation of the density matrix p(X, X’; ¢+7), we may take, 


according to (3-9) and (4-5), 


pS? Wp’ setae) => Payee ea Gr) (4-13) 


k 


If the postulate of the random a friori phases is realized at the time /, we obtain, from 
(4-10) and (4-13), 


PP? Cees EET) SOF Ce, es bE) Ona 
—ih sow Ge ss t) —p™ (x, «3 1} |e | U | i!) ac. (4- 14) 


Adopting 9,(Y,P; a) as ¢,(a) in (2-6), we have, from (2-9), 
0° (Hy, Wy 5 Oy, ays t+ 7) =Se,* (XY, Py’; a0,')9*, Xe, Py’ 5 a's) 
Dn ( Ky, 2,3) Wy) (Xe Pes Oy) trace [a* CX PY 2" tx be) 
a(X,, Bia(X, Por G+ s2)); (4-15) 


and 
p(x, 2; t+7)=Se*,(X', P’; a')¢,(X, P; a) 
-trace [a* (X’, P*)a(X, P)o™ (¢+72)], (4-16) 
for the doublet and singlet density matrices, respectively, where S indicates the summation 


over such variables that X, X’, P and P’, and where a(X, P) and a*(X, FP) are an 


annihilation and a creation operators, respectively. 


$5. Calculation of the elements of the generalized transition matrices 


For the purpose of finding out the temporal behavior of the density matrix, we have 
at first to calculate the matrix element (« | | x’), as seen from (4-14), (4-15) and 
(4:16). Here we shall assume that the potential energy may be written as the sum 
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of terms, 7(%;, w;), which represents the interaction between the 2’th and /’th particles : 
U(X) =3) u (Hy, 0,5). (5-1) 
adj 
Making use of (4-2), we obtain, from the definition (4-9), 


(| |e’) =—S [n(X, P) e(¥, @) 0X, YIP, Q)} 


-in(X!, P*) +1—8(X, X)d(P, P’) —6(X', Y)a(P", Q)} 

{n(¥7, Q!) +1-0(X, VAP, Q’) —a(¥, ¥A(Q, Q) 

40(X, YP) 8h, Q) }( XP, YQ |u| X'P,Y'Q).0 {n(X, P) 

+0(X, X/)0(P, P)—1, 0 (X, P)} 9 n(¥, Q) +0(%, Y)A@, @) 

—1, 1 (Y, Q)}0{n(X', P) +6(X, X)6(P, P’) +1, 0 (X', BY} 

-0{n(¥7, Q') —0(¥, ¥)0(Q, Q') +1, 21", Q)}, (5-2) 
where 


(XP, YO | «| XP, V'Q").=|le*(X Ps x) ¢.(% Qs #2) 


16 (4, WH) Pz (X', PB’; 901) 92(¥", Q's He) dar,aH, . (5-3) 
6(X, X’) and (n,n!) are Kronecker’s 0 in somewhat extended sense. 9,(X,P; x) 
defined as (4-11) can be expressed in the form 


* o(X, Ps pep {-*P + Pe lap, 6-4) 


(X,P; x = 
aa Tse th 2imh 


where 


OG IR: Bare, o(X, Ps x)eP ldo. (5-5) 


Substitution of (3-1) into (5-5) leads to 
EXE pry lee eee, Ges) 

‘pe (Pi— pi) 

iam sutices 1-0 2) -and- 3. -stand--for 7, y— and %— components, respectively. 
|o(X,P; p)| has a maximum at p=P. This function may be treated as a function 
having a single maximum, since the magnitude of the other maxima are sufficiently small 
compared with the one at P=p. And this function becomes sufficiently small as 
Then, since (5-4) is of the form of wave packet, it can be 


| P—p | increases. 
written as 
g.(X,P; x) =h-*exp {—ae- P/ih+ w's/2imh | 


le .?pP et anlar Or | oO) SJ 
f 3 (O.GF a 5; P+w)exp th 21mh ce 
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according to the manipulation as shown in Kemble’s text-book. Here 9, denotes «— 
(P/m)z, and we shall restrict the discussion to the values of + which are not too large. 
As seen from (5:6), o decreases rapidly as soon as any one of w,'s becomes the order 
of magnitude of //a. Hence, if P;,> ws the factor w°r/2imh is negligible, and conse- 
quently if P,>/a(é=1, 2,3), (5-7) becomes 
¢.(X, P; x) =/-*"exp} — ae Eh zie i" o(X, P; P+w)e?'*dw, 
th 2imh) J-2 
(5-8) 


which implies that the wave packet propagates with the constant group velocity P/7. 
If a is sufficiently larger than the maximum range of the intermolecular force 7, 

and if the time interval rt is sufficiently shorter than mma/P,(¢=1,2,3), the time 

interval necessary for a particle with the momentum J” to pass through a cell, then (5-3) 


becomes 
(XP, ¥Q| u|X'P", ¥'Q!),=a7t8(X, X)0(¥, ¥)0(X, VP-P’, Q-Q/) 
-exp [ {e (P’) + «(Q!) —€(P) —€(Q) }/14] (| P—P' |), 


¢CP = B29, (5-9) 
3:9 


1h) 40 \ “[sin( pr/t)/ (pr [h) u(r) Par. 


§ 6. Calculation of the collision terms 


Integrating (3-5) over the coordinate w, and using (3-1), (3-2) and (3-4), we 
obtain 


Wof(X, P; t) /at—(h/2mi) | [caer X, P; x)9*(X,P; «) 
{Pu — P27} (a, a0! 3 t) dada! 
=— (z/h) | ficrcan'e As Cet (XP so) 


ALY UH, Y)— UH Yb POC, Ys LY; 2). (6-1) 


The time-average of the both sides of (6-1) over the interval z becomes 
(#/z) (XP; t+c)—f(X, P; D} =(h/2mi) | |r’ 
‘P(X, P; x’) g*(X, P; x) {7.°—p,") (a, x; 2) 


=— (z/h) | \araw'eX, JOO Xt ee) 


‘dy {2 (ac, Y) —u(ac', y)} P(e, Ys WY; ts (6-2) 
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where the bar indicates the time-average between ¢ and ¢+7c. Integrating (4-15) with 


respect to t from 0 to t, and using (4-14), (5-2), (5-3) and (5-9), we obtain, 
according to the properties of the creation and annihilation operators, 


e® (%,, Hs 5 Le Hs 5 t) ==ap (X, PY, Xe Ps; XP, XP, ; t) 
-9*. (XY, Py; ay) ¢*. (X), Py; 0) 9(X,, Bis a1) p(X, P,; %,), (6+3) 


whete 
eo XL Xx Py XP x: ; 72) 

= (ih/at) 1 {o[ Py’) +¢ (Py) —€ Ps) —€ Py) I} 

eA? (eK “6 —p (., 1(XY, Py) +1, 2X9, Bo ect Useas 5 

---n(X,, P;) —1, 2(Xe, Pe) —1, °° 5 £)0(X,, X,')0(X,, XY )0CX TAD) 

0(P,—P{, P,—PJ)} (l(| Po P|) +2 Pi Puls (6-4) 
and 

fae aoe (9 
a thx. 


The quantities of the order of magnitude of 7 are neglected, and the method of deriva- 
tion of the above equation is exactly same that used in derivation of (4-11) of QSTI. 
Let us consider that the interval t is so short that we may neglect the quantities 


which ate at least proportional to tT. Then we can replace 9,(X, P; a) in Ps». by 
g(X,P; a), and obtain 


—(i/h) | \deda'o(X, Ps a)o*(X,P; x) 
jay (a, Y) —u(a!, Y)} Pp? (9, Ys 0, Y5 2) 

= (i/h)Sp° (X Py), Xe Py ; XP, X.P,; 1) 0(Xy', X)0(X/X,) 
.0(X), KOPP.) ||deayg* (X, Pit) e* (X;, Py; Y) 


-o(X, P;; a) o (Xo, Py; yun, Y) +cc., (6-6) 


If +,<a, and if w(o, y) depends only on the difference w—Y, we have 
[feces (XPis a)e* Ry Ls We Rn Bis wea Pes ules) 


— f3(P,— Pj, P,— Ps) )(X, X.)I(| Pa Pill). (6-7) 
Substitution of (6-4) and (6-7) into (6-6) leads to 


— G/t){\darda'g X, Ps wot (X Ps #) fy (u(x, y)—elor 


0 (ays @Y; 2) 
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=a-*S} $8 n(X, P,)n(X, P.){n(X,P) +1} in(X, PY +13 
=n X, P)n(X, PY) jn X, BP) +1} o(X, P) 41H Be PD 
+1 (| P,—P"|)}2 [fe (P) + <(B) —€(P,) —€(P2)} /z]o(es «5 2) (6-8) 
where P, is given by P,=.P+.P!—P,, and where 
Q(x) =0 (x) +0* (x) = (</h) sin? (xe /28) / (ar /28)?, (6-9) 


which is twice the real part of (6-5). 
Assuming @ to be sufficiently large, we shall replace the summation with respect to 


P, and P’ by the integration over P, and P’. It is necessary to multiply the factor 
a’/h® because there are a°//' dP states in the range dP. After such replacement, (6-8) 


becomes 

a ci/t)| | dada! p(X, P; x) p*(X,P; x) Jeni (x, y) —u(a’, y)} 

pe (x, YU; x’, Y; t) 
Sie sa\ere ames P,)n(X,P,) {n(X, P) +1) (n(X, P’) +1} 
[P+P/=P,+ P| P/— P| =|2P,—P’/—P\] 
aX, Py nl X OP). n( XP) Lyx 
{n( X, P,) +1} ]a(| P—P’ |, A) p(«,«;t), (6-10) 

where 


a(p, 0) = (mz/44) {0 (s sin ; +p cos 78 ba (6-11) 


@ being the angle of deflection and dw the solid angle. If this deflection is given, 
IP and P’ are determined from P, and P,. It is assumed in derivation of 
(6-1) that the maximum of (1) at x=O0 is so sharp that S} [wv CX, Es} 
- 2n(X, Py) {u(X, P)+1} jxCX, P’) +1} —n(X, P)n(X, P’) in(X, P,)+1)} 
VACAN ah) +1} ]o(«,«: 2) may be regarded as a constant. This assumption cannot be 
justified for the collision between a molecule and a zero molecule in the condensed Bose- 


Einstein gas. 


§ 7. Derivation of the Uehing-Uhlenbeck equation 


As seen from the mentioned in the preceding section, we may immediately obtain 
the collision terms of the Uehling-Uhlenbeck equation from the right-hand side of (6-2). 
And let us deal with the second term of the left-hand side of the same equation. From 
(4-11) we obtain the relation 
e:(X, Ps w)ptap, (XP's 2) —9.*(X),.P!; a!)p.2p(X,P; x) 
_ 2mi 9d 


Foe PE Ps we. (XK, Ps 2}. (7-1) 
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According to (4-14) and (4-16), we obtain 
(pir —px)p (ae, we; t) = (Qmih'/hz)Sf(X,P; 2) 
-(o,*(X, P; «!)o,.(X,P; «)—¢*(X,P; x)e(X,P; w)], (7-2) 


the terms of the order of magnitude of c being neglected. And here we used the 
following relation : 


BX, P; )=Va(X, P)p™ (x, «; A, ae) 


hich cant be obtained from (3-3), (3-4) and (4-16): If we°use (7°2), the second 
term of the right-hand side of (6-2) becomes 


ee (4/2m) | (duxde'e (XP; DO" UX veg a) ‘oo —pet o(a, x’; ty (7-4) 
J 


=—(2/r)Sf(X', PB’; aiifer (X, PB; x)9.(X',P’; 9) dx |’ 
SEEXURZ ‘ 
_3(X, X)6(P, P')}. (7-4) 


Since this term vanishes if one replaces 9;(X,P; ) by o(X,P; x), we use (5-8), 
in contrast with the case for the collision terms. Wee somewhat tedious but elementary 


calculations, we obtain 


(ox (X, Ps )e.(X' P's wae PSP eR eX? Xie) Pe 
J t=1 
where 
VIE Ge EOE! —X;; T 
fy ae rec if P.= Pi, (ad x) +75 <a 


a Ma | | 


Ta P/ —P; m 


h_ sin[ Pi! (Pi —Pi)t/mh| Vif PP! (X= Pay se a 


On sue 


| / 
(coger eee 
| MW 


bot ri 
For sufficiently short interval 7 to satisfy the condition Tt mal Pr fi Packs + x4 —X') 
Ganishes unless X,/—X_.is 0 or, 44. And, neglecting the terms of the ann of magni- 


tude of 7* we have 


SKI Ps Dilfer LPs ae’ Bes ade 9 XIMP, PD} 
<3 s, PP; Glial + +P )-8 deseo P+e(P/—P),t) 
We 


sin” {aP, (Ee= ES 
(P/—Pi)? 
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e, being the unit vector of the é-direction. Since sin®{2P,’(P/—P,)t/mh}/ (Pi —P,;)° 
has a sharp maximum at /; =P,!, one may replace 7,’ and P,/(P,/—P;) in the other 
factors by P, and P,(P,’—F,), respectively. Then replacing the summation over P,! by 


the integration, and using the relation \o isin’ gx/x*\dx=|q\| =, we have 
ole OO Ce SL A SF ita (X,.P; x)¢,(X', BP’; x) du ?}—0(X, X)0(P, P+) } 
x’Ppr 


pg ae: {xX aPe; i et Vic AO. GM ae wis (7-6) 


i=l a ee 


only terms up to the order of magnitude of 7 being retained. 
Differentiation operator with respect to the macroscopic coordinate may be defined 
by 
dO. ad Bly Ne 
OX, 


ane (Xs Pei (Xuan as (7-7) 
a 


However, one cannot define this differentiation operator, when two forms of the above ex- 
pression give the different results. Since P;/ | 2, | assumes the values +1, we can rewrite 
(7-6) in the form 


SLPS Ole" (XB; a0) 9.(X PY; an)dir —3(X, X)I(P, PY) 


—=—T >! Pi 
owed 


3 - 
ES 1 wed ie : 
ve ?). (7-8) 


ij mm Ou 


On the other hand, the differentiation of the d.f. with respect to the macroscopic time 
may be defined as 


~ {f(X, P; +7) (XP; )j= 2 ae i (7-9) 


If one utilizes (6-10), (7-4), (7-8) and (7-9), (6-2) can be cast into the following form : 


OF (A, P; P ; 
oF ( 4 Vig ele Geer eyo )=hSaP' {do [n(X, P,)n(X, P,) 
W x 


[P+ P/=P,+P,,|P/—P|=|2P,—P’— P|] 
-jn(X, P) +1} {n(X, P’) +1} —2(X, P)n( x, Vee 
-{2(X, P;) +1} {u(X, P,) +1 fa(| P—P’ |, 0) p™ (x, «; t). G10) 


: : ; tt) : ! 
As in Kirkwood’s theory" on the transport properties of the classical assemblies, if the 


assumption of molecular chaos is fulfilled for the time average of the d.f.s., we have, 
accoding to (7-3) *, 


* cf. Eq. (5. 10) of QSTI. 
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WFCX, P,; 2) 7 (XK, Pos DIRF (XK, Ps D+ AACE Ps O+1 
Sa ACS Bayi Xo nN ee 15 (n(X, P) +1} 0 (x, «; gE ED) 


After applying the second time-averaging procedure, as in Kirkwood’s theory, to (7:10), 
we obtain the Uehling-Uhlenbeck equation : 
ICSE) 
ot 


pet Pry APA jar (tol 7X Bis OFX Ps 0 
[P+ P’/=P,+P;, P?+P?=P2+ P27) 

F(X, Ps 4127 (P's O41 -7 AP: OF LP's 8) 

me CX Pe ae ey CX Pot) i laG hak gy. (7 +12) 


§ 8. Conclusion 


It is seen from the discussions in the present article that Uehling-Uhlenbeck equation 
can be derived analytically from the principles of quantum statistical mechanics under 
certain restrictive conditions. Among these conditions the one that the maximum range 
of intermolecular force is sufficiently short compared with the edge length of the cell, a, 
is certainly satisfied in the ordinary transport phenomena in fluids. And the condition 
that most particles have such momenta that P;>//a implies that the average de Broglie 
wave length is sufficiently short compared with a, i.e. kT =/2/am. As is known, the 
diffraction effects become important when the average de Broglie wave length exceeds the 
maximum range of intermolecular force, 7), and the symmetry effects become important 
when the average de Broglie wave length exceeds the average distance between the mole- 
cules in the gas. Hence, ‘€ we assume that a is the order of magnitude of 100A, the — 
sécond condition may be fulfilled even at considerably low temperature, until the Bose-Einstein 
condensation begins to take place. 

In a condensed Bose gas, the present method of derivation of the Uehling-Uhlenbeck 
equation becomes, invalid, not only because of extreme growth of the average de Broglie 
wave length, which possibly becomes as large as the linear dimension of the vessel, but 


because of the following important fact. In derivation of (7-10), St [2 (X, Ps) 


WX, P.)ia(X, PB) 13 (n(X, P’)) +1} —7(X, P)n(X, P’*) {(n(X P,) +13 in(X, 
P,) +1} -pM«, «5 ¢)| was approximately considered as a constant, but in a condensed Bose gas, 
this factor is of the order of magnitude of the total number of particles if at least any 
Reto LP P!, Ps and Peis Azer, whereas this factor falls to the normal value as far as 
P, P', P, and Py are all different from zero. Therefore, Ishihara’s treatment”, in which 
the collision with the zero atoms are introduced in the Uehling-Uhlenbeck equation, does 
not seem to be justified, and the manipulation to introduce the singularity of 0-function 
type in d. f.s., as done by Nakajima”, does not seem to be self-evident. 

As far as we wish to derive the super-fluidity of liquid helium I, based upon the 


quantum statistical mechanics, we are obliged to deal with the collisions with the zero 
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atoms. It does not, however, seem to be all concerning the problem of superfluidity, since 
abnormal growth of the de Broglie wave length may play some role in this phenomena. 

The similar situation may be true of the Fermi particles at immediate neighborhood 
of the Fermi surface. But the number of the particles which do not satisfy the require- 
ment for derivation of the Uehling-Uhlenbeck equation is far smaller than the number 
of the zero atoms in the condensed Bose gas. 

It seems noteworthy that the postulate of random a@ Priori phases plays a important 
role not only in derivation of the collision terms but in derivation of the streaming terms. 
This postulate is, however, unattractive, but is indispensable to the present stage of quan- 


tum-statistical theory of transport and irreversible processes. 


The author expresses his gratitude to Prof. T. Futagami for facilities given him in- 
the Kyushu University. This work is indebted to the Scientific Research Expenditure of the 
Ministry of Education. 
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This is a continuation of the previous paper of the same title.) From the view-point that our 
theory provides a new method of introducing the Lorentz transformation, some new kinds of E. O. 
are propounded. It is shown that one of these kinds characterizes the Lorentz transformation and 
another the Galilei transformation as their admissible relative transformations respectively. Some con- 
siderations on these results are made. Lastly this theory is applied to the E.O. of one dimensional 


space frame. 


§ 1. Introduction 


Recently the present writer and Ueno have proposed a theory concerning equivalent 
observers”. The present paper is a continuation of it. Since detailed discussions were 
made in [ 1 | concerning the importance of the concept of the equivalency of the obser- 
vers, the analysis of the characteristic properties of E.O. (abbreviation of equivalent 
observers), the relation bettwen E. O. and physical laws, etc., we shall not touch on these 
problems here. However, it is only with the connection between our research and the 
Lorentz transformation that we shall here concern ourselves. 

Various investigations have been made by many authors concerning the introduction of 
the Lorentz transformation. For example, we have the researches of Einstein,” Pauli”, Ignato- 
wski”, Iwatsuki-Mimura”, etc., and, recently, of Stiegler,” Ueno,” etc. In the investiga- 
tions hitherto made the linearity of transformation plays an important role in introducing 
the Lorentz transformation. In | 1 |, however, the transformation was introduced in quite 
a different way. First we assumed the form of the group of the frame transformations 
(, suitably. Then, we have, on the basis of the theory of the continuous group of 


transformations, introduced the Lorentz transformation from the condition that the relative 


transformations, that is the transformations connecting E. O. to each other,” form a group 


together with ©,. By similar methods Galilei transformation, the transformation con- 


necting the nebulae obtained in wave geometry, etc. were also obtained in [1]. In this 


sense, we may say, our theory provides a new method of introducing the Lorentz trans- 


formation. 
However, in [ 1 ], we could not introduce the E. O. characterizing the Lorentz trans- 


* In other words a relative transformation is nothing but the transformation stated in (b) of [1], 


§4. 
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formation as the unique relative transformation. We shall explain this more in detail : 
In [1 | we have defined two kinds of E.O., i.e, the E.O. of the first kind and the 
E.O of the second kind. The former admits as its relative transformations the Galilei 
transformation, the Lorentz transformation and the transformation between two observers 
whose relative velocity is proportional to their relative distance, and the latter also admits 
various transformations as well as the Lorentz transformation. It is difficult, in fact, to 
exclude the Galilei transformation in introducing the Lorentz transformation since the former 
is obtained as a limiting case of the latter. But as for the other transformations the above 
result is unsatisfactory from our standpoint in that our theory may be considered as providing 
a new method of introducing the Lorentz transformation. In this paper, taking such a 
circumstance into consideration, we shall introduce another four kinds of E. O. First we 
shall show that in order to introduce the Lorentz transformation it is most natural to 
deal with the E.O. of the third kind defined in § 2, and shall make some considerations 
about this result. Then we shall further introduce the remaining three kinds, of which 
the E. O. of the fourth kind characterizes the Galilei transformation as the unique relative 
transformation. Lastly we shall apply our theory to the case of one dimensional space 
frame and shall show that the dimension of the space frame has serious effects on the 


property of the E. O. 


§2. E.O. of the third kind 


First we shall write down the postulates for our E.O. given in [ 1 ]: 
(P.I) Any E.O. J/ is furnished with a three dimensional space frame S with 
origin 7 and a one dimensional time frame /, and can give one and only one set of space 


coordinates (1, , 2) and time coordinate (/) to any point event / to within frame trans- 


; 


formations. 


(P. IT) Any observer AZ can observe all other E. O. which are moving relative to JZ. 

(P. HI) The group of frame transformations (%, forms a continuous group of trans- 
formations together with relative transformations. 

(P.IV) If JZ and J’ are any two E.O. they make radial motions relative to 
each other and, furthermore, if .J7 observes any point event / on the straight line 17/7’, 
then 17’ also observes the event /’ on the straight line 17’ JZ independent of each time 
coordinate ¢ and /’. 

Of these postulates, (P.I), (P. II) and (P.IV) are the same as those given in [1], 
but, for convenience’ sake we have slightly modified the expression of (P. IIT) using the 


term ‘relative transformations ’. 


The E.O. of the first and the second kind treated in ex | are the E. O. whose 


groups of frame transformations are given by 
(Ri Neie: (ya mies @) vand £CR Reales) (2-1) 


respectively, where X,, 7, (a=1, 2, 3), and VU, the same notations as in [1], give the 


rotations of space-frame, the translations of space frame, and the translation of time frame 
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respectively. Now we shall define the E.O. of the third kind by the one whose (S, is 
given by 


&, : Wire on Neg la, Lo L530 5) 0D (272) 


where 


D=+£0,+/0,+20,+10; (2:3) 


gives the dilatation of the space-time frame. 
Hence the only difference between the E.O. of the third kind and that of the first 
kind lies in the fact that former group of the frame transformations contains /) while the 


latter group does not contain /). For (2-2) it holds that 


CRs; R») => evi R x Cis T;) — CRS OD) —? ( dos UV) — Ras D) == (0), 
ee ' “ ; (2-4) 
(Ray T,) =€°'T,, GgD)=Ty CP) =, (AE Ie Dy, Be 


As is easily seen, the special Lorentz transformation forms a group together with the 
above , and the same holds for the Galilei transformation G. Now we shall consider 
the converse problem: Is there any relative transformation connecting the E.O. of the 
third kind besides these two transformations? The answer is given by the following : 

The most general relative transformation between two E. O. of the third kind ts 
given by the following two types to within the frame transformatton . 

[a] Z,2.¢ P,=td,+mxd,, cycl.,* (m being a const.). In this case ut holds 


that 


(P,; P) — mer hess (CRs; IE) — eae [ee (ez Py = Tie ; 
(2733) 


(Te, Bs) ne onl COM AAT 
bb) Gs 7.6. P=. cycl., and it holds that 
(P,, P,) =(Ly Pr) = (D, Pa) =9, (Rav Po) = EP (U, Pa) = Le (2-6) 


which is obtained by pulting m=0 in (2-5). 
Here we have used the symbol / especially to denote the special Lorentz transforma- 


tion when the physical meaning of its parameter is not under consideration. Accordingly, 


Z and the special Lorentz transformation are quite the same mathematically. To prove 
the above we have only to establish the condition which is necessary and sufficient in order 


that the eleven transformations X,, T,, U, D and P, may form a group, and then to 


solve it, as was done in [1]. The proof being somewhat long we shall only give its 


summary in the Appendix CL). 
From this result we know that the admissi 
Wands Gao On. the other hand, we have seen in [1] that a relative 


ble telative transformations of this kind of 


E. O. are given by 


transformation K of the form 


* he notation ‘cycl.’ means the cyclic changes of x, 7,2 and the corresponding changes of 1, 2, 3. 
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kK: e@,, cycl., (m being a const. = 0), (2-7) 


can exist besides G and Z for the E.O. of the first kind and that the relative velocity 
of the observers connected by this A is proportional to their relative distance. Now from 
the above result we know that this A’ cannot survive as an admissible relative transfor- 
mation if we add the dilatation D to the , of the E. O. of the first kind. Later in § 4, 
we shall determine the form of the group of frame transformations by which we can remove 


L further and obtain G as the unique relative transformation. 


§3 Discussion of the result obtained in § 2 


In this section we shall make some considerations about the result obtained in the 
preceding section. If we should succeed in introducing / by some method, then, at the 
same time, G would also be introduced automatically as a limiting case of Z unless we 
put some additional condition on the constant contained in Ll. This fact, together with 
the result obtained in the previous section, will suggest that it is most natural to adopt 
the E.O. of the third kind to introduce 7. In the following we shall consider the physical 
meanings of this result. 

One of the guiding principles of special relativity is the invariancy of the physical 
laws under the Lorentz group. The full Lorentz group is given by 


(Sc Te Lue Cate (Wee Te Desh (3-1) 


where L,, (@2=1, 2,3), denote the special Lorentz transformations in the directions of 
x,y and 2 axes respectively, and hence, mathematically, they are quite equivalent to /’s 
in the respective directions. The invariancy for /), the dilatation of the space-time frame, 


is not requested in general. For example, the equation for the meson field 
(0°/dx* + 0°/ay’ + 0°/d2*—1/c?-d°/d2?—K) $=0 (3-2) 


where « is a constant, is not invariant under /) though it is invariant under all the trans- 
formations of (S,.” However, the physical meaning of /) is as follows: The unit of 
the coordinates of the space frame is multiplied by some constant and at the same time 
the unit of the coordinate of the time frame is also multiplied by the same constant. 
Hence if we take into consideration the physical dimension of the constant « in (3-2) 
and adopt as the new « in the new transformed frame the constant obtained ftom x by 
multiplying suitable factor, in other words, if we introduce the transformation formula of 
« under /) suitably, we can say that (3-2) is invariant under D also. It seems to the 
writer that, in some sense, such a point of view is more natural than the usual one in 
which « is treated as an invariant number. Thus by making a similar consideration with 
respect to another physical laws we may say with good reason that the fundamental group 
of the special relativity is not @, but }G,+D\{. (Here it is evident that 'G,+D} 
forms a group.) If we take such a standpoint the result obtained in the preceding section 
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is not unnatural.* 

On the other hand, however, there exists a point of view from which one considers 
that the observers connected by the ‘ motions’, in terms of geometry, of the four dimen- 
sional curved space-time are equivalent to each other.” This way of thinking is that 
which underlies the relativistic cosmology”, and Moller called such a motion the generali- 


zed Lorentz transformation.!” 


Mathematically speaking, a motion is a transformation 
which keeps the line element of the space-time form-invariant, and all motions together 
form what is called the group of motions. Further it is well known that the group of 
motions of the Minkowski space-time is given by the (S, in the coordinate system in 


which the line element takes the form 
Os —dx’—ay—d2 + edt. (3-3) 


Evidently, D does not belong to this group, but belongs to the group of conformal trans- 
formations, namely the transformations which keep the equation ds°=0 form-invariant. 
Accordingly, the point of view which asserts the equivalency of the observers connected 
by motions and that which considers {@,+/{ as the fundamental group of special 
relativity are not the same, and there is much room left for investigating the physical 
meanings of their mutual relation. Here, however, we shall not touch this problem 
further. 

Lastly we shall point out an interesting property of the group (S which we have not 
touched in [1]. We shall explain this with respect to the E.O. of the third kind: 
Among sub-groups of ,, both {7,,U,D{ and }7,,U{ are invariant sub-groups of & 
but this is not the case for }R,/. Similar circumstances also hold for every kind of E. O. 
It seems to the writer that such a mathematical property is closely connected with the 
physical meanings of the frame transformations. At the present stage, however, we can 


not arrive at any definite conclusion. 


§4. Another three kinds of E. O. 


In this section, first we shall give E.O. whose only relative transformation is given 
by G, and further shall introduce another two kinds of E. O. relating to it. 
Now we shall call the E.O. whose (, is given by 
Ory Rien (4-1) 
where D=29, is the dilatation of the time frame, the E.O. of the fourth kind. Then 


we can prove that: 
The most general relative transformation between two LE. O. of the fourth kind 


is given by G (i.e. P\=10,, cyel.) and it holds that 


(R,, ) ese P, (ae as Ps) re Cay P,) =9, (VU, i) gs (D, ee) =f, Be 2) 


* Such a consideration is closely connected with Hoffmann’s research concerning the guiding principle 


of his similarity geometry.) But his opinion is not the same as the one stated here. 
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From this result we know that the (%, given by (4-1) is the group of frame trans- 
formations which characterizes G as the unique relative transformation. The proof of this 
result is quite similar to that used in § 2, so we shall omit it here. 

Next we shall call the E.O. whose group of frame transformations is given by (4-1) 
in which D is replaced by the dilatation of space frame D=+«d,+y0,+29. (or by the 
two dilatations /) and Dy the E.O. of the fifth (or the sixth) kind. For ) and D 


we have 
(R,, D) =(U, D) =0, (Ty, D) =T3 
(R,, D) = (TD) = (D, D) =0, (U, D) =U. (4-3) 


By calculating (/,,.D), we can easily see that the (, of the E. O. of the fifth kind 


ie. {Ry Ly U, Di does not form a group together with 7,. From this fact one might feel 
inclined to conclude that this , also characterizes G as relative transformation. In point 
of fact, however, this is not the case and we can show that: 

The most general relative transformation betweeen two E. O. of the fifth kind is 
given by the two types G and K, and it holds that 


eres - CRi, Py) eo” Pe lay Pp) ly Pag) a0 UO kia) ee ee ae ee 
(4-4) 
and for K: (Ra Py) =€ Pos(Tas Py) = (Pa P,) =0, (U, Pa) =mP, (D, P,) = —Py. 
(425) 
Next the most general relative transformation for the E. O. of the sixth kind ts given 
by G and 
P,= (1/2) @? =? 2") 0, +270, +420,, cycl. (4:6) 
for G we have (4:4) and 
(D, P,) =P, (4-7) 
and for (4:6) we have 
(Ras Po) = 6" Pi 1a, Py) SO eee. 
(D, P.) =Py (U, P,) =(D, P,) =(Py P;) =0. (4:8) 


Hence %)='R,, 7,,U,D} admits not only G but also A’ as relative transformations. 
Similar circumstances hold also for the E. O. of the sixth kind. 

As is seen in the above it is difficult to presume the relative transformations on the 
basis of the group of frame transformations. This is due to the reason that the condi- 
tion, £, (@== 15253) makea group together with (,’ is not so simple as it looks. 
In fact, an increase of a frame transformation means an increase of the equations to be 
satisfied by /, together with an increase of undetermined constants in these equations at 


the same time, and consequently it is not so restrictive as it looks. Lastly we shall point out 
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that we can also discuss about the invariant subgroups of (S concerning the three kinds 
of E.O. treated in this section as was done about the E.O. of the third kind in § 3. 


$5, Review of the six kinds of E. O. 


By the investigations of the preceding sections some group theoretical properties of 
G,L, etc. were made clear. Here, in order to clarify the mutual relations of the six 
kinds of E.O. hitherto considered, we shall give the following table showing their groups 


of frame transformations and their admissible relative transformations : 


Number of kind Group of frame transformations Admissible relative transformations 
L Ra, Ta, O lineal og 
3 | tee ere Ue, NW etcags 
4 Fa; Mes U7 D G 
5 TB eb B®) xa Re 
6 Tig ia U, Dd, D | Gs transf. given by (4. 6) 
2 R Many transformations containing 
a WESC! ke (Ac oetes 


(eek a ee ae a ae ee 

As is seen from the above examples, if we specify (S, the corresponding relative 
transformations are determined. Hence by designating diverse kinds of (, we can obtain 
various kinds of E.O. Though some general discussions were made in [ 1 | concerning 
the physical meanings of this fact, we can not say that we have made clear the meanings 
of the concrete results such as given in the above table. At the present stage, we can 
only give the following correspondence between the frame transformations and the physical 


properties of the frames. 
R,--isotropy of space frame, 77,--- homogeneity of space frame, 
U/---homogeneity of time frame, 
D-+-invariancy for the change of unit of space-time frame, 
Die “3 _ of space frame, 


Dome is £ of time frame, 


$6. E.O. whose space frame is one dimensional 


All the space frames of the E.O. so far treated are three dimensional. In this 
section, by giving an example, we shall show that we can also introduce similarly the 
‘linear equivalent observers > i.e. the H.O. whose space frame is one dimensional, and 
further shall point out that the dimension of the space frame has an important bearing 
upon the admissible relative transformations. In order to distinguish the dimensions of 


the space frames we shall denote the linear E.O. by (E.O.), “while the E. O. so far 
considered, by (E. O.):;- 
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Now, correspondingly to the four postulates for (E. O.),, we shall put the following 
foes (BiG). )it 

(P.1), The same as (P.1), with a proviso that the space frame is one dimensional 
and that the space coordinate is given by +x only. 

(P.1I,), Any observer JZ can observe all other observers, and 

(P. II,,), they are moving relative to JZ 

(P. Ill), The same as (P- IIL).. 

These postulates are the same as the first three in § 2 if we ignore the difference 
between dimensions of space frames, and as a matter of course the one corresponding to 
(P. IV). is unnecessary. (P.II), is divided into two parts for the following reason : 
As was seen in [ 1 ], the condition that the observers are not at rest relative to each 
other plays an important role in determining the relative transformations of (E.O.),. On 
the other hand, in the case of (E.O.),, we can easily determine the relative transforma- 
tions without using this condition (P.II,), and further the result obtained is of much 
interest as will be seen in the following. This is the reason why we divided (P. II),. 

As was the case of (E.O.),, we can obtain various kinds of (E.O.), by designating 
diverse kinds of (S,. Hence the first question to be answered is what kind of , we 


have to take. As the first trial, however, we shall tentatively take the (S, corresponding 
to that of the (E.O.), of the third kind, that is 


eae fy Ogs Oe, uly, roe (6-1) 


In other words, we shall require the homogeneity of the space frame, that of the time 
frame, and the invariancy for the change of the unit of the space-time frame. For (6-1) 


we have 
(7, 7) =0, eds bes (U, Dy =a. (6-2) 
Then we can easily show that* 


When W, is given by (6-1), the most general group ®& for the (E. O), satis- 
fying (P.1);, (P.[T), and (P. IIT), ts given by 


p= ( px + fot + ps) ast (9.4 + got +93) oF (6- 3) 


where the p's and q's are arbitrary constants. Hence & coincides with the affine 
Sroup in (x,t)-space. Sy is an invariant sub-group of ©. 

If the (E.O.), satisfies the remaining postulates (P.II,), further, then by removing 
suitable frame transformation we have 


P=10,+ (px+qt) d, (6-4) 


where f# and g are any constants. The procedure by which (6-4) is obtained from (6-3) 
is as follows: First we make a displacement of the space frame of J7/ so as its spatial 
origin may coincide with that of JZ’ at ¢=0 (JW’ being the observer connected by P 


* The outline of the poof is given in the Appendix (2). 
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with the original observer 7) ,next a dilatation of the space-time frame of J/so as the 
scales of both space frames may coincide at ¢=0, and lastly a translation of the time 
frame of JZ’ so as the ¢ coordinate corresponding to the event ‘=x=0O may become 0. 
Then the transformation between both observers is given by (6-4). 

In spite of the fact that the (E.O.), above treated is the one corresponding to the 
(E. O.), of the third kind, the admissible relative transformation (6-4) contains a term 
corresponding to D as well as G and J, contrary to our expectation. Furthermore this 
transformation has an interesting property which we shall show in the following : 

We postulate the invariancy of the light velocity as a physical law to be satisfied by 
the (E.O.),, and formulate this in the following form in order to obtain its mathematical 
expression : 

[At] ([A7]}): An event #*(Z7-) of constant velocity c(—c) relative to M has 
also the same velocity c(—c) relative to J’, where c is a positive constant. 


By expressing this mathematically we have 
[A*]: If dy/dt=c then dx'/dt'=c, 
[AT]2 iss, =—c> 5 »y =e, 
If we apply these conditions to (6-4) we have 
c(fe+g)=1, and c(fe—g)=1 (6-5) 


respectively, and P becomes 


P=10,+ (4/c’) d,. (6-6) 


Thus the special Lorentz transformation is obtained. 
Though this result is quite natural it is to be noticed that we can never obtain the 
Lorentz transformation (6-6) by using [A*] alone or [A™] alone. For instance, if we 


apply [A*] to (6-4), we have 
P=10,+5 (A/e—¢g/c)*+qthon (6°7) 


and this transformation never satisfies [A~] so far as g= 0 holds. (6-7) is a linear 
Eombination of (6-6) and O=(¢—x/e)0, ‘The finite form of Q is given by 


ath=x, C=a/e+C—4/c)e, (6-8) 


where ct is the parameter of the transformation, and the velocities +c and —c¢ for M 
correspond to +¢ and —c(2e*—1) for i" respectively.* The reason why such a circum 
stance is not the case for (E.O.), is that the group of rotations {R,{ is contained in 
every (S, considered by us. , 

By the above discussion it is clear that there is a great difference between circums- 
tances for (E.O.), and (E.O.),; Asa further example we shall consider (EB, On qacom 
responding to the (E. O.), of the fourth kind which characterizes G. For this purpose 


* Jt is to be noted that under the condition that ds?— =dx2+c2d/2=0 is kept invariant, this trans- 


formation Q can not survive. 
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we shall take G='37), VU, D,=10;}. Then the general form of the relative transformation 
is given by 10,+mfd, where 7 is a constant, and this transformation is G only when 


m=O. 


Appendix 
(1) Proof of the result obtained in § 2. 


Since the computation necessary for the proof is rather lengthy, we shall only sketch 
its outline in the following. As in the proof of the theorem 1 of [ 1 |, the condition 
that R,, 7,, UV, D and P, form a group is that the Poisson operators 


CERI AC EM Aral Oia cris RENE TE Oory PCW as SE One Be 
GD; F) 5 Gen, Py) (A-1) 
and those obtained from (A-1) by the cyclic changes of the indices 1, 2, 3 be expres- 
sible as linear combinations with constant coefficients of the initial eleven operators. As 
in [1], if we put 
P,=a,0, + Py +710.+ 9,0, Pr=720, + a0, + 8.0. + 9:0, 
P;=6302 ot 30y + a30,+ 00,5 (A x 2) 


where @,=a(1x,9,2,7), P= (y,2,4,¢), etc, then from one operator of (A-1) we 
have four partial differential equations of the first order concerning a,-:-,0 with 11 
undetermined constants. We shall denote 9 sets of the differential equations thus obtained 
by £,, Ly, +++,/% respectively. Thus we have 132 equations with 99 undetermined constants. 


Next we substitute into these equations the concrete forms of the Poisson operators : 
(U, Py) =a,8.,+ BiOy+T:8.+ 680 > 
(Ry, Py) = (Ry a). + (Ri8,— 71) 8y + (R, 71+ 8) 02 + (RO,) 9,,°° 
Bgl) uct at aaah a ee ee (A-3) 
(D, P,) = (Da,—a;)0,+ (DB:—8,) 0, + (D71—-71) 8 + (DO, — 0,) Oy 
Then, for example, the equations obtained from (X,, ?,) of F, are 
RP =A,Aly+ Onis + CoB, —fot + Gye + Ly + Uy, 
Rip A = A, 89 + 6,0, + Cy — IV + Cy¥ + Mm, + 02, 
Rey + 7 1=Azyot Offs + 6,0, — CF +f +i; + UX, (A: 4) 
R,0,=a,0,+ b,03+6,0;+ p+ Unt, 
where @,, +++, /; are undetermined constants, and those obtained from (D, P,) are 
Deby — y= A0, + Dep + CBs —fye +. Jy VAL, + tg, 
DE. —B.=4,8 + OQ + C73 — Yu % 4 Ce + lg tg; 
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Dy 7 =A 1 HO ot Cog — lg VAX Hg + Ue, (A-5) 
DO, 0, = A060 9+ C605 + Pg + Mel, 
where @,, °-:, 7%, are again undetermined constants. 
As in ee i using 
(430.0; 2) —=7 (4, 0,0, 7) 0, (0, 0; 0,2) = const.; (A-6) 
we have from &,, 4, and EZ, 
a=o+t—4, 4, h=xypt+20—uy, W=x2p—p9—Ug, 0, = XO —f,— Up 
Ce) 
where 9, T, 6 and o ate any functions of 7 and /, and wu, and /, are any constants. 
Then denoting ,—~,V +7, by P, anew, we have 
P,= (#720 +17)0, + (4yp +2) 0, + (zp —y9) 0, + 109,. (A-8) 
For this P, it holds that (R,, P,) =<" P, and &,, &,, &, are all satished. 
Substituting (A-8) into ,, we have 
PHUy T=Pot ust, Ugh! /1P=0, Agly=OyMy=Cullg=0, 
AD + Co=60 + fr=CIAGo=0, At tlo= bet + MgCl + y=, 
ao=boc=co=0, 0=0(), (A-9) 
where ao, Jo, +++, %: ate arbitrary constants. From (A-9) and the remaining equations it 


follows that : 
(i) When o==0. Denoting P,—v,Ry—vVeT,, where v, and v, are constants suita- 


bly chosen, by P, anew, we have [a | of § 2. 
(ii) When o=0, i.e. when p.=%%,=0. By denoting P,—v,/;, where v; is a con- 
stant suitably chosen, by /, anew, we have [ b ] of § 2. 


(2) Proof of the deduction of (6:3) 
Again we shall give the outline. For the P given by (6-3) it holds that 


LE, T) =—-(Ai+a7): P, DO) =—(AT,+90), (PED =f G30 
(A+ 10) 


Therefore (6-3) satisfies the required condition. To prove the necessity of (6-3) we 
have only to solve the equations obtained wftom. thesvcondition  thateCR, 74)a.(42.0)5 
(P,D,) be linear combinations with constant coefhcients of 74, U,.D, and PF. If we 


put 
p=é'9,=6'90,+F 9, , (A-11) 


we have 


— (P, T,) = (0:8) 92+ (0,5) 0» — (PY) = (85") 0. + (05°) A » 
—(P, D,) = (#061 + 108'— 6") 9, + (70.5" +106? —£") Or, (A-12) 


by using which (6-3) is easily obtained. 


140 H. Takeno 


References 


1) Y. Ueno and H. Takeno, Prog. Theor. Phys. 8 (1952), 291. Throughout the present paper we 
shall cite this paper as [1] and shall use the same notations as those in [1]. 

2) A. Einstein, Ann. der Phys. 17 (1905), 891. 

3) W. Pauli, Relativitdtstheorie, Leipzig (1921), p. 556. 

4) Y. Mimura and T. Iwatsuki, Journ. Sci. Hiroshima Univ. 1 (1931), 111. 

5) K. D. Stiegler, Compt Rend. 254 (1952), 1250. 

6) Y. Ueno, Prog. Theor. Phys. 9 (1953), 74. 

7) M. Ikeda, Prog. Theor. Phys. 8 (1952), 382. 

8) B. Hoffmann, Phys. Rev. 89 (1953), 49. 

9) H. Takeno, Prog. Theor. Phys. 10 (1953), 431. 

10) H. P. Robertson, Rev. Mod. Phys. 5 (1933), 52. 

11) C. Moller, Zhe Theory of Relativity, Oxford (1952), p. 322. 


141 


Progress of Theoretical Physics, Vol. 12, No. 2, August 1954 


Reduced Widths on Collective Model 


Shiro YOSHIDA 


Research Institute for Fundamental Physics, University of Kyoto 


(Received May 17, 1954) 


The reduced width is calculated on the basis of the collective model. The two extreme approxi- 
mations, weak and strong couplings are adopted. The weak coupling approximation predicts its 
magnitude similar to but a little smaller than that predicted by the individual particle model. On the 
other hand the strong coupling approximation predicts a very different value from that predicted by the 
single particle model. We have treated only the case in which the compound nucleus has one or two 
particles outside the core. It is shown that the experimental data of the reduced widths of light 
nuclei lie between those derived on the two extreme approximations. 


$1. Introduction 


The width of a nuclear energy level of compound nuclet is considered to be decomposed 
into two factors, one being the penetration probability which depends only on the wave 
function in the outer region of a nucleus and the other the reduced width. In the case 
where the nuclear reaction does not pass through the compound state, as in @p stripping 
reactions, the cross section can also be expressed in terms of reduced widths. Although 
there is a distinction according to whether the level is virtual or bound, reduced width is 
in either case determined by a kind of overlapping of the wave functions of the compound 
or final state and the particle state which is smoothly connected to the state at infinite 
separation of colliding systems. 

Weisskopf” and Wigner? have treated the reduced width statistically and obtained 
the well-known sum rule and the relation between the reduced widths and the level dis- 
tances. Their methods are useful to analyze experimental data independent of specific 
nuclear models but are not suitable to study individual levels in detail. For this purpose 
the investigation based on some models is desirable. 

Lane” has calculated the reduced width for light nuclei on the basis of the individual 
particle model. He has shown that the reduced width occasionally possesses a very different 
value from that predicted by the single particle model when the ordit of an incident 
nucleon is the same as that of the unfilled shell of a target nucleus and particularly when 
the extreme ZS or j/-coupling is not a good approximation. On the contrary, when the 
orbit of an incident nucleon is different from that of the unfilled shell of a target nucleus 
the individual particle model predicts the same teduced width as that predicted by the 
single particle model apart from a factor due to t-spins. In this case a fair agreement 
between theoretical and experimental reduced widths are found in light nuclei. 

In the individual particle model nucleus are considered to move in a common potential 


well which is formed by other nucleons and the interaction between nucleons outside the 
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core is considered to be a small perturbation, while the deformation of the core is usually 
neglected. On the contrary this deformation is taken into account in the collective model 
rather than the interaction between nucleons outside the core, and the success in the inter- 
pretation of low energy nuclear phenomena in terms of the collective model suggests the 
importance of the effect of the core deformation. Therefore it is likely that the reduced 
width can be explained more nicely by the collective model than the individual particle model 
in the case where the orbit of an incident nucleon is different from that of the nucleon outside 
core in the target nucleus. But the collective model as well as the individual particle 
model have been believed to be applicable only to low energy levels. Lane has, however, 
applied the individual particle model to relatively high energy levels with success that this 
gives unexpectedly good results. Encouraged by this, we are led to presume that the 
collective model may also be applicable to the relatively high energy levels. | Moreover, 
there are low lying levels of light nuclei which are considered to be the the collective 
mode of excitation, such as the rotational level. For these levels the collective model is 
more suitable than the individual particle model. Since these reduced widths are supposed 
to be available in future due to the development of theories as well as the accumulation 


of experimental data we think it worth while to study the reduced width on the collective 
model. 


In calculating the reduced width on the basis of the collective model, the two extreme 
approximations, weak and strong couplings, are adopted folloxing the work by Bohr and 
Mottelson”. The weak coupling approximation gives us the reduced width similar to but 
smaller than that on the individual particle model, because of the deformation of a core. 
The strong coupling approximation predicts the magnitude of the reduced width considerably 
different from that of the single particle model even if the target nucleus is of a closed 
shell without nucleon outside it. When there are many nucleons outside the closed shell, 
these nucleons should be treated as the nucleons outside the core in the collective model. 
But we treat only the case where a few nucleons exist outside the core, because it is supposed 
that the present collective model is not yet so refined as to be eligible to a detailed calcula- 
tion in other complex cases. However the effect of the mixing of levels due to the de- 
formotion of a core is taken into account in the weak coupling approximation. 

Comparison with the experimental data is restricted to the nuclear reaction at light 
nuclei in this paper. The deuteron stripping data are not referred because the theory of 


this reaction is not yet so refined as to allow us a quantitative discussion of reduced 


widths. 


§ 2. Definition of the reduced width 


When an incident nucleon with spin o and orbital angular momentum / collides with 
a target nucleus with spin /, making the transition to a compound or a final nucleus 


state with spin /’ and specified by other quantum number /, the reduced width for channel 
spin s is given by” 


Me (/2myi"| xt hay fS (em 
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where , is the wave function of the compound state normalized in the internal region. 
S means the boundary which divides the whole space into an internal and external regions, 
and |, @S denotes the integration over the boundary S. (7 is the reduced mass of nucleon 
and % Planck’s constant divided by 27. The spin-angle wave function ¢,, is defined in 
terms of Dirac’s bracket notation as 


ba= >) (slim | I'M’) \sm,) |\lm,). (Zea) 


mm 
s 0 


In the above equation JZ’, m,, and 1 are the #-components of angular momenta TES & 
and / respectively, (s¢i2,7,|['IM’) is the Clebsch-Gordan coefficient.  |s7,) and |\/72,) 
represent the wave functions for channel spin and orbital motion respectively. |s72,) is 
further expanded as 


|s72,) =>} lo Mme,|sm,) 


dl Me 


[M)\oma,). (2-3) 


where J and 7, are the 2-components of angular momenta / and o respectively. 

As the collective model is usually described in reference to the 77-coupling scheme, it 
is convenient to express ~,, in terms of the basic wave function |7m;), that describes a 
state with total anglar momentum 7 and its 2-component 77; of the incident nucleon. This 


can be done by use of Racah coefficient WW” as 


eS ty) Wel, Sf) 3) (GMm\ I'M’) |LM)| jms). (2.4) 
i) 


Since the last summation in (2.+) corresponds to the wave function of a particle of total 
angular momentum 7 around the target nucleus, we denote it by 
$= 7M, | M) IM) |jm;). (2-5) 
a 


Mm . 


g 


Then the reduced width is expressed in a way suitable to the jy-coupling scheme as 


Me (J) 


Now we can obtain the quadratic channel sum of reduced widths by making use of 


1/2 


SW BED GY Wor f)\oXF Hy dS. (2-6) 
j 


the orthogonality relation of [I’’s as follows, 


Sya= 7 Sloat oy ah. (2-7) 
3 2Vined 

In order that this quantity is directly compared with experiments, the further reduction is 
needed, as in a current manner. The wave function of the compound state 1, may be 
decomposed into the single particle states which are connected at the surface S to the 
outer wave function of the nucleon with radial part 1/7-+% (7). Hence we can factorize 
the compound wave function Y, by the boundary value of the single particle wave function 


in which we are interested ; 
Wau lx (2-8) 


where a is the radius of the sphere surrounded by S and may be set equal to the nuclear 
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radius. %, has the unit amplitude at the surface and is defined in the internal region. 


Then (2-7) is reduced to 


9 


a pt ug, (@) |°O5 (2-9) 
Dai ast : FIA i( )| aj 


where 


O,s= [a * ob, dS (2-10) 


is dimensionless and provides the probability amplitude to what extent the single particle 
mode 4; appears in the internal state Y). This can in principle be obtained, provided 
ta(r) is known. The latter is investigated by Lane”, to which we shall refer in the 


following analysis. 


§ 3. Weak coupling approximation. 


First we calculate the reduced width in the weak coupling approximation, in which 
the wave function is given by Bohr and Mottelson®. Our calculation is restricted to the 
case where the number of nucleons 7 outside the core in the compound nucleus is one 


and two. 


CA) == 1: 
The wave function in the compound state* is given according to B-M (II, 11)” by 


P = N([| 7%3 00; LM") +5317"5 125 LM") (75 125 L"|))- (3-1) 
jr 


The first term in the right hand side represents the state in which a nucleon has total 
angular momentum 7” and a core is not excited, so that 7) =/'. The second term represents 
the state in which a nucleon with total angular momentum 7”’ couples with a core and 
one phonon of angular momentum 2 is excited so that the resultant spin is 7’. All 


these functions are normalized to 1. Normalization constant /V is given by 


WL es lord oe (3-2) 
j/ 


The expansion coefficient ( 7”’; 12; /’|) is given by B-M (Ap.T, 3) as 


eee! Pye pee SALEMe (3-3) 
2C hot Ayyn, 

wherc C is the deformability of the core, Aw the energy of a phonon, % the coupling 

constant, and 4;,,,, the separation between two particle levels of angular momenta 7” and 7”’. 

(7"\4\ 7") is the angular part of the matrix element of the interaction between the core 

and the nucleon, as given by B-M (Ap. II. 2). If we neglect the off-diagonal elements 

of (7"\%| 7"), the normalization constant is simplified as 


ta The suffix A which represents quantum numbers of a compound state is dropped hereafter for 
simplicity. 
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Nir es ee 5 (27’—1) (27'+3) 


= — . / 
2Chw 647 J’ (+1) aoe 


The spin-angle wave function ¢; is expressed for the ground and the excited states 
of a target nucleus respectively as 
$y=|73 00; I’ M’) 
(3-4) 
miele stay iT") 
The non-dimensional reduced width is easily obtained with the aid of the orthonormality 
of wave functions as 


6,=No5y (3-5) 
for the ground state of the target nucleus, and 
BN gs, Leib} Gyp 


for the state of /=2 of the target nucleus. The sum of @;’ over various target nucleus 


states and the angular momenta of the incident nucleon results in 
>167=1 (3-6) 
as it should be. This is nothing but the sum rule. 
CB). aaa 2 


The wave functions are obtained in a similar way to the case 7=1. Corresponding 
to (3:1), (3-2) and (3-4) we have 


ey il 7.773003 1/1") >) Sy pe Gs eid A fae (5) 3-125 Pode ocr) 
ju!’ jal! 8 
A Se SOP a eS); Isl (3-8) 
Gil /joll s 
and 
= DNs 005 7721) eS 12s fm his We Sil) 
mim je 
x | jm) Gi fmym| LM") (3-9) 


A > hw CAH Me RT 
21 Ee ab ards 2s tN Ae (3-10) 
IME 2] hot+d,, jy | 


N-?=1 | ree 12 7) 
fil 


In equation (3-7) the second terms represent the state with excited core and s is the 
resultant of angular momenta of particles. 

The interaction Hamiltonian between particles and a core, Hin, is the sum of 1 a 
and HY, the former representing the interaction between particle 1 and the core and the 
latter the corresponding one for particle 2. The matrix elements of H and H® can 


be obtained by expanding the wave functions appearing in equation (3-7) as follows : 
Vit fel (s)5 125 1M) = SE 2s+1) 25,41) PWG" s5 LH") LA’ 2 (sy) ja" LM") 


SY 2s$1) set I) EWU Al £2 sd AZ). G11) 
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Then the matrix element is obtained as 
Chl fel! (5) 3 125 L!M ine [FlJa's 003 LM") 
Poy) (26h 1) 25-1) POW (827 e553 LD! A) Ost O jarrgat§ fis 125 5} [713 003 71’) 
a7 S[ast 1) (25,41) PWG" fo" L! 25 850) O srg Dsajar (Jo 5 125 5lZ | 735 00395, 
$a 


On account of (3-3) the expansion coefhcient is expressed as 


1 h\ 71 ae Prntisa—ial 
12:77 Byes iggeda Bite salteesi 
Ore Je AGS) = [0 I 50114 folded iJ 


x [(2s-+1) 2+ EWA! 123 fl) (3-12) 


Devas [(2s+1) (27f +1) [PWT 2; 92) ] 
2! j2 mt 


Substituting the above equation into equation (3-8), the normalization constant is reduced 
to 


_9 how Ss (ii \ALy \ 
iV’ =1-- = 1 tie 254-1) (2 DW? WTI. 
2G s pa PIE hot+ Ay (us |? ( ) ( ap he ) bi fs I hey ’) 


0 |Z ’ 
+ SEED beast 1) apt tay WHELs G2 


ja! gal! 


+ 2SPVAD SZVAED (yeast ay @j'+1) +)! 


x Wigeiyt 23 Sf) WF sT'2 3 So) | (3213) 


—14 p20 ex (A ALY) +32 | | (Fe lA 72") er) (HAW) (Fe |Al72) 
2C 8" hot Aggy | dt | ROA AN jargon hw ho 


«(27 +1) (27 +1) PW G25 Je) |] 
By using the equations (3-11) the wave function (3-7) is expanded as, 


P=N"| 71 fos 00; L’A4') + SYST (25-41) (25,41) |? Ws270"'s3 [7 
ne uly Fie) 


gil! jal!ssy 


x [2 (ssf) (AiG (5)3 125 FY] 


which together with the equation (3-9) give the reduced width as 


Rha 
9)=NN [ns Basu + Dis 25+ DL GAAD (Bil +1) 8 (—) 3894 


y, Wy, "TI9 : sf) W Gi ito. s) may CHV jy" ) (MIA) 
hot+dyjn ho+d 


jaja!’ 


B po ho 


ae aon les+ 1 (QAaT (2p +1)]2(—) Ute e 
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: om] si 7 
x Wf L!2s sf) WO 7T'2s sf! SAG) hs a2. ca 
LIK Ue ) J a ) hot Aggy ho+d, ; 


ja! 


ars < DDO TMA & rie AV Ree eel te Lied es 6 
SIVIN | Os 7.3 Osseo Oda s Otysit PECAN Saye 21— J—Ja 
[ ji3 jd2 Aad golg “gud >| Fob in i) 
oe oy copia. ¢ oh KAA) (ae lALZ) 
ST eI) CIAL 7, ee APA | 
WE Rar Cs AUN al AOLS Se rere Reed tehbs a oh 


When the c-spin is taken into account, the wave function in equation (3-7) must 
be symmetrized or antisymmetrized with respect to the exchange of particles and the redu- 
ced width 0; obtained above must be multiplied by factor “2, and further by the factor 
1/2 when the z-component of the c-spin of the compound state is 0. In_ particular 
Sese 7, 7, —7,,=jz =) the sum over~s in equations (3-13) and (3-14) should be 


restricted to odd or even number, in order that the wave function of the compound state 


is symmetric or antisymmetric. The equations (3-13) and (3.14) reduce to 


Ge voNNi fr eee | MID {1— (27-41) Wiggs 1'2)}] (3-15) 
Pd XO) 
Nita + 2e2% | SAD | (27-41) WGA 1'2)} (3-16) 
204) hw 


We can prove the following sum rule 
pS, = 


where the sum must include the excited states of the target nucleus as in (A). 


§ 4. Strong coupling approximation 


The wave function of the system in the strong coupling approximation is, according 
to B-M (II. 15) 
v= 98,7), fA) Flas Drs tor Die} AD) 
a 87" V2 
where o'(/3, 7) represents vibrations, Dig is the eigen-function for the symmetric top 
and describes the nuclear rotation state which is normalized so as to give the unitary 
transformation from the coordinate system fixed in space to that attached to the nucleus 
under consideration. Thus” 
87" 
[\DudaR=— (4-2) 
‘ 2 
M and K are the components of spin / with respect to the 2-axis of the fixed and the 
nuclear coordinate systems respectively. Yur describes the nucleons outside the core in the 


nuclear coordinate system with 2’ being the sum of the z-components of nucleon angular 


momenta in this system. This is expressed in terms of individual particle states : 
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to= 7 D+) 22) she) (4-3) 


where £2 Das, The summation in equation (4-3) must be carried out so that ¥.’s have 
t= al 
an appropriate symmetry character for particle exchange and the Pauli principle be satisfied. 


The normalization for 7. is appropriately chosen so as to satisfy equation (2-8). Y-a 
is introduced for the whole system to have symmetry character for the exchange of the 


coordinate axis and given by 


B= (—) 79S) 4 to, (1) gn (2) on (2). 
nu! 


The symmetry character for the exchange of axes further implies that 
K'—-2=0, +2, +4,-- (4-5) 


Now we can construct a wave function ¢/; as 
y= ) f+ 1 DL te Dy bn (GMM ~MIM) (4-6 
$= D9 (8.7), Sank Vy te uRety%-oY n-K} Vr—u (AL |7'M") ( ) 


where 74;,_x describes the incident nucleon in the fixed coordinate system. If the wave 
function in the nuclear coordinate system is denoted by 73, that in the space coordinate 
system 7j;;-4 is expressed as 
ier m= DD 4r— as 7; (4-7) 
s 


Now we are ready to derive the reduced width as 


— ¥ (2/'+1) (2/+1) 
167° 


x Diy, HE GMM! — M I'M’) (4-8) 


Dp OS Ae Diu tz or Dit x} {YoD ux +¥- oD4y- xt 


This can be reduced by using the formula for the representation of the rotational group” 


81° 


| Dinx Diyas Dit R=, nore GMM — MLM) IKK — KVI'K') 


(4:9) 


to 


tf Zi I : ete 
y= fH Ly rel {Vata meat arts alae o-oF2 wrx} U(7KRK'— K|I'R’) 


+ Alita n + (=) "(twit ve) KK KK}, 4-10) 
There holds 
Q!— K'=90—K=0, 42)) 44..:: (4-11) 


due to the conservation of the <- “component of angular momentum in the nuclear system 
and (4-5). 
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Tas the special cases = K'—=0 or G=K=0, expression (4.10) turns to be 


tit ied Bae aes Aeris eS 
=F uf Batt lool tate turk at (—) yt Zu ze} GRR) 
for {’==K'=0 (4-11’) 
1 (art | , nite ee ee 
7.= oS rk {\ yk z, Wiad! Ly, % / 
py oot lool (futicurtet (I [iis to 12a) GOK 'K) 
Pp meas k= 0: 


In the case of 7=3/2, a special treatment is necessary because # is not a good quantum 
number. For simplicity, however, we neglect here the effect of mixing of 2. 
We shall show a number of simple examples for the reduced width in what follows. 


CA 4=1, faa; -2=K=0 


From equation (4-11’) we get 


ele 20 +1 Ix \z ie aS: be ag [707 Ae 
Ba 75 (tty NatWest (78s CIOL) 


aa V2\ 99 iia [0) for even (4-12) 


To obtain the sum rule we take the quadratic sum of reduced widths over HE 
V6;S2y) (7—pllo)’, (4-13) 
g J=even 


where the summation of (7/—7/|/0)°. over 7=even is easily evaluated as 


> (y—plf0)*?=1/2 


I=even 


on account of the following formulae 

SUj-s\)'=1 

eee) (ii —7|10) =. 
Substitution of this into (4-13) yields 

3107S ie (4-14) 
(B) v=2, @=K'=0 L=K 


The wave functions for nucleons are 


torn = Je (ta 1-02) + (“YP 4-u 14 DL 


Yor=Y%a(1) Xm, (4:15) 


. . + 7 
where 7’ and 7 are t-spins of the compound and target nuclei respectively and ae and 
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; : : , : : : Re 
Ym,, are corresponding 7-spin wave functions. Putting these wave functions into equa 
ney 


(4.11’) we get 


6,= veh oles jee GK-K\I'0) (TtM,m,|T' My) for T’+'=odd (4-16) 
NV 2/'+1 


In the last Clebsch-Gordan coefficient ¢ and m, are t-spin of the nucleon and its 2-component 


respectively. This results in the sum rule 
SW ees2 (TtM,m,|T' M7’)? (4-17) 
7 


CB ypetarse dye | ee 0, PG 


With the particle wave functions 


tear = itl (1) 1h (2) + (—) A) 18 2) a! (4-18) 


Yro=(— ie fyi, (1) 78, (2) + (=) "788, AE O) ae, | 4180 


La= VD) Lig (4-19) 
{-0= (—)P Ayha (Dig (4-19’) 
we can easily obtain the reduced width as 
Y RTST (yest eee | 
Oo | =e *e UKs K\I'R’) (TtMym,|T Me) (4-20) 
MESES 


and the sum rule 
107s (TtMm,|T' M,')*. 


In the case 723 the particle wave function must be antisymmetric for all exchanges 
of particles, as in the case of the individual particle model, and the treatment becomes 


complex. We here only explain the treatment briefly taking the case ”=3 as an example. 
(Gye ees 


The wave function of particles 7. is expanded in terms of the coefficient of fractional 
parentage (c. f. p.) into various single particle states 


Lar=X (2/272)! fia. Dm Z (2,"2," ( T" 1») 2," Le) (2,72, (219) Q,/' in \} 2/2) 2.) Ih) 


TraQytlQoell Qs! 
where 7,’ is the resultant z-spin of particle 1 and 2, 2” QJ” 9, are obtained by 
making permutations to 4,/ Q,' Q. The c.f. p. (2, Qi (Ty!) iT! 2/2) 2ST!) 


can be calculated in a similar way to the case of atomic spectra following the method of 
Racah”. The elements which do not vanish are: 


1 1 
= OOD Wooo sili 
3 ( 1 ( ) a> | } 2 ey 2 
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3 3 1 1 
Co weap ee yee (O02 i000 sa. 
(2,251) Pr 1} 2,2.) =F (405 (1) 2, |} 2,00," ) = — + 
3) 3 1 1 1 1 
CORORGOOEA SONOS ae EO, (0) ge 1 0) Oy 
(1) i 1 >> V3 ( 1 9(0) $ =a a beta oe 2V 3 
1 1 1 
(2122, (0) 2x5 |} 222) = — 
(0) Oelmre 


If the overlapping of particle wave functions are evaluated by using these c. f. p, the reduc- 
ed widths can easily be obtained. But here we have explained only the method of the 
treatment and do not go into detail. 


§ 5. Discussion 


We will here compare the results obtained in the preceeding sections with those pre- 
dicted by the individual particle model and also with experimental data. First of all, it 
is easily shown that the individual particle model predicts reduced widths equal to those 
predicted by the single particle model apart from the factor due to c-spins in the cases 
n=1 and 2. The nuclear state in the 77-coupling scheme is determined for 7=1 and 2 
only if the resultant angular momentum is determined. Consequently the compound state 
is described by one single particle state. The result is the same in the LS and inter- 
mediate couplings. On the other hand in the strong coupling approximation the nuclear 
state can not be determined only by the total angular momentum but also by the other 
quantum numbers. Therefore a compound state is described as a superposition of various 
single particle states. The predicted reduced widths are smaller than those predicted by 
the single particle model. The weak coupling approximation has a nature intermediate 
between the independent particle model and the strong coupling approximation. These 
situations are shown in the following. 

The numerical constants C, Aw, & and others which appear in the collective model 
are evaluated by Ford” and by Bohr and Mottelson” on the basis of the classical hydrody- 
namical model. These constants are not always correct, as the quadrupole moments and 
the first excitation levels of even-even nuclei derived on these constants do not always agree 


with experimental data. But we shall refer to them, since the order of magnitude of these 


4,7 
constants seems to be correct : 


(A) 2=1 
The individual particle model predicts 
,=1 (5-1) 


without concerning the core deformation. In the weak coupling approximation of the 


collective model we take this effect into account and the reduced width is obtained from 
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equation (3.5) as 


a2—|1 ie Creu Gites (5-2) 
i 2Chw 64" 7(f+1) 


provided the contribution from the mixed orbits is negligible. The constant °/Chw which 
appears in equation (5.2) varies approximately from 8 to 20 with the variation of the 
atomic numbers A. These numerical values are tablated in Table 1. It is clear that 
;,,=1, because the single particle with Pei does not couple with the deformed core 
of angular momentum 2. In the cases 7->3/2, this coupling makes the reduced widths 
small depending slightly on 7 and d. 

On the contrary, the strong coupling approximation predicts the reduced width which 


fs 2 
6; =— i 
2 Tak 


In Table 2 the numerical values for these reduced widths are listed. Numerical calculations 


depends strongly on /, 


Ix 


(5-3) 


based on the constants used by Ford show that the overlapping integral |(y’*¢|* is ap- 
proximately unity over all 7 and A. 


Table 1. 6@;° in the weak coupling approximation for “=1. 


; : 1/2 3/2 5/2 7/2 9/2 
10 1 0.75 0.72 0.72 0.71 
30 il 0.75 0.73 0.72 0.71 
50 1 0.76 0.73 0.72 0.72 

100 1 0.70 | 0.67 0.66 0.66 

200 1 0.55 0.52 0.51 0.51 


iol? 


(B) Two identical particles. (72) 


As in the case of 2=1 the _ individual particle model predicts reduced widths 
independent of the spins /’ of commpound states. The explicit expressions for the reduced 
widths neglecting the mixture of levels are obtained as: 


ty 
J 
In the weak coupling approximation, the reduced width is given by 


a¢=2) 1+ fe ( 3 \ ar) a8) 
2Cho \ 642 J+ i} 


{1— (2-41) WOpiy;s T'2)} | 
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Pe hf Om) (27-1) (27-43), | k ( 5 \ (2j—1) (27+3) 
x{i+ : ey EI? wl hina aed 
| 2Cho oe SG+1) | pees JU+1) 

Matha (27-1) Wiggs 122) 5 (5-4) 


The numerical values of the reduced widths in the weak coupling approximation are shown 
in Table 3. It is seen that 0;’s, for 7 == 3/2 are rather insensitive to the values of 7 
and A. 

The results in the strong coupling approximation depend strongly on the spin of 
compound states /’. If we assume 2’=K’=0 and /=K=¥, then we get from equa- 
tion (4.19) 


2 41 (27) !P (2741) iy 
@. me xk 
tos ios) Nene 


: (3 9) 


The numerical values for A; in this approximation are listed in Tables 4 and 5. 


Table 3. 0;° for two identical nucleons in weak coupling approximation 


A=10 A=50 
eu | ‘ : se; 
RS W2de3/zes/2 | 7/2.) 9/2 ne heen ee pn Pee gee| aCe: 
I! ~~ Wes Pa 
0 PON, LEA RIB TS 1.8 0 201618 218) 1 8 ee 
2 TONLE wy P74 7 2 5 1.6 te ate 
4 Tete S 4 Tsu tse tG 
6 ie ale 6 15 | 15 
8 1.5 8 1.6 
| 
ens SE en ee eee 


A=100 A=200 

nl): See ee hk ER (oat ORME, ei SN ti, 

Cx7 178 sia |. S)2 VP F292 eta 3721 spaveaio tor 

digo 8 | ibe os 

0 Pari eit Be | ek ewk of Boel ods 0 200) Meio de.) seus be 

2 VAs |e 16. VOL 2 Maw LAW LSclet6 

4 re Te weirs 4 (Ohl 1 samen 

6 r4| 14 6 13 Wt 

8 1.4 8 1.2 
eet ene s, Sh na = Bhs ee 


Table 4. 0;2/|\ o*”oP for two identical nucleons in strong coupling approximation 


wes Z 1/2 3/2 5/2 | 7/2 | 9/2 
ees z: E 
) eZ 2 2 2 2 
m 2/5 5/7 14/15 12/11 
4 1/63 14/99 36/143 
e 2/429 3/143 
a 1/2431 
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(B’) Two nucleons. (“=Z) Table 5. | o’*oP for two identical nucleons 
j=5/2 and A=100. 
We assume that 2’/=K’=L0 and 2= 
K=TI. This is the case which appears often ia | 0 | 2 | 4 
in odd-odd nuclei. In reference to the ex- ; or i 2 | * ae | Re Fie 
plicit form of the Clebsch-Gordan coefficient €a/2 | es at re 


in the equation (4:20) we obtain 
a2=|S¢"*¢l elra ie (5-6) 


When the c-spin state is taken into account, it must be divided by 2 for odd-odd nuclei. 

We see that the predicted reduced widths in the strong and weak coupling approxi- 
mations ate considerably different. In particular in the case of the rotational states of 
even-even nuclei the strong coupling approximation predicts reduced widths which decrease 
with the increase of spins, whereas the weak coupling approximation predicts the same 
reduced widths for all values of spins. 

These reduced widths can be obtained from the @p stripping reaction data, although 
there exist inevitable ambiguities in the present theories that neglect the various effects 
which may be of importance. We presume, however, that the order of magnitude may 
make a sense and can be compared with experiments. We hope that many experimental 
data will be available. 

The reduced widths for light nuclei have been listed by Lane” and compared with 
the theoretical values deduced from the individual particle model. We have calculated 
the reduced widths for s and @ wave nucleons on the weak and strong coupling approxi- 
mations assuming that 71 or 2 according to the compound nucleus is odd or even 
nucleus. These results together with experimental data accumulated by Lane and the 
theoretical values of the individual particle model are shown in Tables 6 and 7. In 
column 5 the experimental values are shown and in column 6, 7, and 8 the theoretical 
value in the individual particle model and the weak and strong approximation of the 
collective model. For the s-wave nucleon the collective model predicts the reduced widths 
almost identical with those of the individual particle model in agreement with the ex- 
perimental ones. For the @-wave nucleon the individual particle model predicts a value 
slightly larger than the experimental one in many cases. Lane ascribed this trend to the 
sensitivity of the penetration factor to the choice of nuclear radius. But the experimental 
data have intermediate values between the ones predicted by the weak and strong coupling 
approximations. If the nuclear radius chosen by Lane is appropriate it would be conclud- 
ed that the deformation of the core makes the reduced width small. The experiments 
for medium and heavy nuclei would be useful for the test of the collective model. 


The author wishes to acknowledge to Prof. S. Hayakawa, Drs. H. Horie and T. 


Tamura for his kind advices and discussions on this work. 
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Table 6. Reduced widths of s-wave nucleon for light nuclei 


en Excitation | 

ucleus | See) | Spin | Reaction | 0 cap ina CO weak image: 
Be? ~6.4 1/2, 3/2* Liv+p | ~0.9 1 (ie hel 
Blo 6.89 6) 52> Be?+-/ ~0.4 0.5 0:5 4.0.5; 0.4 
Ge 16.57 oa Bil+Z | 220.4 0.5 0.5 0.4 
cr 17.22 1- Buy nes 0.5 0.5 0.5 
NB 2.37 1/2+ Ck+2 1 1 1 1 
N'¥ 8.06 ii CLA 0.5 0.5 0.5 0.4 
Nu 8.70 0o- CB42 | >0.5 0.5 0.5 0.5 
O18 ~8.0 AU ea N+, 205 1 1 il 
O'% ~9.8 2 3/2 N+, >0.5 1 1 z 
ol 13.09 {= N4+4 0.4 0.5 0.5 0.4 
FA7 0.54 1/2+ Olas at 1 1 1 


ee 


Table 7. Reduced widths of ¢-wave nucleon for light nuclei 


 ———————— 


Excitation f | ; i Se, 
Nucleus fo) Spin Reaction S\02jenp DLOj ana |210j?wearl— 7 
State (Mev) strong 
Be}? Weel 32 Be? + 1 1 0.8 |0.6~0.2 
BY 4.53 3> BU+2 0.7 1 0.8 |0.6~0.2 
N%8 3.56 5/2* CL+4 0.5 1 0.7 0.3 
cis 7.56 3/2* Clan 0.9 1 0.7 0.5 
Nu 8.90 3- C842 0.4 0.5 0.4 0.2 
N's 9.49 2,3- C42 0.3 0.5 Oana a ag 
or 1291. an N42 0.4 0.5 0.4 |0.2~0.1 
Oye 12295 la N5+2 0.5 0.5 0.4 (0.2~0.1 
O17 5.08 3/2* Ol} n 0.5 if 0.7 0.5 


1) 
2) 
3) 
4) 
5) 
6) 


7) 
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The general formal construction of potential in the field theory is given. It is constructed so as 
to conserve the normalization of the wave function, irrespective of the switch-off or -on of the potential. 
The potential is analyzed into its normal part and probability operator. The probability operator is 
shown to be related to the probability of the system staying in the same state as it does when the 
interaction is switched off. 

From the probability character of the probability operator, we can get a measure of the applicable 
region of the power series expansion of potential in the coupling constant. The intense meson cloud 
around the nucleon gives rise to strong singularities in the normal part of the potential, but, on the 
other hand, the probability of the nucleon to be bare becomes much smalier, and thus it turns out 
that the actual potential has a lesser singularity. Both potentials derived previously by Taketani- 
Machida-Onuma!) (T.M.O.) and its corrected form by Brueckner-Watson”) (B.W.) are shown to be 
two extreme cases in handling this probability operator, but the latter one is more appropriate 
qualitatively in many cases. The reasonable way of constructing the potential is given in the following 
paragraphs and the justification of this argument will be illustrated in a separate paper for the 
pseudo-scalar meson theory®) 


§ Ll. General remark 


There are various ways to get the field theoretical potential, most of which give the 
same results in the so-called static approximation. The method of using the canonical 
transformation was first applied to this probelm by Moller and Rosenfeld in a general form 
and developed by many authors”. This leads necessarily to the Taketani-Machida-Onuma” 
potential, as shown by Nishijima?. Several authors have also attempted to derive the 
potential from the scattering matrix; usually, however, this method has some very 
ambiguous points. Especially, the derivation of the potential needs the off-energy-shell 
matrix elements of the scattering matrix; But usually only the diagonal-energy-shell matrix 
elements are used expecting that the off- and diagonal-elements are not so different in the 
adiabatic limit’. The third one is due to Tamm and Dancoff” and formulated in a com- 


T The idea of this article had been reported by one of the authors (K.S.) at the International Confe- 
rence on Theoretical Physics held in Japan (1953, Sept.). The contents were read at the meeting of the 
Physical Society of Japan held in April in Tokyo (1954). 

Tt On account of this ambiguity, it is very dangerous to estimate recoil eects or non-adiabatic correc- 
tions from this sort of calculation. See also, I. Sato, Prog. Theor. Phys. 10 (1953), 323. 
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‘pact form by Brueckner and Watson”; this is called the non-adiabatic treatment. This 
method gives some correction to the above mentioned T. M. O.-potential but this correc- 
tion turned out to be only effective in the triplet even states in the case of non-relativistic 
ps-pv coupling theory”. In this treatment, however, the state functionals, on which the 
potential acts, are neither normalized to unity nor are orthogonal. Therefore the scattering 
cross-section derived by this treatment cannot give a direct idea about the potential which 
is defined in the usual scattering problem ; the switching off of the non-adiabatic potential 
disturbs the normalization condition of the state functional*. Such a cumbersome situa- 
tion does not occur in the method of canonical transformation. 

Nevertheless, the Tamm-Dancoff method has its greater advantage over that of cano- 
nical transformation, since it enables one to construct the potential not in the power series 
expansion of the coupling constant. 

We, here, want to analyze the problem of constructing the potential along the same line 
suggested by the Tamm-Dancoff method, but take into account of the correct normalization 
and orthogonality of the wave functions on which the potential acts. For this purpose, 
it will be sufficient to express the Tamm-Dancoff wave functions (on which the potential 
acts, i.e. the amplitude of the reduced Tamm-Dancoff wave functions) by some appropriate 
orthonormal wave functions. Then, it is found out that the potential in the usual sense 
which is derived in this way is composed of two parts. The one is the normal part and 
the other is the probability operator. The probability operator comes from the expression 
giving the Tamm-Dancoff wave functions in terms of the ortho-normal wave functions. It 
will be shown that the normal part corresponds to the two-nucleon analogy of the con- 
tribution from Feynman graphs which gives the expectation value of the self-energy and are 
not reducible to single-nucleon graphs, whereas the probability operator corresponds to the 
two-nucleon analogy of the self-energy contribution with mass subtracted”. The probability 
operator is intimately related to the probability of two nucleons not accompanied with 
mesons. 

In the T.M.O. or other perturbation theoretic treatment, this probability operator is 
also expanded along with the normal part. Thus, for example, the 4-th order potential 
contains a product of the 2nd order potential and 2nd order probability operator. If one 
takes into account the power series expansion of the probability operator up to infinite 
order, then its expectation value, i.e. the probability of the nucleons to be bare, should 
be less than one and posititive. I1 the ordinary treatment, however, this series is neces- 
sarily retained only to some order, and hence, for example, the potential, the 2nd 
plus 4th, is meaningful only at most in the region where the expectation values of 
this expanded probability operator is less than one and larger than zero. In order that 
there may exist such an applicable region at all, it is absolutely necessary to include in 
the probability operator the probability of two nucleons to be bare even in an infinite 


separation as well as the probability depending on the two-nucleon separation. The former 


quantity is divergent in any present theory without applying some cut-off method. Thus, 


* Hence, the potential obtained in this way is not Hermitian in general. 
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we are forced in this case to adopt the cut-off hypothesis about the higher momentum 
mesons to push our analysis further. We might expect that the potential of T.M.O. is 
constructed assuming the probability operator could be expanded in the power series and 
approximated by finite terms, which is of course the one extreme case of treatment. 

On the other hand, if one assumes the probability operator to be not so different 
from one, which amounts to the same assumption as in T.M.O., but here one does not 
use its expansion but replace this operator always by one, one gets the same potential as 
obtained by Brueckner and Watson” (B.W.). The fact that the term discarded in 
Brueckner and Watson’s treatment is related to the change of the probability of two 
nucleons to be bare can be shown in the following argument ; the potential constructed by 
reducing Tamm-Dancoff equations to the two-nucleon sub-space contains no intermediate 
states where only two nucleons are present; this corresponds to the contribution of the 


proper single nucleon self-energy (Fig. 1a). Especially the 2nd order graph (Fig. 1b) 


\ y — 
Tk ee 4 “| > 2 he) oz / 
yj fs 
a b c 
Fig. 1. 


corresponds to the 2nd order self-energy. But since this contribution contains the total 
energy of the system which represents the fact that two nucleons are not free, there remain 
some observable effects even after the static potential is subtracted which is independent of 
the total energy of the system; it corresponds to the mass subtraction in the single nucleon 
case (Fig. 1c). The latter procedure gives the quantity which is proportional to the change 
of the probability of the nucleon to be bare as has already been shown by Feynman”. 
Thus the neglect of the difference in Fig. 1c. corresponds to the neglect of the change 
of the probability of nucleons to be bare. We can see in this way that the modified 
T.M.O. potential obtained by Brueckner and Watson” is also an another extreme case of 
approximation. 

In the sinlge nucleon problem, the contribution 
of graphs such as given in Fig. 1c. is always bigger , . 
than other radiative corrections, e. g. vertex correc- 
pone (Pigin2). In the case of non-relativistic / i 
pseudoscalar meson theory with pseudovector cou-  % 4 
pling, (a) is 9 times larger than (b), and in the 
two nucleon problem the difference in Big ilcamis Fig. 2. 
large enough to give the difference betwen the T.M.O. potential’ and its modified form 
(B. W.). Thus, we must handle the probability operator more carefully, first because it 
is related to the probability of nucleons to be bare, second because it may give the largest 
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contribution when expanded.* As to the singularities of the potential, we see immediately 
that if the normal part exhibits a very singular character, then the probability of nucleons 
to be bare becomes also very small near the singular region of the normal part since the 
meson cloud is rather intense in this region, and so the potential may not be so singular. 
In fact, in the case of non-relativistic neutral scalar meson theory, the normal part contains 
singularities such as 1/7, 1/7”, ---, but the probability of the two nucleons to be bare 
also becomes smaller and smaller when the two nucleons approach together and there 
remains only 1/7 singularity in the potential. (In the case of neutral scalar theory, the 
probability operator simply expresses the probability). The usual perturbation theory expands 
the probability operator into power series and the potential thus obtained becomes 
apparently much singular than the real one, except in the above case where each power 
series cancels exactly. The B.W. method** does not take into account the decrease of the 
probability and so this treatment will also be sometimes misleading”. 

One could imagine the true potential to lie between the T.M.O. potential and its 
modified form (B.W.) from the above arguments, because the correct potential in the 
ordinary sense will be obtained by multiplying the probability operator upon the modified 
T.M.O. potontial, whereas the T.M.O. potential is correct when this probability is really 


small and can be expanded into power series. 


§ 2. Construction of potential 


The Schroedinger equation of the system composed of two nucleons and mesons is 


given by 
(4-H, =A? (2-1) 


where £ is the total energy of the system, //, the free Hamiltonian for the meson and 
nucleon field, and HY the interaction Hamiltonian between them. In order to solve Eq. 
(2-1) along the line suggested by Tamm and Dancoff®, we take a somewhat generalized 
condition for & in the limit H—-0; when H->0, ¥ is in a subspace 7 which is com- 
plete in some sense. For the purpose of constructing the nuclear potential, 7 1s taken 
to be the subspace with no meson which however contains a complete set of two nucleon 
wave functions. Introducing the projection operator V;, which has the property ; 
V,90=0 for P in 7; 
(2-2) 


20220 for P orthogonal to 7, 


eq. (2-1) can be separated into two parts ; 


* This is one of the reasons why the perturbation theory may not be applicable to the probability 
operator (coupling is rather strong in this part), though it is generally verified that this theory can safely 


be applied to the normal part at least in the outer region. 
+ We use here the “B.W.” method not in its original form but in the sense of omitting the proba- 


bility change, because in this way we can get the same potential in the 4-th order adiabatic limit, 
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(E-H,) V8 =ViHV. 8 +VeHO—Va)®, (2-3) 
(E—-H,) A—-Vz)¥ =(1- Va )AA—- Va) P+ A-Va)AVae . (2-4) 


Then, by our condition for %, we can solve eq. (2-4) for (1— V;)¥ regarding the term 
(1—I5) HV, as a source; the formal solution can be written as follows : 


Clan 2p) yen ener eke 1 _G~Vaa Vee: (2-5) 
| le eee 
E£— fy 
Putting this expression into eq. (2-3), we have 
(EAH) nb (pi ee V5 Vat , (2-6) 
dt =. 
1————(1— Va) 0 
E—f, 
with 
_— 1 Vs . (2-7) 
ee atts BET 


0 
The quantity in the bracket in eq. (2-6) is nothing but the potential in the nonadia- 


batic treatment given by T.D. or B.W.?. It should be noted however that the wave 


functions |7;>%’s are neither normalized to unity nor orthogonal, because we have from 


Sh Re Tap Be 


(P| Pj) =(Vebd Va— ——— 
1—H(1—V)- < 
“£,—A, 
x ‘ Vz | Ve¥,) =6,,. (2-8) 
1—_* (Va) 
E,—A, 


Thus the switching off of the potential of (2-6) changes the normalization of the wave 
function 177", and, as a consequence this potential is in general non-Hermitian and has not 
the usual property of the potential.” 

In order to obtain the relation between |”7;/’s and the wave functions in the ordinary 
sense, we first rewrite the relation (2-7) in a form independent of “4A”. This can 


be done easily by the iterated use of equation (2:1) and the result is as follows : 


PHfVi0 (=J(E)Va¥), at 


The situation is just similar to the case where one reduces the 4-component Dirac wave equation to 


the two-component one. If one does not take into account the normalization of the two component wave 
function correctly, one meets the well-known imaginary potential. 


On the Construction of Potential in Field Theory 161 


SE fiy —L7, 1—V; ; 


HPF, OCA 
(/(£)= et ey (2-10) 
; 1—lV- 
ja bee Ey Sf 
Ea fh 
Vn G= = VieGV,— =e Le RYAGYLe 
ie Das ” FT ties LIS a, eked 
Hy — 1, Pies lis 


(2-11) 


where G is an arbitrary operator. Supersufixed /7,'(=//,) operates only on [7 and 1’, 
with 7 omitted is an identity operator. Then, we have from eq. (2-8) 


(F.|PQ=VaP | Va SD Va | Va P ) = 8g. (2-12) 


Remembering that 7 spans a complete sub-space, we can define the wave functions in the 


ordinary sense as follows ; 


a Ty PN a) a on- (2°13) 
The equation for our wave function ¥ is from eq. (2:6) : 
Be fe Vai Sa SL) Vad (2-14) 


Then, expressing /(/) by / (since in the right hand side H/(4) Vn (/*/) Say, 
Beth) V0 =H /VeF)* 
Ey=VaJ* DV St et DD) Ve StS) Van 215) 
Hence 
(Bie \NUY 
P= Sve AAMT) Vaan, (2:46) 
where H,Y=VzH)V= is, say, the free two-nucleon Hamiltonian. The potential obtained 


in (2-16) corresponds to the potential in the ordinary sense. We can find the meaning 


of the operator / from the expression (2-7) and 
(DS WT Gs nl Weis rad ACEO a eB ia 49 Ok (et?) 


This shows that the operator /(/ ) involves virtual transitions only to states not in 7. 
Thus, it gives contributions from proper graphs in the S-matrix terminology. The poten- 
tial Vq(J*(t+H)/) Va may be called the normal part in this sense. On the other 


re 


hand, the expression 


* Jt is sof necessary to write /(/) in terms of /; the following considerations can be applied in the 


form (2.14) as well as (2.15). For clearness of discussion, we took the expression (2.15). 
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P\ Pa VeE RV ES as fe ee 


ae 


(d,; an arbitrary complete set in subspace 7’), (2-18) * 
represents the probability of the system to be found in the state 7 when the interaction 
is acting. Thus, one may call the operator 77 (/* /)~'V% the probability operator. Its 


expectation value gives just this probability. 
The above proceduce has the advantage to make it possible to separate proper con- 
tributions and the probability operator. The resulting potential is just the same as that 


obtained by the canonical transformation (when expanded into power series) . 


§ 3. The analysis of potential im static limit 


We now discuss the potential construction in the static limit. Denoting no meson 
sub-space by 0, we take [73 as 1%. The above obtained Schroedinger equation (2:16) 


becomes in this case: 


(B— He )¥=ay 


ga AS DEP ais Ve 70 ea aoe (338) 
with the state functional (from eq. (2-17) ) 
P=f/V (JJ) vy - (3-2) 


To obtain the power series expression for 7, we expand / (from eq. (2-10)) into the 


following form (assuming // is linear in meson variables) : 


t= LF, 1—V, 


j=|14 9_ FI + aren we ee 
|e Fike ¢ & Hi—H, H,' — Hy 
eee at 1—V, 
sos ae FP SO 
H\— —fH, V0 27, Hi —Fh 
i eed af 


— —~ —— — HV, VF a 
(eH) Hi) UL) V+ a+ (3-3) 
Then, the static potential can be obtained by ignoring //,¥ from the expression of v. In 
this approximation /7,' and /7,' appearing in eq. (3-3) are also neglected (because the 
state 0 is that of no meson, and //,' and #H,* become simply /7,;‘). Thus, we have 
after simple computations : 

ess (4,+7)/) Vo les.zs 

l 


As : at tH = H ee ait oe (3-4) 


= é 
z (bn) YD 33) be n| P= (I n¥\ IY, because of the presense of 17;, and Vr Jt/) 20 _ 


e(all s 


CLL >*} eT FACT A= 117 a te definition, 
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and 


[VY iE fs) me Vals. I.) 
Pride 


ae ae (3-5) 


(3 Ret J" 


where ( ),) means the matrix element in the no-meson state and can be understood as 


Operators containing two-nucleon variables. Thus we have 


[Lv |s.2z5=— : val Sonal 4 i 

=e (1 rac Hy ee wt) 
ony, 
Sey 


V, “0 1 
see = Sar eee er aa. |x a 
(3-6) 
where (S.L.) means static limit. We are now in a position to discuss the situation for 
the T. M.O”. and its modified (B. W.) potentials. 
First of all, we note that [V,(/*/)7'V] is the probability operator in the static 


limit and so 
(Leta | Vo * SJ) “Volie.ro | Xs.25) =1—Po.20 » Ga) 
is the probability of nucleons to be bare in this limit. Therefore the condition, 
Det ope de Oca rhe (3-8) 


should hold. If we expand this quantity appearing in eq. (3-6) into power series in 


the coupling constant, we obtain finally, 


TM. bel, cS 
Lv lier = sive Hw +(H ont —H, = 


AE 806, (3-9) 


The expression (3-9) is just the T.M.O. potential up to 4-th order. But, in order 
that this potential may be workable, the expansion of (3-7) should not contradict with 


the condition (3-8) : 


0 <{%s.29| 1- era Ms 3H Ju | Xe.00) <1, (3-10) 
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because in eq. (3:9) only the second order change in the probability operator is included, 
i.e. we have approximated it by its 2nd order. The condition (3-10) gives a measure of 
an applicable region of the power series of the potential expanded up to 4-th order. Of course, 
if one takes into account its expansion up to infinite order in (3-5), the condition is 
always satisfied, but if one uses the series broken at somewhere, then the similar condition 
to (3-10) should be imposed for the applicable region of this broken potential. Obviously, 
in (3-10) the dissociation probability which does not depend on the two-nucleon 
separation must be included; otherwise (3-10) gives rise to an apparent contradiction 
taieone!/ states where (We ee Vo_py Nae 0; and here, we are forced to take some sort 
(—M)* / | 

of cut-off hypothesis. Even if we assume a somewhat lower cut-off (e. g.~ 3/4), the pseudo- 
scalar meson theory with pseudovector coupling gives the potential which is not compatible 

es el ie 
with the condition (3-10) inside the range of 7 SS he 

“ 


On the other hand, it will be obvious that if we put 
[BU A) Je? 1, (3-11) 


then the potential becomes 


, 1—V, 1—V, 1—V, 1—Y/, 
Ti Hee Eee) oh At A eee oe (ee) 
aD = (Hamaguchi i ME oe Ta 
and just coincide with the modified T.M.O. potential (B. W.). The difference between 
(3-12) and (3-9) corresponds to Klein’s velocity dependent correction, but not exactly so, 
because Klein treated the problem with T. D. wave function, instead of our normalized wave 


function, and the potential obtained was 
1—V, ‘7 1 —V, 
Ue ( fp Pee ks AP Oh a 3-13 
[7] — (Het (HAH (3-13) 


and is obviously non-Hermitian in general, whereas our last two terms in (3-8) are Hermi- 
tian. The reason why the condition (3-11) gave the same potential as the modified 
T.M. O. potential (B.W.) was already given in § 1. Writing the omitted term explicitly 
in their treatment (4-th order) ; 


[im 1 (a7 waa as, 
n> Fy £—H, 


OS...) 


00 —— 


‘e V. cata zs by . 
me ( ff ——__? fy Al, Sy -14 
(eee yea), B14) 


it is easily seen that this corresponds to the self-energy subtraction, and so the quantity in 
the bracket is related to the decrease of the probability of two nucleons not accompanied 
with mesons.” The assumption (3-11) may be expected from the physical argument 
that the dissociation probability is not so large”. It may be said from this consideration 
that the modified T. M. O. potential would have some correct features in a limited sense. 
But the complete neglect of space dependence of / 
os (8. 


intense, 


’ns.r) 18 not relevant, since obviously 
7.) becomes considerably smaller when the meson cloud around the nucleons becomes 
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Thus, it turns out that the above two treatments are two extreme cases in handling 
the probability operator. That the latter standpoint is not always consistent was illustrated 
by Ruderman and Henley” by an example of neutral scalar meson theory ; with the normal 
part of (3-6) only, the potential contains singularities such as 1/7, 1/77, 1/r*,---and 9’, 
g',:- dependence, quite different from the exact solution which is of 1/r and g’ depen- 
dence. Moreover, the power series expansion of the probability operator may be also 
misleading in general as to the singularity, because from the expression (3-6) the singu- 
larity appearing in the denominator is not always cancelled in the power series expansion ; 
the rest gives too singular potential ; the neutral scalar meson theory is only an exceptional 
case. 

We are thus led to the conclusion that the probability operator (appearing in the 
expression (3-6)) should be treated separately. This will suggest to keep the probability 
operator as in the expression (3-6). In the case of the neutral scalar meson theory, (3-6) 


can be rewritten as 


pe {gue aay 
cancers a eal 
so Os or ee SH nt a), (3-15) 


and if one takes into account the probability of two nucleons to be bare (first factor in the 
right hand side of (3-15) in this case the probability operator just expresses the probability) 
up to 2nd order in the denominator and the normal part up to 4th, of, in general, the 
probability up to 2n-th otder and the normal part up to 2(n+1)-th order, one obtains 
always a correct answer. The condition (3-8) is always satisfied. This procedure will 
give the potential which is just between the two extreme cases, i.e. T.M.O.’s and of 
B.W.’s, and of lesser singularity. The actual problem will be handled in a separate paper 
with. this formalism ; the one illustration will be found in the case of charged scalar non- 
relativistic meson theory attacked from slightly different treatment”. 

It is to be noted here that the expansion of the probability operator (3-6) gives 
(3-9) and the difference between (6-9) (TMrO.) cand (3-12). (B. W-), ie. the last 
two terms in (3-9), is large enough to change the attractive potential derived by B. W. 
in the triplet-even state to the repulsive T. M. O. potential in the pseudoscalar, pseudo- 
vector coupling meson theory. The treatment suggested above however gives the potential 
with the same sign as the corrected T. M. O. (B. W.), because Pyis.z) is always between 
0 and 1; in this sense, the Modified T. M. O. potential (B. W.) is qualitatively correct, 
and the sign change above mentioned is due to the contradiction with the condition (3-10). 
Thus, we might expect the correct potential in this case has a lesser singularity (owing to the 
multiplication of probability operator) with the same sign as the modified T.M.O (B.W.) 
This expectation will also be justified by the fact that the correction to the change 


potential. : 
mesons present is larger than the other corrections such as vertex 


in the probability due to 
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correction, when the freedom of coupling of the nucleon and meson is large. (see argument 


concerning Fig. 2 in I). 


§ 4. Concluding remarks 


We have analyzed the potential constructed from the field theory which has the 
usual meaning of potential into its normal part and the probability operator. Our argu- 
ments lead to the conclusion that the probability operator is very largely affected by 
the interaction even more than the normal part. The potentials given by T. M. O. and 
the one corrected by B. W. are considered as two extreme cases in handling this probability 
operator. We met in the course of our discussion the divergence difficulties of the 
approximate expression for the probability of nucleons to be bare and are obliged to use 
some cut-off hypothesis. Without this hypothesis, the potentials derived would keep us from 
making any reliable analysis and interpretation. We expect this point may give rise to 
a new difficulty even in the present renormalizable field theory. 
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Recent experimental results on total z~-/ scattering cross section show that the broad second maximum 
exists at about 900 MeV. This high energy region lies above the threshold of the production of heavy 
particles, so that the radiative corrections due to heavy unstable particles to pion-nucieon scattering would be 
fairly large, as suggested by Yang, since the intermediate state exists in which the energy-momentum con- 
servation holds. Hence we calculate here the radiative corrections due to heavy particles to z~-/ scattering. 

Assuming A-particle is a spin 1/2 particle with isotopic spin 0 or 1 and 9-particle is a spin 0 or 
1 particle with isotopic spin 1/2, and introducing interactions (x V 4), (@ A WV) and (x A A) which 
are considered as strong interactions by the even-odd rules, we carry out the fourth order perturbational 
calculations. 

The results are as follows : 

(1) SE type S(S) corrections are larger at lower energies and they do not seem to be able to make 


the cross section larger in the high energy region. 
(2) SE type V(V) corrections have more desirable tendencies than in the S(.S) case, yet they make 


only the cross section flat at the high energy end. 
(3) V type S(.S) corrections have possibilities to raise the cross section to be compared with the ex- 


perimental values. 
(4) Considering that the radiative corrections due to heavy particles to z~-/ scattering are rather large, we 


might conclude that it gives us a support to the validity of the charge independence for heavy unstable 


particles. 


§1. Introduction 


The fact that the frequency of occurrence of heavy particles is about three per-cent 
of that of z-mesons” seems to indicate that the strength of coupling of heavy particles is 
of the same order of magnitude as that of 7-mesons. Hence we could not neglect the 
effects of heavy particles on pion reactions. 

On the other hand the recent experimental data on the total cross sections of nega- 
tive pion-proton scattering measured by attenuation using very high energy pion beams from 
the Brookhaven cosmotron show that, in ~-/ scattering, the broad second maximum exists 
at about 900 MeV of pion kinetic energy in laboratory system.” * 

This high energy region lies above the threshold of the production of heavy particles. 
Therefore, the radiative corrections due to heavy particles to pion-nucleon scattering would be 
fairly large, as suggested by Yang,” since the intermediate state exists where energy-momentum 


*) On the contrary, in the x~-# scattering, they report that the broad minimum exists in the same 


energy region. 
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conservation holds. Hence we calculate here the radiative corrections due to heavy particles 
to 7 -p scattering. 

At present we do not know much about the types and strengths of couplings of 
heavy particles as well as their spins, and so, concerning their isotopic spins, we adopt 
here the Nakano-Nishijima model,” according to which we assume that the A-particle has 
isotopic spin 0 (neutral theory) or 1 (symmetrical theory) and the (-particle has isotopic 
spin 1/2. Then we take interactions (7 V iV)**, (9 A N) and (xz A A), which are 
considered as strong interactions by the even-odd rules.”” 

The experimental data” suggest an angular correlation between Al-decay planes and produc- 
tion planes, which may mean that ‘-particles have large spin, but as the statistics are 
still poor and we cannot treat with large spin, we assume that the A-particle is a Fermion 
with spin 1/2 which obeys the usual Dirac equation and the @-particle is a Boson with 
spin 0 or 1. Further, in order that the decay process #—>7* +7 may be allowed, @ must 
have either even spin and even parity or odd spin and odd parity, so that we choose 
here scalar and vector theories for (-particle. 

The coupling constant of the interaction (7 V .V) will be designated as ¢ and those 
of (9 A N) and (a A A), which are considered of the same order of magnitude, as G. 

In this paper we carry out the fourth order perturbational calculations to estimate 
the effects to 7~-p scattering due to heavy particles, introducing the above three interactions 
phenomenologically. Of course, as is well known, this approximation gives extremely large 
S wave contributions at low energies and cannot be used at all below about 200 MeV. 


§ 2. Notations 


First, we summarize the notations and nomenclatures which will later be used frequently. 
There are three types of the possible lowest-order Feynman-Dyson diagrams which contain 
heavy particles in the intermediate states, namely, (1) Self-Energy Type, (2) Vertex Type 


and (3) Convergent Type, as shown in Fig. 1, together with the uncorrected lowest-order 
diagram. 


iii) 


CRAKE 


nucleon A-particle 


ae m-meson aa 0-particle 


sok ; : or . 
) Here M stands for nucleon, not neutron which is designated by 7 above 
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Next the various energy-momentum four-vectors and masses are denoted as follows : 


particle energy-momentum four-vector mass 
(in C. M. system) 
incident 77 CACACH Me 7 
final g(E(g). 8) p 
initial P(E(po)> Po) m 
final nucleon P(E(P), DP) m 
virtual / M 
virtual 0 R K 


The values of masses we adopt are 
m=1836m,, 
a 27 20 Mls, (m,: electron mass) 
M=2200 m., 
xk=1000 ™,, 


Other notations are quite similar to Feynman’s.” For example, P=, 7p» and 7p V+H7u 
= 20 uy, Oy=Om=0y3= —1, Ou=1 and =I. 
Wave functions of nucleon, 2-meson, A-and @-particle are denoted by ¢, ¢, FY and @, 


respectively. 


Here we must classify the various processes. The results are : 


Theory neutral theory symmetrical theory 
Type SE wf GC SE V C 
elastic 0 x x 0 0 0 
charge exchange 0 0 x 0 0 0 


(0: possible, X: impossible) 


In order to calculate the total cross section, we must, of course, consider all possible 
processes for each theory, this is, however, very hard to be done and, what is worse, C 
type can not be calculated for the symmetrical theory in a closed form (Ashkin, Simon 
and Marshak” calculated C type in the case of corrections due to 7-mesons in pion-scattering 
in the Thomson limit. But we could not find any suitable approximation in our case 
where the wide energy region should be taken into account.). Hence we pick up some 
of the above processes as typical examples and combine each of them with the uncorrected 


lowest order process to find the effect of heavy particles in each case. 
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§ 3. Neutral SE type 


Two interactions, 
(x N N): symmetrical Ps (Ps) 
(@ A NV): neutral S(S) or neutral V(V) 


are taken, that is, the interaction Hamiltonians are 


Flay =e 00) ‘H+, (3-1) 
Hyay =G E¢O+Herm. conf. for S(S) (3-2) 
=GVy,$9,+ Herm. conj. for V(V) (3e20) 


where bold letters are the vectors in isotopic space and dot means scalar product of these 
vectors. 
a) Elastic scattering (7 +f—-77~ +/) 
In this case there are two kinds of 
i) By diagrams as shown in Fig. 2 and the matrix 
elements can be put into the following form : 


Poto Ma=—°U(P) TisSe’ (Po + MH) ths ( ee 
3.3 


Pot% Pot o—k . 
Renormalizing mass and charge by the 
Pot 4 criterion that S,’ becomes S, for free par- 
& Go kh 7s ticle case, we know aCe to Benegensey 
Fig. 2. Gell-Mann and Goldberger®, S,’ can be 
written as 
ou py ees ec e CDP tM, ie) 
p-—m 47 p-—m 6 (n72*) 
2x (1—x —2X d 
4 2mx (- #)|a(l v) + ZI} (3-4) 
b(n") 


for S(S) and 
47 Jo 


p-—m p-—m re ) 
AOE a #) [ea are 4! 
:  (7n") i Saat 
Girne =p(1—2) +2M ‘OUP ) el aay : 
boos 52 | = ae 1 9 (Plog b(n) Biehl —mt*) 


—mix(1—2#)°+2mMx (1—x)]} 
for 1’(I”), where 
O( 2) =—px(1—4) + Wx +ie(1—2). 


The above parametric integrations can be carried out easily in the C. M. system, as 
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Karplus, Kivelson and Martin” have done. As the poles occur in the integration interval 
: [0, 1] of the parameter x above the threshold of the production of heavy particles (about 
800 MeV), we must choose the suitable contours to represent the outgoing waves in the 


residue calculations”. After the parametric integrations are carried out, S,’ becomes as follows 


Sn 2 
SKG0) 2504, — oe = 44 BPot do B05 
F (Po+Q) (et 2(ped? { ce eee } (35) 
where 
A=G+1H, B=D-+iF, (3-6) 


G and D can be represented by the combinations of various real parametric integrals, and 
H{ and F come from residues and vanish for energies less than the threshold of the 
production of heavy particles. 


Using the above S,’, we get, after the conventional spur calculations, the total elastic 
scattering cross section O24; 3 
as aes cereal eemeraesraerd i 
US nt LED) + E(qo) JL p+ 24 (Py) Ego) 
x | {l4le+ |B? [E(p) +E (go) J ha ef zis) = (3-7) 
Mm ; 


MW 


oO 


_ 2E(%) [Eo) + £(q) | Re (4*B) | 
me 
b) Charge exchange scattering (a +p—7°+ 1) 


In this case there are two more graphs besides those in Fig. 2 (Figs 3). Figs3.G)) 
does not contribute appreciably, and so we neglect (ii) here. 


i) ii) The matrix element is given by 
q P : 
at z 
Mann =— 87H Aras] —? —_+ 
Po-*—m 
Pa Sr (Do ap %) |raoe (po) : G3 ; 8) 
\ The total charge exchange scattering cross sec 
# 4 tion is 

Och, ex = see ay Oe ae O int GB ° 9) 


where o, corresponds to (i) in Fig. 3 and oy is the interference term between ja; and 
ce \ 
o, Their explicit forms are as follows : 


A m i [ 2a 28 (AVE) +H x 


E(f) + E(q) Ago: 


Cpe 
m 
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2E( po) ge) +2501 
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(3-10) 


2E (po) (G0) —Go— 


ye | 


T [2B (A) Eq) + 2d0— FIZ (Py) Egy) — 290 — 


) 
Wt 


Ang" | m | | 
a | Nera a aa eee eS 
> LE(po) + £ (9) [P+2E( py.) E(q) 


mM 


WW 


TICS ae 


+ | [P2420 | p—G} at ti) +4) + 2) EG) D— 


WM 


W 


= 28 (A) £(q) {| 2A) +200) P p+} | tag x 


og 2E(p)E (90) = -2Go Ta | 
2E (po) E90) — 2g; — 


Here D and G are those given by (3-6). 


(3-11) 


All quantities are those in C. M. system. 


Finally, the total cross section (elastic plus charge exchange scattering) o,, is given 


by 


F tot = SF elas ar Och ex* 


(3-12) 


§ 4. Symmetrical vertex type 


Here we take the following three interaction Hamiltonians : 


Hawx =8 $7739, 
FAlyyy =GE -t P+ Herm. con, 
ran =(—2)G(F x7,¥) 9 


(4-1) 
(4-2) 


(4:3) 


where bold letters and dot have the same meanings as in § 3 and the cross means the 


vector product. 


We consider elastic scattering only. Therefore two more diagrams given in Fig. 4 


appear besides those in Fig. 2 (i). 


i) il) 
Pp q P q 
p+q 
k k 
Po+% 
Po % Po % 


Corresponding to (i) and (ii) we get 
two same matrix elements J/(/) and M1(//), 
respectively, by consideration of isotopic 


space. 


M1) =(—-iag@ u(p) 


1 
fO+2 (Pod) 


[a VO) con, 
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ICT a \ a4 = toy, : 
rt LE + 2( pogo) OE i VT) (a) sie 


where 
V(l) = (Pot q—k—M) (M+m—Kk) HE 
(A+n—22—M 1 G—2Y—- Mee] 
ry a T+m—k) (py+%—k—-M) 
Vl) (M+ mk) Pot Gok Wi Py 
| [(p—24)°— ML Pot 9-4)? YE 7] is a2 


The evaluation of these expressions and the renormalization of charge are easily done using 
the usual methods. Then the finite vertex contribution from V/(/), denoted as ey 
is 

af) VD=ft)t/stJ» 


vi. GES igs Ge ao LAE ced A 
0 


WL 


Hane — 12+ [M+ wf +2(pwta—d +i? —wA—S)t 


MH 


a2 | — 
3 - HA =e 
ve Vs ( )lo 


1 \ Oy [ae sub —2(Mi +m —« )x+ 
0 nee — (M+? —«) c+ WM 


0 


2 32x? — {2(M2+ mn —K°) +2 (Pogo) t+ Go} H+ M?+eA—1)t—-UMan 
nese — {M+ 10 +2(fq0)t} e+ Me— (1st ; 


V(IL) can be obtained similarly, by changing q into q in apy. 
Hence the vertex correction can be put into the following form 
(1f)V 1) =A'+ 2" Q/m, 
A/V UIN=A+8' g/m. (4-7) 
In (4-7) A’ and B’ do not contain any 7-matrices and can be represented by the com- 
binations of various patametric integrals. Most of them can be calculated analytically but 


some of them must be treated numerically. Below the threshold for heavy particles A’ 
and 2’ are real and above the threshold they become complex by the appearance of poles 


just as in § 3. 
The lowest order (Fig. 2(i)) matrix element is 


. ee wet bee of! Po)» 
(“As [+2 (Poo) ae ee . 3 


so that the matrix element including l’ type cortections is given by 
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My=(—)g——2 ap) A" BD): (4-9) 
~ f+ 2( Pod) 


where 


AN =g++G@(A'—2B’), 
7 


B= * GB + (u8+2(poqo)}- (4-10) 
7 WL 


Hence the total elastic scattering cross section o,, becomes (expressed in terms of 


quantities in the C. M. system) 


rg yy 
py ee Rem “ 6(=—) Pa Oy 2A" S|, (4-11) 


ut m / m 


where 2{ and $ and © are given by 


WL 
+ 


ehreaeuaerl | 2 +2( po) | i 


{2 (Pogo) +L — £9) E (go) IL + 2 (Pogo) |} 


me) 


x 


3=| nm || B: ne =] 2m! — # + E(9) EC qo) > (4-12) 
Eby) +E (Qo) 1 +2 (Pogo) me 


c=| ¥ m i ' me fi- E(q) E(4) i 
E( po) + E( qo) tL +2( Pog) 4 + 2( Pog) 


In the above expressions A’’ and 4”’ are very complicated expressions and can not be 
written in compact forms, because they contain numerical integrals. Of course, above the 
threshold, A’ and 4’ (therefere A’ and 5’) are complex and the squares or products 


should be changed as in S/ type. 


$5. Results and discussions 


Fig. 5 shows the experimental data on 7” -/ scattering up to 1.5 BeV (see Reference 1). 

Fig. 6 shows the calculated results for neutral S/ type. The curves named “uncor- 
rected” mean the curves which are not corrected by heavy particles (¢°=6), and S(S) 
and /’(J”) mean the calculated results with the neutral S(S) (¢?=6, G?= 2) and (17) 
(g°=6, G?=0.5) types corrections, respectively. 

The present choices of G values amount to 4.1% for S(S) and 13.7% for V(V) 
as the ratios of the /l-particle production cross section to 7m” -p scattering cross section, both 
in the lowest order. With these choices the corrections at 200 and 900 MeV for S (S) 
and VI”) are shown numerically in Table I. 


Total cross section (mb) 


Total cross section (mb) 
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Ts 
© Fermi et. al., Phys. Rev. 92 (1953), 161. Table I. Corrections for SZ type 
can le 
4 Lindenbaum and Yuan, Phys. Rev, 92 (1953), 1578. x! Ser cod 
90 S(S) 32.0% 16.6% 
80 Shapiro et. al., Phys. Rev. 92 (1953), 1073. V(V) 9.2% 12.8% 


2 
 ] 

ol 

70 I 
Ht + 


Cool et. al., Phys. Rev. 95- (1954), 249. 


0 500 1000 1500 
m~-meson kinetic energy (MeV) 


Fig. 5. Experimental data 


Oo tot 
150 —=——- ¢ elas 
seeeecesnevenees CO chez 
e206 
G?=2 for S(S) 


0.5 for V(V) 


50 


Se S(5)_ 


waa ‘Neorrecteg ~~~ 
.oa——— 
VV) — 


ae eee 
- Sea ee 
ope ere aonene eomecee- 
pooeeecceeoee" ee tae 


0 500 ~~ 1000 1500 


Se eles 


m7-meson kinetic energy (MeV) 
Fig. 6. SZ type (neutral) 


Fig. 7 shows the results for 
symmetrical |” type elastic scat- 
tering and in this case we choose 
two pairs of coupling constants, 
namely, g°=6 & G°=1.26 
(G=—1.12) and g?=5 & 
G’=1.04(G=—1.02). These 
choices are consistent with the 
SE case. However, in the ” 
case, O,, depends fairly sensitively 
on the choices of g and G 
values. Here we take negative 
signs for G, making use of 
the arbitrariness of the relative 
sign for /zyy and xan, and, 
if we take positive signs for G, 
the results would tend to be 
more similar to the S/ case. 

From the above results one 
can see that the radiative cor- 
rections in the S(S) case in 
SE type, are larger at lower 
energies and they do not seem 
to be able to make the cross 
section larger in the high energy 
region, as exhibited by experi- 
ments. On the other hand, in 
the 1’/(1”) case, the corrections 
have more desirable tendencies 
than in the S(.S) case, yet they 
make only the cross sction flat 
at the high energy end. On 
the contrary, 7 type has pos- 
sibilities to raise the cross 


section to be compared with the 
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experimental values. In this 


150 case the poles in the parametric 
(a) g?=6, G?=1.26 (G=—1.12) integration have greater effects 
(6) g?=5, G?=1.04 (G=—1.02) than in SZ type. Finally, as 


for On, 2, of V type and oy 
and o.,-, of C type, we did 
not here carry out calculations, 
because they can not be done 
without fairly incorrect approxi- 
mations. 

Here a question arises whether 


a peak or valley exists in the 


Total cross section (mb) 


case of 7°-f scattering as in 
m~- scattering, if we assume 
‘-particles have isotopic spin 1. 
But we can not answer this 


until detailed calculations are 


performed. 


m~-meson kinetic energy (MeV) 


Considering the results the 
ee eee ae radiative corrections by heavy 
particles to 7~-f scattering are rather large, we are naturally led to the conclusion: If the 
charge independence, which holds for 7-mesons, were not to hold for heavy particles, this 
breakdown would disturb the charge independence for 7-mesons. But, as we know the 
charge independence holds in the low energy phenomena, we might safely conclude that 
the above results give us a support to the validity of the charge independence for heavy 
unstable particles. 


The authors express their sincere thanks to Prof. M. Kobayasi and Dr. K. Nishijima 


for their continual encouragement and helpful discussions. Thanks are also due to Prof. S. 
Takagi and Dr. Y. Katayama for their kind criticism. 
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An attempt is made to give a unified and a more positive definition of elementary particles by 
introducing a substance of higher level than them. This substance is named ‘“ Urmaterie”, and is 
assumed to be described by a non-local field proposed by Yukawa. Various states of the internal 
motion of Urmaterie are classified by eigenvalues of a complete set of mutually commutative operators 
with respect to internal coordinates, two of which can be taken as the spin and the mass operators. 
Each eigenstate thus classified is assumed to correspond to the elementary particle of the present theory. 

In §1, the present situation of the theory of elementary particles is analysed, and the phenome 
nological feature of the present theory and the necessity of introducing a substance of higher level to 
overcome it is stressed. In § 2, the spin and the mass operators are introduced. It is done according 
to the principle that the structure of elementary particles should determine uniquely the transformation 
properties of the wave functions under Lorentz-transformations. The equations of motion of Urmaterie 
are then derived from korrespondenzmissig considerations and from the principie of reciprocity. In 
§ 3, the eigenvalue and the eigenfunction of the mass operator is given in the simplest case 
when the Urmaterie field is assumed as scalar. In § 4, the relation of this Urmaterie field to the 
local field is discussed, and it is shown that, in the case of the scalar as before, the equation of 
motion of Urmaterie reduces to that of Fierz for eigenstates of the spin and the mass operators. In 
§ 5, a qualitative discussion on the interaction of Urmaterie is given. In § 6, an extension to the case 
of spinor is discussed. It is shown that the existence of a new structure constant other than the spin 
and the rest mass inevitably follows. It is shown that this is interpretable as expressing the essential 
difference of the heavy and light particles, and in its connection an attempt is made to deduce the con- 
servation law of heavy particles. In §7, the deductive perspective and the further outlook of the 


theory is briefly given. 


§ 1. Introduction 


The present theory of elementary particles, which has been formulated in a perfectly 
Lorentz covariant form, has succeded to express beautifully one aspect of elementary particles, 
and to obtain numerous brilliant results. What is underlying the ground of the present 
theory is of course the concept of elementary particles, which has been defined through 
the course of its development as that characterized by structure constants such as the spin 
or the rest mass, and satisfying conservation laws such as of the energy or of the 
momentum by their mutual transformations. Needless to say that these definitions have 
been an excellent abstraction of one aspect of elementary particles, and have played an 


essential role in the development of the theory. 


* This is a detailed account of our preliminary reports”). 
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The recent progress of the theory of elementary particles, however, seems to have 
exposed its essential limitation that such definitions are no longer sufficient for the ashe 
understanding of elementary particles. For example, the present theory can not give 
answers to questions such as, “ What kind of structure of elementary particles do the 
present structure constants express?” or, “ What kind of intrinsic correlation of elementary 
particles does the present interaction scheme express 2”. In fact, in the present theory, the 
structure constants or the interaction Lagrangians are introduced phenomenologically merely 
as parameters or additive terms into the theory, and the assignment of the spin or the 
rest mass values to elementary particles or the introduction of the mutual interaction 
between them are done entirely ad foc. In this sense, the present theory may be said to 
remain at the phenomenological stage* in the course of the development of the theory 
of elementary particles. A remarkable regularity between the rest masses of elementary 


particles as first pointed out by Nambu”, the universal Fermi interaction, or the divergence 


difficulties inherent in the quantum theory of the wave field from the day of its birth 
a series of these facts suggest clearly such limitation of the present theory and also the 
necessity of more positively defining the concept of elementary particles. 

Under this circumstance, it would be of great interest, as promoting a step in 
overcoming the limitation of the present theory, to introduce an internal structure to 
elementary particles, and thus try to grasp structure constants of elementary particles and 
the intrinsic correlation between them through its mediation. Of course there is no 
definite guiding principle in doing it. It would be reasonable, however, to suppose that 
the future theory will satisfy on one hand the requirement of relativity and on the other 
hand will reduce to the present theory in the approximation in which we disregard such 
internal freedom. 

Along this line attempts have been done by many authors. We may quote among 
them the names of Heisenberg”, Bopp", Wessel’), and Hénl and Papapetrou”.** Heisen- 
berg’s attempt is a very ambitious one, but it seems to us that his theory contains too 
speculative elements in its foundation and is difficult to try any further development. 
Bopp, Wessel, or Hénl and Papapetrou’s attempts, although interesting in as much as 
they attack directly the study of the internal structure, also seems to lack firm principles 
in constructing their basic equations. 

In previous paper on Yukawa’s theory of non-local field, one of the authors 
suggested to regard elementary particles as corresponding to various states of the internal 


motion of a kind of “ (/rmateric’’, a substance of higher level than elementary particles, 


* This is after the nomenclature of Taketani2), who pointed out that the development of the physical 
theory is made spirally through three stages of phenomenological, substantialistic and essentialistic, each of 
which corresponds to those of « sich, fiir sich, and an und fiir sich of Hegel. In the case of Newtonian 
mechanics, for example, they are Ticho Brahe’s, Kepier’s, and Newton's stage respectively. See also S. Sakata®), 
“The Theory of the Interaction of Elementary Particles ”’. 

** Recently, Pais?) 
that selection ru 
particles, 


proposed to introduce a internal structure in connection with t-spin, and pointed out 
les concerning with this new freedoms play important roles in explaining the longevity of J” 
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and pointed out that the non-local field would be nothing but the one that would describe 
this Urmaterie.”* As emphasized by Yukawa", the non-local field is an elegant tool 
of introducing the internal freedom in a Lorentz covariant form, and the use of the non- 
local field is expected to give a new scope in investigating the internal structure of elementary 
particles. It is the purpose of this paper to discuss the development of this idea. 

The outline of our idea is as follows; We introduce a new substance which is described 
by a non-local field U(V,,”,). Of course Y, can be identified to positional coordinates 
of elementary particles of the present theory, but 7, can not. This is assumed to describe 
the internal motion of Urmaterie. Various states of this internal motion will be classified 
by assingning eigenvalues of a complete set of mutually commutative operators with 
respect to internal coordinates, and two of them may be taken as the spin and the mass 


Operators respectively.** 


Each eigenstate thus classified may be assumed to correspond to 
the elementary particle of the present theory. 

The actual development is done through following steps ; 

i) To define the spin and the mass operators as constants of internal motion. 

ii) To solve eigenvalue equations for the spin and the mass operators. 

iii) To make clear the mathematical relation of the non-local Urmaterie field to the local field. 
iv) To check the qualitative features of the interaction of Urmaterie. 

(i) is done in § 2. What we introduce there as a principle of defining them is 
that the structure of elementary particles should determine uniquely the transformation 
properties of the wave functions under Lorentz-transformations. Using it, almost unique 
definitions of the spin and the mass operators are given. The former agrees with that of 
Fierz™, and the latter is shown to reduce to an expectation value of the energy of the 
internal motion if a suitable condition is imposed. Equations of motion of Urmaterie are 
then derived from korrespondenzmassig considerations and from the principle of reciprocity. 
(ii) is done in §3. (iii) is done in § 4, and it is shown that in the case when 
U(Xy, 7) is assumed as scalar, the equation of motion of Urmaterie reduces to Fierz’s 
equation. (iv) is done in §5 using the S-matrix formalism given by Yukawa”. 

Finally, the concept of particle family of Fermi particles” is studied in § 6 to show 
an advantage of our theory. It is shown that in our theory the concept of particle family 
follows very naturally. This is because when we extend our theory to include the spinor 
non-local field, which is necessary to get particles of half-integer spin, the spin and the 
mass operators no longer compose a complete set. Thus the introduction of a new 
structure constant becomes inevitable, and we can show that this new structure constant 


can be interpreted as expressing the essential difference of heavy and light particles. 


* Recently, Yukawa!) published a similar attempt. 
** Jt can be shown that the spin and the mass operators compose a complete set if U(X, %,) is taken 


as scalar, but this is not the case when it is spinor. (See § 2 and § 5) 
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$2, The introduction of the spin and the mass operators 


As stated in the introduction, the most essential part of our discussion is to try a 
unified and a more positive definition of elementary particles by introducing Urmaterie. 
Thus, the first task is to introduce constants of internal motion which are responsible to 
structure constants such as the spin or the rest mass. 

As for the spin, we have a fine analysis due to Fierz' that the angular momentum 
of the internal motion of the non-local field just corresponds to the spin. Therefore, we 
may expect that the spin operator of our theory may be obtained by generalizing his 
angular momentum operator into an invariant form in such a way that it reduces to the 
ordinary one in the rest system of the external motion. 

Contrary to the case of the spin, it is very difficult to define the mass operator. 
The clue to it, however, seems to be found in the concept of the wave function and of 
the space-time underlying the present theory. 

The present theory of elementary particles is constructed by at the biginning ascribing 
a wave function of the specified transformation property to the elementary particle of the 
specified structure. This implies that it forms an integral part of the present theory to 
assume that the transformation property of the wave function is one of the most direct 
expression of the structure of the elementary particle and therefore is determined uniquely 
by the structure of the elementary particle. 

Partly, this assumption is realized in the present theory as a relation between the 
spin and the transformation property of the wave function. Asserting this to the full, it 
seems to us very natural to assume that the rest mass, which is a very fundamental 
structure constant abreast with the spin, is also closely related to the transformation 
property of the wave function. 

It seems instructive to study here the irreducible representation of the Lorentz group D3. 
The wave function of the elementary particle is naturally assumed to be transformed 
according to it. Djy being not irreducible under spatial rotations, however, the spin of the 


elementary particle whose wave function is transformed according to /),;, is not unique, 
and is given by 


s=f+yj"—A, 
Ac (3 abs 2, a, 2 (j>7"). (2-1) 


This means that the transformation property of the wave function is not determined 
uniquely by assigning the value of spin only. The gap can be filled to some extent, 


since of 7 and 7’ what is physically significant is its combination (7+ 7") only. Even 


* In Dirac’s theory of the generalized wave equation'), special one of (2-1) corresponding to A=0 is 
chosen out by imposing a subsidiary condition. The correspondence between the spin and the transformation 
property of the wave function is made unique by this. Although his theory is the materialization of the general 
view point of the present theory, it seems to us that this restriction is not alon 


g the right course. An origi 
of the fact th g origin 


at the grasp of the rest mass in the present theory is very phenomenological seems to lie here. 
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taking into account this situation, however, (2-1) is not sufficient to establish a unique 
correspondence. 


Our assumption suggests here the existence of a new relation between (/+7’), 4, 5, 
and the rest mass 77 ; 


FU +7, 4, 5, m) =0. (2.9) 


If this is the case, the transformation property of the wave function is determined uniquely 
by solving (2-1) and (2-2) when s and 7 is given. 

Thus, it would be reasonable to make it the guiding principle of introducing the 
mass operator to try to find such constant of internal motion which, when mediated to 
external coordinates, its eigenvalue determines uniquely with that of the spin the trans- 
formation property of the wave function. 

In the following, we restrict our attention to the simplest case, and assume that 
Urmaterie is described by a scalar non-local field (7(.Y,, 7,). Noticing the Fierz’s remark 
that the internal angular momentum of the non-local field must corresponds to the spin, 


we introduce an infinitesimal rotational operator in four dimensional space ; 


Ryy=(1/i) (r,8/8r,— 173/84): (2-3)* 


Of course the square of X,, contains spin part, since it includes spatial rotation as its 
special case. In general, however, it is mot merely the spin and is given by a sum of 
the spin part and a quantity independent of it corresponding to rotations including time 
axis. 

In order to separate these two components in a Lorentz-invariant way, we introduce 


Vy, and I’, defined by 


Dyes Lyuliy, tl yhap tips (2-4) 
| BN RI ie (2-5) 
where P, is the energy momentum four vector of the external motion 
P,= (1/1) -8/AN,. (2-6) 
Defining S’ and M® by 
S°= (Uyuvanv) /OP ye (2-7) 
Meare, (2:8) 


we can show by a direct calculation that 
(L/2) Rigas oe ’. (2-9) 


. . o yi vf ‘a r - . . 
P,, is commutative with S° and M2. Therefore, expanding (/(.\V,,7,) into Fourier 


series 


i hed iti <plicit is needed. 
* x4 denotes %c¢. xy=X4/é is also used when to make hermitic character exp 
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U(X rp) =$u (bys rr) (de), (2-10) 


we consider in the following only one component with the wave number /,. We further 


assume that /,< 0.* Then we see, in the rest system of the external motion, 
S=S/7+ Sot oy (2-11) 
MP = pt fo +L, (2-12) 
where S and fs are two space vectors forming a skew symmetric tensor 
0, Ss —So tf; 
a=aiSig Or Sia y78 
Ryy= : ee (2-13) 
Sigler ate Urea tht 
\— fy — flo, — tls, Oars 


/ 


and each component of S and {fe satisfies the commutation relations 
[Si, SjJ=2S: | 
[He 4yJ=—tS, 
[ees 04 [eat ge ast a cyclic) | 


From (2-14), and from the fact that S° and M® behave as scalar under Lorentz-trans- 
formations, we can see at once that** 


[S*, M7|=0. (2-15) 


Thus, (2-9) can be regarded as a Lorentz-invariant separation of R,,R,, into two 
independent components. 


(2-14) 


It is clear from (2-11) that S° is just the required generalization of Fierz’s spin 
operator, Thus, in our theory, to the spin is given an intuitive image that it corresponds 
to the rotation of a rigid sphere. This is in marked contrast to that of the present 


theory, where it is given only as the number of independent components of the wave 
function in the rest system of the center of mass. 


It would be natural, from the symmetry in (2-9), to conjecture that M? is also 


responsible to the structure of elementary particles just as S° was. This conjecture seems 


not misdirected, since we can show in fact that the transformation property of the wave 


function is determined uniquely by assigning the eigenvalue of S° and M’. 


The proof is 
given in § 4. 


It seems useful to investigate the relation of the eigenvalue of M° to dynamical variables 


of the internal motion to show clearer that M® should be taken as the mass operator. Of 


course, at the present, we know nothing of the law governing the internal motion. But the 


oie rae : 
This assumption is self-consistent in the sense that the eigenvalue of the mass is given in fact in a 


positive definite form (see § 3). An essential revision seems to be necessary to include consistently the case 


of vanishing rest mass. 


** The proof is given in Appendix IV. (b). 
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fact that the angular momentum of the internal motion corresponds just to the spin seems to 
suggest that, at least partly, we can expect that the law of the external motion may be 
applicable to that of the internal motion. We adopt this as a korres pondenzmassig 
suggestion, and specifically assume that the law of quantum mechanics can be applied to 
the internal motion in the sense that ~(/,,7,) describes the state of the internal motion, 
and that 2/7-0/d7; (¢=1, 2, 3) and —fhc/2-0/dr, correspond to the momentum and 
the energy operator of the internal motion respectively. 


Thus, defining the normalization of w(/,, 7) by 


(er Garon.) 4, %) (ar y=1, (2-16) 


the expectation value of various dynamical variables is assumed to be given by 


ee eee BOD. 18 
ae i 0%, 1% Or% )) 


2h u* (burg) Our FY g Oe fc O +) 
Or, ; 


2 Gara 
Ui t )AGr a) (2-17) 


where 7, is an arbitrary time-like vector. 
Under these assumptions, we try to study further the meaning of M’. In the rest 


system of the external motion, where %, takes the form (0, 0, 0, zx), M? is given by 
Mu (Ly, %n) =UeU (bys %p) (2-18) 
—M?= (70/07, + %9/0r:)", (2-19) 
from which we have, after some calculations, 


pi —| wary) Or) (ry 2 +r) warn) (dry) (2:20) 
t 0 


where we have put 7, as (0, 0, 0, 7). Expanding the right hand side of (2-20), 
(7:0 /Or)+% 0/01) "= 213° /8r Or + 37 9/dr,+% 4 + rd/dr+ ro /Or, (2221) 
Gn a 


Of terms of (2-21), first three vanish owing to 0(”%)) appearing in (2-20), and the 
fourth also vanishes if we assume Yukawa’s second equation for ONO ai Gee 


pt p—h)U (Xs Mu) =9- (2-22) 
Thus, under this assumption, we get 
m= (Ashe) En), (2523) 


where 42, means the square of the energy of the internal motion ; 


* As for details see Appendix IV. (a). 
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Ei = (he/2)'0"/0re- 
An analogous discussion can also be repeated for an operator defined by 
M=Vv™M:., (2-24) 
and the result is 
maAfhe-(v ERY. (2-25) 


The rest mass of elementary particles may be defined as such a constant which 

(i) firstly is a scalar specifying the structure of elementary particles, 

(ii) secondly expresses the pool of the energy of the system in the rest system of 
center of mass, which means that it agrees there numerically with the fourth 
component of the energy and momentum four vector, 

and 

(iii) thirdly determines the transformation property of the wave function abreast with 
the spin. 

Collecting above results, it seems perfectly reasonable to assume that M is the mass 
operator, and that 72 represents the rest mass of elementary particle measured in unit 
(Z/cA). The invariance of 7 follows at once from that of M. 

Moreover, we can show that ”,7,, S° and M° compose a complete set with respect 
to internal coordinates.* This means that, so long as we assume Yukawa’s non-local field 
and his second equation, there is no alternative for the mass operator other than M. At 
least we can say that the mass operator must be a function of it. 


Thus, in our theory, 5° and M? give the spin and the mass spectrum of elementary 
particles. 


Introducing polar coodinates, 
r,=Acosh§ sin 6 cosy \ 


r9=A cosh § sin @ sin g 


2-26 
',=4 cosh ¢ cos @ ( ) 
¥,=A sinh © ; 
S° is written in the form 
29 1 One fe) 1 oe 
S*=— ( (sin 4 = 2°27, 
sin 7 90 00 sin’ ag” ( ) 


in the rest system of the external motion. Thus, eigenfunction of S®° is the usual spherical 
harmonics, and its eigenvalue is given by 


SUS41), se) 2s (2-28) 


* The commutability of 7174 with S* and M? is shown in Appendix IV. (c). Completeness of these 


set follows from the fact that their simultaneous eigenfunction is not degenerated except for 7. (See (3-10)). 
w is not scalar, and therefore can not be adopted as a structure constant. 


We can readily see that it corresponds 
to the freedom of polarization. 
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The eigenvale equation of M® leads to a hypergeometric equation, and it will be shown 
in the next section that discrete eigenvalues are given by solving it under a suitable 
boundary condition. 

The scalar non-local field (7Y,, /,) provides us, therefore, with a unified descrip- 
tion of Bose particles, and when expanded into simultaneous eigenfunctions of S* and M’, 
each component describes elementary particles of definite spin and rest mass. 

In view of the fact that the rest mass should be related to the external motion as 


being equal to the magnitude of the energy momentum four vector, it is legitimate to assume 


(C= (n/4)*) OX, 1,3 m, 5) =9, (2-29) 
which must further be generalized to 
(O—M?/2) OX, Hu) =0 (2-30) 


for the general non-local field which is not the eigenfunction of S° and M?’. 

(2-29) or (2-30) play an important role of connecting the internal motion to the 
external, and is nothing but the Yukawa’s first equation. This stands to (2-22) just 
reciprocally adjoint. Although in Yukawa’s theory (2-22) was introduced from a rather 
formal requirement of Born’s'” reciprocity, it appears in our theory as an indispensable 
equation to secure that the eigenvalue of M is equal to an expectation value of the 
energy of the internal motion. 

Merely to introduce the internal freedom, it would be sufficient to increase the number of 
variables, and to introduce the non-local field is not necessarily needed. The fact that the 
reciprocity appears in such a form, however, seems to suggest the necessity of introducing 


it when we go to describe the internal structure of elementary. particles. 


$3. The solution of eigenvalue problem 


In this section we try to solve the eigenvalue equation for the mass spectrum 
M’x (4, %¢) =" (Rp %p)- (3-1) 


M® being scalar under Lorentz-transformations, it is convenient to solve it in the rest 
. 2 
system of the external motion, where M’ can be expressed as 
9 
—M@= 3! (7,0/0r,+ 70/07)”. 
$=1,2,3 


In terms of polar coordinates introduced in (2-29), this is simplified to 
—M?= (142°) a?/de + 34d/det+x7/(1+2") 2, (3-2) 


where x=sinhé and — is given by (2:27). Substituting (3-1) into (3-2), and 
replacing —2 by s(s+1), which means that we restrict our attention to the mass spectrum 
of elementary particles of spin s, the equation to be solved becomes 


{S47 #5 9(6+1) + = )9@)= (3-3) 
PO Ak en Oe 1+4 
(=m <4#< ow). 
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This is a hypergeometric differential equation, and performing a transformation 


yH=l1t+a 
Gay rug) 5 (3-4) 


is readily written in the standard form ; 


gs fe (GE Bae) aE = | u(y) =0, (3-5) 
dy JOO Beye ley)! 
where 
a=1/2-{—-s+ Vs(s+1)+1—*} 
. ies (3-6) 
B=1/2-{—s— Vs(s+1) +1—m'} 
and 


y=1/2—s. 


To get explicit solutions, it is necessary to impose boundary conditions. What 
boundary conditions should be imposed is a problem to be decided in a relation with the 
law of internal motion, and at the present we can say nothing about it. Here we 
assume tentatively that they should be square integrable. Although this seems to be a 
natural consequence of extending quantum mechanics into the internal world, its precise 
meaning is not clear, and must seriously be re-examined at the next stage. 

Under this boundary condition, the eigenfunction is given by (As for the details of 
the calculation, see Appendix 1), 


Po, a= (127) ROH / a Wee (s+ = 7 te i ), (3-7) 


1-2/3 "142 
with the corresponding eigenvalue 
m, ,=s+1+2sl—L, 
esl ee 0, 1, 2 a 1 (3-8)* 
where Ging is Jacobi’s polynome of (//2—&)th order and & stands for 


aes ey =| 0 for even / 
4 L/2 tor’ odds 


It should be noted that the difficulty of the infinite degeneracy as pointed out by 
Schrodinger and by Yukawa" does not occur in our theory. This is because in out 
theory the eigenfunctions of M” is classified once more according to the eigenvalue of S*. 


Group theoretically, these eigenfunctions transform according to an unitary representation 


* Discrete eigenvalues appear below s(s+1). Above s(s-+1) appear continuous ones instead. We neglected 
the latter since it is of less interest. As for details see Appendix I. 
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of the Lorentz-group. As shown by Bargman™, the unitary representation of this group 
is specified by two parameters ¢ and 7, which are eigenvalues of 


is Roy Rost Rooks + Roles 
ae 2 2 >? 9 ° 2 (6) #9) 
N= Ret Rat Ry— Ru— Rn— Ris 


respectively. Negative sign before S} Rj, is the characteristic of the pseudo-Euclid space, 
and is closely related to the above difficulty. That is, this makes it possible for infinitely 
large number of combinations of S}/X;; and S17); to give the same 7. Such degeneracy, 
however, can be removed at once if it is possible to assign eigenvalue of S\Xj, and S12, 
separately. In our case, this is made possible since the separation of (2-9) is Lorentz 
invariant, and each of S° and M’ is scalar. Note that this is a consequence of introducing 
the external momentum which suffer the same Lorentz-transformation with 7 
definition of S° and M’. 

(3-8) represent the rest mass of Bose particles measured in unit (%/c4). In 
particular, Nambu’s mass unit” 137 x (electron mass) is obtained by taking 4 to be of 


the order of the classical electron radius. Scalar Urmaterie discussed here, however, is an 


Faden siaet= 


academic model adopted only for its symplicity as the starting point of the theory, and 
the detailed comparison of this result with experiment does not seem so meaningful. 

The complete eigenfunction is given by a product of (3-7) and the corresponding 
spherical harmonics, and that in arbitrary system can be obtained at once by transforming 
it by a suitable Lorentz-transformation. Postponing again detailed calculations to Appendix _ 


III, the result is given by 


Ry 
Dee. kB Soc => eG, 2) (= ea x 
mM, ( ao 7 a) {PR CAL he ue > CU) se 


w +, 
x | AU (Agy% yp HUQ Mp COS HF 1Aoy 7p Sin ui yee 
ie 


|z| <s (3-10) 
where 
(s+|zl) 
C8 ) ils! 
g (x) = (1 fa) (2 )\G4-(s+ y ee arty, 
ee er a ae 1+2 


and a,, are coefhicients of Lorentz-transformation which transforms /, into rest. The ex- 


plicit form is given by 


eee (24) kee dihoptoe: byk,/K*,  —iky/w \ 
hik,[K?, —1+(#o/K)*, hoy [K 2, —iky fe | 

a ahs, beh [(K?, —14+(4,/KYP, —iks/« | 
ik,/K; tkho/K, th/K, —th,/K / 
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with 
k= VK (ky—«) 2 


(2s+1) eigenfunctions belonging to the same eigenvalues of S* and M’ span an irreducible 
subspace. The transformation property of Psnn(kys %u) is determined essentially by that 
of spherical harmonics, namely 

2s +1 


Uy / / 
Drea (hus Gal) = 2 PA Pees (Ay, ri); 


n=0 


where @yr,, ate the transformation matrix of /%" (cos 4) by spatial rotations. The introduc- 
tion of 7 is merely to distinguish (2s+1) independent components of this subspace. 
As will be easily anticipated, this expresses the freedom of polarization. 

As is seen from (3-8), the eigenvalue of the mass exists only when s =). Lhathis. 
particles of spin 0 can not be given in our theory so long as we assume that ¢ is square 
integrable and U(X, 7) is scalar. To obtain particles of spin 0, we must either modify 
the boundary condition or introduce vector or higher tensor Urmaterie. At the present, 
we can not say which is the preferable one. As for the former, the provisional nature 
of our boundary condition should be stressed. When higher tensor Urmaterie is introduced, 
on the other hand, the spin of elementary particles becomes a combination of the 
“intrinsic”? and the “ orbital” angular momentum of the internal motion of Urmaterie. 
To take Urmaterie as scalar means to neglect intrinsic part entirely, and it is also very 


likely that such a simplification is not permissible. 


§4. The relation between Urmaterie field and local field 


The discussions of §2 enables us to define the irreducible Urmaterie field ( (Xs Pps 5s Mt) 
as a simultaneous eigenstate belonging to the specified eigenvalue of S* and M’. 

It was our fundamental assumption that (/(Y,, 35, mt) describes an elementary 
particle of spin s and mass 7”. In the local theory, however, such particle was described 
by generalized Dirac’s equation or Fierz’s equation. Thus, it would be important to 
investigate the relation between the equations of motion of the irreducible Urmaterie 
field and the corresponding local equations in clarifying the constitution of the Urmaterie 
field, or in clarifying the physical meaning of internal coordinates. 


U(CN,, 7.3 5, m7) is obtained by expanding at first the internal wave function into 
eigenfunctions of S° and M°* 


a (hu, ry) 7 a Atk, 35, 2, 2) he (hy, ra) ’ (4. i 


8,;m,nas 


and then picking up from them a component belonging to a set of specified value of 5 
and m7; 


O(NXys 7.5 8) =lAlhy s 5, m2, 2) Venn ys ry) 0c (ak). (4-2) 


To make the correspondence to the local theory clear, it is necessar 


y to use a rearranged 
form of (4-2). Using the explicit form given by (3-10), 


An Attempt to the Unified Description of Elementary Particles 189 


W Bont iy ACE 3 2s) me, 2) 


S,m.n\ <s 
c(s, 2) pe 
urp— (yry) [eyPus 8/2 @& Aveee) 1/2 ( ) 


ze 
x | du Cs +. iu p cos 2+ toy lo sin ) spinu 
so 


Picking up coefficients of 7,7,7,--- from this expression under the specified values of s and m, 

we see that they transform under Lorentz-transformations as a symmetrical tensor of rank s 

contragradient to 7,7,/,:":, since ”(Ay, 7.) is scalar. Denoting it as Ajyy....(&p3 5 7) 
ee See 


8s 


8 
to make this character explicit, it is given by 


Fo cee 
s 


Patanee- (eu 359272) 


oT 
tN | duc(s, 2) A(hy 3 5, mt, 2)e™ (Ax +iay cos u+idy sinu)* (4-4) 
-= 


{n| <s 
X (Ay + Lay: COS M+ ZAgysin 1)" (Ay, + 2ay3 COS M+ Zay, Sin 1) * (Ayq+ 2244 COS Ur tao, sin 7) °, 


where a, 3, 7 and 0 denote the numbers of 1, 2, 3 and 4 respectively appearing in 
suffixes of Ajyy....(2y3 5, 7). 

It is clear that Ayy,....(2y.3 5,2) must satisfy {(s+1) (s+2) (s+3)/6—(2s+ 1)} 
subsidiary conditions. This is because (s+1)(s+2) (s+ 3) /6 components appear under 
Pisce Chg soe 27) » whereas the number of independent component OE HA x yb (CR grs m) 
is only (2s+1). The explicit form of these subsidiary conditions are given after some 


calculations, and the results are* 


A Wook kB 3 0 Wd = ()) 
esa Care cd) nae 
ZONE ORC eg ETT a ae 


It is clear on the other hand that (2-29) is equivalent to the following equations for 
is Vea S12); 
(#2, — (m/d)*) Ajuy. Bp 5 51-2) =0. (4-6) 


Eqs. (4:5) and (4-6) are nothing but the equations of motion and subsidiary conditions 
for elementary particle of spin and mass m(h/ci) as given by  Fierz. Therefore 
Pde (hg 05; ) cat be regarded as a local field for particle of spin s and mass 
m(h/ ch). 


+ For details of the calculation, see Appendix III. 
** As will be seen through the calculations of Appendix III, (4.5) is a direct consequence of the 
fact that the eigenfunction of S®* is essentially spherical harmonics, and therefore is closely related to the 


rotation of a rigid sphere. In this point, too, the intuitive image given in the non-local field theory is very 


satisfactory. 
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The above result shows that the Urmaterie field is equal to the superposition oF local 
fields with-various spins and rest masses, the values of which are mediated by as trae) 
motion described by eigenfunctions accompanying to each of them. pie caemeee nee of 
the Urmaterie field suggests a way for its quantization, since the quantization is : procedure 
to reproduce particle aspect from that of the wave, and particles that appear © our oa 
servation seem to have definite spin and rest mass at least in the case of no interaction. 
Thus, the quantization of the Urmaterie field may be achieved by quantizing those ae 
of it which correspond to local fields. The eigenfunctions of the internal motion will, on 
the other hand, be responsible to the law of interaction between such local fields. A 


speculative discussion of it is given in § 6. 


$5. Survey over the interaction of Urmaterie 


Thus far we have dealt exclusively with the case of no interaction, and focussed our 
attention on the understanding of individual elementary particle. 

We shall try to see in this section what a new scope is expected when we introduce 
the interaction of Urmaterie. In particular we want to see to what extent our theory is 
expected to succeed in elucidating the structure of the interaction of elementary particles, 
or in dissolving divergence difficulties. Unfortunately, satisfactory theory of the interaction 
of non-local fields has not been given, and therefore discussions in this section are restricted to 
very provisional ones. What is attempted here is to see the qualitative feature of these pro- 
blems that can be seen without entering upon details of the formalism of treating the 
interaction of non-local fields. 

The structure of the interaction of elementary particles is a problem recently proposed 
by Sakata”, who emphasized the importance of elucidating the qualitative difference as well 
as the intimate relationships between various kinds of interactions in nature. As the first 
step to attack this within the framework of the local theory, he suggested ‘ the principle 
of renormalizability”’, and he and his collaborators classified the interactions into the 
first kind for which the renormalization procedure can be performed in a closed form, and the 
second for which this is not the case. Their work played an important role in clarifying 
the limit of the applicability of the present theory. 

It is clear, however, that this work must go beyond such phenomenological stage, 
and in particular recent experiments seem to suggest strongly the necessity of it. A re- 
markable example is the establishment of the universal Fermi interaction. Although recent 
data show that the coupling constants of various direct Fermi interactions are nearly equal, 
in the current theory the introduction of the mutual interaction is done entirely ad hoc, 
and this remarkable fact can not help being regarded as accidental. 

It will be shown that, by introducing the interaction in the form of the interaction 
of Urmaterie, a way of introducing various interactions in a unified way and of deducing 


such relationship is suggested in our theory. 


As the formalism of treating the interactions of non-local fields we assume Yukawa’s 


S-matrix””, and investigate the interaction of Urmaterie by assuming appropriate interaction 
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Lagrangian density and therefrom constructing S-matrix according to him. 


Yukawa’s S-matrix is given by 
S=147(L)47(LD,L)4+---, (5-1) 


the notations being the same with those used by him. As the interaction Lagrangian 


density we assume*:** 
A Ai 
L= GPO... POur... Ge2)a 
where ¢ is i - ibi i 
: f isa Spinor pon local field describing spinor Urmaterie, and Q,,.... some Dirac 
matrices whose explicit form is, for example, one of Bethe’s five covariants of /3-interaction. 
As discussed in § 4, ¢/ is a superposition of local fields with various spins and rest masses 


(ee citar) = an Gi XE) Gi (Zp) , (5 "i 3) 


S,m 
where ,,,,(7,) is the eigenfunction of the spin and the mass operators which compose the 
form factor of this interaction as will be seen below. Substituting (5-3) into (5-2), 
(5-2) is written in the form 


a 3) , Pima CX.) Ores a! san! (X,) ( ) 
ym 38! ,m 5-4 


s!! ml! ssl ont tt 
Mihond cp (Xe Ouse Gerri (Y,") x (form factors). 

(5-4) represents various interactions of Fermi particles according to which eigenvalues of 
the spin and the rest mass Urmaterie takes. It gives, for example, the interaction of the 
nucleon and the electron, of the nucleon and the /4 meson, or of the /4 meson and the electron, --- 
according to the eigenvalue of s and #. Here an important fact is that they all appear with 
the same coupling constant ¢. This explains at once the equality of coupling constants of 
various Fermi interactions, since form factors are expected to reduce approximately to 
d-functions in low energy region. (By low energy region we mean energy region below 
about (Zc//) © 1-Bev corresponding to J taken of the order of the compton wave length 
of the nucleon.) 

Thus, the universal Fermi interaction follows as an immediate consequence of intro- 
ducing the interaction in the form of the interaction of Urmaterie. We hope that our 
theory thus might serve as a first step to the substantialistic study of the structure of 
the interaction of elementary particles. 

Next we go over to divergence difficulties. This has been one of the most serious 


difficulties of the quantum theory of the wave field, and many attempts have been done for it. 


* Of course the interaction Lagrangian density must be so chosen that it satisfies required conservation 
What kind of conservation laws should be satisfied can not be decided at the beginning. As the least 
requirement, however, it would be necessary that it should satisfy the conservation law of the energy and 
momentum, of the electric charge, and of the heavy particles. These requirements are satisfied by imposing 
invariance under translations and gauge transformations performed in a relation with electric and with mesic 
charge. As for mesic charge see also the discussion of § 6. 

(5-2) should not be called interaction Lagrangian density since all ¢~ appearing 


It should be regarded as a sort of self-stress, 


laws. 


** Strictly speaking, 
there refer to the same Urmaterie. 
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Although remarkable progress has made by the idea of renormalization, it seems a general 
feeling of recent years that the satisfactory solution of this problem would not be obtained 
within the framework of the local theory. The theory of non-local interaction was then 
proposed, and in particular Kristensen and Méller have shown that there is a hope of 
eliminating all divergences if a suitable form is taken for the form factor. The theory 
of the non-local interaction is thus promising in as much as this point is concerned, but 
it is clear that this theory has a serious limitation in that it does not give the principle of 
determining the form of form factors. If we could find such principle, therefore, it would 
mean a great advance. 

It was shown by many authors *” that the interaction of non-local fields leads to 
non-local interactions with definite form of form factors. Of course these conclusions can 
not be definite at the present when reliable theory of treating the interaction of non-local 
field is entirely lacking. But the analysis of § 4 suggests that this is a very general 
feature of the interaction of non-local fields, and a way of overcoming the above limitation 
of the theory of the non-local interactions may be found from an approach of this line. 

It must of course be stressed that discussions in this section should not be regarded 
more than an optimistic conjecture. But two problems quoted here are the most direct 
evidences of the limitation of the present theory, and it seems to us not meaningless 
that at least a clue of overcoming them is suggested by introducing the interaction in 


the form of the interaction of Urmaterie. 


§6. The deduction of particle family 


The conservation of heavy particles recently emphasized by Oneda" 


is certainly one 
of the most important problems to be solved in the theory of the interaction of elementary 
particles. 

For it theoretical explanations have been proposed by many authors under the guiding 
principle of restricting the type of the interactions by assuming the invariance of the 


96) .26) 


theory against possible transformations”: such as the charge conjugation or the time 


reversal. Of course such attempts of seeking for selection rules within the framework of 
the current theory are orthodox ones. 

But it seems to us that this is a problem to be understood in a relation with a more 
intrinsic structure of elementary particles. The fact that such disconnected families exist 
seems to suggest that all Fermi-particles are classified into two families by some unknown 
structure constants, and the selection rules concerning with this new degrees of freedom 
play important roles by their mutual transformations. From this view point, the conserva- 
tion of heavy particles seems to be an evidence for the imcompleteness of the definition 
of elementary particles in the present theory. We shall shown in this section that the 
existence of such new structure constant follows very naturally if we introduce Urmaterie 
which is described by a spinor non-local field. 

Starting with a non-local spinor field EN Gate gd all 24, ae le 4) which describes 
the spinor Urmaterie, we assume that the spin and the mass Operators are defined in an 
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analogous way as that of the scalar. 


The transformation law of ¢,(X,, 7%.) is of course given by 


Yo(Xus Mp) =TeoPe (Xu %y) 

Ap OA, Wr Oll wE= Cayh is on 
and explicit form of 7 is given by 

7=cos 6/2—a,a, sin 0/2 

y=cos 0/2+a,a, sin 0/2 | M2 
for the special rotation in (1;2;) plane (7, 7=1, 2, 3) 
4,=%, cos 0+ x, sin 6 

j= —% sin 0+ 7, cos 6 } (e) 
and 

7=7=cos 0/2—«a; sinh 0/2 (6-4) 


for the translation 


4)=2X, cosh O— x; sinh 0 


4,=—4, sinh 6+ 4%, cosh (6-5) 
A=log {eae 
cu 
Thus, we have 
Ri OCR Leo iu (45) japeucyclic). (6:6) *:** 
and 
Ri= (U+1/22- 0,0): > (6-7) 


where L and fz are given by (2-13), and 9 and @ are usual Dirac matrices. Definitions 
of S? and M2? are made in an analogous way as that of the scalar, and separating X,,7,, 
into S? and M°* 

(/2hak Hoo, (6-8) 
mmutability of S* and M?2.***S® and M2? are to be interpreted 


we can show at once the co 
In the rest system of the center of 


as the spin and the mass operators for this Urmaterie. 


mass, S° reduces to 


* Here we introduced L to distinguish the “ orbital part” of the spin. This is what was written as 


S in § 2. 


** The definition of Ay, is according to Yennie ; 


(2/2) euvRuvde (Xys Zia) = pp’ (Xy, ia) —pp(Xy, es 


27) 


*** The proof is given in Appendix IV. (b). 
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(L+1/2-0)?. (6-9) 


. ” 5 ue hes)! 
Thus, the spin is given in this case as the sum of the “ orbital’? and the “ ztrinste 
4 . 
angular momentum of the internal motion of spinor Urmaterie. é 
i es the 
As for the eigenvalue of the mass operator, we assume as before that it giv 
i ) uation 
rest mass of elementary particles measured in unit (#/cA), where of course an eq 


analogous to (2-22) is assumed ; 
(ru p—*) P(X, My) =0- 
Writing M® in terms of polar coordinate introduced in (2-26), 


M?= — (14 2°) a?/d?—2xd/dx—2#°24+3/44+xp,(Op), (6-10) 


where 7; are ‘ 


‘momentum of the internal motion” conjugate to 7;. With these spin and 
mass operators, and proceeding in an exactly analogous way as that of the scalar case, a 
unified description of particles of spin half integer is given.* 

If S* and M* compose a complete set of mutually commuting operators with respect 
to internal coordinates, the specification of elementary particles with the spin and the rest 
mass is complete, and no other structure constant appears. If, however, another scalar 
operator that commutes with them exists, it means that the elementary particles possess 


a structure constant other than the spin and the rest mass. 


In the case of the spinor, such an operator is provided by contracting A,, with its 


“dual tensor A,,. Explicitly written, 


RyuyRyuy= (L+1/2+6) (4+1/(2i) -p,8), (6:17) 
which is simplified to 


RyyRuy= —10,/2+(49,(ua) + (1.0) + 3/2), (6-12) 


since we can show by direct calculations that (Lt) vanishes. It can be further shown 


that (see Appendix IV (d) ) 
[S*, Ry, ]=0 ) 
Me dei ; (6-13) 
[M?, R,,2,,]=0 | 


the states of the internal motion which are specified by the eigenvalues of S° and 


M® is always degenerated with respect 2,2 wv Some parts of XR, ,A,, are not independent 
of S° and M®, and omitting such irrelevant term, we are left with 


O=,. (6: 14) 


* Ie should be noted that “jy introduced in (6-7) is not hermitic, 


therefore the mass operator is also 
not hermitie in spinor case, 


This is because the representation of the Lorentz group by spinor is not unitary. 
A way of avoiding this difficulty is to use unitary trick, which consists in replacing vy by zx. In this case, 
however, the squre integrability of eigenfunctions is violated. These difficulties are overcome only b 
quantity like expansor recently introduced by Dirac!®). 
is intended in this section is to give the sim 
family. 


y introducing 
Its actual study will be reported elsewhere. What 
plest model needed to understand better the concept of particle 
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Although p, is pseudoscalar, it is easy to construct a scalar operator that inherits the 
essential feature of it, and we disregard this odd character in the following to simplify 
the discussion.* 

© has eigenvalues +1. As will be seen from (6-10), @ is closely related to the 
eigenvalue of 7, and in classifying all spinor particles into two families according to this 
eigenvalue, the eigenvalue -+-1 determine the minimum value of the rest mass appearing 
in these two families. Although eq. (6-10) has not yet been solved exactly, a preliminary 
estimation treating v/,(Op) as a small perturbation yields 


(5 for eigenvalue of O=1 


9 


Min — | 
0 < es ee 


(6-15) 
As was discussed before, 7 represents the rest mass of elementary particles measured in 
unit (Z/c/). Therefore, by taking / to be of the order of the compton wave length of the nu- 
cleon, this mass separation becomes comparable to that of the nucleon and lepton families. 

Thus, @ is interpreted as expressing the intrinsic difference of these two families, and 
in our theory the classification of Fermi particles into heavy and light follows as an inevitable 
consequence of introducing spinor Urmaterie. This means that in our theory the concept 
of particle family must be considered as very fundamental. We think that this result 
may be considered as a remarkable advantage of our theory. 

In our theory, the difference of heavy and light particles is reduced to that of 0. 
Therefore, the conservation of 4 leads at once to the conservation of both families. To 


find a reason of assuming the conservation of 0, we introduce O defined by 
O=1/2" (1+ @)- (6-16) 


6 takes eigenvalues 1 and 0 for the nucleon and lepton family respectively, and just corresponds 
to A introduced by Oneda”™. Therefore, it would be natural to interpret it as mesic 
charge. *##)#### 

@ thus being interpreted as mesic charge, it is natural to require its conservation. 
Formally, this is satisfied by assuming the invariance of the theory under the ‘ gauge 
transformation ” performed in a relation with it ; 

wD fats pe 
(6-17) 


p* p¥e te | 


* A way is to double the components of ¢p(X,, 7) into eight, and to introduce an independent 
set of Pauli matrices w other than p and g. It seems interesting to identify to t spin, and to try to 


elucidate a deeper relation between the electric and mesic charge, or between the conservation of the electric 


and mesic charge. 
** (6-15) was obtained using unitary trick. 
conditions differ from those of § 3, and as remarked before, squre integrebility is violated. But here we do 


In this case, unperturbed eigenfunctions and boundary 


not touch these difficulties. 


#&* Thus, in our theory, 


to 0 is given two fold meanings ; it classifies on the one hand the heavy and light 
and on the other hand mediates the interaction of z-meson with Fermi particles. We are tempted 


particles, 
to consider this fact as an answer to the question why only heavy particles interact strongly with 7-meson. 


#eeK The concept of mesic charge and its conservation was first introduced by Okayama’) and by Wigner™”. 
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where @ is an arbitrary constant. From this requirement follows the conservation of mesic 


current, which is nothing but the conservation of heavy particles. 


§7. Summary of results and concluding remarks 


It would be convenient to give first a brief summary in clarifying the logical con- 
struction of the theory we have developed thus far. 

What is the most fundamental in our theory is a substance we named ‘“ (/rmaterie”’, 
which we assumed is described by a non-local field satisfying the equations of motion 

((1—M?/#?) U(X, 7) =9; (7-1) 
and 

(yh y—*) U(X) =9- (7-2) 
Various states of the internal motion of Urmaterie are classified by the eigenvalues of a 
complete set of mutually commuting scalar operators with respect to internal coordinates, 
two of which can be taken as the spin and the mass operators, and each eigenstate thus 
classified is assumed to correspond to the elementary particle of definite structure. What 
determine the structure of Urmaterie is the transformation property of the non-local field 
used in describing it, and the parameter 4 appearing in (7-2). In this way a unified 
description of elementary particles is given, and the structure of Urmaterie determines the 
structure of individual elementary particle and the mutual correlation between them. That 
is, it determines the spectrum of the spin, of the rest mass, or of other structure constants, 
the structure of interactions, or the form of the form factors when interaction is introduced. 
For example, by taking (/(Y,, 7,) as scalar, a unified description of Bose particles is 
given each of which is characterized by two structure constants, the spin and the rest mass, 
and which are subjected to the spin and the mass spectrum given by (2-28) and (3-8), 
and by taking it as spinor, that of Fermi-particles which are classified into two families 
according to mesic charge 1 and 0. 

Thus, in our theory, elementary particles are regarded as phenomenal forms of 
Urmaterie. That the definition of elementary particles is made more positive by introducing 
Urmaterie is clear. For example, in our theory, the answer can be given at once to the 
question such as, “Is the specification of elementary particles by the spin and the rest 
mass complete ?”’. This is never a self-evident thing, and in fact the discovery of particle 
families show its incompleteness at least in the case of Fermi particles. It may be 
a remarkable advantage of our theory that it can not only give answer to these questions, but 
also succeed in deducing just the required new structure constant. 

In addition, the possibility of deducing the spectrum of various structure constants, 
the structure of the interactions, or of the form of form factors must also be stressed. 


Note that, as discussed in § 2, these are the most direct evidences of the limitation of 
the present theory. 


Of course our theory is only a starting point for the unified theory and is far from 


The most serious limitation of our theory is the lack of law governing 
the internal motion. Keenly we feel that the attention of the future theory must be 


satisfactory goal. 


owt 
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focussed on elucidating it. The use of Yukawa’s non-local field must also be criticized. 
Although his non-local field is a very elegant, probably the most elegant way of introducing 
internal coordinates known up to the present, there is no inevitable reason to use it at 
least at the present stage, and we can not rule out the possibility that the use of Yukawa’s 
non-local field impose a severe restriction to the whole of out theory. 

In conclusion, it would be important to make clear the position of our theory in 
the course of the development of the theory of elementary particles. 

The most essential point of our discussion was that the moment to the further 
development would only be found in sore positively defining elementary particles. We 
regarded the present theory as “‘ phenomenological’, and it was as the first step to over- 
come this limitation that we introduced Urmaterie. In this sense, our theory may be 


‘ 


regarded as ‘‘ sudstantialistic’’ to the present theory, and at the same time as 
“ phenomenological”’ to the unified theory we are aiming at the next stage*. 

In fact, such limitation of our theory appears already in following forms. The first, 
our theory gives no answer to questions such as “‘ What kind of Urmaterie should we take ?”’, 
or “* What kind of interaction should we introduce between them?”. The second, the 
introduction of spinor Urmaterie as we did in §6 means to introduce elements not 
completely analyzable in our stage. 

At the present, we can say nothing to these questions. But it is our strong feeling 
that a series of facts we quoted in this paper as the evidences of the limitation of the 
present theory are problems not to be attacked separately, but should be regarded 
all as suggesting the necessity of introducing a substance of higher level. In this 
connection, we hope that our theory might play some role as the first step toward an 


approach of such line. 
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Appendix I 
A detailed discussion of solving (3-5) is given here. In order to get a solution 
defined in the interval 0< 7 < 1, we put 
CY a) hy 8 ) 
u=(1—2)*v 


* In this paper we disregarded the degree of freedom concerning with charge states entirely. Of course 
this degree of freedom must be taken in the work of next approximation, and in particular the amalgamation 


of our theory with that of Pais®) seems very promissing. 
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Then (3-5) turns into 
2(1—s)o"+ ((at+P4+1—7) — (ata+1—7+1)2}v'—a(a+1—7)v=0, 


where y; 1— ©© corresponds to 7;0— 1. 


Expanding v into power series 


we get two independent solutions in terms of hypergeometric series 


Oa Sa E Lp Bea ht) for p=0 
v,=2'- °F (7-8, 1—8, y+1—a—Ff, 7) for p=y—a—fP=1/2, 
both of which are convergent in the interval 0 < 2< 1. 
Thus, the general solution of (3-3) is given by 
g=AgQ,+Le¢,, 
where 
Q=(1— Z) Be +2 (qa, a+1—7,a+f84+1-7,2 
: AI-1 
Y,= (1—2)2e+)+e zt * SF(7—B, 1-8, y+1—a—Ff, 2) ( ) 
and A and B arbitrary constants. These solutions must satisfy the condition of square 
integrability 
| |e?“ 142° dr=fiite, 
where “1-4” is the Jacobian that appeared in transforming variable from 7, into 0, ¢ 
and x. 


In order that this condition be satisfied, the following is necessary and sufficient. 
i) @=finite at z=0, 

and 
ii) (=O at 7=1. 

For i) it is easily seen that the condition is automatically satisfied since 


y—-a—PB=1/2 >0, 


but for ii) a detailed discussion is needed. It is because although Q=s)-s tends to 
zero since 


(5.1) sie ee ta hae egy 
2 " 


another factors /(a, a+1—y, a+B+1—y7, z) and F(y—f, 1-8, 7+1—a—f, z) 


diverge. 
The following identity is useful to investigate the behavior of ¢, and ¢, near g=1; 


F(a’, rele a 7) — (1—2)P-* "8 (al +y’, 7/—f', on a). 


a 
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Using this, (AI-1) is expressed as 


Po= (1— 2) 2° F(G41—7, Bat f+1—7, 2) 
(AI-2) 


Q,= (1— 2) BEtD +8» web 1—a, y—a, y+1—a—FB, ¢ 
Both / appearing in the right hand side of (AI-2) being finite at 7=1 on account 
of 
(a+ 8+1—7) —(8+84+1-—7) =a—f= Vs(s+1)+1—72 > 0 
and 
(y+1—a—f) —-(vy—a+1—a) =a—f > 0, 
the behavior of @ and ¢, near y=1 is determined completely by whether the power index of 
(1—2) is positive or is negative. 
Thus, for #2” = s(s+1), namely for 


Rq 2+4 +e]=r{ 2 a—vsG+i1)+i-m) |>o 


both y, and ¢, converge. This yields continuous spectrum. 

For mz? <s(s+1), on the other hand, (1 —z)RE+d+6 diverges at z=1. In order 
to get allowable solutions in this case, therefore, we must choose / in (AI-2) so that 
it tends to zero at y=1. This means that we must choose / in (AI-1) so that it 
breaks at finite terms. Then we meet following two case ; 


i) For ¢,, 


a must be negative integer ; 


aaa V5(st1)+1—#?}=—2n, 
2 
EE re eae 
zy 


Then the eigenvalue of the mass is given by 
Men =S+1+4ns—4n’, 


with the corresponding eigenfunction 


—2n+1 1 ili x? 
o9 =(14+7 SH =m S=4--—, = ). 
Pres) NGS see 


ii) For 9; 
y—? must be negative integer. 
In this case the eigenvalue of the mass is given by 


Mt.» = 3S+4ns—4un— 4" 
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with the corresponding eigenfunction 
' oy —s—2n+1 1 3 x ) 
me We —TaF(—1, s—n+—, —, ——}. 
Prin (1+ ) : 2° 2 1+2 
Other cases, for example, 1—f=—n, or a+1—y=—2X is not permitted, since it 
contradicts to °<s(s+1). Moreover it is impossible that both yg, and ¢, become 
eigenfunctions belonging to the same value of mass. This is easily seen from the fact that 
for a=—x, neither y—f nor 1—/ can be negative integer. 


Above two cases ate expressed in a compact form, if we introduce another parameter 


which is given by 27 for case i) and (27-+1) for case ii); Then 
me,=s+1+2sl—1?, l=0, 1, 2--- <s, (A-13) 


and the eigenfunction is 


r= (14 a8) ( yr(-S+6 stitt +e, = +26, —) 


s-t+t (/ 47 \6 eal #. 
=(1+2°)-3"(_* Gis nab poee die 2 
Od (; ) RANeIag i 
where Gs_, is the Jacobi’s polynome of (//2—€)th order and 
ao | 0 for even 
4 1/2 for odd. 


Although it seems apparently possible that the solution of the form g=(Ag,+B¢,) can 
tend to zero at +=-£00 even in the case when both ¢, and ¢, diverges (since their 
order of divergence is the same), we can see at once that this does not occur. It is 
because Y, is an even and ¢, is an odd function of 4 as will be easily seen from (AI-1). 


From it we can conclude at once that constants A and &, non of which is zero, satisfying 
Ag,(0) + Be,(co) =0 


Ag, (— 0) + bg, (— co) =. 1p, (00) —By,(co) =0 
do not exist. 


Next we examine the orthogonality of eigenfunctions given by (AI-4). The first 
equation (3-5) can be written in a self-adjoint form 


(142°) g"}— 


x ° ra. ca 
s(s+1)9+n?V14+2° ¢=0 
Fin ee ¢ 


Then we get for the same value of 5 


(m? ,— nis) | oa Pod V1+<d¢e=[(1 par) 3 {Ps.4Pse— Pr. Poa} | Zoe 


Substituting explicit form of ¢, we find at once 
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ga=2e{(1—— 1 Na $2) 146 stetia |. 


9 


Leal 


9) —8—t+1 ge NE Zi 
+ (1+2*)"~3 (=, F(—“ +841, eee are, Sey ee ) 
ee 2 2262 2 

IN 


x = 
Lez 


and noticing that in the third term /* does not contribute to divergence since it is a polynomial 
in 2°/(1+.2°) and is finite everywhere, we see that the term that diverges most weakly 
in limits x—>-0o is the first, which is of the order of 1/2. Hence, putting, 


$= O(1/4) G55 
we obtain 


(1 +22)92{9, 9); so done ~ (1+2°) —e—14!4h y O(1/x) x (1 Be de 
The first term is O{(1/x)?*)-@}, the second O(1/x), and the third is OF GTS) ae 


from which we get as the orthogonality condition for the same s and different /, &, 


2(s+1)—(V+4) +1—3 >0, 
or 
2s >l+h, 


This condition is satisfied by s >, and s >, which was just the condition of square 
integrability. 


Appendix Il. Group theoretical investigation 
of the eigenvalue equation* 


The eigenvalue problem for the mass spectrum can be solved group-theoretically. The 
result agrees with that of §3 as it should be, but it is useful in clarifying the ma- 
thematical feature of the problem. 

The internal eigenfunction solved under the boundary condition of square integrability | 
transform under Lorentz transformations according to a unitary representation of the Lorentz 
group. The unitary representation of the Lorentz group was studied in detail by Wigner”? 
and by Bargmann,” and in particular Bargmann gave an explicit solution of it. According 
to him, there are two such irreducible representations labeled by two parameters and 7, 
which are eigenvalues of € and 7) of (3-9) respectively. 

i) €=0 and 7 is any positive number. In this case s takes all values of 0, 1, 

2,---, where s is the eigenvalue of Rishi; 3 AR Ragas (s +1). 


* The content of this appendix is due to Mr. Murai*. 
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ii) € is any real number, and 7=1—2£+ (5/2)’. 
In this case s=h, +1, £+2,:-- with 
mal 2, Ly 3] Lasts 


The representation space is a Hilbert space defined on the surface of a unit sphere except 
foreOr i=l Of case 1); 
Our discrete case corresponds to ¢=0, and s=integer of ii)*. Thus, required 


eigenvalue is given by 
M’?=s(s+1)+1—#& 
= 189.03 A 
s=hk+1, £42, £4+-3,-°°, 
or, if s is specified first, 
M?=s(s+1)+1—(s—Z)’ 
Sie eel 0, 2s — Ie 


which agrees with (3-8) completely. 


Appendix IIL 


In this appendix the calculations outlined in § 3 will be explained in details. 
We first construct eigenfunctions of the mass and the spin operators in arbitrary reference 


system, and then derive Fierz’s subsidiary conditions for each decomposed parts of the 


Urmaterie field. 


In what follows quantities refering to the rest system of the external motion will be 
distinguished by primes. Thus, the eigenfunction belonging to the eigenvalue s and 7 
of the spin and mass operators sasisfies 

12 (py! 2p! 
M OF a. Fete! Leo 


on (AIT: 1) 
peek (Ln Pi =5(5+1) Di mn ?. 


where 
/ 7 ° = 
D,mn = Pam (4!) P,” (cos 0) e™* 5 2! =sinh €, 


The explicit form of ¢,,, is given in Appendix I. (See eq. (AI-4).) S® and M? being 


invariant under Lorentz-transformations, required eigenfunctions can be obtained by 
generalizing %,,,,, into an invariant form. This can be done at once with the help of 


the formula’” 


* That RuvRyy vanishes can be seen at once, for example, by taking 7,= (71, 0, 0,0). The appearance 
of such restriction is a little queer. We think that this related to the use of Yukawa’s second equation, 
which stipulates 7, to be space-like. A fuller study of it will appear elsewhere. 
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a ins GACSWn7 7) an (te ; Lage) & ' 
Pe A cos 0) en | du(r,+tr, cos u+ir, sin u)e"™. (AIII - 2) 
is _—% 


The result is 


?, m,n c(s, ) _ a) x AIII- 3 
ie {Haru (en) ep eyh said (Phy ku)” ( ) 


anu 


he 
x | AU (Agy1y + 2Aiy1y, COS U+ 17, Sin Layla 
—a 


where a, are coefficients of Lorentz-transformation given in (3-11) ; 


) fon U1, 293, 


Ay) = (AIII - 4) 


im(h/cad) for p=4, 
and s and 7 are assumed as scalar. 
It is clear that Dn (hu, %.) reduces to P' nn (ky %) when written in terms of 
v',, and therefore composes the complete set of eigenfunctions in arbitrary reference systems ; 
S?O, mn Fu Tu =Sst+ I a © ee ar) 
MO Cees op) EH Deon un la) 


The orthogonality of P, nn (Fy, %.) follows at once from that of Do mn (us %u)- 
As pointed out in $4, Ajuy.... (fk, 35, m) must satisfy {(s+1) (s+2) (s+ 3) /6 


—(2s+1)} subsidiary conditions. We try next to deduce explicit form of these subsidiary 


conditions. For this purpose we construct 


As ea (ey > Jy m) Se ACS A ey S; M, 1) x 
\n\ Ss 


: f die” ashy + idiyhy Cos u + id, hy, sin 1] (AIIL-5) 


—% 
X (Ay ia COS +12, sin 1) *-! (gg 1Ayp COS U + 229 sin 7)° 
. . . . - . 6 
X (Ag, + 1043 COS U + Lao Sin 2) * (Ag 2Ay4 COS + 2, SiN ye; 
eel, 
and 
% ry 
/ InN? 
Hee (hn, m= cS, n) A(ky3 Ss mn)| due x 
\n| Ss -—7 
(AIII -6) 


2 an 
X [{ Gop @ap,— Ain, COS %— Ary May SIMU; 


42 {2Asy Ay COS M+ 1A 3A oy, sin U— Qyy,Aoy, Sin 2 COS u} |x 


204 ©. Hara, T. Marumori, Y. Ohnuki and H. Shimodaira 


X (Aa, + tay, COS 0+ Zao, Sin 21) *~* (Ayo + Lay COS UE Zo sin 2)* 
X (Agg+ ayy COS + Udy, Sin 1) * (Ag+ 2ay4 COS + Zag, SiN u)*, 
ea 
Terms in [ |] in the right hand side of (AIII-5) vanish on account of (AIII-4), and 
those in [ |] in the right hand side of (AIII-6) also vanish which can be seen at once 


from 

Basil pO gy 
Thus, we get 

hy Aayyee (yp 3 S) 2) =0, (AIII-7) 
and 

Agny... (Ry 3 5, M2) =0. (AIlI-8) 
(AIII-7) and (AIII-8) are nothing but the subsidiary conditions for particle of spin s 
and mass #(%/cA) as given by Fierz. 

The number of independent subsidiary conditions resulting from (AIII-7) and 

(AIII-8) is s(s+1)(s+2)/6 and s(s—1)/2 respectively. This assures that other 


conditions can never appear. 
Appendix IV 


In this appendix details of calculations not touched in the paper is given. 
(a) The proof of (2-23) 

(22-2) restricts the internal world to the surface of a hyperboloid, and u(7,) to be 
of the form 


(ry) =O (%yry—*)u' (ry), 


where it should be understood that 7”, in «/(7,) is restricted by r,—%. This suggests 
a modification of quantum mechanics we assumed to the internal motion. Our new 
assumption is that the essential part of the internal wave ‘function is u'(r,), and the 
expectation values of various dynamical variables are given by 


1 fe) I Vy 59) N ONY 
(P(r 7 Or, 2) O* (rury—#) 0 (ryur,—4) 0 (ryum,) 


. u*! (r,) FE (% 2, + al (r,) (ar,). 


This gives for 72° 


m= — \ O* (tyr —P) 0 (ryry—2) 0 (7) u*! (7) 


- C) , a) % y - 
x (" ar, + 7% aa ) 6%.) (ar), (AIV-1) 


z 
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where we have put 7, as (0,0, 0,7). Of terms of (2-21) what remained were ra/or 
and 720°/07,'. 
The vanishing or rd/dr can be shown at once if we rewrite it in terms of polar 


coordinates introduced in (2-26) 


= 9 eas 2 , (AIV -2) 
or OA i| Os 


where 1 should be regarded as variable. An important fact is that A does not appear 


in u/(r,) owing to (2-22). The first term of (AIV-2) therefore vanishes, and the 
second also vanish by virtue of 0(7,) appearing in (AIV-1). 
Thus, we are left with 


i —{ O¥ (Hut p—P)O utp —#) 9%) U™ (Hu) 


x p22 a! Ga) (ari 
Ory. 


Here 7° can be replaced by #, and under the assumption that —d°/d7, corresponds to 
the operator of the square of the energy of the internal motion, we get finally 


m= (A/hc)* Ent) 
(b) Proof of [M’, S*]=0. 


It is sufficient to prove it in center of mass system since M? and S* are scalar. 
1) The case of scalar. 


Ss? — Se+ So+ Se: 
and 
M’= py fs ar Tee 
Using the commutability relations in (2-14), we get 
[Si ES sl=> {[ Si, L| yt py Si [45 ]} 
j j 
=1>} {Hales — Pitt t Usa — Lpft;} =. 
: 


Hence 


a 


2) The case of spinor. 
S°=L?+ (GL) + 3/4, 
and 
M2= p?—ip, (uo) — 3/4. 
Then 
[s, M=3 {—ip,.Z » (0) |Z, — tL Lis (to) J} 
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—SH[M5 (Le) Jot ele, (Lo) J} 


+p,(0, Lx p—pxL), 
terms in the second bracket vanish by virtue of (2-14), and the first is rewritten as 
p,(o, wx L-Lxp), 
and compensates with the third. 
(c) The proof of [S*, 7.7,]=0 and [M’, v7, |=0. 
[Roa ta J=1/e> {7[8/8r5 Mure] —L8/Or, Tor wl} 
=1/0+ 179 .p— 117} =0, 
thus 7,7”, and S*, M° are commutable. 
(d) The proof of [S*, R,,R,,]=0. 
Again, we can evaluate it in the center of mass system utilizing the scalar character 
of various operators. Thus, 
[S*, Ruy Ryy|=1/2-[L2+ (Lo) + 3/4, (a4) —ip, (GL) —3/2-i9,] 
=1/2-{[L*, (wo) |+[(L6), (uo) }} 
=1/2- {i(6, wx L—Lx w) +7(6, Lx w—ux L)} 
=0. 
[M?, RyRy ]=1/2[p2—i, (uo) —3/4, (40) —ip, (Lo) —3/2-ip,] 
=1/2-{{W, (wo) ]—| (uo), (Le) ]} 
=1/2- (0, wx L—Lx p#) —7(0, wx L—Lx p)} 
=0. 
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General wave equations of Pais type, which are invariant under the group of the product space of 
Minkowski space and the w-space, are introduced and properties of such general fields are investigated, 
as a model of fields with a new degree of freedom. Possibilities of space time approach to the new 
degree of freedom are also discussed. 


§ 1. Introduction 


According to the recently discovered events where new unstable particles play important 
roles, it seems to be necessary to introduce a new freedom which offers a new indication 
specifying elementary particles. Indeed recently interesting trials of new type spins have 
been made by several authors” among them Pais’ ingeneous proposal forms a systematized 
theory. This may be called as one complete model for such freedom. This theory is 
based upon the direct product space of the Minkowski space and the Pais’ w-space. In 
this paper we will introduce general wave equations which are invariant under the group 
of the above stated direct product space, or the group which is the direct product (/ x 2) 
of the Lorentz group / and the w-rotation group 2. These general equations describe 
elementary particles with arbitrary ordinary spin values S and arbitrary w-spin values 7 
and may be called as general Pais’ type wave equations. About these generalized fields 
we will investigate what happens for them comparing with the ordinary fields, for example 
concerning to the conservation laws, the relation of spin and statistics. These” results will 
offer some tools for analysis of unfound particles to be found in the future (Pare I). 

_ However we cannot deny that it is a defect that we cannot say what the «u-space 
means. So we investigated about several possibilities for introduction of the new degree 
of freedom by the refinement of the space time treatments (Part IL). In the future it 
will be decided what sort of formulation should remain as the complete one. Nevertheless 
Pais’ original method will also remain as an original model, in our opinion. This is the 
teason why we worked on the general Pais’ type wave equations in details. 


Part I. General Pais’ Type Wave Equations 


§ 2. General wave equations for arbitrary values of 
ordinary spin and «-spin 


6 Ppere: 
Pais’ wave equations for particles involves two sorts of spins, namely the ordinary spins, 


down in spinor forms. 
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say S, and the w-spins, say 7, as the nature of the wave functions with respect to the 
Lorentz group in the Minkowski space and the rotation group in three dimensional Euclidean 
w-space respectively. In his theory baryons (members of the nucleon family) are described 


as particles with S=1/2, 7=1/2 and the wave equation for the baryon family is given 
as 


{7°0,+ Mp, 7, K)}¢=0, (2-1) 


where JZ is an operator depending on the rest mass /4,, the isotopic spin matrix t and 


the w-rotation operator AX, and its simplest form is given as 
M=p,+t4K/A (A: a constant). (2-2) 


The mesons are described by him as particles with S=0, 7=1 and the wave equation 


for the meson family is given as 
{—-?" (e: at ky) } ¢=0, (253) 
where the operator 17° depends on 4, (t/A), (c'K)*, K® and so on and its form is 


given, for example, like 
Mi=peli+ o,(t!'K) +a,(t/K)2+ ay(K)4. (2-4) 


The matrices 7, t/ are the ones corresponding to the irreducible representations /);), ibe 


of the w-rotation group respectively and their commutation relations are 


NY 
T) (pra pe T,=20 mt » (2:5) 
Pita 2 (Medea ee a lee hae é 
ps t" on +7, ton Cr — Cin On Sie Own ie) (2 6) 


Linge, HH 1G 2,53.) « 


Our first purpose is to generalize these equations so as to involve arbitrary S and 
T spins. There are two ways of generalization of ordinary spins, namely the one due to 
Dirac?) and Fierz® and the one due to Bhabha” and Chandra”. These two methods are 
equivalent for lower spin values S=0:/Pi7 2,00, spat whey differ from each other for noe 
spin values oo) 2. 9 Lhetormer method gives a natural meaning for the penal spin 
but it involves the so-called subsidiary conditions, which forces complicated forms of interac- 
tion with the electromagnetic field. The latter methods gives up the subsidiary conditions 
and so the interaction has a simple form, but the meaning of the spin becomes somewhat 
obscure, or it is the highest spins in the meaning of the former method. In our opinion 
we should follow the former method in the present stage of development. In this part 
we apply the direct product space and in the last section we will give results of applica- 
tion of the latter method. 

In order to generalize the Pais’ equations in the Dirac-Fierz’s method, we write them 


The equation (2-1) can be expressed in the form 
Ors 17 p= Mp Ps 0» (2-7) 


9” Ps, c= Mo Pi aps 
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where the spinor indices of Latin letter 7, s,-:-are concerned with the Lorentz group 
and those of Greek letter , o,-::with the w-rotation group. The wave function is a 
spinor of the first rank with respect to the Lorentz group and it is also the first rank 
spinor with respect to the w-rotation group. The operator 3;, is the ordinary spinor 
differential operator, and the operator 7,” is the spinor operator corresponding to the 


operator J and for the case of (2-2) it takes the form 


: 1 
5, Oas No CO 
1 = 41440, Re Te (2-8) 


d 


where /,° is the symmetric spinor operator corresponding to the antisymmetric tensor 


operator AK of the rotation in the w-space : 
hy = (t/2) (K,—thy), 
Rryy= — (4/2) (Ky +7K3), (2-9) 
hig ys — 1 Ky, 
(Aah ke ee 
(A*=* 0/d0,—0* 3/d0,). 


The equation (2-3) can be written in the form 


Oe o, Py =m," Pst oy > 
(2-10) 


rs a p r 
fe) Pu, ov— Mo f t, py? 


where ¢”, ,, is a vector and Y, 4, is an antisymmetric spinor or a scalar with respect to 
the Lorentz group and they are both symmetric spinors of the second rank with respect 


to the w-rotation group. The operator #z,° corresponding to .J/ depends on 7’ K, (7’ 
o 


KC)’, IK* and these operations can be substituted for in the following way 
t’ K->2,°, 
(7/K)*—>£,” &,°, (2-11) 
Geet Beet ee sae 


Now we propose the following equations as the general field equations for arbitrary 


BiInss oe A 


me hibsiae = mie 
0.5 Vu pecesDy ateeesen Pouscoe,av seed 
Art itn 2 pees (2-12) 
DP iives soviet a MIE On On avcd puss 


The wave functions have 2S Latin letters and 27° Greek letters and symmetric with respect 
to the three kinds of indices pairs, namely among the undotted Latin letters, among the 
dotted Latin letters and among the Greek letters. These wave functions exhaust all finite 


dimensional irreducible representations of the above stated direct product group / x 2 if we 


include scalar fields as antisymmetric spinors. These equations are invariant under the 
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group 1x2, for they are written in spinor forms with respect to both groups / and 2. 
It can be shown easily in the method of Fierz that the wave functions in the rest system 
transforms according to the irreducible representation /); of the rotation group of the three 
dimensional ordinary space. Since they are symmetric spinors of 27° rank with respect to 
&, they transforms according to the irreducible representation /), of the w-rotation group. 
Thus the equations (2-12) describe the fields of particles with ordinary spin S and w- 
spin 7. Clearly the Pais’ equations are involved in them as special cases. The ordinary 


general equations of Dirac- Fierz’s type are involved in them as special cases of scalars 


with respect to 2 and m,°=zp, 0,°. 


The second rank wave equation can be easily derived from (2-12) 
{T ]—M\ (4,0) =0, 
{1 -JP} g(, w)=0, (2-13) 


where 
(=1/28;, 3”, 
Me [2nx, aH? (2-14) 


operating on the arguments + and w respectively in the wave functions. 
Since subsidiary conditions are derived by considering the symmetry character with 


respect to the Latin indices : 


(2215) 


~ 
fa} 


Furthermore in our case the same circumstances arise for Greek indices also and we have 


in the same method subsidiary conditions with respect to the Greek letters : 


(gt AA OES Miah 
(2-16) 
ODD a pattae sO 


Also in this case the field equations (2-7) can be expressed in tensor forms or in 
mixed (spinor-tensor) forms. They are given for integral or half odd integral values 


of spin .S or spin T as follows where 7, 7 indicate arbitrary integers. 


(4) integral ordinary spin and w-spin CSW) 


The wave function is a symmetric tensor of the z-th rank in the ordinary space time 
and a symmetric tensor of the th rank in the w-space, 7,°*°, 7m and 45°*;°0m being 


tensor indices with respect to L and 2 respectively. 
iL] rez MM” Pore: “ty 01° - 20m == 0, 
Db rrs: iitns Piss Om a 0, 


Or LP ry--15 01° Pm — 0, 
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Mp Dry-tny Poy pm= O- } 


(Mf, is a vector operator corresponding to m,°) 


(ii) integral ordinary spin and half odd integral w-spin (S=n, T=m+1/2) 


The wave function is a symmetric tensor of the -th rank in the ordinary space time 
and a 2m-+1-th rank symmetric spinor in the w-space, and we can write it as a symmetric 


tensor with two spinor components with respect to 2 in the following way. 
Reka CN 
Y, Py eT =( 1 29 Pi °*Pm 
1 no FI m ‘ by, “Ips 2 01°-" Om 
where 1,2 are spinor indices and others are tensor indices in the same sense as in (2). 
ip oy . = 
UV 0,—7 M,\ ee ~r dm= 9; 
Pry 75.4%, 01°-*0m= > 
Or Wy5---14p5 (ee pie 
rad] °° Ty» 002°" m= 9- 


(77 is the Dirac matrix, ct’ is the isotopic spin matrix) 


(iii) half odd integral ordinary spin and integral w-spin (S=n+1/2, T=m) 


The wave function can be expressed as a symmetric tensor in the sense in (7) with 


four components with respect to the ordinary space time in the following way. 


A 
YT ny Or Pm \ 


LY H R og 7» Pi" Om 
N°°°% > 21° Om tis: . 
GN Tay P1'° Pm 
i Sor, “Pn, 01° Om/ > 
where 1, 2, 1, 2 are spinor indices and others are tensor indices. 
fal aX) = 
U 0, — h M,\ Ty, ln» 01°" 0m = 9; 
ia p ITe"Tny 01°**Pm=9, 
Oly ve 
‘2 Ay Ps ops “Om=9, 
yr = 
Mp i Oe oo ry Poo": Om =O. 
(iv) half odd integral ordinary spin and w-spin (S=n+1/2, T=m+1/2) 


The wave function can be expressed as a symmetric tensor in the sense of (7) with 


eight components which forms a spinor of the first rank with respect both to / and to 
2, For example with respect to / it can be arranged as 


( Prete Api" Pm 
| Y FA Hay Ap1-** Pm. 
1°"? 401 Pm 
"Oy R01" Om > 


is = 
Vig: scx Oye 
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where 4 is a spinor index (A=1, 2) with respect to 2. 
A ats , 
1) Ont M,} PF, Tu» 01°" Pm, 
i Prry-tp, 012" m=, 
zt ee Pp2 * Pmaa 


Now let us consider the solutions of wave equations. All wave functions satisfy the 
second rank wave equation (2-13). This equation can be solved by separating variables, 


or assuming 


f(a, wo) =d(4) x(a). (2517) 
So that we have {[]—a} (x) =0, (2:18) 
{M°— A} 7(w) =0. (2-19) 


The operator J7* is an invariant operator in the w-space, which is compact, so the eigen 
value problem of the latter equation yields the discrete eigen values A,, Agyt+*, and we have 
an orthonormal set of solutions y, corresponding to /,. Writing the normal solutions of 


the former equations with respect to }, as 0/,(%), we have the normal solutions of (2-13): 


(i,(#, o) =91(4) 1.(@) (2-20) 


by means of which we can expand any solutions of the wave equation. 
The discrete eigen values 7, play the role of the rest mass in the usual theory. In 


the case of (2:8) we can easily show 


M* =A (w) [A + [", (2-21) 
where 4(w) is the Laplacian in the w-space. So the equation (2-19) becomes 
{4(w) —A(— pe +4)} x (e) =0. (2-22) 


As well known the eigen values of this equation are 
MP (= py +4) =1 E+ Ls 


which determine the eigen value /,. 
A=ll+1)/L + My. (2-23) 


The wave functions 7;,, ate determined by the eigenvalues 7, 7 of d(w) and A, In 
the case of w-spin 7’ the dependence of the proper function y(w) on the variable w, is e*”"”®, 
Gaps we, w= T, [1 1—7, —f. 

Concluding this section we must notice that above developed formalism is concerned 
with the proper Lorentz group and the proper «-rotation group. In order to gain a 
covariant theory with respect to the whole Lorentz group, we must add the equation 
arising after exchanging the number of undotted suffices with that of dotted suffices. Or 
in representation theoretical words we must add the equation corresponding to /),, to the 
equation (227) .. if the latter corresponds to Dy; -Further,/in order to gain a covariant 


theory with respect to the whole w-orthogonal group, we must add one more equation of 


Rael 
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the same type where the wave functions are to be exchanged in the case of improper w- 
rotations. This is the standard method in the spinor analysis in the three dimensional 
Euclidean space and corresponds to the use of the four dimensional ¢ spin matrices. The 
added equation is 


NM 


Big bE gS APS ae 
(2-24) 
Oe Ges tee eg ae ae 
Introducing the fields 
EO A Poe Ree (2-25) 
we have 
Diy Ce tee ie Pas a 
er ‘ (2-26) 
OG ae ee Mie ar 
In the case of the w-inversion, the wave functions transform as 
/ — / d 
fay Jn EES (2 ; 27) 
which means 
Ptod', Pood, goog, go e. (2 . 28) 


In this way the particle described with (+) field and the one described with (—) field 
behave in different ways under w-inversion. 
We want also to notice that there is another possibility of generalization which did 


not occur in the ordinary case. Let us consider the equations of the following type 


/, px fa 
OW)... Liigh 0 pe Ponda ck 


(2-29) 
Ilo 
OD. gent ae Re pene 
In the ordinary case the choice 
Pog ers PAE Ge eee ' ft) AES : 
mM, =tfo On» WM oy =f Oo 5 fo fo =F (2-30) : 


did not cause any new affair physically important. In our case, however, somewhat notable 
circumstances arise, namely the choice, for example, 


ee Py f S@ hire ee @actys fiw & Hs ! oo g 
m= tf 0, +2 ,°, im p rth hE, en ee io = fl, (2931) 
alters the operator 7° in the second order wave equation as 
2 be / /t / / o 
by 2/2 (fy — fy'’) bP +1/28' 4, BPP. (2-32) 


The equation (2-29) is invariant merely under the orthochronous proper Lorentz 
transformation. For the full Lorentz group we must add to it 


Opt eed. Rt ome 


ee E555 


Drees 


ODP ae Drees == 992'P Gre. f 


Wave Equations with New Degree of Freedom 215 
even if the case D, of £=J/, which was not necessary in the case m’,°=m'’,”. 


§3. The conservation laws 


The wave equation introduced in the preceding section does not describe only one 
particle in the sense of the usual theory. The wave equation with certain S and 7 descti- 
bes a certain particle-family. Thus physical quantities such as currents and energy-momenta 
have somewhat wider meanings than usual. So we must notice such circumstances in 
considering physical laws such as the conservation laws. 

In this section we use, for simplicity, the special description of the function where 


the numbers of the dotted and undotted suffices are convenient to handle with. 


(1) Family conservation 


Firstly let us consider the case of half odd integral ordinary spins (7+1/2). The 
wave equation can be written with the wave functions in which the number of dotted 


suffices and that of the undotted ones differ by only one. 


s 


7S  B4--- 8p SPo 


lo Hee : 
3 Me ee ona Ae 


. BY Mt. 
CLL NOEL tb, 


Reese) kerk Pop ssyee08 
a "g) S =m 1 nm . (3-1) 


Meas te 


oz oOo 
Be ; =*,.o* 
0-4 ry ok P of rr sy my Go 
Bye So p 8840-53 
eel ; BROG2 
On Ore 0: = of; nae ( ) 


sr VPP one Poy Fane yon, ons B 


where 772*,, is the complex conjugate operator of 72,5. The operator 125, of (2-8) has 


the form 

me = hem im'?, (3-3) 
where 72 is a real operator and 72? is a real number. When the operator 72p5 has the 
form of (3-3), m™*, is 


YS Ae a ee ie) 
mr =kho-m—iMe, 
and we can derive the conservation law 
On syle yo, (3 -4) 


where 
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Lu tlie dD sch, atone LE cae gy WP Vins rs fo: 
uel $ Set) Tee sani Pleas a P8....8 ae be oR 
If the wave functions are one valued with respect to w-variables, the integral 
jane Yoo aw 


over the whole w-space vanishes. Thus in this case for the average of s;, over w-space 


S35 (ay = [side (3-7) 
satisfies the conservation law with respect to the Minkowski space 
a Se (ape. (3-8) 
The same considerations about the energy momentum tensor are possible. If we in- 
troduce 
= ei SOP gtoe 1) Corie. na! 
payee (ide hig Bias: ey Acid, Vie oS aan ga 
Tits rs 2\! bey ike Ors $ Bi ate Paes by AS 7 2 oft-.! 
Kio nets 1G “ Prit we 6 
eit NCA —© rs? ) ie 
it eee Or uty oe Eder Ore Bier tOr a. ( ) 
and make the symmetrized average 
T 3, tg(#) 1/21 Gis at wees (3-10) 


The tensor 7;; corresponding to 77j,, ;, is a symmetric tensor satisfying the conservation 


law 
O7;; (4) /0x,=0. (3-11) 


This quantity can be interpreted as the energy momentum tensor in the usual sense. 
The meaning of (3-4) is that s;, does not conserve in the Minkowski space but 
an unified quantity (s;,, %,,) conserves in a sense with respect to the whole direct product 
space of the Minkowski space and the w-space. Only the averaged quantities over the 
whole w-space conserves in the Minkowski space in the sense of the usual theory. These 
conservation laws are concerned with the particle-family. (3-8) is the particle conservation 
of the family and (3-11) is the total energy momentum conservation of the family in 


the usual sense. 


The same considerations can be made also in the case of integer ordinary spins. As 
the forms of S and 7 are given in the following way. 


tes . 
‘ ie Oe / |) | a 1, ee ee 
>) (4) = rT, | {? ; DCs oneme x daily alge pe \, 


Ti(x) = |e {AL (eos ee PAR ee ae 


Kssss[eid]sves: assis 
2a (P : 1 P....tmt} see, Povee F ane 


; 7 al . . 
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(3-13) 
where @ fields are defined as 


Desens», Pewee =); Te A ls D in vet, Paves G3 . 13 
and satisfy the equation 


Of De jr. Pa be Ns 


y Preee 


all Latin indices being tensor indices. 


(2) Charge conservation 


Introduction of the interaction with the electromagnetic field is not simple in general 
also in the ordinary theory. The method of taking into account the effect of the electro- 
magnetic field, proposed by Dirac for the electron field interacting with the electromagnetic 
field, by the substitution 


0,—0,—1eA, (3-14) 


is allowed only for the case of lower spin values 0, 1/2, 1. In the case of higher spin 
values this method leads to inconsistencies with subsidiary conditions, but we have a way 
of relief found by Fierz and Pauli”, though it forces somewhat complicated treatments. 
The method is to introduce a Lagrangian of the free field involving auxiliary fields 
of the lower ranks and parameters, which is to be determined so that the auxiliary fields 
and the subsidiary conditions vanishes. With this Lagrangian the method of (3-14) intro- 
ducing the electromagnetic interaction can be performed consistently. In this treatment 
the free field is the same as usual, but the interacting field involves the auxiliary field 
and differs from those which arises after the substitution (3-14) in the free field. 

Pais’ interactions for the case of lower S and 7° spins are introduced by the substi- 


tutions 
0,-0,—2¢ (1,4+1/2)A, (7=1/2), (3-15) 
0,70,—tel,A,  (T=1), (3-16) 


where /, is the third component of the operator 
ed 


In general we assume (3,15) for half odd integer w-spins and (3-16) for integer w-spins. 

Also in the general case the substitution concerns with 0, only, 2p. 1s leaved as it 
is and A, is a constant with respect to w, so the confusions occur only with respect to 
the subsidiary condition (2,15). Thus the method of Fierz and Pauli can be performed 
without great alterations. We can proceed with the following Lagrangian in the same way, 
where the auxiliary field (7, db) ,---are fields of irreducible tensors of rank S—2,---, 1, 0 


in the case of integer ordinary spins and irreducible spinors of rank oe Se = Jive ei aingtne 


case of half odd integer ordinary spins. 
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The electric charge current can be derived 


is oz Ge w) au, 


04 z 
and it satisfies the conservation law 


O/;:/Ox; =0. 


This means the total charge conservation of the family in the Minkowski space in the 
usual sense. 


§ 4. Quantization of the fields 


The wave functions can be expanded as (2-20) with the normal solutions of (2-18) 
and (2-19). Since the function ¢/,(1) is the same as the wave function of a particle 
with the rest mass 4, and the spin .S, we can quantize this according to Fierz’s method 
of quantization” of the free field with the rest mass 4, and the spin S. We may be 
allowed not to enter into details in this problem, for the commutation relations are com- 
pletely the same about 9/,(.°) as the ordinary theory. 


We can also quantize the function 7,(z) by the corresponding way of the above 
stated quantization method of the rest mass 7, and the spin 7’, and the only alteration 
is the substitution of the operator #2? for the operator 3;°. The generalization is straight- 
forward, so we do not enter into details. 


The field quantized in the above method obeys the statistics due to Bose or Fermi 


in the Minkowski space according to the integer or half odd integer ordinary 


spins, and it obeys independently Bose or Fermi statistics in the w-space according to the 
integer or half odd integer w-spins. However, is it possible to quantize according to the 
opposite statistics? Does the results of the Pauli’s discussions about the connection between 
spin and statistics hold in this case also? This depends on the interpretation of the 
physical quantities. If we define the observable quantities such as the current vector and 
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the energy momentum tensor with the averaged values over the whole w-space, Pauli’s 
discussions hold only for the Minkowski space. We cannot say then that the above stated 
quantization method with respect to the w-part is unique, and it may be also possible to 
quantize according to opposite statistics. This is the reason, I think, Pais left the w-part 
unquantized. In this stage of the theory this method seems to be most reasonable, in 


this case the field obeys the classical statistics, concerning the w-space. 


§ 5. Remarks on another generalization 


There is another way of generalization concerning the spin, namely the method due 
to Bhabha and Chandra. Bhabha started with the first rank wave equation of the same 
type as Dirac’s electron wave equation having another type matrices and gave up the 
subsidiary conditions. Without subsidiary conditions wave functions do not satisfy in 
general ordinary second order wave equations which mean one fixed mass, but the matrix 
commutation relations which yields the ordinary second order wave equations were obtained 
by Chandra. We can also apply this method to our generalization of S and 7 spins. 


The wave equation is given in the following way 


at 8,+ Mj, 0, K)}P=0, 


Sak alt-al= Dighal..a™ (4=1, 2, 3,4), (5-2) 
Sie Gi teeg hha yp hag tes gt (Ose {, a 3) . (5 5 3) 


where the symbol S} means the summation with respect to all permutations of indices /; 
or p; and the operator M has the same dimensions as the matrix o. The matrices a and 
co are concerned with the Minkowski space and the w-space respectively. The integers 7 
and m are the algebraic degrees of the commutation relations and in general »=2S+1, 
m=27T+1. The matrices a and o ate appropriate ones of irreducible representations of 
these commutation relations. 

In this method the circumstances are quite similar to the Dirac’s electron theory, so 
we can proceed in the same way. For example the introduction of the interaction with 
the electromagnetic field can be performed by the previously stated substitution method 
only, without any inconsistency. Physical quantities can be defined in the similar 
form as Dirac’s theory. However the irreducible representations of the commutation rela- 
tions are not yet obtained for general cases and it is not so easy to obtain them even 
for a fixed degree 7, . Moreover the meaning of the spins is not so clear, or in the 
rest system the wave functions separate into several sorts of components transforming accord- 
ing to the several irreducible representations of the three dimensional orthogonal group of 
the ordinary space. This means that a rest particle has several angular momenta, correspond- 
ing to spins. Bhabha named as the spin with the maximum momenta in ws rest system. 
Therefore in this procedure it will be not so easy to obtain selection rules in the method 
used by Peaslee” and Yang”, for in the rest system the spin angular momenta are not 


unique. : 
However this method coincides with the previous method for lower spin values Ss 
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T=0, 1/2, 1, where the equations becomes of the Dirac electron type and of Kemmer 


meson type. 
Part Il. Possibilities of the Space Time Approach to the New Degree of Freedom 
§6. The full Lorentz group 


The physical theories are compelled with the requirement of the relativistic invariance 
with respect to the orthochronous Lorentz group. But there are such theories that are 
invariant also under the full Lorentz group. In this case the time reversal may impose 
selection rules, whose results depend on transformation characters of the quantities with 
respect to the time inversion. 

The full Lorentz group consists of the not connected four classes, within any one of 
which all elements are connected with each other : 

(i) The orthochronous proper Lorentz transformation L; (J =1, o,= 1); every element 
connected with the identity. 

(ii) The orthochronous improper Lorentz transformation L*(d=—1, o,=1); every 
element connected with the space inversion. 

(iii) The antichronous proper Lorentz transformation ZL; (J=1, o,=—1); every element 
connected with the space-time inversion. 

(iv) The antichronous improper Lorentz transformation /7(J=—1, o,=—1); 
every element connected with the time inversion. 

Here 4 is the determinant of the transformation coefficients (@,;;) and o, is the sign of a4;. 

The ordinary pseudo quantities are concerned with the determinant J, where the 
meaning is the same as for the space inversion in the case of orthochronous Lorentz trans- 
formations. There are also other pseudo quantities which are concerned with the time 
sense o,. Thus we have the three kinds of pseudo quantities, transforming according to 
4A, '\¢,A, Ao, A, for the quantity transforming according to A. The third of these three 
can be composed of the first two kinds. 

The usual parity in the ordinary theory is concerned with the pseudo character with 
respect to the determinant J. We can assign to the parity concerned with the Pais’ 
even odd rule the one concerned with the pseudo character with respect to the time 
sense o,. The even particle is described with an ordinary quantity and the odd 
particle is described with a pseudo quantity with respect to the time sense o,. This 
implies that the fields of the ordinary stable particles have the ordinary transformation 
character and those of the new unstable particle have the pseudo transformation character 


with respect to o, in the completely relativistic theories invariant under the whole Lorentz 


group. 


S 7. The refinement of the Lorentz group. 


The orthochronous proper Lorentz group is a connected group but not simply connected. 


The covering group is simply connected and introduced by separating every element of the 


Lorentz group L into two pieces Z, and Z_. In the case of the two dimensional rotation 


AZ y0)p fF > Epa Toep rap ,, 
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group the covering group is obtained by distinguishing between the rotations from the left 
and from the right. In the case of the Lorentz group the same sort of separation of 
L into L, and L_ can be performed by taking into account the path from the unit element 


in the parameter space. In general the following rule holds 
Jay bia BU sl Sa Gy EA lle 

Let us call the above stated procedure as the refinement of the Lorentz group, co- 
tresponding to which we must perform the refinement of the frame of reference. We 
distinguish one coordinate in the ordinary sense into two ones according to the method 
whether the coordinate is reached from the original observer by the transformation Z.. or 
L_. By taking all the coordinates connected by /, into one class, we have two classes; 
coordinates of different classes being connected by L_. 

The measurements of all quantities as well as of the position are performed in a 
frame of reference. So the wave functions are described as Y, (1), P_(x), the indices 
+, — denoting the two classes of coordinates. This refinement is faithful and natural 
for the ‘ Zweideutigkeit”’ of the spin representation”. Since spinors are necessary and 
unavoidable in the present theory the above stated interpretation may be not so extravagant. 
The separation into /., and L_ corresponds to the distinction of the two valued spinor 
representation S,, S_; where S_=—S,. In the case of the separated Lorentz group tensors 
are also made as two valued, by introducing quantities transforming as A_=—A,, A, 
being the ordinary tensor transformation. For example the two sorts of vectors are cons- 


tructed 
A’,=$6, 7° $y oF 6.7 ¢_, 
Ai =¢, 7° $_ ot 9 7° Ps. 


In this refined theory Pais’ ‘“ even odd rule” holds quite naturally. The even particles 
Pie described with’ Az, @/4,-°- and the odd particles. with A_, gp,» The external form 
of the present physical theory is not necessary to be amended at all. In order to introduce 
other effects such as mass differences of the family we need only to amend the equations: 
slightly by taking into account the components indicated with +, —. In order to involve 


are . 9 
many other components we need only to take up pseudo quantities of three kinds”. 


$8. The curved space time 


The Minkowski’s flat space is a good approximation for our present theory. But in 
general the curved space time can not be denied. The curvature may yield a new degree 
of freedom. The quantum theory in general curved space time is difficult to be constructed 
and to be solved. However a quantum theory in the de Sitter space can be introduced 
and solved, by virtue of the higher degree of symmetry of that space time. At the 
present stage of the field theory we believe that the flat space time is a good approxima- 
tion. But we can not deny that the de Sitter space is a better approximation for certain 


cases, particularly in small regions where masses are concentrated extraordinarily strongly. 
? = 
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Detailed theory for particles in the de Sitter space may be given elsewhere by us’. 
Here we give several indications of possibilities. The reason why the de Sitter space can be 
treated without much difficulty is that space can be embedded in a five dimensional flat 
space as a four dimensional hyperboloidal surface in it. The group of the five dimensional 
rotation induces one sort of transformation group in the de Sitter surface, which we may 
call the de Sitter group and interpret it as the group of the special relativity in that 
space. This group corresponds to the inhomogeneous Lorentz group (homogeneous Lorentz 
transformation + translation) in the Minkowski space. 

In the usual theory the group is the homogeneous Lorentz group and so the group 
in a rest system becomes the rotation group of the three dimensional Euclidean space. In 
the case of the de Sitter space the group is the five dimensional transformation group 
and the group in the rest system becomes the rotation group of the four dimensional 
Euclidean space. As well known the irreducible representation of the four dimensional 
rotation group can be indicated by the symbol /);,, which has the same character as the 
direct product ),;x Dy of the three dimensional rotation group. This implies that par- 
ticles in de Sitter space has two sorts of spin-like quantum numbers. This yields a new 


degree of freedom with structure of a new spin. 


§9. The inhomogeneous Lorentz group 


In the present theory the covariance is under the homogeneous Lorentz group and 
the inhomogeneous Lorentz group is not yet taken into account fully. The structure of 
the inhomogeneous Lorentz group is quite similar to those of the de Sitter group. They 
have the same number of parameters 10 as Lie groups in the neighbourhood of the unity 
they correspond to each other one to one. As shown in the preceding section the par- 
ticles in the de Sitter space have the desired new degree of freedom. So it is supposed 
that the theory in the flat space in which the inhomogeneous Lorentz group is taken into 
account suitably may be also promising. 

It is not so easy to obtain the general invariant theory with respect to the inhomo- 
geneous Lorentz group. The representation of this group are determined’? but they are 
in general of infinitely many dimensions. The field corresponding to such representation 
seems not to be so adequate to our purpose", since in this case only slight amendment 
of the usual theory is required. However we must remember that also the representation 
of the homogeneous Lorentz group is in general of infinitely many dimensions and we 
selected suitable representaions of finite dimensions to describe particles with discrete spins. 
This method of selection in the so-called unitary trick, namely to determine the represen- 
tation corresponding directly to the representations of four dimensional rotation group. Is 
there similar way also in our present case ? 

Dirac treated formerly the wave equation in the conformal space”. The group cor- 


responds to the inhomogeneous group and the dilatation. This can be expressed as the 
six dimensional group which leave the form 


2 ae oe 9 2 9 
Ap tty +4; —4f +4, —2, 
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and the point (0, 0, 0, 0, 1,2) invariant. The four dimensional inhomogeneous group cor- 
respons to the subgroup which leave v,+.%, invariant. In the six dimensional space we 
can construct wave equations and impose this restriction. In the rest system, if it exists, 
the group may become the five dimensional group, whose irreducible representations can be 
expressed with the symbol D; ,, with two indices. These indices may play the roles of 
the two sorts of spins. The details will be given elsewhere. The wave equations given 
by Dirac and Fierz for the conformal space permit the dilatation. But the dilatation seems 
to us unimportant physically. However it is worth noting that the Maxwell field is in- 
variant under the conformal group and is not necessary to be amended, this fact corres- 
ponds to the circumstance that the electromagnetic field is not necessary to be considered 
specially in the w-space. 


§ 10. The semi-local field 


In the Yukawa’s non-local field theory” the field (/ is described concerning to two 
points in the ordinary space time concept. Using a linear coordinate it is written as 
(Hy Xo» Vy X|U |x, 42, x1, x), where the representation in which the linear coordinates 
xs are diagonal is chosen. This can be done on the assumption that all the linear 
coordinates can be diagonalized at the same time and the proper values can take all the 
real numbers. 

We assume the same thing can be done in any curved coordinates (&,, €o, €3 ©)» 
where o defines a space like surface and §,, €, €, a curved coordinate in the surface o. 
Namely we assume that Sener ee, Cathy be diagonalized at the same time and the proper 
values can take all the real numbers. Then the field can be expressed as (5), oo Garo! 
ees hes 0) This means a somewhat enlarged interpretation of the Yukawa’s non 
local concept. 

With this enlarged non local idea we can give the assumption of the semi local 
field as its special case. We can define a field which is local in the timelike direction and 
non local in the spacelike direction and call it a semi local field in the time like direction. 
This field can be expressed as (Chee Salt’ (@) \Se Sones) sunce all the components for 
which o=o’ vanish. Correspondingly we can also define a field which is non local in the 


space like direction and call it as a semi local field in the space like direction. This field 


can be expressed as (o|U E, s&s) ioe 
In the semi local field in the time like direction the point (E, 46/2, S94 Se [2s 
Eee, (25 o) may behave according to the ordinary field theory in the limit of the local 


field. On the contrary the point (€,—€,'/2, Co oe 2s ee 5/2) forms a three dimen- 


sional Riemannian manifold whose local metric is positive definite everywhere, since it isea 


point on a space like surface. We can impose on this manifold the operation which is 


induced on the surface by the four dimensional rotation. This degree of freedom will 
yield the role of the Pais’ w space, in a somewhat generalized way. Indeed in the special 


case where all the o surfaces are flat spaces 7,—=const. the above stated three dimensional 


manifold becomes a three dimensional Euclidean space and the operation becomes the three 


dimensional rotation, thus the results coincide with the Pais’ theory completely. The 
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detailed theory will be given elsewhere. . 
By the way we will give some discussions about this line of development. The semi 


local field in the space like direction has two sorts of time like parameters. This corres- 
ponds to the Dysons’ field in the intermediate representation, and it may play an important 
role in the divergence problems. Such seems to be the roles of the two types of the semi 
local fields. More general non local field may be composed from these two sorts semi 
local fields. Let us call such fields that is expressible with the two sorts of semi local 
fields a ‘separable non local field”, though this may be impossible in the case of the 
most general non local field. The above stated method of using the separated forms seems 
to be very much promising for dealing with the problems of the new freedom and the 
divergencies at the same time. 

In the Yukawa’s non local field theory the space time are not yet quantized completely 
since all the components of positions can be diagonalized at the same time and their proper 
values can take all the real values. This implies the space time position can be measured 
precisely and may be treated as non commutable quantities only with regard to other 
physical quantities. The method of the quantized space time seems to be very much 
promising. The quantized space time is not so extraordinary comparing to the Pais’ w- 
space. The Pais’ method is to consider every ordinary space time point as a three dimen- 
sional w-space, which can be not explained directly. The quantized space time method is 
to describe the ordinary space time point, which is described with numbers in usual, with 


non commutative algebras. 
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‘ 


The properties of one dimensional Born approximation are investigated. It is shown that upper 
and lower bounds for any order Born approximation can be given by a single parameter (namely, by 
the convergence radius of Born expansion). In the convergency region of Born expansion it has been 
proved that, if the interaction force is (positive or negative) definite, the Born approximation of even 
order (including second) always gives a lower bound of the alsolute value of tan d (0: phase shift) . 

In appendix we also prove that, under the same conditions as above, the approximate method 
based on the Schwinger’s variational principle which involves just the same computations as the second 
Born approximation, is always superior to the second Born approximation and gives a lower (upper) 
bound of the absolute value of tan 0. 


$1. Introduction and summary 


The Born approximation is the most important tool” for the analysis of high energy 
scattering problems. Recently the nature of Born expansion has been studied by Jost and 
Pais” by obesrving the behavior of the solution of scattering integral equation as a func- 
tion of the potential strength 4. This wave function is usually a meromorphic function of 4 
with poles at the zeros (A=v™) of the Fredholm determinant. Hence the zero with the 
smallest absolute value gives the radius of convergence for the Born expansion. W. 
Kohn” has estimated this convergence radius 2, in the case of central potential. How- 
ever, it should be noticed that, for any meromorphic function of 4 it is impossible to 
estimate by only the knowledge of the radius of convergence how large errors are introduced 
by neglecting the terms higher than O(4") in the power series expansion of this function 
in J. Therefore it seems somewhat worth while to investigate that, 1). whether we can 
obtain definite informations for the errors in n-th Born approximation from the convergence 
radius 7, only, 2). inversely if the computations of the initial several approximations (for 
example, the first and second Born approximations) are performed, whether we can obtain 
definite informations for the convergence radius /,. 

Consider the elastic scattering of a particle by a central potential ]7(7). If we 
decompose the system into partial waves, the radial part of the wave function for angular 
momentum /:7,(7) satisfies the integral equation (/> 0) 


u(r) =e) + Aly (rs VC Ya re! fbr) + tan 8,24 (87), (1) 
0 
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gr, H) = (A/k) (er) (hr) (400), 
p(hr) = Vakr/2Jia(kr) sin(kr—ln/2), 
n, (kr) =(—1)’ V thy [2 Vaz) —cos(kr—/7/2), 


J,(«) being pth order Bessel function of first kind. In such one dimensional case the 
quantity corresponding to the scattering amplitude is given by (reactance natrix element) 


*0o 


a= (CA/k)\ Aen VO) (r)dr=tan 0. 


In the n-th Born approximation «, is replaced by 


oj" = (4/h) | WAN) VO) UE? OY drs 
0 
where 


ug” (r) =7,(br) +3 Wz (7, Vr )j(br) dr 4 
0 


$2 | TAGs 7) V(r) ---g,(r-, PY) Ve) 1, er dr ie 
0 


Our discussions are confined to such one dimensional Born approximation in the 
present paper, and the properties of three dimensional Born approximation will be investi- 
gated in the subsequent paper. In sec. 2 the errors of wave functions themselves are 
studied, and the following relations are derived, 


[n/t] SIAL/ Anos [due |/|dug| < [Alco 
and hence 
[dae |/ || SC Al/A,0)"*': 


where the errors of wave functions are defined as 


du’ (7) S11, (7) — u(r), 


and the “norm” of any function /(7°) is defined as 


|F(r) |=V Jerr Vin’ (rar, 
for V(r) =0. These formulas indicate that the more [4=A,,./\4| is large, the more Born 
approximation is effective. We shall call 4, the coefficient of convergence. The necessary 
and sufficient condition for the convergence of Born expansion for angular momentum / 
is of course /, >1. The arguments in sec. 3 concern the errors of w, in the first and the 


second Born approximations, and the following results are obtained. An upper bound and 
a lower bound of the first Born approximation are given by 


=U (441) < dof?/o? <1/ (4-1), fh = Ag/ 
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if, >1, where dw/?=0,—;", (hereafter AAO is assumed), 


and furthermore in the limiting case /° > 0, 
0 < Ja? /w7? <1/Y4—1), (%)>1). 

For the second Born approximation, it follows that for all the energy range 
0< do fai? <1/m(4—1), (>): 


Since the sign of w{" is same as that of /, when the force is attractive (A > 0) gives 
a lower bound for correct w and in the repulsive force (A< 0)” gives an upper bound 
for w. These situations are illustrated by a typical example. The similar discussions for 
higher Born approximations are found in sec. 4, together with some other remarks. For 


example, the following relation is derived 
| of? | /|of? — of? | > fy > 0. 


An upper bound of #==/,/|/| is obtained from the computations of the second Born approxi- 


‘mation as above. This formula indicates quantitatively the fact that when |w“’—w<"| is 


not small compared with |w‘”|, the higher Born approximations do not give good results. 
The converse of this preposition is not always true. Finally an approximate method based 
on the Schwinger’s variational principle is analysed in Appendix. Schwinger’s method 


which involves the same computations as the second Born approximation is 
02 = of? / {1— (of? — a7”) /o7"} 
Concening this approximation the following relations hold : 
0 < do$,/o? < do? /a;” : vr < Rav, Aw?) = a,— w§7 . 


This shows Schwinger’s w” is always superior to Born’s w®” and also gives a lower (an 


upper ) bound for w in the convergent region of Born expansion if A > ON AO)® 


§ 2. Formal considerations 


In the present paragraph no special asumption for V is made. 


The fundamental equations (1) can be written in general form as 
P=f[+IGVY, (2) 


where GV and V are short range (not too singular) operators, and we assume that the 


the solution exists with the following properties. The eigenfunctions gy” for the discrete 


eigenvalues v™ satisfying 


git G VEEN (3) 


constitute a complete set in the sense of mean convergence for V. Then the relations 


™ Me x 
- 
5 5 
, 
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($V7) =>) An GVE™), — Am= (9 V7) [Ems (4a) 
GV) =Dan(GVE™), — am=(P™ VP) [Ems (4b) 
(BVP) = aS GVe™), — am = (gp VP") [Ems (4c) 


m 


hold for any continuous function ¢ which is restricted by suitable conditions (for example : 


if V is positive definite, (¢* VJ) < co), where 
6,VI=| 6, Vb, (GV) =En Ong 

In the n-th order Born approximation, we have 

fi =JEIGV) +--+ +2" (GV) "7. (5) 
- Putting (4a) and (4b) into (2) we get 

Dan (Vem) =A, GVe™) + A/Y™) am OVE), 

hence 

Ay =U A, / (vo —A). (6a) 
It follows similarly from (5) that 


1 = {LE A/V 4 (A/V YE ee + (A/V) "YA... (6b) 


1 


te 
The Jost and Pais condition” for convergence of Born expansion is #==A,/|/| > 1, 


\Y" |r, which is see in (6) clearly. 
By noticing the relation 
(4, Vo. Ts 3, Ve) (e™ V6.) / /€ (7) 


we now define the “norm” of any function based on the ~™ series as 
I= Va FS) P/1E mI 5 (8) 


which accords with the norm defined in sec. 1 if V is positive definite* and if @'” is 
essentially real. Using (6) and (8) we obtain 
lé, 


™m 


[4h |/|b| = |¢—7|/ [| = Van / YP En|/ Ye 


a 


PAE 


Min — 1/4, 
* The relations in this paragraph are all valid even if we take the more general definition of norm as 
6! =VDlem|[ om J 2 


where g,,--0 are arbitrary constant. 


: 
: 


: 
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and similarly 

[Apo /|dp" |<a/p, n Zo, 
Hence 

[4p | /| | = beh AS 


If 4° = 0, and 4 = v™ for all m, we have* also from (6) 


lim PEA es 7 | ¢| =1., 


Thus the coefficient of convergency / indicates the accuracy of Born approximation for 


any order. This situation will be shown clearly in sec.3~sec.4. 


§ 3. First and second Born approximation 


The object to be discussed in this paragraph concernes the errors of first and second. 
Born approximation w‘” and w®. All the quantities appeared in this sec. are real. 
As stated in sec. 2 the following relations hold for w=7+/gVu and g™=v™gVA™. 


(¢Vu) =>) a,,(¢VO™), Ge (0 Vit) (Oo Vor), 

6Vj) =SAa(6VI™), Ag (FG) / G"VS™). 
Replacing ¢ by 7 

(4/2) 0 = GV4) =D an GVO) =X On Am (oe Vo~™), 

(2/4) 0? = (V7) eo. x che (jVo™) == pa 7. (Vd) F 
According to (6) one gets 

(B/D oP’ =Ten, (B/D O=T ey, YP /W™—A), 


(2/2) 40? = Y'c,,A/ (Vv —A). 


crete es A (OV GS cei Let and ve’ be the nearests to zero in (+) and (—) 
regions respectively. (¥? < 0< vit), Since c,, are all positive if V’ is positive definite 


(This is assumed in the present paper.), it follows that 


(9) 


yy / (vo — 4) <a w PARA Oa! (vp) — A) o pols ey, (10) 


It gives an upper and a lower bounds of the first Born approximation. When the energy 


* By specifying the normalizations of ¢ and y(™”), the following relations hold : 
Amem= (9 ™ Vp) = cot d/ (vm —a) : g(™— cos Kr, 
= het 6] (ym) == A) : gm) etkr, 
gosin(4r+0), (7-90). 


These are derived directly from the fundamental differential equations. 
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, . a. 9 
X* approaches to zero, ¥'~) approaches to — ©. Hence at the limiting case “°—0, (10) 


is reduced to 
' 


wv <a< vPu?/(Yr—A), PS ede Ves ASeO 
This indicates that the first Born approximation gives a lower bound of the correct value 


in some low energy region. 
If |A| </., we can derive the following relation from (10) in terms of the coefficient 
A\. 


of convergency /1 == /,/ 
po? /(e+1) SoS po /(U—-1) 2420, p> 1. 


Using (4) and (6), it is possible to observe the properties of the second Born 
approximation in similar way 
R/O? = Dic, (1 Af ee) s 
e on (il 
(4 /i) hes? =) ell / (0 =A) VO}, 
Hence 
0< dw? /w? < P/ {YM —A) yO}, pl*) SiS yor) py) (12a) 
C0 (a? SH (PSAP We Ae (12b) 
These inequalities give an upper and a lower bounds of second Born approximation. In 
particular if |/| < A, is statisfied, we find 


2 = 


wv? SoSo?+o/{y(u-1)}. hae OF MES 1, 


This shows that, in the convergent region of Born expansion, the quantity tan 0? = w® 


computed by second Born approximation gives a lower (an upper) bound for the true 
tan 0=w for all energies when 2 is positive (negative). 


(Example ) 
Neutron-proton S-wave scattering by a square well potential. 


P@)\=1 27 Ty =0s rel. 
The fundamental equation is 


1 
w(7) =sin &y+ aj sin £rcos £7-y24 (77) dr. 
0 


The correct solution is 
w(r)=c(A)sinV2+Ar), rol. 
From the Born approximations we have 
uw =sin kyr-+ A(kr cos kr —cos?h sin hr) /2h2. Peo 
The correct and approximate values for w=tan 0d are 
w= (tan 2+ 4—V 224 Jean &)/ (tan & tan V2 EA+V 24 2), 
wo? =2(L—cos & sin £) /2%2, 


oO =u? 4 RL{LA = cos”) +sin % cos A(1+2 cos*h) }/8 24. 
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ay verify the preceeding arguments we shall take 4=3.5 which corresponds to the spin triplet scattering and 
#=10 and 4°=50. From Table 3 in the subsequent paper, we find 


#=10; yO=123, yvO=—742, p=212, 
k2=50: y(}) =22.9, yO) = —18,5, w=5.3. 


In the analysis of nucleon-nucleon scattering the Born approximation is therefore not so good* for “2 = 10 
(} 170 Mev). 

This fact is also seen from Table 1 and 2 in which numerical values are calculated by the formulas 
(10), (12) and (15). It is also obvious from these tables that even if y is considerably large (namely, the 
convergency of Born approximation is good) the second Born’s result does not always give a better approxima- 
tion than the first Born’s. This fact will be due to the situation that in the second Born approximation the 
errors from the expansion coefficients corresponding to each eigenfunctions are accumulated in the same direc- 
tion so that the error thus accumulated becomes large enough to ensure to give a lower (an upper) bound 
of the correct solution. 


| wy Lower aaa Correct @alus | Uae et 
Fret pone | : we? =0.2300 0.1934. a? | = 0.2715 
second Born | ; “op? =0.2263 ; } a 0.2263 Ay | 0.2320 0.2332 
LG eee ae ee iy eee 

| a 


| NEED 


Table 1. The values of wy (=tangent of S-wave phase shift) which are calculated from the formulae (10), 
(12) and (15) in each step of approximation for #2=50 (Incident energy of neutron is about 835 Mev.) 


nn 


wy? Lower bound | Correct value Upper Beend 
first Born * wo? =0.550_ eer 0.374 . ; a, 0.769 
se Born wy? =0.405 ie 0.405 3 | 0.481 0.488 
Gee MMM, oe as ae = 


Table 2. The values of wo corresponding to those of in Table 1 for 4°=10. 


$4. Various discussions (higher Born approximation, etc) 


In the preceeding paragraphs we have derived several results, many of which might 
It is not however possible without such detailed investigation to 


look quite plausible. 


assert that the second Born’s result gives a lower (an upper) bound for the true value. 


This statement can be generalized for the higher approximations. It is proved that 
F Ringe Soak 
(2/4) do” = 34 6,4" / {cv — A) eer 
and hence when n is “even” it follows that 


(4/2) do” >0 : pra he ver, 


* In the case of elastic scattering of an electron by a hydrogen (helium) atom, the depth of potential cor- 


responds to about A~2.3 (2.7), and “°=1 corresponds to about 15eV (50eV.) 
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Namely, the Born approximation of even order gives a lower (an upper) limit in general 
when A is positive (negative). It is not the case for approximations of odd order. To 


show this, the explicit formulas also are derived in the region /# > 1. 

nt: even, 04 40" for <1/ fe -r, 

7: odd, If (1) er Aa fo oA ge 
We shall add one more remarkable property of w” 


(4/4) (ane 7 vw”) = > Con A” /yomrn, 
™m 


It is seen from the above formula that any approximation of odd order gives in general 
larger (smaller) value than that of the next lower order if 4 > O0(A< 0). 

We have observed how the Born approximation is suitable when / is large. The 
contraposition of this preposition can be expressed quantitatively. From (9) and (1253 


(B/oP=Teg, (4/2) (0? — 0) =} en /¥™, 
hence for any 4 


Afyv S (0? —@”) /o? Sify, Ase 0; (13) 
or 
Jo? | /|a? — wo? | > fe > 0. (14) 


(14) gives an upper bound of y by only w‘” and w, and indicates that the more 
|v —a‘”| grows large, the more Born’s approximation is unsuitable. 

In conclusion I wish to thank Professors T. Kato and T. Yamanouchi for their 
kind advices and interests in this work. 


Appendix. Schwinger approximation 
We shall take up the Schwinger’s method. The quantity f,,= (4/4) (jsV%,) is 
rewitten by using the equations ¢/,=7,+/GV., (c=a or 4), in sec. 2 as follows” 
Fan=MGaV 9) GEV) /4 4 GEV.) —A GEV EV fy) } , 


which have stationary property for independent variations of ¢/* and 4. Schwinger’s 
approximation which involves the same computations as f?*?*” is 


FP = AY/A(UP*V I) EVI) (OV IL) AV EV PY}. 
ee cut al 
= (A/k) (GV 75)°/4 GeV 7.) —AC jaVGV7,)\. 
Note that (7°/£) (7*VGV 7,) = f& —fe'5, hence £<” is written as 
FP = 18) 1— FB FB BY. 
In the case of one dimensional analysis, this becomes 


we = Sd — (w® 2) —O) Jey, (15) 


———— ee 
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From (15) we find 


OOF OO” nO" fos = 2, (16) 
Further by (9) and (11) 
Ao: = w— wf = (4/2) [4 (enu/ Um —A)} «1 fe, (Vv —A) /v?} — (Sten?) 
{3} ea (V =A /v™}, 


If vO <A< vy), we observe that v™ /(v™ —A) =a,, > 0, and 
cr Oe Gp) 1 on) Dt Gn Sp Oo! Sin — 25 mp) Smep (2 = 9; 
so that 
Cee Ane Or ere fee, (17) 


Since the quantity w§” is derived from the Schwinger’s variational method, the relation 
(17) accords with the result proved by T. Kato”, though his proof loses its validity when 
the trial function is 7,(47). Combining (12), (16), (17) and (13), we get 


Sra 2a 2 OAL, 
Waar <a Pn YEP ZA. 


In this way we find that the Schwinger’s method is superior” to the corresponding second 
Born approximation for all the energy range and gives a lower (an upper) bound for 
1>0(i< 0). 
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Note added in proof. The error in the n-th Born approximation can not be estimated definitely from the 
following two knowledges, that is 1). radius of convergence of Born expanion Ac,» 2), that the wave function 
is a meromorphic functions of 2. Because there exist certainly meromorphic functions of 4 having the given 
j, such that, when the series expansion of these functions in A are cut to the order Q(A”), any large errors 
are introduced. Thus the relations obtained in §2~§ 4 (which ensure the availability of the Born approxi- 
mation when |A|/A, is small.) due to the following facts, a). the wave function is subject to the physical law 
as (2), b). y'™ in (3) constitute a complete set in the sense of (4). The inequality equations in § 2~§ 4 
can not be replaced by more accurate ones so long as we handle 4, alone, for the region permitted in the 


inequality equation is filled everywhere by taking V’ suitably. 
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The properties of three dimensional Born approximation are investigated along similar lines as 
Part 1. Relations between one dimensional and three dimensional Born approximations are elucidated. 


We also compare the convergence radii for both approximations for typical examples. 


§1. Introduction 


In the preceding paper we have investigated the properties of one dimensional Born 
approximation. The object of this paper is to analyze the three dimensional Born 
approximation by comparing closely with the one dimensional. 


In the elastic scattering of a particle by a central potential, the equation to be solved is 
(P+e+AV(7)} G(r) =0, (1a) 
with the boundary conditions 
(ret $f Oe rs 


where 4 is given and is a real number. Rewriting (1) into the integral equation, we 


r|=r—>oo, (2) : everywhere finite, (1b) 


obtain 
UN) xe 4 | G(r, 1) Vir) br) ar’, (2a) 


G(%, a) aan API hd oe p—y! 


; (2b) 


=)) (2/+:1)G,(r, 7’) P,(cos(a¥9"’) ) /4zrr', 


i=0) 
Grr )=(O/k), Cr di(krs), 


where ~~ and ry, are the smaller and the greater of 7, 7’ respectively, and /,(47) 
=mkr) +tf(kr). The scattering amplitude is given by 


rACh (4/4z)| emer (ry b(r)ar, = (s-axis’n), (3) 


in which 7” is a unit vector in the direction of the scattered particle. In the n-th order 
Born approximation, f(#) is replaced by 


pe (0) a (/4z)| ge, ener a) a> (a?) ar, n eo ‘e (4) 
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where 
pr (7) =e +f G(*, ry) V(r) est gp ee 


vont A” \ GOT?) ®) EO, POY) e9 dr®.--dr™., (3) 


In particular 
of (r) = ei, 


These quantities are decomposed into the partial waves in the following way 


ev — 3) (274+1)2' 7, (2r) Py(cos 8) /kr, 
1=0 


b(n) = py (22 +1) i", (7) P,(cos 8) /br , 
where ¢,(7) satisfies the following integral equation by (2), 
dr) aller) +A Gales VD Suet det —> jr) in 2% hal hr). 
(7-—> 0). (21) 


The scattered amplitude is expressed by means of (7) as follows : 


v0 )e= SI (21+ 1) f,P, (cos #) /2, (0,: phase shift, S;: S-matrix element), 
i=0 


p= Ca (kr) Vir) (1) dr=sin 0," = (S,—1) /22. (31) 
In the n-th order Born approximation, 


yee (0) = Ss (is 1)f,°"P, (cos 0) /k, nt a Ls 
1=0 


f= G/B) [ide VON$E” ae (4) 
where, from (2b), (4) and (5), 


ae Cea il Gr YD) (rj, (br) dy ® 4 
0 


See [Gil 7) V(r) eG, pane yr) V(r) 7, kr) dr dr. 
0 
(5) 


Particularly 
9 2) 7 Dae 
$i (1) =fler). 
Aare . a 
We shall confine our attention to f°”, which is more conveniently investigated than (0). 
We see from above descriptions that, if the three dimensional approximation 1s de- 


composed to partial waves, the integral equation (2') for this radial wave function ¢,(”) 


—- . 
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is different from the integral equation (1) in Part I which is satished by w,(7) in one 
dimensional treatment. This ¢,(7) accords with 7,(7°) except some constant factor, how- 
ever, in finite approximations these two methods are different substantially to each other. 
The close relations between the two methods are discussed in sec. 2. In this paragraph 
we see that it is possible to give an upper and a lower bound of three dimensional Born 
approximation. In sec. 3 the convergence radii for both one and three dimensional Born 


approximations are calculated for S and P waves in the case of square well potential. 


§ 2. Relation to one dimensional approximation 


In sec. 2 and sec. 3 of Part I we have investigated the mathematical structure of 
the one dimensional Born approximation. The disccusions given there also hold for the 
three dimensional case* excepting that the eigenvalues associated with the equations (3) 
are not real, however, it is impossible to find an upper (a lower) bound of scattering 
amplitude f due to this fact of non-reality of eigenvalues, so long as one procedes in the same 
line. We must find the relations between f°” and w” by noticing that 7 is the Taylor 
expansion of sin 02° =(S,—1)/2z for A up to the order 2”, while w;” is that of tan d,. 
This is done simply, first by noticing 

Gn M=n r+ C/MAYAG): 
which is abbreviated in 
G=g+ (/k) 7) 
and setting 
f=(1/k) 3) AA’, A= (GVGV..-GV 7), 
pel 


i (number of V’: p) 
One 1/k) >> a,d?, a= (JVgV.--gV7) , 


p=! 


Then we have the relations, 
A,=(jV7) =a,, 


A,= (JV GV7) + G/k) GV7) GV 7) =a0t (i/A) ay, 


; Et m es 1 P . 
A, = p+ oe te (2/*) (ae Jaap mt bo + (¢/k)?a?, 


and _ similarly 


= cw ™ eal m Sf 4 
apm Ay tet (=a Rye ee a Agim oie (7/8) eae 


* For example, the following relations are valid: 


[Agm*P|/[ Ab] S Al/dey [4G |/| |S] alfe. 


2 
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For f and w, it follows that 


f= (S—1) /22=sin de? =0/(1 +0") +iw/A+o’), 


and 
w=tand=f +f?) 77/1 4/%). 


If f°” is once calculated,” we can thus get all wo’. (1 <7 <x). As described in sec. 
3 of Part I, since it is possible to give an upper (and also a lower) bound for w=tan a) 
by w®, we can get an upper (a lower) bound for R,{ f |=sin 0 cos 0, /,,[ f |=sin’ 0 and 


eS. 


§ 3. Convergence radii of Born approximation 


In order to understand the properties of Born approximation it turns out necessary 
to investigate the properties of eigenvalues vy. For that, more detailed discussions for 
these eigenvalues appearing in (3, (I)) must be given. 

First the energy dependence of these quantities will be briefly studied. By the equa- 
tion (3) in Part I, » is expressed by normalizing gy” and 6” as 


9™ (ry) kr), VM =k/ [ier) Vir)¢\™ (r)adr, (three dimensional analysis) , 
0 


df (r)—> cos (kr —lz/2), yA aa ih (kr) V(r) 6 (7) adr, (one dimensional analysis) . 
0 


dr < co, and increase 


For / increasing endlessly, the denominators remain finite if \7| (rv) 
at most*? as O(log 4) if fy7|V(7) |ar< ©. 

Therefore we can see the reason why the Born approximation is good for high 
energies. When the energy approaches to zero, | (er) ge)” (7) | and | (hr) bf” (7) | may 
also decrease like as O(#), hence in this case the eigenvalues do not always tend to zero.” 


We now take a typical example (namely, square well potential) to understand the 


general situations. 
VOjeHter a le—0s7 7 1. 
A) Three dimensional case 
To solve the equation ((3), I), we may also consider the following equation 
{a2 |ay2-+ 2 LTH) [2 bv) 340 0) =O, 


with boundary conditions 


g1™ (0) =0, gz (m) (7) const X etlkr-lx|2), 7-300, 


* For positive constants YEE, MGR aa, 8) and 4, we may set lg, M\<o BB, [PO |S Alr, 


jz Vldr< oo, |fiM| SOU” 141, br <b, <D: kr Zab. Then it follows directly that 


| ja (er) V(r) o™ (r) dr] SDP log 4+ 
0 


238 T. Kikuta 


which correspond to that y;(”) (7) are pure outgoing waves spouting from the region) of potential. Hence 
the eigenvalues v;(”) can not be real if the velocity of the relative motion does not approaches to zero. The 


eigenfunctions are 


9 ™ = (Ev, ™) 27) 2 OL KI, Shr +2 ™) M2) A, (hr) a Ail <n 


These two solutions should be combined smoothly at =1. We can then determine y;(”) from (*: com- 
plex conjugate) 

CAE vp my ' 2p (CAE vy U2) | jp (CEL OM)'2) = — hh py*(A) |r (By, m ZA. 
For S-wave?) 

tan(22 + v9 (™ 1/2/22 +9 (™ 2 = —ilk, 

yom) (k) = (mm —1/2) 2x2 + {1](m—1/2)2x2-1} 2 + OV) +7{ —244+ OCA) J}, me 1. 
For P-wave 

1/(22 +) —cot (22+ ™) 2) (+90) V2 =1/22 +2/2, 

y,(™) (2) =m? — 322+ OCA) +7420 4+ O(4)}, 72 21. 
Values of yy” and v,(”) are tabulated for several energy values. Only two sets of eigenvalues are given in 
the Table 1 and 2, because these two are sufficient to determine A, for #2<50. The superfix m has no 
essential meaning excepting that v,(”) having same m are continuous from £=0 to 4=00o. The convergence 


radius of the three dimensional Born approximation without decomposing to partial waves is the smallest of 


all Ac 


Yr) | Vo! 1) Yo >) 

a . Relyo] | LmlvoO] | |v!) | Re[yy] Lino] | |vo | | 

- | | a 2 ae ee as 2 

o 2.467 | 0.000 | 2.467 22.21 0.00 | ..22921) (Na co aay 
187 | —1.94 2.70 21,3 —20 | 214 || 2.70 

10 —3.9 —4.5 6.0 | 2.0 —7.2 | 14.9 | 6.0 
50) il 40.9 218 | 41.0 —16.6 195" i 220.8 li 20:8 
a Ny ae 0.000 head nek | 0.00 | 2-422 | re) 


a 
Table 1. The eigenvalues vy'”) associated with square well potential for S-wave. If we assume the range 
of square well is 2.2x10-cm and consider neutron-proton scattering, “°=1 corresponds to 17.1 Mey of 


incident neutron energy. (Three dimensional analysis). 2e denotes the convergence radius of Born expansion. 


| py, | 
& | Re iF (1) ; 1 | : vit ee Ae 
v9 | re [vy | Tnlyy' 7] | fy, | Rely] Dm [y,] |v, | 
S cee tee Set yee ee ee 
| 9.87 0.0 9.87 39.48 0.0 39.48 | 9.87 
8.38 1.5 8.51 | B77 | 4. 37.9 8.51 
10 0.8 5.2 52 Jie 2798 a 7. 28.7 ‘| 5.2 
50 Bo hh 9. 27 je “ee 17. 18. 18 
oo — 2 \ 9 9 
| 20.2—4 0. #—20.2 || 59.7—28 0. 2 —59.7 co 
a ee 


Table 2. The eigenvalues v,(™) associated with square well potential for P-wave. (Three dimensional analysis) 
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B) One dimensional case 
In this case consider the following equation 
{ddr +h? —1L+1) fr? +, V(r) $2 ™ (7) =0, 


with boundary conditions 


oi (m) (0) —={0), 700, 


67°” (7) const x cos (47—/7/2), 


which are equivalent to (3) of Part 1. Each of these eigenfunctions correspond to the actual states which 


give rise to the largest scattering for the given incident energy. The eigenfunctions are 


62.™ (DN =f, (FP ty,™) Pr): 0S rl, =i (C22 42%) 2) 727 (hr) [727 (2) 2 1 


The eigenvalues are real and determined from 
(Ay V2 Fp (CR ™ MP) | 7 (22 ™ )?) = — hry (2) 27 (2) 
For S-wave) 
tan (42 + yy) 4/2) (22 + yy (™) 3112 = —cot 2/%, 
yy (™ = (m—1/2)2*P2+R+O0(F), m1. 
For P-wave 
1/2 $y ™) —cot (22+ yy) V2) | (2+) 2 = 1/2? +tan 2/2, 
yy 0") = 2x? 322+ OU), 


Ee Ake 


The results are summarized in the Table 3 and 4 in a similar manner as in the Table 1 and 2. 


oie i A es yy? mote ge | he 
St pk eee | —oo 2.467 | 22.21 | 2.467 
| 
1 —oo —oco 379 | 24.1 | 3.79 
10 | — oo —7.42 123 | Siler, 7A2 
50 || — 42.3 —18.5 22.9 | 84. 18.5 
co | —~ —3nk ~—Ttk | —~—nk | ~3nk | ~rTh 


| | 


Table 3. The cigenvalues vo” associated with square well potential for S-wave. (One dimensional analysis) . 


aaa | yO) yy) y, (tt) | he 
Be ie! ! | ; . ick 8 ot See 1 eee” 

oe 7. Pier ee 9.87 39.5 | 9.87 

1 ! —0o 8.0 37.6 | 8.0 

10 | —0o 17.6 67 ! 17.6 

50 | =o} 26.8 94 | 22.3 

oo ~—th | ~tk ~3nk | ~ Rh 


i i i ial - _ (One dimensional analysis). 
Table 4. The eigenvalues y,'”” associated with square well potential for P-wave (O y 


From the data of neutron-proton interaction we may take 2 about 3.5 and 2.3 for spin 


‘ i - it has been inferred that 
triplet and singlet states of S-wave respectively. For P-waves it h 


: A ‘ 
PO 1.2 Lhe critical values of A to exist a bound state in the S and P states. are 


j= (2 /2)?= 2,467, and A=7°=9.87 respectively. We may see many remarkable features 
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from these tables. For example: 1) The convergence properties for both one and three 
dimensional Born expansions have somewhat similar nature, and the one is not always superior 
to the other. 2) For low energies the availability of Born approximation is restricted 
only by S-wave, while in higher energies the restriction is not necessarily due to S-wave etc. 

The author would like to express his gratitude to Prof. T. Kato and Prof. T. 
Yamanouchi for their kind guidances and interests to this work. He is also indebted to 


the Yukawa Yomiuri Fellowship for the financial aid. 
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Note added in proof. The alternative expressions for the total cross section, fi 7 (a) |? 22 and (47/4) 
7™[f£(0)] are different to each other in the finite approximations. However we can derive the following 
relation between the two as an immediate application of the formulas in § 2: 


\ | fs!> (0) |°dQ= (47/4) Im Lf Kae (0)]. 
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Effect of the Pauli Moment on the 
7-decay of Neutral Meson 


Hiroshi Katsumori 


Department of Physics, Osaka Gakuget University, 
Osaka 


July 28, 1954 


As is well known, the observed mean life for 
the ;7-decay of neutral meson is about 10—™ sec., 
while the theoretical value is 7.1X10—!© (g*/4z%c) —! 
sec. which is calculated from the lowest order pertur- 
bation theory (e%g) assuming a pseudoscalar meson 
field with pseudoscalar coupling. In order to explain 
this discrepancy we should search for some causes 
by which the matrix element of this process would 
be made smaller at least by the factor of an order 
10-!. Hayakawa and Mugibayashi') have already 
shown that the inclusion of the higher order correc- 
tion gives a good tendency but the correction up to 
e293 is not enough to explain the discrepancy. 

In this note we examine what an effect the life 
time is subject to when we assume the additive 
interaction term of the phenomenological Pauli mo- 
ment. Of course, in this case, unrenormalizable 
divergent terms appear and we must resort to some 
cut-off method, which contains many arbitrariness 
and gives the results which is sensitive to the cut-off 
value. However, judging from the calculations of 
the nucleon mass difference as the effect of the Pauli 
moment in the cases of various cut-off methods”), 
only the qualitative tendency seems not to depend 
on the details of the cut-off techniques. Then we 
attempt to see the qualitative feature of the present 
problem by means of a simple cut-off method. 

The calculation is carried out after the Schwinger’s 
proper time method*). A Green function for the 
Dirac field G(x, 2’) satisfies the following equation 


in the presence of the Pauli term, 
¢ } ey a" 
ie ( 10. Ay, (4) ) + Mile AM Ony Mery «| . 
x G(x, x”) =0 (x, ©”) (1) 


where the Schwinger’s notations are used and 4 
represents the anomalous magnetic moment in nuclear 
magnetons. Eq. (1) is considered to be a matrix 


element of the operator equation 


(I +oA+M)G=1 (2) 
where 
M,=p,—e4, and Ay=—TieAv- ©) 
Then G is calculated by the representation 
G=(7+0A+M)-1 
=(—yM+oA+M)i | ds exp{—1[(M+-0A)? 
0 
=r dL) ash". (4) 


In case of a scalar neutral meson field in scalar 
coupling with the nucleon field, the effective Lagrange 
function of coupling term between the neutral meson 
and the electromagnetic field is given by 


Li) = -¢ 6) (> (8), 9@)1) 
= i996 (x) Cle, #) 


=—0¢M7 \ ds exp(—2M7* s) 


0 


xerx(y/r(0)") |G) 
al, all y>ax 
where 
(x (s)/|-(0)”) = (x’| exp(—77s) |x!) (6) 
and 
Tp tee (ele ee 
=H a tMel ts Ns oF). (7) 


The approximation used by Schwinger that the 
electromagnetic field is homogeneous is also assumed. 
here. ‘Therefore the 
calculated in the same manner as in the section II 


That is, 


transformation function is 

of Schwinger’s paper. 

(x (s)/ar(0)") = #4) 200, ale“ HO 5-2 
exp Ex (a/ —x!) eF coth (es) (=a!) | 


Galen 
( 


8) 


xX exp he (itp)of— 


where 
al 


@ (x’, x”) =exp E \ ax 4c) | 


all 
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and 


iL (Ss) = . trlog [(¢/s) 1! sinh(e #5) ] - 


Inserting (8) into (5) and substituting s-»—7s, we 
obtain 


Lia 5 EG: ua 2exp(—A7?s of es? & 
ye Releosh [« (1+ p)sX] -exp[— (eu/242)*5X*]} iy 
J micosh(esX) } 


(9) 
where Schwinger’s notations Y= (2(+7))!/?, f= 
1/2( H?—E”), & = FE’-H are used. The first term 
in the expansion of £4’ for weak fields is 


ao 


x3 4 | (t3ets ae ») a2 | ds 


0 


a! == 


3 
x exp(—A7?s) — 4 fate M? )|6F. 
(10) 
In case of a pseudoscalar meson field with 
pseudoscalar coupling, the calculation of <,’ os 


similarly done. 


L 62) =) (> 16), 1500)1) 


=199(x) tr 75G (a, «) (11) 
ae 86M ds exp(— M GY 
0 


Lm cosh [e (1+ 1) 5X] -exp[= (en /2M1)°5 X27] 
J m{cosh(esX) } 


(12) 
>: ia M [a +2nt 2) M2 j ds exp(— M1?) 
0 
1 aA 
= | as sai exp(—4s) | oY. (13) 


0 


The integral in the second term of eqs. (10) and 
(13) is logarithmically divergent at s=0. We may 
suppose that this divergence is originated from 
ignoring of the charge spreading responsible for the 
moment, so we take 5) as the lower limit of the 
integral in the terms involving y. 

Putting together the transition matrix elements 
for the decay through the proton-antiproton pair and 
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through the neutron-antineutron pair, we get the life — 


time as follows 


s(s): Aft = (a2 /36n*) (92/48 c) (m] AT)? (mc? ] 4) 
3 

Tig 3 Hn" 2 )e-soMs 

c 

2), 


(14) 
2/48%c) (m/M)* 


[1 x [1+ Bart > 


3 4 2 ites, 
coe (r+ 19*)( log 59 AP? 
ps(ps) : Alf ss = (a"/16z*) (g 


X (mc? 4) x [1 + (2upt pp? t+ py?) e780? 


ae 24 (1 1 <)] 
yatta taal gl PE oe 
(15) 
where 77 is the meson mass, “p=1.79, wy=—1.91, 


and C=0.5772::: 
within the parentheses [ 


(Euler’s constant). The quantities 
|] in (14) and (15) may 
have the absolute value larger or smaller than unity 
according to the cut-off value so. Fig. 1 shows the 
relation between the numerical value within the 


parentheses of (15) (==/(s9)) and so. Taking 
1 _<yo0m, 
V So 


we find | f(s)|<10-', and so the life r,,, becomes 
<= 10° times longer. 


6.7M< 


The writer wishes to express his sincere thanks 


to Prof. S. Hayakawa for his kind advice. 
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1) S. Hayakawa and N. Mugibayashi, Annual 
meeting of the Physical Society of Japan, Noy, 


1952, 
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Meson Production in Meson-nucleon 
Collisions 


Yoshihiko Miyachi 


Research Institute for Theoretical Physics 
Takeharamachi, Kamogun, HHiroshimaken 


July 30, 1954 


Recent developments in high energy accelerators 
have brought into light many properties of z mesons. 
The pseudoscalar nature of z mesons thus seems to 
be established but the interaction between pions and 
nucleons has not been definitely determined, the /s— 
coupling or the fv-coupling having its own advantages 
and disadvantages. In order to clarify this point 
many works have been done theoretically from various 
aspects!), 

In this short note we consider the process z~ + 
P->n~+2++W because this process will be accessible 
experimentally”) and briefly discuss the differences 
between the /s—coupling and the /v-coupling. 

Our basic assumptions are as follows : 

(a) The meson-nucleon coupling is stronger than 

the meson-meson coupling”). 

(b) Nucleons can be treated non-relativistically*. 
The assumption (a) excludes the 7 meson emission 
mechanism of Fig. 2 and we here consider the one 
of Fig. 1 only. Under these two assumptions we 
first investigated the angular distributions of the 
emitted z+ meson in the lowest order approximation 
of the perturbation calculations. 


ee 
a 
Pid 
Pig sig 
- 
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Fig. 1 
Collisions in the case of strong meson-nucleon 


coupling, 


Fig. 2 
Collisions in the case of strong meson-meson 


coupling. 


According to Drell and Henley”, the velocity 
independent feature (¢, t) of the nucleon can readily 
be identified for the pseudoscalar meson theory with 
fs-coupling by applying the Dyson transformation"). 
The meson nucleon interaction term that is relevant 
for n-+ P>nr-+n++/V in the transformed Hamil- 


tonian is written as 
HW’ =(f/2M) \ o*(op)ore dr 
+(f22M) | boerar 
+(f/2M)?\ gr axd gar 
+ (2/3) (f/2a2)" | eG /2) (on) Oxd-oxe 


+(1/2)$xt- (op) oxo]? ar. 


Thus the angular distribution of the emitted meson 
for fs-coupling contains, in addition to the contri- 
bution from the equivalent /7-coupling, those from 
the second, the third and the fourth terms. There- 
fore, we can expect rather different results for the 
fs- and /v-coupling. 

For the incident z-~ meson of energy 210 Mev 
(threshold energy of this process being about 170 
Mey) the angular distributions of the emitted z+ 
meson are given in Fig. 3. The result for the ps- 
coupling is mainly backward while that for the fu- 
coupling is 2+cos?@, where 0 is the angle between 
incident z~ meson and the emitted z* meson. 

Near the threshold total cross sections for this 


process are approximately 

Bns= (fps?/47)3 (1677/3) (1/u?) (a) 40) [eo]/e) — 21° 
x [4(zvo/n)2 +5 (eo/z) —11] , 

O py = (82/47) 3 (167 /3) (1/2) Aol) (u?/220") 
x [(eo/z) —2]4, 


where fs = uf [247 and (%y, wo) is the momentum 


energy four-vector of the incident 7~ meson, 
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Fig. 3 
Angular distribution of z+ meson. 
I. fs in units of (f,,,2/4z)3-10-%. 
IL /v in units of (¢2/4x)3-10-28. 
III. 2nd order in units of (¢2/4z) -10-2%. 


It is well known that the lowest order results 
of the perturbation theory are not of good approxi- 
mation and further we treated nucleons non-rela- 
tivistically, it is desired to investigate the effect of 
higher order corrections. For this purpose we next 
considered this problem as the second order process, 
which consists of the following two steps : 

(a) Incident z~ meson is scattered by nucleon via 
the “ meson-nucleon potential ”’. 
(b) z* meson is emitted by nucleon. 

As Chew’? has pointed out, the experimental data 
on meson-nucleon scattering can be fitted if we take 
into account higher order effects of one-pion states. 
Using the model of Chew, Henley and Ruderman®) 
have calculated for /-wave mesons the real or virtual 
meson-nucleon scattering matrix elements, which are 
almost the same as those of Chew for the scattering 
of real mesons for LSWySWmax (max being the 
cutoff energy). Adopting this meson-nucleon scatter- 
ing matrix elements for the step (a) and /v-coupling 
for the step (b), the angular distribution for the 
emitted z+ meson was calculated for the incident 


mz meson of energy 210 Mey and is also shown in 


Fig. 3°. 


The above results show that the angular distri- 
bution of the emitted meson is markedly different 
for the /s-coupling and for the /v-coupling and that 
the higher order effects may not alter the qualitative 
features of the lowest order approximation (at least 
for the fv-coupling). ‘Thus the measurement of z+ 
meson production by z~ meson on proton serves as 
a direct test of the meson-nucleon interaction. 

The author wishes to express his heartily thanks 
to Mr. T. Kimura and to Mr. H. Wakita for their 


valuable discussions. 
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Electronic Structure of Graphite 
and Boron Nitride 


Kanetaka Ariyama and Shoichi Mase 
Department of Physics, Nagoya University, Nagoya 


July 30, 1954 


Electronic structure of graphite was studied by 
several workers.') *)%) They all explained some parts 
of the physical properties of graphite qualitatively or 


in some cases quantitatively, but did not give unified 
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interpretation of the quite different temperature 
dependency of electronic conductivity in single crystals 
and polycrystals and the relation between the dia- 
magnetic anisotropy and the conductivity anisotropy. 
Because of it, by supposing overlapping bands in 
some cases or splitting bands in other cases, they 
tried to interpret the experiments. We, however, 
have obtained a little diferent conclusion in many 
respects from these workers’ by studying the electronic 
structure of graphites of various types to be considered. 

As Léwdin?) showed in the calculation of 
cohesive energy of sodium in metallic crystals, it 
could not be admitted to neglect the overlapping of 
the atomic functions between neighbours what is 
usually done. For valence crystals, having very short 
atomic distance as diamond or graphite, the circum- 
stances are quite equal to metals, so we use the 
Léwdin’s orthogonal atomic functions as the starting 
point and consider the resonance integrals of higher 
orders. 

First we consider graphite lattices. For two 
dimensional lattice, valence and conduction bands 
touch at the corner of lowest Brillouin zone inde- 
pendently on the order of approximation, and the 
state density is symmetric in both sides near the 
corner. If we neglect the resonance integrals except 
those between the nearest neighbours, the widths of 
both bands become equal. Coulson and Taylor 
obtained the result that valence band becomes narrow 
and conversely conduction band broad in taking 
account of the overlappings between nearest neigh- 
bours ; it should be mentioned, however, that in the 
case where these give rise to the large effect, second 
nearest neighbour overlappings are also important 
and thus the symmetricity of both bands may again 
be maintained by considering the overlappings of all 
orders. Never-the-less, in actuality, since we must 
consider the resonance integrals of higher orders as 
the overlappings, they are not equal exactly, but the 
ratio of the widths of conduction band and valence 
band is obtained to be fairly smaller than unity. In 
uniformly displaced lattice the splitting of band 
occuts at the corner in certain cases whereas the 
overlapping doesn’t; the splitting is at best of the 
order of dx/ay, where dx is the displacement of atoms, 
a the atomic distance, 7 the resonance integral 
between nearest neighbours. 

For three dimensional lattice several variations 
may occur in stacking because of very weak interlayer 
binding, In usual ab type lattice atom A and B 
in a unit cell are not equivalent as to the c-axis, so 
the crystal orbitals of type A and B are different. 


Solving the secular equation”) 


| Zaa—L2 Lf ap, HT a%7 FT a7 
| figy—E Hana, F1),47 
compl. conj. Hraa—E Hea me 
| Hpp— & 
(1) 


one finds that once again there is no energy gap 
between conduction band and valence band, indepen- 
dently on the order of approximation and at the 
point of Wallace’s argument an energy difference of 
0.02ev between both bands. In aa type the both 
bands touch at the point discussed by Wallace, on 
the other hand in abc type lattice, structure factor 
disappears for (110) (020), unlike in ab type. The 
number of electrons per atom permissible to the 
lowest Brillouin zone (Fig. 1) surrounded by (003) 
(111) (022) planes is 


a ale - ~(=)+ see ' <1 0046 
48 Lc 7 Nie \ a ae 

(2) 

Thus at the absolute zero of temperature there exist 
holes of about 0.005 per atom at the top of valence 
band. From this it follows that state densities near 
the top of the band ore extremely different according 
to the type. As the number of electrons, however, 
contributing to the difference is very small, the 
energy difference for type is also very small, so it 
may be difficult to discuss the stability of each type. 
We have calculated the energy band of g-electrons 
The results 
are given in Fig. 2. The most remarkable difference 
from that of Hund and Mrowka®) is that the 
bottom stots of conduction band is degenerated and 
the theid and the fourth bands are a little dependent 


by the tight binding approximation. 


on wave number veotor. The general features are 
similer to that of diamond calculated by Morita’) 
and Herman’). Further the o-bands of two dimen- 
sional boron nitride is given in Fig. 3. The essential 
difference of graphite and boron nitride is that in 
the latter there exists an energy gap at the point 


k= (2/3V 3'a; 0). 


Fig. 1 
Lowest Brillouin zone of adc type, graphite. 
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Fig. 2 ‘Schematic /(A’) curves of graphite. (a) 
ky, direction (b) #, direction. 


(b) 
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0 1%,|- 22v/3a 
Fig. 3 Schematic “(A’) curve for %, direc- 
tion of boron nitride. 


Studies of boron nitride are very interesting from 
the points of view that its constituent elements lie 
on both sides of carbon in periodic table and the 
crystal structure is similar to graphite except the 
stacking. We can explain the atomic distance of 
boron nitride by the double bond model, similarly 
as in graphite following Pauling’s formula.?) A few 
years ago we showed that boron nitride is insulator 
and is expected to have only small diamagnetic 
susceptibility.") Now we have found that the soft 
X-ray emission bands of boron and nitrogen expected 
from the double bond model look like thet given 
in Fig. 4. This is similar to the experimental results 
of O’Bryan and Skinner!) for boron, but not for 
nitrogen. From the interpretation of the emission 
band boron nitride seems to be rather an ionic 
crystal, but from this side it would be difficult to 
explain the very short atomic distance. 


Fig. 4 
Schematic X-ray emission band of boron nitride 
expected from the double bond model. 
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An Interpretation for the Electronic 
Conductivity and Diamagnetic 
Susceptibility of Graphite 


Kanetaka Ariyama and Shoichi Mase 
Department of Physics, Nagoya University, Nagoya 


July 30, 1954 


It may be considered that although graphite is 
a mixture of crystals of certain variant types, it 


Letters to the Editor 


mainly consists of ab type, since this type may be 
energetically more stable than the other types!). There- 
fore, zero energy gap between the valence band and 
the conduction band being calculated for this type, 
a perfect crystal may behave like metal or semi- 
conductor. However, as the number of excited 
electrons in low temperatures is very few, if extremely 
minute quantity of impurities be contained, occupa- 
tion of states near the top of the lower band, i.e. 
the bottom of the higher band changes drastically. 
Tt is likely that nitrogen and boron atoms, having a 
small radius, take the lattice point substitutionally. 

When we consider the electronic conductivity of 
graphite, we must take into account the fact that 
many degenerated electrons exist at the bottom of 
the conduction band even at the absolute zero of 
temperature. The number of electrons excited from 
the full band to the conduction band is given by pT, 
where p is of the order of 0.25107! hence in the 
temperature region below 7/f, where 7 is the 
number of degenerated electrons, the number of 
conduction electrons 7 becomes almost constant. In 
usual natural graphite such a temperature may be 
comparatively high. 

First we consider the resistivity oy in the vertical 
direction to the hexagonal plane. Because the energies 
of the lattice of ab type, aa type and abc type are 
fairly near, stacking disorder may often appear. 
Bacon?) found that displacement of layers increases 
by grinding and its probability 7 is about 0.02 in 
some samples. We suppose that in single crystal / 
is about 0.011 like boron nitride.*) If a diffuse 
scattering occurs on this plane, we must take about 


300 A for the mean free path in this direction. 
Because this is independent of temperature, p= becomes 
temperature independent below 7//. However, above 
this temperature py decreases with temperatures since 
the number of coduction electrons increases rapidly. 

Let us next consider p,. Following to Kinchin’s 
analysis,) the thermal mean free path for the con- 
duction decreases exponentially with temperatures. 
Although the mean free path e‘fect by slip boundary 
scattering decreases with temperature and this causes 
decreasing of the resistivity, p| increases rapidly till 
nolp, above this temperature, however, its increment 
becomes somewhat slow because of canceling out by 
the increment of 7. These predictions agree well 
with the results of Dutta®) and Kinchin’s experiments. 
The rapid changes of and p, bordered by about 
100°K telate intimately to the degeneracy. In 
Wallace’s calculation the anisotropy factor o|/p\ 1s 
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of the order of 10-2, which is different from the 
experimental value by a factor 10-2. 


the ratio of both mean free paths 7; //) is about 6.6 


However, since 


at room temperature, we could explain satisfactorily 
the disagreement by considering this fact and assum- 
ing for the resonance integrals yp 3.6 ev which is 
later deduced. The more samples become pure, the 
more ¢4 will increase till the low temperatures. Near 
the absolute zero of temperature p| becomes indepen- 
dent of temperatures by the same reason as in metals. 
The rapid derease of py in high temperatures above 
400°K may not be related to the eigenproperty of 
the energy bands, but to the transformation to the 
stacking ordered state. In general Wallace’s calcula- 
tion is not incorrect, but the samples used in obser- 
vation for comparison could be imperfect evystals. 
On the other hand in the case of polycrystals, 
the conductivity in the direction to the c-axis is out 
of the question and it appears as the mean value of 
a1 in the plane. However, since the crystal size is 
small, we must also consider scattering at the crystal 


We denote the 


corresponding relaxation time with tb and the relaxa- 


boundary unlike in single crystal. 


tion time by lattice scattering with rg, so the resistivity 


is approximately expressed by 
cot ( 1 1 1 ) al eae aaa 
Oe ty Cth te) n\i' ig)’ 


By using the result of Kinchin’s analysis, we know 
V/ 8 y' 


that in a crystal of diameter 1,000 A there exists 
below 500°K a relation, 1//)>1//z. Therefore p is 
determined by *zv/7. The more samples are pure, 
the more the resistivity increases exponentially until 
low temperatures because of decrease of 7. But at 
the temperature where the number of excited electrons 
are comparable to that of degenerated electrons, p 
levels off and maintains a constant value. In higher 
temperature region above 500°K, because one has 
1/4,<Afle and decrease of 7 prevails over the increase 
of 7, polycrystals also behave like metals. The more 
crystal size becomes small the temperature of this 
transfer shifts to higher temperature. On the contrary 
even in polycrystals, if impurity increases, so the 
thermal excitation becomes immaterial and the tresis- 
tivity becomes constant in wide range of temperatures. 
This agrees with Kinchin’s result. We do not yet 
obtain quantitative interpretation why /, changes 
exponentially or with a higher power of 7”. 

We can interprete the diamagnetic anisotropy as 
well as the conductivity. In this case, however, the 
susceptibility x1; in a magnetic field parallel to the 
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hexagonal plane, is constant in all temperature regions, 
since the susceptibility of electrons in the filled 
region, which amounts to —0.5X10-° is larger 
than that of the conduction electrons, (the maximum 
value of this is —1.8X10~%, which value is devived 


from the expression 


_, _ Anclel2he) "41 [s—=-( “ry poe 

con 34 4\n el Ps 
11 kT \? ] 

aie aeecee!| Ll? (2) 


where c, yo and 7; are those of Wallace’s paper and 
4 is the density). On the other hand the component 
parallel to the c-axis, ie. %; may take a large 
constant value below the temperature at which 9) 
becomes constant, since in such a temperature energy 
surface is temperature independent and the excentricity 
in 4-space is very large. But the anisotropy % y /71 
is 220 times smaller than the conductivity anisotropy 
a|/oy, since both factors are not dependent only 
on the anisotropy of energy surface but the former 
denominator is about 33 times of the contribution 
from the conduction electrons and the latter deno- 
minator is 1/6.6 of that of perfect condition at room 
temperature. Moreover it becomes constant from 
a comparatively high temperature. Above /z9// the 
energy gap does not become essential and the energy 
surface becomes more spherically symmetrical, so the 
anisotropy may begin to decrease somewhat rapidly." 
Below room temperature (but 7’ >150°K) we 
obtained 


_ Ana®yo?(e/2he)? 
Acy 


[mF eo (ZY) 
~24 afin Th tln(4— F(T) 
AT 2 
“ant . ) |. (3) 


We must assume for 7) four times of argument to 


= 


obtain the agreement with the experimental value, 
(the logarithmic divergence of the expressions is (2) 
and (3) gives no difficulty, when we take into account 
the degeneracy of states). We find that degeneracy 
temperature is 80°K assuming the value 210-18 
for the number of doners. Temperature dependency 
of mean free path may be related to this compara- 
tively high degeneracy temperature. 


1) R. O. Brennan, Journ. Chem. Phys. 20 (1952), 
40. 

2) G. E. Bacon, Acta Cryst. 5 (1952), 392. 

3) R. S. Pease, Acta Cryst. 5 (1952), 356. 

4) G. H. Kinchin, Proc. Roy. Soc. A 217 (1953), 
9. i 

5) A. K. Dutta, Phys. Rev. 90 (1953), 187. 

6) It seems that our predictions agree with the 
experimental results. 
N. Ganguli and K. S. Krishnan, Proc. Roy. 
Soc. A 177 (1941), 168. 


On the Excited States of 
Even-even Nuclei 


Masayuki Nagasaki and Taro Tamura 


Department of Physics, 
Tokyo University of Education 


August 2, 1954 


Scharff-Goldhaber) and Preiswerk and Stihlin® 
have given general survey on the second as well as 
the first excited states of even-even nuclei. A marked 
magic number dependence of the excitation energies 
of the first excited states, and the predominance of 
the 0+ —2+—4+ and the 0+ —2+—2+ schemes, have 
been pointed out by them. After the publication of 
these works, experimental knowledges of the spin and 
parity of the second excited states have been almost 
doubled, and they are summarized in Fig. 1. 

From this figure we see that the excitation energies 
of the second excited states have similar magic number 
dependence as that of the first excited states. This 
is more clearly seen from Fig. 2, where the ratio, 9, 
of these two excitation energies are plotted against 
neutron numbers. The almost constancy of these 
ratios confirms the statement.”) 

The dotted line in Fig. 2 corresponds to p=3.3, 
a value which is expected if these two levels are 
considered to be the rotational levels in the sence of 
Bohr and Mottelson,4): 5) and there are several 
elements which come just on this line. For other 
elements p-values are close to two and Bohr model 
can give also such values, if we take into account 
the rotation-vibration interaction; while, so long as 
the published calculations show,") it is difficult to 


obtain such large values on the shell model assump- 
tion. 


Letters 


to the Editor 249 


M ue 
ev) 
Me” | 0-2-4. Scheme 
AP pss J 0-2-2 Scheme 
n Mo” 
140 
3° Ty Ce Pb” 
3 Ba!** Nd" L 
Ke 
Pa” Cd™ Te! 
2 
] 
EL ms 
10 20 30 40 50 60 70 80 ? 90 LOO LLO 120 S040 
Number of Neutrons———> 
Fig. 1 
First and Second Exitation Energies versus Neutron 918; Pb2, Maeder e¢ a/., Phys. Rev. 93, 1433; 


Numbers. References from which these data are 
taken are, for each element, as follow; Mg*®, May 
et al., Phys. Rev. 9), 246; Fe®®, Metzger e¢ a/., Phys. 
Rev. 92, 904; Ni®, Kloepper, Phys. Rev. 91, 1026 ; 
Zn%6, Mann e¢ al, Phys. Rev. 92, 1481; Pd’, 
Petiman e/ a/., Phys. Rev. 92, 1236; Xe!8°, Caird 
et al., Phys. Rev. 94, 412; Hf76 and Hf*, Bohr 
ef al., Phys. Rev. 90, 717; Pt!®2, Gillon e¢ a/., Phys. 
Rey. 93, 124; Hg?, Bergstrim ef al, Phys. Rev. 92, 


Pb24, Frauenfelder e¢ a/., Phys. Rev. 93, 1126 ; Pb, 
Elliott e¢ a/., Phys. Rev. $3, 356; Po?!4, Demichells 
ef al,, Nuovo Cimento 10, 1359; Ra®*4, Asaro e¢ a/., 
Phys. Rev. 92 1495; Ra®6, Th228 and Th, Bohr 
et al, Phys. Rev. 90, 717; Pu?*8, Asaro e¢ a/, Phys. 
Rev. 92, 694. For other elements see G. Scharff- 
Goldhaber, Phys. Rev. 99, 587. 

Data with * and ? are somewhat ambiguous con- 
cerning energy, and spin and parity, respectively. 


there the neutrons and the protons occupy equivalent 
orbits, and Mg™4, Tit® and Tit8 may be considered 
On the other hand Ni® and Ce!4°, 
although they have 0—2—4 scheme, do not belong 


as such examples. 
to this category. However, it is interesting to note 
that they are both single magic nuclei, and in such 
cases we can expect that the level scheme of the 


Fig. 2 
Ratios of the second and the first excitation energies 
versus neutron. 


On the other hand Bohr modei seems somewhat 
difficult to give 0-2-0 scheme,”) while Preiwerk and 
Stihlin2) and de-Shalit and Goldhaber*) have given 
interesting explanation of this scheme on the assump- 
tion of the configurational interaction. 

In the region with >100, 0-2-4 scheme 
nuclei appear in the region near double magic Pb,*°° 
while 0—2—2 scheme nuclei appear outside of this 
region. On the other hand in the region V<100, 
0—2—2 and 0—2—4 scheme nuclei appear mixed. 
For lighter nuclei it is expected from shell model 
calculation that O—2—4 scheme could appear, because 


non-magic group mainly determines the lowest level 
scheme of the nucleus as a whole, and gives O—2—4 ° 
scheme, but with p-value close to one. However, 
if we take into account the perturbational interaction 
between this non-magic group and the counter magic 
group, as was considered in reference 2 and 8, the 
first excited 2+ level will be lowered and we will 
obtain p==2, while preserving O—2—4 scheme. 
Ba!34 and Xe!59 might also be considered similarly, 
ie. their levels might not be rotational ones, because 
they, though are not magic nuclei, lie rather near 
to Cel, and because Cs!%3 which lies near to them 
has very small quadrupole moment, inspite of its 
having spin 5/2, showing small deformability of the 
core in this region of the periodic table. 

On the other hand large p-values of Ti!® and 


Ti® might be explained using similar reasoning 
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proposed by Flowers”) to explain the anomalous spin 
of Tit’, because as is seen from Table 6 of the 
paper of Fiowers'”), Tit’ and Ti! with configura- 
tions (If/2)® and (If7/2)8, respectively, both have 2* 
and 4+ leveis which are degenerate concerning the 
partition numbers of both the unitary and the sym- 
plectic groups, and so there is possibility that the 
large non-diagonal terms between these levels make 
the p-values come close to two. On this connection 
the p-value for Tit! may be interesting to obtain 
experimentally, because there exists no such degeneracy, 
in this case. 

As the preceding discussions show, the Bohr 
model and the shell model may be considered as 
mutually complementally. One of the most powerful 
clue to discriminate, into which of these two categories 
some nuclei should be classified, would be the ratio, 
F, of the experimental and the theoretical transition 
probabilities. For example Sm'®*, of which the 
spin and parity of the second excited state are un- 
known yet, has /’2=100"!), which permits us to 
conceive the level scheme of Sm!®° to be interpreted 


by Bohr model. 
on this quantity will be obtained experimentally. 


It is hoped that more informations 


1) G. Scharff-Goldhaber, Phys. Rev. 99 (1953), 
587. 

2) P. Preiwerk and P. Stihlin, Nuovo Cimento 
10 (1953), 1219. 

3) Compare with the similar works of M. G. 
Redlich, Phys. Rev. 91 (1953), 328 and G. E. 
Tauber and Ta-You Wu, Phys. Rev. 93 (1954), 
434. 

4) A. Bohr and B. R. Mottelson, Phys. Rev. 90 
(1953), 7L7- 

5) A. Bohr and B. R. Mottelson, Dan. Mat. Fys. 
Medd. 27, No. 16 (1953). 

6) See e.g. A. R. Edmonds and B. H. Flowers, 
Proc. Roy. Soc. A 215 (1952), 120. 

7) K. W. Ford, Phys. Rev. 90 (1953), 29. 

8) A. de-Shalit and M. Goldhaber, Phys. Rev. 
92 (1953), 1211. 

9) B. H. Flowers, Phil. Mag. 45 (1954), 329, 

10) B. H. Flowers, Proc. Roy. Soc. A 212 (1952), 
248. 
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Corrigenda: Radiative Corrections 
to the Anomalous Magnetic 
Moment of the Nucleon in 
Pseudosealar Meson Theory 


K. Nakabayasi, I. Sato and T. Akiba 


Physics Institute, Faculty of Science, 
Tohoku University 


August 5, 1954 


In the previous paper') there were some mistakes 
from carelessness which have been crept into the 
numerical evaluation of the parameter integrals oc- 
curring in the 4-th order /z°s07 contributions to the 
anomalous magnetic moment of the nucleon. The 
values cited there should be revised as follows : 


1 
LUTa =0.178 - wit B(Bs—B4) (tp—Tn)> 


1 
HUIp = —0.200 - 3 B(2B+ 63+ Bs) (ep7tn)s 


: 1 
fil ¢ =0.215-B?(tp—Tn), : 


HU a= —0.178-B?(tp—Tr). 


With these values the anomalous magnetic moment 
in symmetrical theory (8=83, 8y=0) amounts to 
My, =0.1118+0.31382 and y,,= —0.8228B—0.058f 
and in order to reproduce the experimental values 
the coupling constant must be taken as 8=2.22 and 
2.03 (or in a more conventional symbol (//W2 )?2 
(4xz%c)-1=7.0 and 6.4) for proton and neutron 
respectively. 

It is interesting that the eso contributions 
largely cancel in all, i.e. “u1=0.007 B?(r,—Tp), 
although each part is rather large. The same result 
is expected in a non-relativistic calculation? up to 
the same order, for instance, using the Hamiltonian®) 
transformed by Dyson transformation and cutting off 
meson momenta larger than Mc. For there the 
nucleon is treated as fixed, so that the core term 
which is most significant in the interaction Hamiltonian 
can produce virtual mesons only in the ‘-state, giving 
of course no contribution to the magnetic moment. 
Other terms are not effective in view of smallness 
of the effective coupling constant, (// V2 )2+ (4n%c)—! 
*(n/AL)*. 

To compare this situation with our case, we 
examine the effect of 4’ (the modified meson 
propagater) to the magnetic moment, which gives 


—_——— 
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the largest meson contribution, rather in detail. The 
modified part of 4; up to the second order turns 


out 
— fi) ah ss) : 
Ay (2) =28 [ teen ee _,o bltan O—1 +6 } 
Ret x? (427+ x7)? 
(2) 
where —#=4K%sin°9, e~2er~x"/6X%, 


K, & being reciprocal Compton wave length of 
nucieon and meson. 

The second term of (2) contributes to the a.m.m. 
only about 2% relative to the first term and 
therefore neglected. Thus the modified meson 
propagater is reduced to the non-modified one except 
for the factor 28(@/tan@—1). 


the factor on the a.m.m., we first calculated the 


To see the effects of 


second order *eson contributions from the two kinds 
of processes separately, classified according as whether 
or not nucleon pair is created in the intermediate 
states’). The results were this: they contributes the 
same magnitude ; while in the processes not involving 
nucleon pair only virtual mesons with the magnitude 
of momenta between 2x and A’ play the dominant 
role, virtual mesons associated with nucleon pair are 
essentially of momenta >0.5 X and therefore spread 
only over the range of order of #/M@c around the 
nucleon, thus showing that nucleon recoil effect can 
never be neglected. The effects of the extra factor 
introduced in the fourth order are then almost evident, 
on rewriting the first term of (2) in the form 


0/tan@—1 dz 2 1 
a ae ha + x2 ele ~26 | 1—22) £4 (4K2/1—27) ; 


(3) 


where the terms multiplied by x2/4A® are discarded. 
This suggests that virtual mesons here behave having 
large mass >2J/ instead of ». This change of 
effective meson mass results in the effects of lower 
energy virtual mesons being depressed compared with 
those of higher energy mesons. The detailed calcu- 
lation verifies this conclusion and the contribution 
from the processes involving nucleon pair is con- 
siderably enhanced (about 2 times) relative to the 
other processes. 

The above conclusion indicates that yr, can be 
hardly evaluated by the non-relativistic method or 
the cut off procedure. (This will be the case also 
for meson-nucleon scattering and we expect that the 
cut-off procedure adopted by Fubini in Tamm- 
Dancoff approximation for the scattering may be 
inadequate for renormalized radiative corrections.) ) 


The same holds for other radiative corrections. 
This facts may be expected from general consideration 
that radiative corrections obtained after renormalization 
become predominant only in high energy-momentum 
transfer.’) These radiative corrections for the a.m m., 
however, vanish by cancellation, as stated before. 
This is considered to be due to the fact that the 
radiative corrections for the propagators are depressed 
by those for the vertex functions, as was recently 
stated by Kroll and Ruderman.’) The comparatively 
good result above obtained is thus due to the 4-th 
order #zcleon contributions alone. 

It is noted that modified meson propagator, 47’, 
which summarizes the effects from all the diagrams 
obtained by repeating the lowest order proper meson 
self energy part, is 


Le ae) | [iss 40], @) 
where 
Di Zoe 


oan (4) = Big 2 Le (Ojtan 6-1 +81) 
+ (€;—€2) x7] - 


Here the factor, 
the order of magnitude ~1 to the a.m.m., employing 


A,(%)/2zx2, contributes effectively 


the aforementioned value of the coupling constant. 
Evidently tke purturbation treatment of this cann’t 
Thus one might be 
tempted to re-calculate the second order a.m. m. 
replacing 4°(4) with (4), as Feldman”) has done 
for the nucleon propagator. Especially for the nucleon 


be trusted on in any case. 


contribution the result will be different in sign from 
the proper second order one for suitable values of 
the coupling constant. However, it is unfit to take 
into account only special subset of radiative correc- 
tions, because the effect of 4j’(%) might be sup- 
pressed if higher order radiative corrections for 0,- 
vertex are considered in the similar manner. This 
is indeed the case for the fourth order calculation. 
(The analogous argument is applicable to the effect 
of Sj/(f). It must be noted, in the fourth order 
result, that the contribution to the a.m.m. from the 
radiative correction for 0,,—vertex has a sign opposite 
to the one from the modified part of nucleon 
propagator, Sp’() and that both of them are of 
the same order of magnitude This is true for both 
nucleon- and meson-contributions. Therefore to lay 
much stress only on the radiative corrections for 
nucleon propagator is not admissiable.) Moreover, 
it is entirely doubtful whether such approximate 
propagators can be good counterparts of the ones,!”) 


252 Letters to the Editor 
(The usefulness of such analysis of the 2nd 
order a.m.m. was also emphasized independently 


by Dr K. Sawada.) 


Thus much scrutiny seems to be required before 
the modified propagators can be used in practice. 
Finally we would remark that tq, which had 


been in disagreement with the result by A. Thellung, 5) S. Fubini, Nuovo Cimento 19 (1953), 564. 
was re-examined and that no error could be found. 6) Chiba, Yamazaki and Fukuda, “ Soryushiron 
[llq was also evaluated analytically in the limit of Kenkyu ” (Mimeographed circular in Japanese) 
(u/47)2—0, obtaining 6 (1954), 753; Ishida and Takahashi, Prog. 
Theor. Phys. 11(1954), 611. 
fla=— 7 B2 (tp+2tn)( x a ; ) é 7) K.A. Brueckner, M. Gell-Mann and M. Gold- 
berger, Phys. Rev. 99 (1953), 476; K. Hasegawa 
and S. Azuma, Prog. Theor. Phys. 10 (1953), 
1) K. Nakabayasi and I. Sato, Sci. Rep. Tohoku 241. 
Univ. I ser. 34 (1950), 69; Prog. Theor. Phys. 8) N. M. Kroll and M. A. Ruderman, Phys. Rev. 
6 (1951), 253. In the latter, 11, must be 93 (1954), 233. 
read as —0.128[(f3’+ 4") t,+26"r,,]- 9) G. Feldman, Proc. Roy. Soc. A228 (1954), 
2) Kanazawa and Sugawara, Prog. Theor. Phys. 112. He found in his Sj’ the new complex 
11 (1954), 231. poles, which give rise to non-renormalizable 
3) S.D. Drell and E. M. Henley, Phys. Rev. divergence. And he conjectured that such poles 
88 (1952), 1053. would exist also in the present 4,’-function. 
4) Each kind of processes splits again into two We examined this, by putting —/?/4A?=2 
subclasses, one containing virtual meson simply and making the necessary analytic continuation. 
scattered, and the other containing meson pair But, contrary to his expectation for B~3 there 
created or destructed by the external magnetic existed no complex poles in the upper part of 
field. The latter amounts about twice larger the s-complex plane. 
than the former. The more detailed and as- 10) H. Lehmann, Nuovo Cimento I1 (1954), 343. 
sociated arguments will be published in another 11) <A. Thellung, Helv. Phys. Acta 25 (1952), 


letter by Hasegawa, Matsuyama and one of us. 
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A Formulation of the Theory of Alpha-particle Decay 


from Time-independent Equations* 


Re GG. FHOMAS 


University of California, Los Alamos Scientific Laboratory 
Los Alamos, New Mexico 


(Received May 8, 1954) 


The theory of alpha-particle decay is formulated from the time-independent /-matrix theory of 
puclear reactions. It is shown that the most appropriate proper solutions are the ones with radial 
nodes near the channel radii, and therefore the Teichmann-Wigner sum rules involving the alpha-particle 
kinetic energy may be applied. Exact and approximate relations are given for the dependence on the 
angular momentum of the decay rate for the square well model. Barrier penetration formulas are 
given which include estimates of the effects of an external nuclear exponential potential and the atomic 


electron screening. 


$1. Introduction 


There are so many theoretical papers in the literature on alpha-particle decay” that 
it is difficult to decide which theory or what combinations of theories should be used for 
the most significant interpretation of the experimental data. For example, in a recent 
paper” it was considered desirable to use five different formalisms for the interpretations. 
It is therefore with reluctance that we present here yet another approach. However, in 
the opinion of the writer it is not only simpler but also more general than the previous 
ones. Moreover, it is based on the methods which have been found to be particularly 
satisfactory for the interpretation of nuclear resonance reactions, of which alpha-particle 
decay may be considered as a special case. Although the application of resonance theory 
to alpha-decay is not new, some of the previous attempts have overlooked the important 
effect of the boundary condition on the decay rate”. 

In §2 it is shown that the generalized one-level collision matrix of Wigner 
and Eisenbud®? may be applied, the decay rate being related to the imaginary part of the 
energy of the pole of the resonance denominator. It is then shown that due to the intense 
alpha-decay barrier, the proper boundary condition for the radial derivative of the eigen- 
solutions is one which is essentially infinite, rather than close to zero as in the familiar 
applications of the resonance theory to light nuclear interactions where the barriers are 


relatively weak. Consequently, the sum rules to be considered are those given by Teich- 


mann and Wigner? which compare the kinetic energy of the alpha-particle on the nuclear 


+ Work performed under the auspices of the U. S. Atomic Energy Commission. 
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surface to its average value within the surface, rather than the rules which compare 
the squares of the amplitudes of the wave function. The square well model is 
treated in detail in § 3 where the dependence of its reduced widths on the angular 
momentum Z, as first obtained by Preston,” is derived in a simple manner. The effect 
of an exponentially decaying external nuclear potential on barrier penetration is estimated 
in § 4. The JWKB formulas for the barrier penetration and the level shift factors and 
a detailed consideration of the corrections for atomic electron screening are given in the 
Appendices. Throughout this account it is assumed that the nucleus is spherically sym- 
metric. It is hoped that the generality of the method may lend itself to the interpreta 


tion of the recent evidences for the non-sphericity of the nucleus.” 


Although the present 
formalism is applicable to a many-body description of alpha decay,” it is beyond its scope 
to provide specific reasons for the irregularity and the hindrance of alpha emission from 
odd-A nuclei,” in contrast with the apparent regularity of emission from the even-even 


nuclei to the ground and first excited states.” 


§ 2. General Theory 


It can be shown by means of appropriate wave packets constructed with the time- 
independent solutions of the wave equation that the decay constants of radioactive states 
are i~' times the imaginary parts of the energies of the poles of the collision matrix.’ 
The poles of the collision matrix may be expressed in terms of the significant parameters 


£y and 7, of the nuclear system by means of the A-matrix formalism of Wigner and 
collaborators." If one level 4 of the R matrix* 


R=Sn 7% ri) /(L£,—-£) (1a) 
is explicitly separated from the rest in the manner 
R=R*+ xT) /(—D), (1b) 


it is found that the resonance denominator of the generalized collision matrix of Wigner 
and Eisenbud becomes 


f£,+4,—-E-dI, (2) 


the total level width /", and total level shift J, being expressed as scalar products over 
both positive and negative energy channels : 


VOR Chae aay 
4,=— (ak, Sa) + (Bt, R°B,), 
a,=(1— ar ep hse h,=La,, (3) 


* The notation used here di 


cee Fers in some respects from that of Teichmann and Wigner.) Our reduced 
width 7267 


1s @,7) ti i ? i i 
a" times theirs and therefore has the dimension of energy, and our & matrix is dimension- 


less. The relati iti j b 
lation between the boundary conditions is =Be=iolc. 


Our / and G functions are #1/2 ti 
theirs. : ips 


et tg 
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£L=S+iP=L—B 
L=S+iP, S=S—B, P=P. 


Here the components of the real, constant, diagonal matrix 7 are the radial boundary 
conditions satisfied by the normalized proper solutions \, of the wave equation //X,= 
&,X, on the various channel entrances. The components of the diagonal matrix £ are 
the products of the channel radii @ and the logarithmic derivatives at 7=a of /-times 
the radial parts of the emerging wave functions of the form (G+//');~', / and G being the 
regular and irregular coulomb wave functions of the various channels. The real parts S and 
the imaginary parts P of the components of the matrix 4 are referred to as the shift and 
penetration factors, respectively, and in the standard notation for coulomb wave functions” 


where p=Zy and a prime denotes differentiation with respect to ~, they are given by 


fr y oO 
iy SEs inh GG P= 


Ss the ? : 4 
' F+4+G4 ) 


LFeeG 
the various quantities being evaluated at r=a. The 7, are the probability amplitudes 


at the channel entrances c for the 1, : 
Fie (2/2Ma,) | EX aS (5) 


where ¢, is the product wave function for the internal coordinates of the alpha particle, 
the residual nucleus, and the spherical harmonic, as described by Teichmann and Wigner, 
and S is the surface surrounding the internal region; 7; is referred to as the reduced 
width at the level 2 for the channel c. 

In the study of an isolated resonance level, it is usually assumed that the contribution 
R® from the other levels is constant in the vicinity of the level. In the absence of such 
an assumption, the collision matrix with (2) as resonance denominator is exact in A-matrix 
theory. It will now be shown that in alpha-decay applications where the penetration factor 
is extremely small, the effect of the other levels may be made negligible by suitable choice 
of the boundary-condition matrix components. This result is in conformity with the 
well-known fact that the complex wave functions describing alpha decay may be closely 
approximated by real standing waves.” 

The components of / are set so that B.=S,(Z,), where L,=/) is the real energy 
of the emitted alpha particle, and therefore at complex energies / in the neighborhood 
of E, the components of S may be closely approximated by the first non-vanishing term 


of the series expansion, 
S(B) = (E-E,) SF) (6) 
where the dot denotes differentiation with respect to energy. It is now assumed that the 


complex energy E, which is the zero of (2), is so close to 4, that the components of 


the matrix R°£L are negligible, and the width and shift matrices may therefore be 


approximated by 
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1 (DSP Tee 
A, (E) = (E—E,) 4, (E.), (7) 
4, (B) =— 1-9 (2; rsa 


The results obtained confirm the assumption. The pole of the collision matrix is then 
the energy / which satisfies the equation 
Bio hE) di ar se en 


or 


Bab Sy) 4 (8) 


It is shown in Appendix III that the quantity 4, is less than 10~° in alpha decay and 


therefore may be neglected. The disintegration rate / then reduces to the familiar expression 
Ase 1s Cys (9) 


The presence of the term 4, in (8), which may be unfamiliar, essentially normalizes 
the wave function of the system within the volume bounded in the vicinity of the classical 
turning points rather than within the volume bounded by the channel radii @,, as in the 
normalization of the ., and 7,,.. As a result of the strong alpha-decay barriers, the 
difference between these two normalizations is very small. However, it may be of import- 
ance in the study of resonances in light nuclear collisions where the barriers are weak.” 
This distinction has been discussed by Breit’ and by Teichmann and Wigner.) 

Breit and his collaborators have found both the JWKB and steepest-descent approxima- 
tions to the irregular function G to be accurate within a percent in a number of typical 
alpha-decay evaluations.’ The various formulas of the JWKB approximation which are 
used are given in Appendix I. The partial width for the decay through an alpha-emitting 


channel of relative angular momentum / may be written as 
a) BS ay © ae ngh' | od = y» 2 
41, =Pirar © Cr exp (—20 Tab (10) 


By means of Eq. (29) of Appendix I, one finds that in typical alpha decays that the 
dimensionless value of the shift factor S, and likewise the boundary condition 4, for the 
alpha-decay channel lies between —17 and —21. This shows that at +=a the radial 
part of the wave function is close to a node,* and it is therefore more convenient to use 


a reduced width 0,7 for the derivative of the radial wave function rather than the reduced 
width 7,; for the value; the relation is 


Nees a aks ee. Or Diace op 
OPS Le Ty, Sir paw (11) 


if we use the approximate relation (29b) for &,=S,, and the width therefore becomes 


* This distinctive feature of alpha decay was noted in a personal communication from G. Breit which 
appears in the paper by Kaplan.!0) 
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$1 4,=CrSt exp(—2Cz)0,? 
; 12 
~ C7" exp(—2C,) 0,7. Gy 


In terms of the product function ¢/,, the formal definition is 


7 


Or6=Tret (ah? /2M,) A fF grad, X,aS. (13) 
Js 


The numerical value of the dimensionless boundary condition is so large that little 
error is made by considering it to be infinite for the determination of 0,,, in which case 
the 1, become the solutions having a radial node at the channel surface where r=a, 
that is 7,;.=0. Eg. (12) indicates that the decay width is proportional to the square 
of the radial derivative at the node. This approximation permits us to apply the rule 
of Teichmann and Wigner” which assumes that the kinetic energy of the alpha particle 


on the nuclear surface is equal to or less than its average 7, within the nucleus, 
Ora Ss Le ? (14) 


the approximate equality being used if a two-body description is valid and the inequality 
being applicable to the many-body case. Although it is beyond the scope of the present 
theory to specify precisely the value of 7,, it is expected to be of the order of magnitude 
of a few Mev, as indicated below. 

The question of a many-body description for alpha decay has been discussed by a 
number of writers.® For any model that is assumed for the determination of the 
and 0,,, the shell model for example, Eq. (13) gives the reduced width. Its general 
evaluation is unfortunately rather difficult. As a result the usual procedure in the study 
of alpha-decay data has been to assume that the two-body description applies, specifically 


the square well model for which 
O,2=77,7/M, a; ~ 1 Mev (15) 


as shown in the next section, and to use the width formula to determine the channel 
radius. It is well known that this procedure probably gives a lower limit of a. It would 
be desirable to be able to determine the 0,2 in some other way so that the decay rates 
could be used to give the actual radii. In view of the general usage of the square well 
as a model for the alpha-particle-residual-nucleus interaction, it is treated in some detail 
in the next section, in particular with regard to the determination of the dependence of 
the reduced width on 7. More complicated two-body potentials, which usually require 
detailed numerical evaluations, will not be discussed. 

From the theories of Feshbach, Peaslee and Weisskopf,"” of Teichmann and Wigner,” 
and of Bohr and Mottelson”? one may infer that if the many-body description applies, the 
average reduced width 0,¢ is obtained by multiplying the upper-limit value 7, by the 
ratio of the actual mean level spacing /) to the characteristic single-particle level spacing 


W=2i? K/Ma where K~10" cm7! is the wave number characteristic of a nucleon of 


mass J7 within the nucleus, 
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(0x6) av = ga(D/W)Ta; (16) 


ga <1 is a factor for the probability of the existence of alpha particles on the nuclear 
surface. From the presumption that the cross section for the absorption of fast alpha 
particles in collisions with heavy nuclei is about equal to the cross sectional area of the 
heavy nucleus, it is usually inferred that 9, ~ 1. The fallacy of this argument is that 
part of the absorption cross section may be due to non-compound-nucleus processes to 
which the usual argument that the compound nucleus decays independently of its mode 
of formation does not apply. However, some experimental data appear to indicate that 
the intrinsic emission probabilities g do not differ significantly from unity for alpha particles 
and tritons as well." 


§ 3. The square well model 


The wave function of a particle with angular momentum / interacting with a square 
well potential I”, is the half-integer Bessel function 


FAS) = (4872) ad (2) (17) 
where 


¢=(2M(E—V,) /#)" rv. 


For these functions the boundary condition 2,, which is a-times the logarithmic deriva- 
tive, is 
B,=sf,(2)'/F (2) (18) 


at r=a; the prime denotes differentiation with respect to 7. It is convenient to introduce 
a dimensionless reduced width 


75> (Ma? /h°) rine (19) 


If 4, is now regarded as the energy-dependent logarithmic derivative, the Green’s-theorem 
relation” gives 


— O77 = (#/Ma’) (dB, /dE) =2B, fe), (20) 
By means of the Bessel equation 

Fy) +(1—L(L+4+1)s7*] F,=0, (21) 
one finds that 

O57=[(B,4L) (B,—L—-1) +2°)/2". (22a) 
Therefore, 

» 9 e g? Be 

0), =——-- a STG te ee 

Ma* (8,+L)(B,—L—1) +2? ee 


where 7, is the solution to the transcendental equation (18), which may be expressed 
alternatively as 
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By =2 f,24(27) Fi (¢,)7—-L (23) 


by means of the recursion relation for /*;. As indicated in § 2, in alpha decay the 
boundary condition is 


Br=o(Gr/Gz) AAG (24) 
a large quantity. As an approximation one may therefore assume it to be infinite, obtaining 
Op ~~ (B/Me’) 2; (25) 


where 2, is the first zero of the tabulated function 7,,1(%)=27'/,(¢)." The accuracy 
of this approximation is easily assessed. With o=9.42, 7=25.4, which corresponds to 
the emission of a 5-Mev alpha particle by uranium from a radius a=9.6 x (o7cm, one 
finds that B,=—18.96, [,(approx.) /[, (exact) =1.16, and B,=—20.20, 1°,(approx.) / 
[’,(exact) =1.25. In view of the approximate nature of the square well model, Eq. (25) 
would appear to be sufficiently accurate. | 

The approximation (25) indicates that the reduced widths 0,7 are simply proportional 
to the square of the roots of the half-integer Bessel functions. In the case =O, the 


first zero is %,=7 so that the decay rate becomes 
fhe te) Ma) ce exp(—=2C)), (26) 
which is identical to Bethe’s Eg. (587) and to the approximation to Preston’s exact 
expressions, as given by Rasmussen’s Eq. (24).” Table I lists the squares of the first zeros 
for / in the range 0(1)5. 
Tabie I 


The squares of the zeros 27, of the Bessel functions /7,+1/2(2) are listed. The square well alpha-decay 
reduced widths for the various angular momenta / ate very nearly proportional to them. 


1 0 1 2 3 4 5 


Zy;* Sey) 20.2 33.2 48.7 66.9 87.8 
5 


The reduced width 6,2 thus increases by a factor of nine as / increases from zero to five. 
This increase will partially compensate for the decrease of the decay rate due to the 
increase of the centrifugal barrier. Table II lists for the same example f; times the 
penetration factor for angular momentum L divided by that for 1=0, and the correspond- 
ing ratios of decay rates. The decay rate increases with ZL with a maximum at L=2 
and then slowly decreases. Such a behavior was first noticed by Preston,” whose results 
are presumably the same as the exact treatment given here, although they appear in a 
considerably more complicated form. An interpretation of the increase of the reduced 
widths with Z has also been given by Preston. The larger is /, the larger is the 
centrifugal repulsion near the origin. This repulsion must be compensated by an increase 
of the well depth |//|, and as a result the kinetic energy of the particle is larger at the 
surface where the centrifugal repulsion is not so large. However, this effect has not been 


confirmed experimentally.”” 


260 R. G. Thomas 


Table II 


The ratios of the penetration factor €,~'exp(—2C;,) for angular momentum L to Coexp(—2C)) for Z=0 
and the ratios of the corresponding decay rates are listed for the case p=9.42, 7=25.4, corresponding to the 


emission of a 5-Mev alpha particle by uranium from a radius @=9.6 x 107'cm. 


ie 0 1 2 3 4 5 


atl Bey 7 
eT erp = 26n) 6154999 854 588 354 181 082 
Cot exp( —2C) 
Par. 1.00 1.75 1.98 1.75 1.21 0.73 
To 


§ 4. The effect of an external nuclear potential 


on barrier penetration 


It is of interest to consider the effect of an extended nuclear force potential on the 
usual barrier penetration formula. An estimate may easily be made for an exponential 
potential. The modified irregular wave function (7) may be expressed in terms of the 
unmodified function G(7) and the additional potential V(r) =#P(7) /2M as™ 


g(r) =G(7)(14+4(7) | (27) 
where 


d(r) = 


r 


G (7) 7dr" \ae !) G(r")*ar" 


Pr)y=(907)/EQ) IPC). 


In the case of an attractive potential, |” is negative, and if it does not completely annul 
the barrier potential, 0< y(7) < G(x). To obtain an upper bound for |4| one may 
therefore replace /? in (27) by P. 


We consider the exponential with the range 7, : 
V=PV, exp (= ¥/%,). 


In the range of radii wherein the main contributions to J occur, G (7) may be replaced 
by an exponential exp| —(¢//)47] having an appropriate mean (¢/). By carrying out 
the integrations one finds that 


A(r) | 2M (7) 7° /h?|/(2 (/p)e— (r/o) l(x/79)- 


Inserting typical values, €=24, (o/p)=0.7, r=10>"cm, ry=1/3-r, one finds 4(r) 
~1/4-V(r), V(r) being measured in Mev. Thus for the particular range value used, 
the potential must be less than about 1 Mev if its effect is to be unimportant. The 
statement made in § 2 concerning the determination of a lower limit for the alpha-decay 
radius may now be made somewhat more precise: It is the lower limit beyond which 
the nuclear forces are reduced to the order of magnitude of 1 Mev or less. 


— 
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Appendix I 
The JWKB formulas 


Although the JWKB penetration formula has been given many times in the literature, 


it appears desirable to give it here in the standard notation for coulomb wave functions.’ 


For angular momentum J/ it is* 
Ps ~ e/Gir=C. exp(—2C,) (28) 
where 


C= Cee ered aes 


ye ESE: n— : ¢ Py aT 
G—7 Se sin RD |e, 4 Flog et eee 
-2 (7 +/*) eG +>)" 


l=L+4 ; x" == 807; 
Ha Lelie (hu, p=Mva/h, 
v being the relative velocity and JZ the reduced mass; the sin~' lies between —7/2 and 


m/2. The Langer modification of replacing L by L+4 has been used." In the same 


approximation the shift factor is given by 

S, ~~ p(Gi/Gn=—Crthr GQ +P), (29a) 
and its rate of change with respect to energy can be obtained from 

GS/i) ee Chraetl: (30) 


In alpha-decay applications, the second term on the right side of (29a) is small compared 
with the first so that 
@ (29b) 


S, x —Cr- 


From the recent compilation of atomic constants by DuMond and Cohen” the following 


numerical evaluations are obtained : 
4°=0.2776MZ,Z,a, 
4=0.158052,2,M PES (M,/ M+ M,)", 
0=0.2195 ME." a (M,/M, + My 


where 
M, is the alpha-particle mass in a unit of the proton mass, 


M, is the mass of the recoil system in the same unit, 


* Our penetration factor differs by the factor C7, from Bethe’s” barrier penetrability Py, as giver 


by his eq. (632a). ; 
+ The Langer modification is actually not significant in alpha-decay applications. It is included in the 
present JWKB formulas so that they may also be used in applications involving relatively weak coulomb 


barriers where it may be significant. In the unmodified form, /=[Z(Z+1)}"?. 


262 R. G. Thomas 


M=M,M,/(M,+M,) is the reduced mass in the same unit, 
Z4,=2 is the charge number of the alpha particle, 
Ze 


r 


is the charge number of the recoil nucleus, 
a is the channel radius in units of 107 "cm, 
and /, is the energy in Mev of the alpha particle in the laboratory system, corrected for 


atomic electron screening and interaction effects, as indicated in Appendix II. 


Appendix II 


The electron screening and interaction corrections 


The coulomb field of the nucleus is partially screened by the atomic electrons. 
According to the observation by Foldy,” in the vicinity of the nucleus the potential 
energy of an alpha particle in the atomic electron field of the initial nucleus of charge 
number 7,=Z,+4+ Z, is given by 65.37," ev. A very fast alpha particle would lose 
this much kinetic energy in passing through the electron cloud. However, in alpha-decay 
applications the alpha-particle velocity is slower than most of the atomic orbital velocities. 
Therefore, an adiabatic correction term should be included for the fraction f of principal 
atomic shells, the electron orbital velocities of which are greater than the alpha-particle 
velocity. According to the results of Serber and Snyder,” the above potential energy 
should accordingly be reduced by an amount which is approximately given by 91.4 77°fev. 
As the effective alpha-particle-electron interactions occur beyond the classical turning point 
in most applications, the JWKB penetration formulas as given in Appendix I may be used 
by simply substituting for /, the corrected quantity 


Eu+ (M,/M,+ M,) (65.32,'° —91.422"F ) -107 “Mev. (31) 


If the alpha-particle energy is very small so that the classical turning point (in the case 
of /=0 it is the value of the radius where »=27) occurs in the vicinity of some of 
the electron orbits, then a more detailed evaluation of the penetration is required. 

It is possible to make a sufficiently accurate estimate of the fraction f by using 
Slater’s atomic shielding constants." The electron orbital velocity is usually considered as 
given by (Z—s)e*/hn* where s is the screening constant and »* is the effective quantum 
number. As a typical example, a 4.5-Mev Th alpha particle would have a velocity equal 


to that of an orbital electron for which (7—s) /n* = 7. For the outer orbits 7* ~ 4.0 


so that s ~ 93—28, which is only slightly more than the number of electrons filling the 
first four principal shells. Since the effective number of filled principal shells in Th is 
4.6, the fraction f ~ 0.87. The adiabatic correction term, 480 e.v., is always small com- 
pared with the main screening term, 36.2 kev, both for the emission of an alpha particle 
from Th, and consequently it is frequently ignored.”” It should also be mentioned that 
the adiabatic correction term is the average value for a distribution function; the strong 


depen i i 
ep dence of the barrier penetration on the decay energy may require an effective value 
differing somewhat ftom the average. 
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Appendix Ul 


Upper-limit estimate of the correction term —d,,(E,) of eq. (8) 


The correction term for the case of only one channel of angular momentum 15,3 


given by 
4 aS (ESS ,/ S202. (32) 
According to (30) and (29b) 
Sex Ma ]/@)o7 


since €} is large compared with (f4°+/°). For an upper-limit estimate of Lan one 
may use the results of § 3 for the square well where (Ma*/h’) 0,7; ~ 27, 27, being listed 
in Table I, with the result 


—4),(Ba) © 2167" - (33) 


Since €;, ~ 20, this term is negligible even though z; becomes almost as large as 100 
arta ee Ee 
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The hydrodynamical description of an interacting many boson system given in the foregoing papers 
is studied more carefully by making use of the so-called hydrodynamical approximation in the lattice 
space that the expectation value of the particle number in a cell is very large. We get the commutation 
relation of the velocity operator due to Landau and Thellung and the roton spectrum is computed. 
The phonon spectrum is obtained in the relation to the ground state of the system and the sound 
speed is evaluated for the rigid sphere problem. Further the relationship to the collective description 
of Bohm and Pines is discussed. 


§ 1. Introduction 


It has been confirmed by the recent experiments that Landau’s theory’ of Helium 
II is successful in attacking both the equilibrium and the dynamical properties at very low 
temperatures such as the heat capacity, the entropy, the concentration of the normal 
fluid, the viscosity and the heat conductivity. His method consists in dealing with 
hydrodynamics to make the quantization analogously with quantum electrodynamics. The 
most satisfactory account of it has been given by several authors”? by applying Clebsch’s 
transformation. This classical standpoint has been examined from the view point of the 
quantized wave theory (second quantization) in the foregoing papers referred to as I.” 

In Landau’s theory there appear two kinds of excitations, the phonon and the roton. 
Their spectra, however, are determined by experimental deta. It is expected that the scheme 
of the quantized wave theory can, in principle, give these spectra from the true interaction 
energy of atoms. 

In the next section we derive the commutation relation of the velocity operator given 
by Landau and Thellung from the approximate commutation relation of the phase operator. 
This approximation is called ‘ hydrodynamical”. In Section 3 the incompressible case is 
considered and it is shown that the free particle energy is expressed by the hydrodynamt- 
cal hamiltonian given in respect to the solenoidal component of the velocity operator and 
it corresponds to the energy of rotons which may appear as the wave number of the 
excitation becomes large. In Section 4 the compressible case is considered. The phonon 
hamiltonian is obtained in relation to the ground state of the system and it serves a good 
approximation of the total hamiltonian for small wave numbers of the excitation. In this 
case the velocity field becomes irrotational. The phonon represents the longitudinal motion 
of the assembly, while the roton represents the transverse motion of it. In Section 5 we 


consider the case that the velocity operator has two components of the solenoidal and 
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the irrotational part. It is shown that the field variables a and 9 appearing in Clebsch’s 
trinsformation to represent the vortex line are given by the phase operator or the wave 
function. In Section 6 the relationship between the hydrodynamical description and the 
collective description, which has been formulated by Bohm and Pines and applied to boson 


assemblies in Paper I, is computed. 


§ 2. Hydrodynamical approximation 


We try to investigate the commutation relations between the phase operators obtained 
from those of the wave functions. Following the conventional treatment of the field 
quantization we consider a lattice space and the field quantities become the functions of 


the lattice point \. The lattice wave functions are written as 
GHX) VAR) GE) SV oF), (2-1) 
where J is the cell volume of the lattice space and we get 


[o.(X), or (X") J=[92* (1), G1* (X") J=0, | 


(2-2) 
[e.(X), er* (X") J=exx , | 
gi" (X) ¢,(X) =NCY), (2-3) 
[V(X), 210) J=— 91 (X) xx (2-4) 
[LVCN), Gr* (X") J=91* (YX) Ox. (2:5) 


The lattice phase operators are defined by ¢/,(r)=¢,(4)V¥d/.\V(a), oX()= V4/V(a)e%(2) 
and the commutation relations of the phase operators become 
[,(X), 6,(X) J=[¢.* CY), o2* (XX) ]=0. (2-7) 
[$2 (X), fr* (X") J =E(X) 4b xx, (2-8) 
$,(X) oi* (X) =4, 


SRO: nt ae : ; ; EO eR ' 
where €(.\") is the projection operator which is zero if V(V) is not zero and is one 


if V(X’) is zero as mentioned in I. Here we introduce an operator defined by 
v,(X) = (h/2mi) (PF (X) ad, (X)) —d (ok (X)) ¢,(X)}, (2-9) 
ao, (4)) = {0,(X¥ +d) —¢,(X)}/d ete. (2-10) 


in which \’+d is one of the nearest neighboring lattice points to \. With the aid of 
the identity : 


Ad(E(X)) =—d GEN) ) PE (X +2) —$* (X) dh, (X)) 
= —A@ PEN) PECL) —Pt(¥+d)d(¢,(X)) 


we get the commutation relation of Dine 


Beret 
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[v,(X),0,(X")] 

= (4° /4m?*)| {d(7*) $,(X +d) +a(¢,*) $7} pid’ (fr) +9* (X¥+a') a’ ($7)} 

= {a (1*) ¢,(X +a’) +a’ (b.*) br} 1hi* (X4+d) ag,) +$7*4(¢,)} 

+ Ad (E) {ph r*a" (br) —a (br) Pr} + AGA! (P1) —a' 1) 1} dd E) 

—Ad' (&) {b,*db,) —a($7*) $1} — (b*d (1) —4(62*) b7} 4d" (©) ] Oxxr (2-11) 
When the volume of the cell is so large that it involves at least one particle the value 
of €(Y) is set to be zero, but on taking the limit of 7,; 2-0, there appear several 
cells in which € has value one. Let the ‘atomic volume’ be J,=d,’. And if a becomes 
smaller than d, we replace €() and V(X) by the average ones. Then & is set every- 
where to be zero and the limit of the commutation relation becomes 

[24 (2) 04 (x!) = (i/o) [grad * (x) x grad h(x) Ind 2) /0,(2) 
7, k=1, 2, 3, (212) 
where (x) =1/4,. This is idential with Landau’s expression except that, 6471s a c 


number here. 1/4, may be replaced by V/d=p if the particle distribution is nearly 


uniform. Further we get the following commutation relation : 


CN TOD ae. orad 0(e— 2). (2-13) 


UL 


which is just identical to the exact one except for the projection operator (see (3-8) in I). 
As in the exact case, it is shown that the rotation of the velocity operator is commutative 


with the density operator : 
rot (x) = (h/mi) grad gh* (x) x grad g(x), (2-14) 
[e(x), rot 0(2") ]=0. (2-15) 
Introducing the current operator of the form (see Appendix 1) 
SF (4) =3 (0 @) (4) +re@e)), (2-16) 


we get 


ye Ce) Si (a!) |= th/m- [rot be 


+28 { fy) 2, 0'-2) w= 
m OX, 


On, 


0(x— 1") 


=i) Vea) oo) Aa) ay} 7) 
mi \— Ox, OX, 
which is identical with the foregoing result.” 

The physical meaning of this approximation can be interpreted as follows. We 
consider a considerably large cell to allow to confine several atoms, say /V, and take the 


limit that J becomes infinitely small keeping N/4 unchanged. Such a limiting process 
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is possible only if V is very large and the particle distribution in the cell is uniform. 
In fact, if V is small or the distribution is not uniform, there appear regions such that 
the particle is not contained in them and the meaning of the limit becomes indeterminate. 
This is the reason why this approximation is called ‘‘ hydrodynamical ”’, since the objec- 


tive of hydrodynamics is a /riori restricted to the cases mentioned above. 


§ 3. Incompressible case 


We consider the case that the expectation value of the density is constant everywhere 


and the kinetic energy of free particles A is given in terms of the phase operator : 
fiom p= | grad )* (x) - grad oh (x) dx. (3-1) 
m 


Hence the equation of continuity becomes 


OG as. vay 
4 bi aa v=dive—div // 0, (3-2) 


and 
grad *PY=0, fp*=1, (3-3) 


since ¢/*¢ is a constant of motion. The equation (3:2) means that the velocity is 
solenoidal and making use of (3-3) we find that (3-1) is expressed by the hydrodynamical 


hamiltonian of the form 


k= f f ota : (3-4) 


Letting the fourier coefficients of the wave functions be 


1 ; : 
a> | g(a)exp(—ikx) de, (3-5) 
fi Pees te 
ele) Fie |. ee (a) exp (hx) ax, (3-6) 
(3-4) becomes 
HEN: 
= Sa (Ah) o(—Pp _— 4 
A eee tk (4)u(—2), N=DYP, (3-7) 
1 ; h 
(=. | ath dp tte ae et eer ere 
V Jv eal ae mN ila (7 ACs Ore) 
From (3-2) we get 
k Bi, Nema) (ENE Varey k 2 
-u(k) = Sy & LEAS. 
ie | aA st rap (/ ye (i+ )=o. (3-9) 


Therefore (3-7) takes the form 
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A gee ay A eo ee a 
Kae eg aa) ER a) 
Z pi 
“(I Sp ete 1—= )ar( +e Jao ( lee a( v= )}. (3-10) 


Since K is commutative with V(/) =a*(s)a(’), the non-diagonal terms in (3-10) 
ought to vanish and (3-10) turns out into gee? 


s ie 5 Moye Bo % J.B)? 
oe ey | pos o | MOn ea | pS C2 |wore+o. 


2ZmN Uk 2mN Vk 


v 


(3-11) 


The eigenvalue of (3-11) becomes infinity, since it involves the sum over the momentum 
space; >},, but the eigenvalue of (3-11) must be identical with that of (3-1), hence 
the intergration should be done within the limit /=£, which depends on the distribution 


of particles in the momentum space. 


§ 4. Compressible and irrotational case 


As mentioned in I, the hamiltonian of sound waves serves a good approximation for 
long wave lengths in dealing with a weak short range repulsive interaction energy. This 
method of the linearization to ignore the higher order unharmonic terms than the third 
order in the density fluctuation is extensible to the more general case of strong repulsive 
forces, 7.¢. nearly the rigid sphere. In our foregoing treatment as well as Bogolubov’s” 
the difficulty in treating the rigid sphere appears connected with the region that the ex- 
pectation value of the density becomes nearly equal to zero. We avoid this difficulty by 
assuming the ground-state distribution of particles and considering small variations of the 
density about the ground-state distribution. 

Here we consider excited states being orthogonal to the wave function 7, of the 


ground state : 


Hyy=Eo% - (251) 


The approximation consists in expanding the functionals of the density quantity in power 


series of the density fluctuation o'. For instance 


P=Por pv ; (4- 2) 

Po— (Yo PYX0) » (4-3) 

Ve= CV potle', (4-4) 
C0) = Lo P 6%) =— Wo VP %y)> (4:5) 


where (V7), is not identical to Vp, of course. First we expand the energy density 
; ; 
written in terms of the amplitude and the velocity operator in the power series of 0! / 0. 


Especially, the quantum mechanical potential is expressed by 


*— (2 /8mpy') -@ |Pp' P+ (4-8) 


/2m:|VR P= (#/8mp,) -| Ve" 
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and the total energy is given in terms of the fourier coefficients as follows : 


Vee 
H=1 Sk) p(h—-2 O() O(-D + Lib as ee CH bo @e(—* 
2m wa 2N Ant m 
ae zoe p p p ee ri & Go ee , (4- :7) 
8m" a Am 


up to the third order terms, and 


he 0 (x) exp(—zkx) dr , (4-8) 
o(A= 1. ® (x)exp(zkr) dx, (459) 
[o(4), OCD |=iho, . (4-10) 


If the interaction is weak the eigenfrequency is given by w(#) =| 2 | [#°2°/42n0° + N/m 
-G(k) ]? which is identical with Bogolubov’s.* But in cases that the interaction is so 
strong that atoms tend to keep separate with one another, the contribution of the quantum 
mechanical potential to the eigenfrequency ought to be different from Bogolubov’s which 
is given in Paper I by our independent calculation. Here we go over to the /V-th con- 
figuration space in which the representation of the fourier coefficients (/) and @(£) are 
composed and we restrict ourselves to the density fluctuation about the ground state. Let 
the coordinate of the 7-th particle in the ground state be 1; After receiving perturbations 
it becomes xj;+¢, and (4) is expressed by 


ph) = Sexp(—it Ho3) exp (— tke i) =P (4) +9(2); 


N 
aii CBee Sheen thee ea ee £, exp(—ikx,,). (4-11) 
j=l j=1 


In the classical sense of words the j-th particle moves along the path described by Xj, but 
in our case 1); is meant for a parameter of the prescribed ‘ path-ensemble’ which is given 
by the ground state wave function. We try to calculate the expectation value of 
the quantum mechanical potential taking the expectation value with respect to 7 ron 
the fourth order term in the expansion (4-6) one gets the coefficient of | 9 |? in the 
form 


P= (#/8m) -| Vp)! |?/08, (4-12) 
| Go Pigg) de =8/8N9m SSIS) (my 1s Op (—D 1) 4U—k—P) 4A) 


=?/8N*m Pape (Van Ke 
aie 


Po. (2) fs %) 9(—P~)¢( Pp). (4-13) 


It deserves to notice that this factor results from the classical definition of the sound 


speed which is given by the energy density J (mp) letting f(mp) =h? | VR |°/2im and one 
gets 


. 
-4 
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C=0P/A (mp) =mof" (mp) = (#/4m’) | Vp |?/e?=20,0/m , (4-14) 


from the equation of state : 


P=mpf'—f. (4-15) 
The difference comes from the denominator of /’ which is not constant in this case and 
it is readily shown by the expansion that this expression involves the coefficients of | g |° 
which result from the higher order terms than the fourth order in the expansion (4-6). 


In general the sound speed c depends on the wave number. The expression given 


by Landau and Khalatonikov” takes the form 


c(k) =e, (4 —7/2-4+ -++) : 

(4-16) 
y==6.2 4107" cm: 
§ 5. Phonons and rotons 


When the velocity operator has the solenoidal and the irrotational component, the 


total hamiltonian takes the following form 


Hf = F1,.+ Hy. + Ap 


a 


Hi, Ae | PU, aX, Fy, =| Tri ylk (5 : 1) 


Hy=\{% (pape + at Eade, 
where 
v,=h/2mi-[P* grad — grad f*- 9], (5-2) 
Ss= 00,5 (ere) 
U,=1/m-grad Y, (5-4) 
div v,=0, (5-5) 
rot v,=0, (5-6) 


in which # and “* satisfy [¢(x), ¢* (2') |=0(4—2') /p(x) and they are commutative 


with the density. The commutator [v, U,] becomes 


’ ; 0 
[en (x), ee(x = 2 _{ (on(2) (020) Oe 2') = C/V) 5 
8 (x) +28 (rot v,(2) d(4—2/) /o(2)), (5-7) 
Ui 


and [v 


, V,| must be 


it 


h gan ap 
[on (z), 2962") == (o(2)/0 @)) 5A"), (5-8) 
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so that [C.R.]’s (2-12) and (2-13) remain valid and we are led to the incompressible 
case by setting / to be constant and wv, to be zero. These conditions are sufficient for(2-12), 
(2213) and (2-17), and it proves to be necessary, since 7, is commutative with o and the 
functional form of (5-7) ought to remain valid in. the incompressible case. In fact, if 
the expression |7,, v,| is different from (5-7) as a functional of and w,, the commuta- 
tion relation of the incompressible case becomes different from (7,2) J- (4) |/D° which 
is a special case of (5-7). 

Now we pursue the relationship of the present description to Clebsch’s transformation. 
He introduced the canonical variables , which are subject to the Poisson bracket 
{u(x), 2 (4)} =0(v—2’) and the velocity operator is expressed by v= (2/p) grad 8 + vp. 
The line determined by (4/7) =const., /7=const. is the vortex line. In our treatment 


the quantity a=(//) corresponds to ¢/*¢’. As a matter of fact, if one sets 
b= (exp 1/h-P) a’, f* =a"? (exp—i/h-f), (5-9) 


one gets Clebsch’s expression of the velocity operator except for the symmetrization. 


From the hamiltonian we get 
da/dt+1/2- (v-grad a+ grad a-v) =0 (5-10) 


which shows that @ is constant along a stream line in the classical sense of words. The 
quantity /? has also the similar property. 

Now we consider the spectrum of the roton. Since the operator /.= pv, is no more 
solenoidal, the eigenvalue is more complicated than that discussed in Section 3. We write 
the roton energy /7,.=|i20,7,°/2dv in terms of the wave function of the roton which is 


given by 9,=¢,0"", a(h) = 9, (x)exp(—tkx) dv/V/? and we get 


H=Hyt A+ A, ; (5-11) 
lola DIPS | [+ é Va" (4) a(Z) (5-12) 
2im.N k @ \ 2 
h° 4 k 
ton eS we a ‘ é / t * Kk i , 
Hy =— SSS 14 5): (+ Ja Catt Balt Ball’). (5-13) 


Here we pay attention to //,, involving an integro over the wave number space which 
amounts to the infinity. This situation is discussed by Ziman" who proposed to cut the 
integro within a certain wave number /,. As mentioned in Section 3 this wave number 
depends on the particle distribution in a very complicated way; it, however, is interesting 
enough, as pointed out by Ziman, that the infinity term #2{ 4d | £ /167°mp, is added to 
the incompressible energy given by (3-11). From our point of view it is not yet deci- 
sive to conclude that this term is attributed to the excitation energy of the roton, because 


we must obtain more complete account of the roton-roton interaction and the roton-phonon 
interaction noting that div 7,0. 


S$ 6. Collective description 


Apart from the hydrodynamical approximation we like to study on the roton-phonon 


eee 4 
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model of Landau in the more convincing manner of quantum mechanics. In Paper I we 
have applied the collective description of Bohm and Pines” to consider the phonon field 
of boson assemblies as the colléctive oscillation field such as the plasma oscillation. The 
scheme of the treatment of I is briefly mentioned as follows : 
The hamiltonian of /V Bose particles interacting with the energy G(x, x’) is given 
by 
1 


N 1 N 
f{=— Pas + —)>! G(x, 4)). : 
dye - (%;, £5) (6-1) 


After subtracting the interaction energy from this we add the phonon energy given in 


Section 4 together with an interaction energy /7’, 


oes k°D (k) P(—k) +- a eA) gh) (= ee Se (6:2) 
2m 2iV 42 ke 


f= SNE (2) exp ahs (6-3) 
and further we impose the following subsidiary condition : 


Gh) = 0% (6-4) 

Hence the many body problem is reduced to the interaction of an assembly of free particle 
with the phonon field, if the kinetic energy of phonons is equal to the expectation value 
of the mutual potential and the subsidiary condition is fulfilled. In Appendix 3 one will 
see that the dispersion relation in Paper I is derived by a renormalization method so that 
the first condition that the difference between the true hamiltonian and ours is zero must 
be satisfied. 

Now we go over to the alternative expression of our hamiltonian. Under the subsi- 


diary condition (6-4) we set the total hamiltonian in the form 


§$=A+ A'+m/2N- dIc(2) "9 (hk) q( hk) —#/4m- mae ' (6-5) 
and then the canonical transformation of the form 
O exp (i/h- >>) P(k)exp(—ikx;)}, (6-6) 
ar 
sends § into 
Gn =U THU=1/2m- STP, —SVhO (h) exp (chr) } 3 
r r 


+23) Grou 8) exp th (= 2%) + StS} c(h) *9(g(—2) -= $1#3,(6-7) 
WA 


Genk) Bok) =m Nec(h) a (6-8) 


which resembles the electromagnetic interaction and can be written in the following quan- 


tized form 


ge fr frees a)h rleenl iol} 
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thf Cree 29" WE" eee) g(a) dade 


oy 


NET Lal bat ek: Bate) (6-9) 
egret cs gi ) 4m 


in which ¢ and ¢* are the quantized wave functions of particles and 
Cae ere es G(k) — 7 o(4)*} exp ih (4—2"). (6-10) 
k l / 
Owing to this transformation the subsidiary condition turns out into 


9(&)—{ ¢*(x) ¢( x)exp( —ikx) dv=0 : (6-11) 


v 


In paper I the whole interaction energy is absorbed by the phonon energy but here the 
interaction energy is partially absorbed by the phonon energy and the remainder acts as 
a new interaction energy of particles, which are considered as moving in a Hartree field 


of this new interaction potential G,,.,, (7, 4’). Hence the total interaction energy becomes 
Hose.=| J (FO aed omnes x \0*(2) 9%) o(2) dude, (6-12) 


J (4) =h/2mi- {p* (x) Vo («) —Ve* (x) ¢(2)}. (6-13) 


Here we apply the interaction representation and the first term in (6-12) can be elimi- 
nated. In this description the individual particle plays the part of the roton in the 
hydrodynamical description. 


§7. Conclusion --- The ground state 


If the interaction energy //;xy. involved in the hamiltonian (6-9) is considered as the 
small perturbation, the unperturced wave function is given by 


b= Fpl oes) H exp (75 OAE/2D He Fe | PC)» (71) 
m 
i. —— c(k x 
Loy rake (7-2) 
>t, ae ae, \n * 3” a 
FI, x) = (—1)" exp (a eB —exp(—+"*). (7-3) 
Es 


in the configuration space. This is expressed by a product of the particle wave function 
’, given by the Slater permanant and the phonon wave function which is the Hermite 
polynomial and shows the dynamical correlation of atoms to keep separate with one 
another. Hence the ground-state wave function is expressed by 


K 
Lo=Pmo (41 5 x) HT exp(—7e | P(A) Wear (7-4) 


where A’ is the cut-off wave number. If the interaction energy is very small, the ground 
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state is represented solely by the phonon wave function which is shifted slightly by the 
individual particle wave function. Due to the phonon energy the attractive potential of 
the individual particle becomes larger than the real potential. As a simple example, we 
consider the two body problem with a hard core potential such as 


FY) =Vy + = 0%; 
Vir ye0yr > ry: (7-5) 
In this case the interaction potential can be set to be zero letting 
Vi ones (7-6) 


and we can find the cut-off wave number A ==3.1 x 10%c77! from the relation 


| 8/87 log Yue lraro= | 8/8108 y leave (7-7) 
Og S16: ar, eh me =2 x 107%em. 5 (7-8) 


where ¢/,,,, is the wave function within the potential and 7, is the phonon wave 


function : 
Prot. = sinh (c/m-r) /7, (7-9) 
Yo=exp{—mc/Thpy-sin’(Kr/2) /7*}. (7-10) 
On dealing with the rigid sphere of radius 7/2, the wave function is given by 
Cig kasi 7), DAK Ff Pos 
Degg 0 KG (7-11) 


As done in the first example the phonon wave function is continuated to (7-11) and 


we get the cut-off wave number for the given particle density and A=2 x 10°cm™" for 
7p=2x10-*cm. The sound speed is solved from (4-13) as follows : 
h 9 P ee re 
pee SG, Pe Olin es (7-12) 
AN??? (ho | po’) 0) 16N mic 
c= (N'/16N) YAK /m, N= V/6R°. K*. (ils) 


From these two body problems we see that the energy gap between the S state and the 
P state, the first excited state is very large compared with the spacing of the phonon 
spectrum. If the states with non-zero angular momenta are attributed to the roton states, 


we may say that the phonon is the unique excitation at very low temperatures. 
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Appendix I 
The current operator defined in Paper I is 
J(x)=R(ax)v(4) R(x) (I-1) 


Since the commutation relation of the density and the velocity does not involve the 
velocity but only the density, one may write the current operator in the more familiar 


form 


J (x) =lim R(x) v(4 +0) R(4) =1/2: {p(x)v (4) + 0(4) e()}. (I-2) 


6>0 


Appendix II. Second sound speed and pressure 
Assuming that the energy spetrum is expressed by 
E(2)=4|&| c(h) =4|4 | (Q—7/2:44+-::), (II- 1) 
we get the thermodynamical quantities such as the heat capacity, the entropy and the 
normal density at very low temperatures : 


_0E 


—s=4arl e+ 6b 7, 


v 


S=| a dT = = aT? + =I", 


(pb dite i Ee Le 
oe D) Aas 

bs ee eae Oa ex 

30 He, 63 on 


Hence the second sound speed of Landau turns out to be 


Ey ; 3 

— S20 /ea 2{3— ar) Pee > I 2 = a 

a= (TS oles Y= Got 2 ET), (IL-2) 
therefore the deviation which shows the temperature dependency of the velocity comes from 
the dispersion term of the first sound speed. 


From the spectrum given by (II-1) we can readily find the expression for the pres- 


sure. If it were not for the dispersion term the pressure would be given by the average 
value of the quantity 


—VaF,(h) /aV=Sae, | F 


, Pe) V8), | kl =| 2 


and introducing the dispersion term it becomes 


es) 


- dE(k)_. 5 3 he 
— VS =k | | (Dep Spe 
0! Ay Ae 810°C, : 


and the average value reads 
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Dna é 
Peep gre (II- 3) 
6 10 
ey ana 
441 whic,’ 


«: Boltzmann coefficient. 


Appendix Il Renormalization 


In Paper I we have obtained the dispersion equation of the form 


ee ee eee 
m j=t [w(h) —(4-P,/m) f — (AR? /2m)* 


(IIT +1) 


which is identical with the recent result of Bohm and Pines, though the canonical trans- 
formation applied is different from theirs. Here we try to find this dispersion equation 
applying our transformation function. 


The total hamiltonian takes the following quantized form 


2 72 
Pa Ps Fir e(b + Gio) ———G, 
2m k 2 2 


$ Hy +H! + He t SGC), — (UIL-2) 
k+0 
H' => G(é)@()e(—2), (III - 3) 
I 
N 9 ees m ; 
He=—- A 800 0(-b- 1» [e@-Bo@'be@a(—#, 
ee 2m +k 2 k+0 IN Be 

(IIL. 4) 


where Hye. is the rest part which cancels the variation of the phonon frequency caused 


by the second-order perturbation effect, if we assume the dispersion formula in the form 


Pec aX(Kya(K) ies 
es 3 {w(k) —hk- K/in\?— (hk*/2m)* 


1 


In this case subsidiary condition (6-4) becomes 


2 a¥ (1+ (2/2) )ad— (k/2)) _ 
Banas) eo) 5 mls a8 (i2/n?) (UB)? Sy 


hb | [AN /2me(k) |" [0% (—4) +5(k)] 


g(k) = 
using our transformation function : 
a1 S33) | b |G(A)LN/2mtteon() }2a* (Lt (4/2) a= /2) 
a 


| ae a eS See ate it (11-7) 
w(k) + (h/m) Ek) o(h) — (A/m) (1: k) 


i 
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; Owing to this subsidiary condition the last term in (III-2), which gives an interaction. 


ive epeiey of particles, becomes very small. é 
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In view of the fact that really observable particles are not bare but dressed with their self field, the 
procedures to treat rigorously the dressed particles are presented. For this purpose, the Green function 
formalism by Schwinger and covariant equations by Bethe and Salpeter are useful. 

In this paper, we first discuss the relations among various covariant formulations. Then it is 
investigated how to normalize the Bethe-Salpeter wave functions and how to expzess the expectation 
values of given observables in terms of Bethe-Salpeter wave functions. Finally the difference of treat- 
ments between dressed and bare particles are shown in connection with the scattering problems. 


§ 1. Introduction 


The covariant formulation of the quantum field theory has enabled us to get insight 
into the deep structure of the quantum electrodynamics in which brilliant successes have 
been achieved in eliminating divergences consistently and in improving the agreement of 
the theory with experiments. 

There are, however, many problems left unsolved within the framework of the current 
field theory. The problem of bound states would be one of the most important subjects. 
The basic equations that govern bound states as well as scattering states have been derived 
by several authors’ ” and known by the name of Bethe-Salpeter equation”. However, 
it still remains to be clarified how the Bethe-Salpeter wave functions are related to the 
probability amplitude. In a previous paper’) (to be referred to as I hereafter), this 
problem was investigated in detail, but some results seem to necessitate further elucidation. 
In this paper, therefore, we shall deal with the same problem more completely in a simpler 
form. Through this work, one will see that the chronological ordering operators play an 
essential role in the theory. 

Ines 2, the equivalence of the theory developed in I to the Schwinger theory of | 
Green functions” is proved in the interaction representation. The utility of this representa- 


tion consists in the fact that we can put many independent equations into a single one 


by introducing external sources as generating parameters. It will be worth while mention- 


ing that the external sources are hardly introduced in the Heisenberg representation because 


of the difficulty arising in the definition of the true vacuum. 
In § 3, the relation of the Green functions in the Heisenberg representation to those 
the Gell-Mann-Low theory.” 


in the interaction representation is studied with the aid of 
y imposed in the Heisenberg 


The boundary conditions for Green functions are more clearl 
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representation than in the interaction representation. With these preliminary investigations 


on Green functions, we shall proceed to the discussions about the Bethe-Salpeter wave 


functions. The information on the energy levels of bound states can be obtained from - 


the Bethe-Salpeter equation as is obviously seen in the derivation of this equation by 
Gell-Mann and Low. However, it is not immediately clear how other quantities are related 
to this equation. Concretely speaking, the following problems are left to be solved : 

(a) how to compute expectation values of given observables in a given bound state, 

(b) how to normalize the Bethe-Salpeter wave functions, 

(c) how to deal with scattering problems involving composite particles. 

For these purposes, we first derive the Bethe-Salpeter equation from those of Green 
functions thereby introducing a new kind of chronological operators for the later con- 
venience. (§ 4). 

In I, we have dealt with the problems (a) and (b) introducing co- and contra-variant 
components of state vectors. The former is familiar in the sense that they are nothing 
but the Bethe-Salpeter wave functions, while the latter is rather unfamiliar and hardly 
determined, and the elimination of such an unacquainted concept would much facilitate 
the theory to be conceived. Hence we reformulate the theory in terms of covariant 
components alone as has been suggested in the appendix of I. One will find that the 
normalization problem (b) is intimately connected with the renormalization problem. (§ 5) 

In the last section, the problem (c) is investigated. (§6) Although this problem 
has already been treated in I, we shall repeat some points concentrating our attention to 
the hypothesis of adiabatic switching since it seems very instructive for understanding the 
physical meaning of the present theory. 

The differences between the concepts of “dressed”? and “bare” particles would be 


most plainly recognized in this section. 


§2. Theory of Green functions in the interaction representation 


In this section, the equivalence of the theory developed in I to the Schwinger theory 
of Green functions is proved. 

(a) Functional derivatives with respect to external sources 

Throughout the discussions of this section, we employ the interaction representation. 
The interaction Hamiltonian assumes the following form : 


Lint =17 : POW : 0. 3% Oba Aly 5) (2 : 1) 
and 
fe pia ba Sym. Ps(ps) 
= | 0.= a= | (2-2) 
ac > im ’ 4 di > OE.D: 


where 7 is the coupling constant, O,, the coupling matrix, and ¢/ and d are the wave 
functions of a Fermi field and a Bose field respectively. //,.,, is the counter term to 
renormalize the theory, and Q is the c-number external source. The colons are the Wick’s 
S-product”, and another notation V will also be used in some cases. 
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In the interaction representation, the propagation functions of the Fermion and Boson 


which we shall call nucleon and meson hereafter are given respectively by 


(T (PQ) $(2)]) vac= Ser —2) = d 5 meee! fee sa Been (1 fs 
(any) 4+? i, (2-3) 
(T [da(1) 4, (2)_ vac = 9ap4p(1 —2 =0, i __fater—*9 ag), 
)1) Cele | oe ae) 


where 7 is Wick’s Z-product, vac. is the abbreviation of the free vacuum, and J7 and 
ye are the rest masses of a nucleon and a meson respectively. 
The propagation functions satisfy the following equations : 
(70+ M)S,(4) =—20(4), 
2-4 
CAA G:) == 70a) ee 


The transformation function U/ is defined by the Tomonaga-Schwinger equation 


2 eee (a Opi Tene) (om 7) « ewith U(oy, 6) =1. (2:5) 


do (x) 
Using the above transformation function, we introduce the following notation*? 


yy _(TLU(@, — ©) AB-::Z \) vac 
AB La - ‘ (2-6) 
PTT Sa) yu 


The usefulness of introducing external sources will be exhibited by the formula 


y=) ABZ jaw l(c, —co)d,(4)AB:-Z7], (2-7) 


Pc ) 
which can readily be proved if one expresses the solution of eq. (2-5) in the form 
eoeee = Tlexpia | How (2) (at) }. 
We define the Green functions under the influence of the external source O by 
(TL P A) GR) Vvac 


S20, 2)=(¢W¢@)=—__— im 


(2-8) 
(61) _, O08 (2) ) 


AL (1, 2) =(b (4) 4(2)) — (BC) ) (9 2) = 2 302) 204) 


Pee ei co, — a2), and we understand in these formulas that the isotopic spin 


“ce ” 6 ”? 
indices as well as spin indices are suppressed in the arguments leeand= 2h ome bot 


simplicity we employ the following abbreviation 


(Ul e510) gpd UY Pras CO (299) 


* In I, thick letters are used, but thin letters seem to be more suitable. 
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Combining (2-7) and (2-9), we have useful formulas 


~ 
oO 


TG ee mite St gph 8 


¢ VE 
dQ(1) 0Q(1) 


(b) Equations for the chronologically ordered products of operators 
From the definition of the 7 product, it can readily be rewritten as 
T[d(1)6(2) ]=3 {6 (1) 4 (2)} +4€G, 2)[4()6(2) J, 
where (ely for” Za ts 
€ (ily: 2 i= 


Hence we have the equation 
(I—/’) ,7[46(1)4(2) |=701—2), 


the subscript “1” indicates the argument that [] operates. 


In a similar way, we also have 


(79+ M),T[¢C)¢(2) ]=—id—2). 


(2-10) 


(2-11a) 


(2-11b) 


The 0-functions appear from the contracted parts of the Z-product as is seen from above, 
' 


so that we have generally 
(O—-*),V[---6()---]J=9, 
(79+) N[--$()-]=0. 


(2-12) 


JV is the normal product being equivalent to the S-product, which was expressed by 


colons in (2-1). Both kinds of notations will be used case by case. 
Generalization of (2-11la) gives 


(r— ye ig Bee ar a eee 
06 (1) 


where we have utilized the definition of the functional derivatives 


06(2) 


ME ne 


In a similar way, (2-11b) can also be generalized to yield 


(8+ M),T[$(1) ABZ =—i__T[AB...Z]. 
g(a) 


(2-13a) 


(2-13b) 


In this case we must be cautions of the order of operators since ¢/’s and ¢’s anti- 


commute in the 7Z*product, otherwise the sign of the differentiated expression cannot be 


fixed. Hence we define the functional derivative 0/df (or 0/d¢ 


) in such a way that it 


is performed after bringing the ¢ (or «) to be differentiated to the left edge of the 
operand. For instance in (2+13b), ’ to be differentiated should be brought to the 


position of A. 


co ee 
et 
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Then, from the definition follows the commutation relations 


{0/0 (1), 3/d¢ (2)} = {0/8G(1), 3/d¢ (2)} = {0/0¢ (1), 0/36 (2)} =0, 

namely they anticommute with each other. 

Equations like (2-13a) and (2-13b) are already utilized by Matthews and Salam” 
and by Freese and Zimmermann” in the Heisenberg representation. 

(c) Schwinger equations for Green functions® 

Schwinger developed the theory of Green functions from his own theory of quantum 
dynamical principle. We shall show that his equations can also be derived from the 
theory in I with the aid of the above techniques. This proof of equivalence will be 
instructive for understanding various theories from a unified point of view. 


First we shall calculate the following quantity : 
(70+ M),T(U¢ A) $(2) ]=—1(6/0¢G))- TLUG(2)] 
=—710(1—2) U—iT [dU/op(1) -f(2) | 
= —i0(1—2) U—i70 1) T[UP¢. (1) 61) (2) ] 
=~ 91-2) U—i70 (1) 1(8/00.)) - TLU$A) FQ)I. 


since 
§(8U/B(1)) =i (8/0$ (1) T [exp (—if Hun (2) (d2))) 
Fafes Ape MON, ee Vesa reAvI CAD 
={ x) 7] a V|=0G)T¥G)6Q)7) 
This result will also be expressed with reference to eq. (227) © as 


(70, + M—70 (1) -0/0Q(1)) T (U¢ (1) ¢(2) J=—t0 1 —2)0. (2-14) 


This is an equation for a chronogically ordered product, and we can derive c-number 
equations by taking its matrix elements. For instance, taking 7, s-elements of (2-14), 


we have 
(78:4 M-+i700) ($O) ow 40.) 59 MPFR) = 192), 


where 


(2-6') 
(9,, U®,) 


(AB: 2) 4s 


If we consider only the case in which both the states 7 and s coincide with the free 


vacuum, we get 


(78,+ M+ i740 (1) (6(1) Pa 20 yes ) Spl; 2) = 10 (1—2). (2-15) 


Since this equation contains (d(1)), we need another equation for this quantity. This 


can be done as follows: 
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NOM 
d(1) 
Taking the free vacuum equation, the desired equation is obtained 

(A—p*) (61) ) =—mSp(O(1) Sr, 1) ry sot+ OM), (2-16) 


where 1/-> 1-+0 means to take the average of the two limiting values from future and 


(O— 2) , 7 (Ub) =i =igT [OG : POP) 2 J+ QM) U. 


9? 6) 


past. to 01 
Combining (2-15) and (2-16), we have a complete set of equations for S; and 


(0). 
It is sometimes convenient to write eqs. (2-15) and (2-16) in the integral form 
Sp, 2) =Sp(1—2) +9) do,Sy(1— 3) O(3) (6 (3) ) SG, 2) 
+7§dw,S,(1—3) O(3) (¢-0/0Q(3)) Sp, 2); (2-15’) 
(d(1) ) = —t\do,d,(1 2) C2) —7\dw,4d,0 —2)Sp(O(2) S7(2, 2") ) or s2t0- 
(2-16) 
In the perturbation theory, S;(1, 2) and (d(1)) are obtained as functionals of Q by 
successive substitutions. In these equations |@w means the integration over whole space- 
time region and the summation over spin and isotopic spin indices. 
By differentiating eqs. (2:16) and (2-16’) with respect to the external source Q, 
we have from (2-8) eqs. for J; 
(O—’) ,47(1, 2) =10 (1—2) +7Sp[0(1)2-0/6Q (2) «S70, 1’) Jursieo> 
(2-17) 
or in the integral form 


\ 
) 


Ui (2) eda 2 ekg | ORAS [0 Fees SY tees | 
n) deo ‘ak ( 0 @ (3, 3’) 


3/>32+0 + 


(2a175) 


1 . 
”, we introduce the proper 


In order to relate the present theory to the Dyson theory 


self energy S}* as follows : 
Sp(1, 2) =S,(1—2) +7) dosSy(1—3) O(3) (6 (3) ) S$, 2) 
+ fdo,do,Sy(1—3) >4* (3, 4) S2(4, 2). (2-18) 


Then comparison of the above eq. with (2-15’) yields the eq. 


nO 0 me =| Wea. s? u pe + Ww 
ty 0G) SP Leas | 10> 1* (1, 3) S>G, 22>) U1 sey 2 (2-19) 


Using >)*, the eq. (2-15) can be written as 
(79; + M+ in0 (1) (8 (1)) +239* (1))S7(1, 2) = —720(1—2), (2-20) 


For the sake of simplicity, we shall write eqs. (2-15) and (2-20) symbolically as 


+ te one oRipapt 
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rs. (2 = 701 — 2), 
and EL ontl, 2) = —70(l—2). 


respectively. 


Differentiating (2-20) with respect to Q(3), we get 


Dy) a 2) = =i] 704) 450, 3) ad ery 


4 
O 


=*0))1S¢a,2), 


from which we have with the aid of the Green function .S; 
gre S112) = \ TRACE 4)[,0@) aaa) +(i ss 


ison (4) ) | Sx04, 2), 


“30G) 
(CE2iy) 
We define the vertex operator 6) by 
———— tz) =| du,dudu,S (A, 4) C45 36) SE(5, 2) An(6, 3). (2-22) 
00 (3) 


By comparing eq. (2-22) with (2-21), we see 


= 
O 


pL.) =7| dw,Q (12 ; 4) 47(4, 3) —70 (1) 4,3, 1)0(1—2). (2-23) 


t-— 
0Q(3) 
Further from eqs. (2-19) and (2-22), we arrive at a relation 
S1* (1, 2) =72Jdew,do,O0 (1) Sp(1, 3) O (32; 4) 4p (4, 1)- (2-24) 


The relations (2:23) and (2-24) constitute a set of defining equations of S1* and O. 
In a similar way, we shall introduce the proper self energy operator or the polariza- 


tion operator //* for the meson field, by 
AL (1, 2) =4,(1—2) + Jd do,4p(1 —3) M* (3, 4) A; (A, 2), (225) 


then from (2-17’) we readily see 


{ doull*G, 4) 4604, 2) = = 759] 0G)i5 7 —Sn(3, 3 | 
0Q (2) 3/840 * 


Inserting the expression (2-22) into the above equation, we find 
IT* (1, 2) =— 77 do,do,Sp[O (1) Sr, 3) CHGS) SA) = (2-26) 
The equation (2-25) becomes in the differential form as 
(——ill*) ,4,(1, 2) =i0(1—2), (2-27) 
or symbolically 
Pian t,2) 70.2) 


The readers will find that the equations derived here are completely the same with 


Schwinger’s ones, and the proof of the equivalence of two theories is accomplished. 
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For the sake of completeness, we shall further discuss the two-body Green functions. 


In the case of a two-nucleon system, we start from the relation 

(70+ M),T[U¢ (1) $ (2) ¢() (i (4) j= San T (OUP (2) ¢(3) fh(4)]. (2-28) 

Og 
The two-body Green function defined by 
K(12 3 34) =—(P 1) $2) $3) G4)), 
then, satisfies the equation 
Do(1) K(12 ; 34) =—70 (1—3) Sp(2, 4) +70 (1—4) S;(2, 3), (2-29) 

which follows immediately from eq. (2-28) 

The function A must satisfy the Bethe Salpeter equation 

K (12; 34) =S/(12; 34) + §dw,---dw.S (1, 5) Sx(2, 6) G (56 ; 78) K(78 ; 34), 
where (2-30) 

Sp (12; 34) =S,(1, 3) Sp(2, 4) — S71, 4) Sp (2, 3). 

From these eqs. (2-29) and (2-30), two quantities A and G can be determined provided 
that S; is already known. 

Inserting (2-30) into (2-29), and utilizing eq. (2:22) and the formula 
OA 


Pe ONSe (2) Al = 8 = 2)A— 20) Sad 2 arn 


we have 
Jdo,du,G (12 ; 56) K (56 ; 34) =77fdw,do,0 (1) © (25 ; 6) 4}.(6, 1) K(15 ; 34) 
¢ 
Q 
Two equations (2-30) and (2-31) can be utilized to fix A’ and G in place of 
(2-29) and (2-30). 
The Green function for the meson-nucleon scattering can be obtained by differentiating 


la a 
Sp twice with respect to QO". However, it is sometimes more useful to treat the problem 


upon the Bethe-Salpeter equation. We start in this case from the equation 


+ in| do,---dw,O (1) Sp(1, 5) 0(2—6) - re [G (56 ; 78) K(78 ; 34) ]. (2-31) 
0 af 


(79-+-M1),T(U$ (1) $3) $2)6(4) |= 2" TUG) 8(2)6(4)], 


Ogi (1) 
from which follows the eq. 
Do(1) Kyy(12 ; 34) =—78(1—3) 44.(2, 4), (2-32) 
where Kuy (2; 34) = (9 (1) (3) 6 (2) 6 (4) he 


Kyy will also satisfy a Bethe-Salpeter eq. 
Kuy (12; 34) =S;(1, 3) gp (2, 4) + [do,---doSp (1, 5) 4p (2, 6) 


X Gyy(56 : 78) Ky y(78 ; 34). (2-33) 
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The eq. which corresponds to (2-31) can be derived in a similar way.'” In the 
symmetrical pseudoscalar meson theory, we must further supplement a counter term of the 
form 7436; for renormalization. The introduction of this term, however, complicates the 
procedure” and we do not discuss it here. 


§ 3. Theory of Green functions in the Heisenberg representation 


The discussions in the previous section are concerned with the Green functions in 
the interaction representation with the presence of the external source. Such a treatment 
is convenient mathematically. 

For the discussions on the physical quantities such as the S matrix, expectation 
values, etc., however, we have better to employ the Heisenberg representation. Hence, 
we shall devote this section to explore the relation between these two representations. 

For this purpose, let us first expand an arbitrary Green function G[Q] in the inter- 


action representation in powers of the external source O 


5 G0 —7)°( oG[0 
Figi=Gl0l+ (=) | doar) + =) [ doin) 0@)(— FS) 
ae (ent) 
The differentiation with respect to the external source Q can easily be carried out in 
reference to the formula (2-7) es 
In the above expansion, the expansion coeficients are Green functions in the inter- 
action representation with the absence of the external source. As is well known such 


quantities are connected with the Heisenberg operators by the Gell-Mann-Low relation 


Vcteed es 
(T( ABZ )) pac= He 2) ve S (ABZ ) (3-2) 


provided that O=0. 
In this formula, thick letters represent Heisenberg operators and Vac. is the true 


vacuum. 
Especially combining (2-7) and (2-9), we have the following expression 


Cal=ciolf 1+ A) dn(8G) pre) 


+ 4 do,dus( T(¢(1)6(2) ]) vac Q (1) Q(2) Sle | : (3 5 3) 


2 


It must be noticed that in quantum electrodynamics or symmetrical pseudoscalar 


meson theory, odd order terms vanish due to Furry’s theorem 
(d(1) \ rae = ( T\¢ (1)4(2)9¢(3) }) Vater =0. ‘) a 4) 
The formula (2-7) may be expressed as 


ee ae CAB. Z) =C(AB--Z$(1) $0) )- (3-5) 
0Q(1)---0Q (1) 
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Combining (3-3), (3-4) and (3-5), we have 


~ 


E i (24 dev,ltrgd Tb (1) 6 (2) 1) pao 1) 0) + (ABZ) 


=(7[AB---Z]) pact (—1) §do,( T[AB---Z9(1) |) racQ 1) 


| dw,to,< T|AB---Z$(1)6(2) ]) paeQ (1) Q(2) +> . (3-6) 
Que 


By this formula, the quantity (A4---7) in the interaction representation can be 
expressed in terms of the true vacuum expectation values of Heisenberg operators and the 
external source Q. Inserting this expression for (44:--7) into the equations in the 
previous section we have many independent equations by observing the coefficients of all 
powers of Q. Hence the functional of OQ plays the role of the generating function of 
many independent equations. 

As an illustration of this statement, we shall consider the problem of a one-nucleon 
system. 

The basic equations that govern the one-nucleon system are (2-15) and (2-16) or 
(2-2) )e and? (2-16')2 

For the sake of simplicity, we shall assume without violating the essential features 
of the theory that the contributions from nucleon closed loops can be neglected. This 
approximation makes the basic equations linear as we shall see soon. 

This approximation means to neglect //* in (2-26) and hence the second term in 
(2516")'s 

Then we get 


(91) ) —2] da,4,(1—2) QO (2) (3-7) 
and the eq. (2-10) is readily integrated to give 


Lx 43 (do,do.d,(1—2) O(1) O(2), 


- 3-8 
Cr exp[ — 4) do,dw.d,(1—2) O(1) O(2) J. ( ) 
Inserting the expression (3-7) into (2-15’), we have a linear equation for S/, 
Sp, 2) ¥Sp(1—2) +4| donSp(1—3) 0(3) 
x -i| dw J .(3—4) O(4) +7 é : sre, pA ie . 
ae a OG) It om C2 
We expand S; as the power series in the external source e) 
oy as Son Gare ae 2 = S 
yr (1, 2) py ma | as, ds, (1, 25 ei Gn) C (Spm (en). (3-10) 


Then we know in reference to (3-6) 


A(1, 2) =(7[P (1) $(2)]) pac= Si (1—2), 
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K(1, 25) =( 719 1) $ (2) $F) ]) vac » 
IG 2 5 ay hy) = ( T [Pd (2)6(F)dE.)]) Vac" = (T[P)6(2)]) rack T[d(,)0(E2)]) Vac 
ari ( T\¢ (1)¢ (2) O(F,) 8 (Fs) |) Fac Se a 2) 45 (F;—Fo) ’ 


EtG: 


; eg ; 
If we write A’’s in the interaction representation, they express the connected parts of 


(h(1) (2) d(E,)---d(E,) ) in the absence of OQ 
FOCI 2 5 Tae ae) — ($ (1) 6(2) d(¢,) -O(S,) ee for Q=0. 


Substituting the expression (3-10) for S; in (3-9), and comparing the coefficients of 


each power of QO between both sides, we arrive at a set of coupled equations for A’’s :™ 
TRG OG SG ation cs 


= Onn ; Sp qd ae 2) ai 72 fae dS ,S 7 (1 ==€;) O (G) dy (E— 7) KE o2 > g, fe oy E Fn) 
ae 4 \ a Sp d > ) O (§) Tileee 5 Ts) 05 os) > (3 Sil 1) 
where ¢, means to omit ¢,. These equations constitute the basis of the covariant Tamm- 
Dancoff approximation. 

So far we have discussed the combination of the Schwinger theory with the Gell- 
Mann-Low relation. There is another method by Matthews and Salam and by Freese and 
Zimmermann”. This is to apply the method in the previous section— which we owe 
these authors—to Heisenberg operators. 


Then we have the following equations: 


(ya+M),7[$Q)AB---Z]+77,0(1) 7\¢(1)90) AB---Z | 


iy Ue Wee Al 3-12 
“Og A) ae 


(O—/2) ,7(¢0) AB--Z]—47T[:$0)00)¢Q) : ABZ] 


INT 
oho 2 " 
= 1 (AB Z|. (3-13) 
0¢(1) 

We need the same caution of the functional derivative ¢/0@ as in the previous 
section. 

Taking the true vacuum expectation values of these equations, we find coupled 
equations for the Green functions. On decoupling these equations, we obtain the same 
equations in the previous section. The connection will te easily seen with the aid of eq. 
(3-2). 

Here we shall introduce the normal product or the S-product for Heisenberg operators. 


The definition is” 


*) 


*) Recently possible definitions of the S-product are discussed by E. Freese, Nuovo Cimento 11 


(1954), 312. 
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N[ABC...Z]=T[ABC.--Z]—S(T[AB) raoT[C:-Z] 
4+ STAB] vac( TEED) vac BZ 
Eee nS (3-14) * 


The summations are extended over all possible combinations of operators. The useful- 


ness of this product will be recognized in the definition of the S matrix. 


Boundary conditions 


The superiority of the Heisenberg representation over the interaction representation 
lies in its direct connection to physically observable quantities or conditions. One of them 
is the boundary condition for the Green functions. 

From the definition of the /-product, we have 


(Vac| T[A (1) B(2) +A‘) B! (2) | Vac) 
sey (acl 7T{A Gy BQ) +++ ly) (s 


T[A’ (1’) B’(2’)---] 


Vac) (3515) 
for?” gee haat th ener, 


where the summation should be extended over all stationary states. 


Let Y, be the state vector for a stationary state s, being an eigenstate of the total 
energy momentum PP, 
ea ee, Y .=0, 
and put 


(2,—P pie) oa —_O (Equality holds only for s== lac.) 


Then in the eq. (3-15), 7|A(1) B(2)---| and 7[A’(1’) B’(2’)---] should behave 
as destruction and creation operators respectively. Hence the é-dependence of the summand 
in the expression (3-15) must be as 


Oe ee ta tS hor ae es 


and similarly 
cc Pa tae for fa. (3 . 16) 


This is nothing but the Feynman’s positive frequency condition”. This fact has already 
been stated and utilized in I, but because of its fundamental importance we have repeated 
it here. 


It should further be mentioned that this condition holds for an arbitrary division of 
operators in the operand of 7 into two groups. 


* Colons will also be used for short expressions. The definition of the normal products in references 
8) and 9) is not identical with the present one. 


— 


Many-body Problem in Quantum Field Theory, IT 291 


§ 4. Equations for the covariant components and the introduction 


of a new kind of chronological operators 


We shall begin with this section by presenting some nomenclatures. ' Quantities like 


(Vac|\T|AB.--Z\| Vac) = (0|7[AB---Z]|0) (4-1) 
are called Green functions in general. 
We call 
(0|7,| AB---Z]\\s) or (s|7[AB---Z]|0) (4-2) 
the B-S (Bethe-Salpeter) wave function or the B-S component, and 
(r|T[AB:--Z]|s) (4-3) 


the expectation value. 


Further we shall introduce the covariant component or the Feynman amplitude by 
(0|V[AB.--Z]|s) (4-4) 


which is similar to but more convenient than the B-S component. 
Then for a given stationary state s, various covariant components of this state form 


a covariant Fock space as a whole. 
(0| A|s) 
P= |(Ol7[ ABs) | (4-5) 
(0|7[ ABC ]|s) 

The coupled equations for these components are derived by Matthews and Salam, 
but we shall discuss the decoupled form of these equations as has been done in I. We 
deduce the equations for the covariant components from the decoupled equations for Green 
functions following the method by Gell-Mann and Low. This has already been discussed 
in I, however, our present purpose is to abstract some chronological operation from this 


procedure and apply it to other problems. 
The two-nucleon Green functions satisfy the eq. (2-30) or 


(2 34) aS; (124-34) §deo,---dogSp(1—5) Sp(2—6) G (56 5 78) K (78 ; 34) 
(4-6) 


for the vanishing external source. 
We now let ¢, and ¢, tend to —oo, then follows from (3-15) the factorized expres- 


sion for K 
2,234) (0/7[9 1) 9 (2) $4) GB) 19> d gs (12) 9. (34); 4-7) 


where 


9,12) = (0|7 [9 1) 9 (2) 1) = OV [9 DPQ) IIs), 
7, (34) = (s| T[P(4) $B) 19) = 61 VI¥AEG)]) 9. 
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In a similar way, we have 
Sp(12 5 34) 9512) 95 (34), (4-8) 
where J) (12) =Gor (1) Yor (2) —Gorr (1) Yor (2) 5 
Jor (1) = (0|$ (1) |s’), 


s’ and 5!’ being the one nucleon states of the two incident particles. The superscript 
0 denotes the antisymmetrized product of the covariant components of the individual 
particles. 

The function A’ in the integrand of (4-6) cannot be separated as (4-7) or (4-8) 
since ¢, and /, are integration parameters and can assume from —co to +o. However, 
for fixed values of ¢, and ¢,, contributions from the region 4, 4 < ¢,, ¢, would finally be 
neglected in the limit ¢,, 4; >—©o. This is correct only when G corresponds to a short 
range force. 


Hence for f,, 4; —>— 00, we have 

33 Gs(12) Fe (34) > 9 (12) 92 (34) + 3) du,---do.S7(1—5) Sp (2—6) 

x G (56 ; 78) 9, (78) -9 (34). (4-9)* 
Let s be a bound state and compare the Fourier components of the both sides with 


respect to 4, and *,, 


It is obvious that the yj" term does not contain such component that corresponds to 
the bound state s. 


Hence for degenerating bound states, we have 


Da Js (12) 7,(34) = 3} fde,---do.S;(1—5) Sp(2—6) G (56 ; 78) 9,(78) +9, (34), 


bound bound 


the summation is extended over all bound states with the same total energy and momentum. 


If the degeneracy is got rid of by using suitable quantum numbers, the above equation 
will be reduced to 


g;(12) =§ do,---do.S;(1—5) Sp(2—6) G (56 ; 78) 9, (78). (4-10a) 
This is the well-known Bethe-Salpeter equation for bound states. 


Next we shall study the equation for scattering states. In this case the factorized 


equation (4-9) follows only under the assumption that the contributions from the region 
t, (> —co can be neglected, and this assumption should consistently be taken into account 


for the derivation of the scattering equation. 
Let us consider such scattering problem that the interaction is switched on adiabatically. 
We replace G by 
G (56; 78)—»e"G (56; 78), f= 3 (447,44-44,), for <0 (4-11) 


where & is a positive infinitesimal quantity. 


*) Rigorously speaking the limiting procedures must be performed as lim for bound states, and 


. ; ss t3=tl4->— 00 
lim  - lim — for scattering states, ‘ 
ta>—0 64> — 00 
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This is the hypothesis of adiabatic switching for the interaction between dressed 
particles, and justifies the eq. (4-9). 
It is worth while noticing that we have not assumed the hypothesis for bare particles 


since it requires to substitute 
alee (t)—> Cad gO @)s (4-12) 


by which not only the interaction between dressed particles but also the interaction of a 
particle with its self field is adiabatically switched on. This difference is especially important 
in treating scattering problems involving composite particles. 
The substitution (4-11) requires at remote past 
lin lim) (¢,(12) —g, (12) )=0 (4-13) 
t\;>-02 to>—-@ 
for scattering states. 


Hence combining (4-13) with (4-9), we have the scattering equation 
g,(12) =9° (12) + fadu,---do,Sy(1—5) Sp(2—6) G (56 ; 78) 9, (78). (4-10b) 


The hypothesis assumed here must be proved on the wave packet formalism. 

In the above discussion, the essential point is the factorization of the kernels from 
which we have derived the equations for the covariant components. 

We shall abstract this procedure by introducing a new kind of chronological operators 


and apply the above method to the derivation of the S matrix and the expectation values. 


ae 


Chronological operators “in” and“ out” 


In the above derivation, we have utilized the limiting procedure ¢ > — 00. In order 


to exploit this device in a wider class of problems, we shall introduce an operational 


oe 


superscript ‘‘ 772’ 

This superscript is applied to quantized wave functions whose time arguments are to 
be brought to —©o. 

Then from the definition of the 7-product, we see 


T{AB--O"D"...J=7{AB--]T(C"D™---]. (4-14) 


The time arguments of -C, D,--- are not necessarily equal to —©, however, we 
treat them as if they were brought to remote past. This concept is more or less similar 
to that of incoming field of Yang and Feldman" and we have employed the notation ‘* 77 e 

The self consistency of such operations are justified provided that the limiting pro- 


cedures lim, lim, -:- are commutative with each other. This point will be discussed 


ter tp>-@ 


in later sections. 
In some cases, we need to fix the means of limiting procedures, e.g., when it is 
required to take the following limit 
lim 


t_j=t 


Cm Die 


we symbolize the operation by writing it in place of (4-14) as, 


T[AB-.. (CD)"™--}. (4-15) 
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This operation is necessary in the treatment of scattering problems involving composite 


particles. 
Quite similarly to the operator ‘iv '’, we introduce another superscript *' ov/ i? 
corresponding to the limiting procedure > +o. Then corresponding to (4-14), we have 


Teter eae CD.-\= fo [A B...]7[CD.--]. (4 : 16) 


Though most of the properties of these operators are readily derived from eqs. (4-14) 
and (4-16), there is an additional important formula which enables us to eliminate the 


superscripts. For the sole occurrence of the superscript in the matrix elements, we have 
(r|.A°™|s) = (r|A™|s) = (7 Als), 
i (4-17) 
or (r|\T[ (AB) ]|5) = C17 (AB) ™])s) = (¢|T[AB]|s), 


since there is no other time argument to be compared to ¢, in the above expressions. 


With these properties the readers may easily verify 
OMENS 2°) =9,(L 2) 
which is necessary for the consistency of these operations. Cf. (4-13) 


ex. 1 (T[P"™ (1) 8 (2) 1) rae « 


(0| 7 [g"" (1) $(2) Jo) =S3 (0p (2) |s) (| F(2) [0) from (4-16) 
= 3 (0l¢ (1) |s) (s|6(2) |0). from (4-17) 


In general the matrix elements of chronologically ordered products of operators involving 
wm” or ‘out’? are computed by using (4-14), (4-16) and (4-17). Thus they can 


be expressed in terms of Green functions and covariant components. 


ae 


It must be noticed, however, that quantities like 
(0/7 APB V0) “or (0) 7. 4° oo) 


cannot be defined uniquely since lim and lim do not commute with each other. 


t,rto tyro 


In this connection, the normal product is more convenient than the T-product since 
quantities like above are subtracted in the normal product. Cf. (3-14) 


ex. 2: (TP (1) 8" (2) $3) J) pace 
By letting Q vanish in (2-22), we have with the aid of (3-2) 
(0|7°[¢ (1) $ (2) $(3) }]0) =7fdew,do,du,S}.(1—4) © (45 ; 6) Sp(5—2) 47 (6—3). 
Hence we have utilizing the result of ex. 1 
(0/719 (1) 8" (2) 83) Ilo) =7f do,do,dw,S}.1 —4) © (45 ; 6) 45 (6—3) 
x [0| 7 (9 (5) $™ (2) ]|o) 


or 


o2 9,(1 ; 3) -9,(2) =y Sfdodo,do,S}a —4) © (45 ; 6) 4; (6—3)g,(5) -g, (25° 


s 


—_- 
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where 
e(1 3 3) = (0(7[P 1) 9$(3) IIs), 9) = OlP G)I9)- 
From the above factorized equation, we obtain 
et lice) =7\ du dudu,S~A—4) O'(45'5.6)9,(5)4,(6—3);, 
provided that 9,(2) #0. 


This result has already been given in I. 


§5. Expectation values and normalization of covariant components 


At present the central problem in the Bethe-Salpeter theory will be the exposition of 
the physical meaning of the wave functions. 

This is achieved by exhibiting the relation of the B-S wave functions or synonymously 
the covariant components to the probability amplitudes. 

In I, this problem was investigated by introducing the contravariant components 
together with the covariant components. However, the computation of the former quantities 
is too complicated for practical purposes. Besides its introduction seems to be redundant 
as suggested in the appendix of I. Hence we shall reformulate the theory developed in 
I without any use of the contravariant components. 


Then the problem to be settled in this section is to express 
G|W\s) =, W ©&.,) (o>) 
in terms of covariant components. W is an arbitrary observable whose expectation value 
is in question. 
Without loss of generality we assume that W is a point function, ie., a local 


quantity. Then we can define 
Gow (12-3 0) = (0/7 |: A) BQ): WO) II9), 


where colons denote the .S- or normal product, written as NV before. 


Thwe further assume G,,0fs,:** > %, then the above expression can be factorized 
9s. (12+ 30) =) gp (12+) W,5 (0), (5-2) 
where g,(12+++) = (0|V[A (1) B(2)--- ||”), (5-3) 
and W,,.(0) = (r|W(0)|s). 


The relation (5-2) can also be expressed using ‘‘ //d eas 
(0|7[: AG) BQ) W"(0) IIs) 
=31(0|V[A.G) BQ) Ie) (71 HO) Is). (5-4)* 


* Alternatively we can write (5-4) as 


(0| 7 [GA ).B(2)-- et F(O) IIs). 
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upon which we need not impose the temporal condition 7, f,--- > 4) 
For simplicity, we shall write (5-4) as 
Jew (12-2450) =D GA T2 -s) (0): (255) 
This is nothing but the equation for #V,,(0) provided that the covariant components (/, jy 
and g, are known. 
It is interesting that this equation can formally be solved with the aid of Green 


functions, and we shall illustrate the solution of this equation by an example. 
ex. 1. The expectation value of : ¢ : in one nucleon state. 


This problem has already been solved in the appendix of I, however, we shall repeat 


it as an illustration of the new technique. 
Paw (1's 2) = (0|7[ 9G) +4 (2) 9)? IIs)- 
As given in I, y, y can be converted into 
Ys,w(1 3 2) =Sp(1—2) 9, (2) + fde,:--dwgSp(1—5) Sp(2—6) G (56 ; 78) 7.(78 5 2), 
where (5-6) 
712 5 3) = (0|T[$ (1) 9 (2) $@) lis) 
=$7,(2—3)9,(1) —S,(1— 3) 9, (2) 
— filo, do dK (12 : 56) G (56 3 78) Sp(7 —3) 4 (8), 
Js(1) = (0|6 (1) |»). 
Substituting y, y(1°""; 2) for Y, (132) in (5-6), one obtains 
Iswl 32°") = 33 f(1) WF,.(2) 


= 30 tA) [ (2) 95 (2) + Sedev,- + dog, (5) Sp(2--6) G (56 ; 78) 7, (78 ; 2) |, 


” 


(5 +2) 
where use has been made of the relation 
Spl" —2) = (0|7 (g"" (1) $ (2) JI 0) 
=31 9-(1)9,(2)- (5-8) 


Hence we have the solution 
We (2) 7, (2) 0, (2) \ deo, dog, (5) Sf(2—6) GO6.978) ¥.(78 32). (5-9) 
An alternative form of this expression will be found in the appendix. 


From the above consideration, one will easily see the general means to obtain the 


solutions of such problems. A more complicated example is given in the appendix. 
The next question is how to normalize the covariant components. For this solution 


we utilize the inverse procedure of the foregoing problem. 


2 aay od 
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A stationary state is determined by fixing a set of quantum numbers involving the 
total energy-momentum, and the expectation values of these quantum numbers are known 
before the normalization is settled. While they can be expressed in terms of the covariant 


components as we have seen before. Hence by equating them we can fix the normaliza- 


tion of the covariant components. 


Let “, and Q be such a state and such a conservative quantity satisfying 
OF.=O.8 , Eo ¥=d 9). 
then we may write 
(7|Q|s) =Q,0(7, 5). 


The quantum numbers available for this purpose are such ones as the total energy- 
momentum, total charge, isotopic spin and number of nucleons of the system. 


In general these quantities are expressed as the spatial integrals of densities defined by 
OF] IVa, (1) do, (=S$Q40(4)a*x for a flat o). (5-10) 


The quantum number density q is a local quantity, so that its expectation value and 
therefore that of Q, the spatial integral of the former, can be expressed in terms of the 
covariant components. We can choose the canonical energy momentum tensor, charge current 
density etc. as J. 


The condition which manifests that (Q is a quantum number is 


O44. —9, (5-11) 
OX, 


The present idea will be understood in the following example. 


ex. 2. The normalization of the covariant component of a one nucleon state. 
In this case it will be most convenient to choose the nucleon number as Q. Then 


the normalization is determined from 


iN O|V [G7.G\|s) do, =0(, 5)- (5-12) 


The integrand has been expressed in terms of covariant components in the foregoing 
example. Hence (5-12) assumes the form 
i\do, (2) [7,(2) TyIs (2) ag | de, dOg,y (5) Sp (2 nari 6) G (56 > 78) Us (78 ; 2) Ty (2) | 
=0 (4%. '5)s Gas) 
in which the last 7, (2) combines the spinor indices of Si(2—6) with those of 7,(78 5 2). 
The function 7, is known to be expressible in y so that the normalization of ¥ is 


fixed by this equation. 

Let us study this problem from a more general point of view without being bothered 
by the concrete expression (5-13). 

We define the “bare particle probability of a nucleon” /, by 
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Non (5-14) 
i\do,l 979+ --] 


by a 


in which the expression (5-13) should be substituted for the denominator. 
Then we have from eqs. (5:13) and (5-14) 


N\Aoy9,7uJs= On? (7, s) : (5 3 15) 
The free particle wave function //,,(1) is defined by 
(%,, 7’ (1) .) =9,,(1) (5-16) 


where @, is the free vacuum and Y, is the free nucleon state corresponding to the dressed 
nucleon state /,. 
Then it satisfies 


(70+ 1) J =0. (5-+17a) 
On the other hand 4, satisfies 
D wIe= (7O+ M+i *)9,=0 for +o>t>—o (5-17b) 


in which we understand that //,.;, in (2-1) is already taken into account, ie. OJ is 
subtracted in the above >’*. Then as is well known eq. (5-17b) has only such a 
solution as to satisfy 


(70+ M1) 9,= d3*9.=0 (5-18) 


provided that there is no stable nucleon isobar with spin } and isotopic spin 3. 


Hence y, differs from y,, only by a constant factor 
JoJo (5-19) 
The normalization of g’— is given by 
doy Gri pJn=O(7, 8). (5-20) 


so that the normalization of gy, is fixed with recourse to eqs. (5:15), (5:19) and (5-20) 
by 


1 =O Isr (5-21) 
It will be instructive to express Jy in terms of familiar quantities. 
Sp(1"'—2) = (0/7 [o™ (1) $(2) ]/0) 
= Is(1) 9, (2) 
=by 3 In (1) Gu (2) 
= be Sn (lee), 


In a similar way we have 


Sp (15-2) =o Sd Beno: 
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Sr(P)— bySr(p) for i7+M—0 (5): 22)) 


in the momentum representation. 


According to the general procedure in the renormalization theory,” we must put 


Lea 5S ay 
gt 2 A pis 
Oy eee (5-23) 


(HZ (ZZ) "91 


where 7%, and Z, are so chosen as to yield 


Si (Pp) Sa(p) for wr+M— 0, 


/ 9 9 5 24 
4n(q)—> 4r(g) for g+H-0. ( ) 
Hence by comparing eqs. (5-22), (5-23) and (5-24) we have 

by=Z (5+25) 
Similarly we have 

by=Zy (5-26) 
where 0, is the “bare particle probability of a meson”. The equation (5-21) is written 
as 

Gea Gate 2g) 


We see that Dyson’s renormalization of wave functions 1s needed for reasons of the 
normalization of covariant components in our language. Such a consideration has previously 


been reached by Karplus and Kroll.’ 


The normalization problem for a single particle state is equivalent to the renormaliza- 


tion problem. 


$6, Theory of scattering —The S matrix 


In the previous section the normalization of covariant components was settled. 
Hence we shall investigate how the S matrix is expressed in terms of these normalized 
covatiant components. Especially the differences between the scattering matrices for dressed 
particles and for bare particles will be accounted for. 

One will again find that the chronological operator “ in? or “out” is useful in 


this problem. 
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(a) he S matrix describing the scattering of dressed particles. 

In the conventional Feynman-Dyson theory a scattering process consists of three steps. 
The bare particles are first adiabatically dressed ; then interact with each other so that the 
scattering takes place and finally they are undressed to be free again. 

It will become clear later that the (/ matrix is obtained in this way as scattering 


matrix. 
So long as we are concerned with such processes that involve no composite particle 


this method gives a correct result provided that the renormalization procedure is properly 
taken into account. 

However it is clear that this method fails to treat scattering problems involving 
composite particles since the bound state cannot be formed by introducing the field-particle 
interaction adiabatically. For this reason we shall investigate the scattering theory in which 
particles are dressed from the very beginning. In the present treatment, the interaction 
between dressed particles is switched on and off instead of the field-particle interaction 
fie Gt. (4-11) and (4-12). 


We shall illustrate the treatment by the nucleon-nucleon scattering 
Ja (12) =9a(12) + Jde,---doSp(1—5) Sp(2—6) G (56 ; 78) Ja(78). (6-1) 


The .S matrix is obtained from the asymptotic form of 7," 


Gx(12) ot ee J (12) = ey eyes 9,(1", Pha | (6-2) 
b b 
for the elastic scattering and 


23 2 eS Set C12 ak (6-2') 


b 


for the inelastic scattering. Y, is defined by 


Ja (12 3 1/2'++ ) = (O|.V[P(1) 9 (2) 91’) £(2’) «JI 8), ; 


and i, is the symmetrized (for Bosons) or antisymmetrized (for Fermions) product of 
the covariant components of individual dressed particles as given by (4-8). 

Next we shall construct the asymptotic forms of the covariant components. In the 
elastic nucleon-nucleon collisions nucleons are separated far away from each other in the 
final states. In I the asymptotic form corresponding to such a boundary condition has 


been given. In the present work we shall give a more convenient and compact means to 
take account of the boundary condition. 


As seen from § 3, the Green function satisfies the positive frequency condition so 
that a part of its Fourier transform corresponding to the particle propagation from past to 


A aes : 
future should involve a factor 0, (,— *,). In order to construct the asymptotic form, 
we 11 is fi ing i (Lt t 

wan retain this factor replacing it by 0(/7,— Ps 

This can be done utilizing the relation. 


lim e-™.0 (ao) =0'(@)\ (6-3) 


t+ oo 


Hence the desired asymptotic form is obtained as 
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lim lim g,(12), (6-4) 
11> +0 f2->+0 = 
where lim plays the role of carrying the nucleon “1” away and lim has a_ similar 


h>rto 
. . . . . . We icengtee 
meaning. It is worthy to be noticed that these two limiting operations commute with 


each other. 


Indeed we see in this case 


lim lim S7(1—5) Sp(2—6) > 3) Gan 1d Garo) Gerr| 2) Gor: (OD s 
BI BIT 


>to to2>4+0 


and hence the asymptotic form of Y, is given by 
Ja(12)~92(12) +335 9512) [de +-do,Gp (56) G (56 3 78) Ja(78)- (6-5) 
b 


The above asymtotic form can be written as 
Ja (12) ~J. lon oan) = (0 |V [go"(1) pont (2) ||s) 7 


This result can further be generalized : 


Theorem. The asymptotic form of g(1,2:--) is given by 
g (1%, 2°,.-) 

when particles 1 and 2 are not bound in the final state, and 
O52) 57) 


when particles 1 and 2 are bound to form a composite particle in the final state. 


For instance, the asymptotic form of g,(12 ; 3) corresponding to 
ptpratn 
is given by 
g.(12 3 3)~ COV LPC) 9 (2) )"9"B) II). 


In this case we must express /,(12; 3) in terms of A(12;::+) so that we can utilize 


the formula 
(0 TL(P (1) 9 (2) °"F (3) F(A) JI) 
= (0 [9 9 2) IIs) (s|V [6 (3) ¢(4) ]|0). 
In this way the use of the chronological operator ‘‘ out" enables one to readily write 


down the asymptotic forms of the covariant components for given boundary conditions. 


On comparing (6-5) with the definition of S, (6-2), we have 
Soa= Ora t 3) do;:+-deggr (56) G (56 5 78) 9q(78). (6 + 6a) 
The eq. (2:30) can be written in the reciprocal form 
i (12334) = S22 5 34) 4 (do,--do.K (12 ; 56) G (56 5 78) Sx¢(7—3) S;(8—4). 
(2-30') 
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This can be proved by expanding A’ in powers of G or more rigorously by the operation 


of charge conjugation. 
With the aid of (2-30’), (6-6a) can also be written in the following reciprocal 


form 


Sya=Onat 3§de,:+-Aogy (56) G (56 ; 78) J2(78). (6-6b) 


Here we shall stress the apparent affinity of the present theory to the Lippmann- 
Schwinger theory.” The following formulas correspond to (6-6a) and (6-6b) 


Sia=0nq— 2710( Eg 4) (%,, leh ee (6 - 6a’) 
=0,_4—2710(E,—£,) (§°, H, 9). (6-6b’) 
The equations that correspond to (2-30) and (2-30') are given by 


1 1 1 1 


a a rs ee TRA fe 
Bisa He | Bry. Big Ae leg 


= ze an ae : A, : “ 
E+i.--H, E+i.-H,—-H, £t+i:—, 


The equation (6-1) is obviously the analogue of the Lippmann-Schwinger equation 


POL De eee 


agen 


The equation that corresponds to the Chew-Goldberger’s formal solution™ 


BO, pO, 
E+ ip Ti A, 


is readily found to be 


Ja(12) =9°(12) +3) dw,---dw,K (12 3 56) G (56 ; 78) 9°(78) (6-7) 


a 


which follows from (2-30’). 

A deeper examination shows that the correspondence of these theories are not only 
apparent but also essential. Hence we can easily translate the results in one of these two 
theories into another. 

For instance, we know the following stationary expression Of the transition matrix 


R=S—1 
tea CES", FID, ) Oe Era ire esata 


+(FP, HAF), 
E+i-—H, 
where X,,= —2710(4,—E,) R,,, and this expression can be translated into the language 


of the present formalism. 


The expression 


Roa = (UCI a5 \WGJa— (AG 9 a = \iGSpGJa (6 . 8) 
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is stationary for arbitrary variations of y, and y, about the solutions of (6-1) and the 
stationary value of “WX,” is Roa - 


For simplicity we have dropped arguments in (6-8), and .S; is the abbreviation of 
the product of two .S; functions. 


Indeed the variation of ‘“*A;,”’ is given by 
O'RBioa = §0Gn G Ya— Gat |\SrGJa) +\ Po— Got NGS) GOGIa 5 


and the first term vanishes due to (6-1) and the second term due to the equation 
reciprocal to (6:1). 

The reason why we employ the present formalism in spite of the apparent equivalence 
to the simpler Lippmann-Schwinger formalism consists in the fact that the separation of 
the interaction into those between bare particles and their self fields e.g. >{* in (2-18) 
and those between dressed particles e.g. G in (2+30) cannot rigorously be realized by 
splitting the interaction Hamiltonian /7,. More plainly speaking a bare particle cannot 
be dressed by means of canonical transformations or synonymously unitary transformations 
since quantities like S}* and G are not necessarly real. 

The most characteristic feature of the present formalism will be exhibited in the 
treatment of the scattering processes involving composite particles which had not been 
dealt with in the original Feynman-Dyson theory. 

The general ideas are already given in I and in the present work, however, for the 


sake of completeness we shall give an example 
pt+pod+n. (6:9) 


The matrix element of this process was derived in J 


Sta= | doy do Ga (12) 9% (0) O (12 ; 34; 0) Ju (34) 


— 7 dey din, (12) 9% (0) © (23 30) D (1, 4) 


x Sh (34 ; 56) G (56 ; 78) 9.(78), (6-10) 


where g, and g,, are the covariant components for the final deuteron state and the final 


pion state respectively, and 


See wee! (1) ol 2), 


Pe aeG2 34) =| dew, (12 3 3435) 4L(, 0). (6-11) 
dQ (0) 


Finally we shall give some remarks. 


For a stable one particle state a either elementary or composite we have 


Ja(-**) =Jal--*): (6-12) 
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or more precisely g°(1) =9_(1), for an elementary particle, 
g2(1, 2,+++) =Ga(1, 2,-:+), for a composite particle, 
from which we see 
Jal (+++) °") =gal--*) =Ja (++) ™) = Galo") 
and hence 
CPS eee (6-13) 


Another remark is concerned with the reason for the necessity of the normal product. 


The expression 
(Ol RASC be 07 


has not definite meaning since two limiting procedures lim and lim do not commute 


ah>o@ t2> a 


with each other as seen from 


(0 | T[A(2) B(2)]0) =33 (0| A(1)| 5) (s| BQ2)| 0) for 4, > tm 


s 


=3) (0 | B(2)| s)(s| A(@)| 0) for 4>4, 


Such terms as above do not appear in the covariant components since they are defined by 
using the normal product but not the T-product. (S§ 4) 
(b) The S matrix describing the scattering of bare particles. 

In order to understand that the foregoing treatment really corresponds to the descrip- 
tion of the scattering of dressed particles it seems intructive to compare the theory with 
the scattering of bare particles. 

In the former treatment the interaction of particles with their self-field has been taken 
into account over the whole stage and the interaction between dressed particles is adiaba- 
tically switched on and off. In addition, if there were composite particles in the initial 
or final states some of the interaction between dressed particles was retained from the very 
beginning. 


While in the latter treatment the whole interaction //,, is adiabatically switched on 


and off. 
Hypothesis of adiabatic switching 
That we introduce //,,, adiabatically means to assume as in I 
lim lim 7([U(c, 2’) A(t)---A'(’)+--] 


t>+o T>+0 
tl»—w t!l-»—0 


= lim lim>7[U(z, 7) A@)--Al) =). 


(6-14) 


a 
The first term describes the scattering of dressed particles and the second one the scattering 


of bare particles, and they are equated upon the adiabatic hypothesis. 
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Then we may write 
(Gil NAD) .-* CG) D4yo |e) 
eee T[A(Q1)4(2)---|T[U (0, —~) C(3) D(4) ---]M) 
(@,, U(ca, —co) ,) 7 oe 
(Os T(A(1)B(2)---|9,) -(P,, TU (wo, — 0) C3) D(A) + JO) / (OT) vac 
au) 


Be veel. i. a } 
d we have similar expressions for the use of ‘‘77’’. Clearly there is no bound state 
involved in the summation. Let us substitute 3 and 4 for 3 and 4 in the following 


expression : 
72534) =S, (12: 34) + du,---20,5,(1—5).S,(2—6)-G (56; 78) K(78 : 34); 
We may write 
K(12 ; 3" 4™) =—S)(@,, TU (1) 6 (2) 9.) (Pa, £3) $ (4) oe) [OT v00. » 
Sp(12 5 3™ 4") = — S1((®, TLV (1) ] Par) (Gar (3) 9) 
(Dy, TLOY (2) Pur) (ParrG (4) Py) — (3 SANYO Yow. 


Inserting the above into the integral equation for K’ and dividing it by (P., Jp®,), we 


have 
fx(12) =f (12) + [do,---do,S;(1—5) Sp(2—6) G (56 ; 78) 7, (78) (6-16) 
provided that 
(D., 6 (3) P(A) Po) = (Par (3) Ps) (Pan (4) %) — (3 = 4) 
does never vanish. /’s are defined by 
Fa(12) = (%, TL A) 6 (2) 19.) /( 7) vac. 
a aap) (2) 2), (6-17) 
Fad) = (Bp, TOP A) Par) /(T) va00.=Zo( Po 9 (1) Par), 


where the final expression is found in reference to SSeS 
The equation (6-16) holds only when f))(12)2<0 and hence only for scattering 


states, so that such a treatment can never give rise to bound states. 


The asymptotic form is found to be 
f,(12) ~f, (19, 2°") =D) (Dy, (1) (2) Po) (Pn Pa) [AY vac. 
b 
= (ASU ae) pati (12) Oya > 


and hence 


Sie La a (UD vac. (6 * 18) to?) 


Thus we see the adiabatic switching hypothesis leads to the (/ matrix. 


*) The present normalization for the derivation of the .S matrix can be applied only to the elastic 


scattering. 


—e 
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; ; ; 
The conventional Feynman-Dyson theory in which one computes U as S gives the 


correct results provided that renormalization of wave functions 
b > Z2°b,, b > Z3°b,, b> Zid, (6-19) 


has been performed and no bound state appears. 

This conclusion is directly verified by expanding (6-6) and (6-18) in powers of 
the coupling constant. 

The author thanks Prof. S. Hayakawa for his interest taken in this work and for 


careful reading of the manuscript. 


Note added after the completion of the manuscript 
Let 7 and s be two single electron states, then we have in quantum electrodynamics 


(| N[$ 1) ruP CA) Js) = fdeo.dog, (2) P, (23 5 1) 9.3) 
in virtue of the equation (A-24). This is an alternative expression of (5-9). 
From the general arguments on the normalization of the covariant components we 
can write 


i§do, (1) (r|N[$ (1) 7.9 (A) Js) =8(%, 5) =1§ doy (1) G11) ua 1), 


since this equation represents the conservation of charge or the number of electrons minus 
the number of of positrons. 


Combining these two equations and (5-23), we readily see 
t§do, (1) jdwylo.g, (2) I, (23 3 1) 9,3) stl hae (A) Gall yo 1) 


=1 doy, (1) Gq (1) 79a). 
Hence we have Ward’s identity 
Vis = By ° 


The author is indebted to Mr. 'Z. Maki for pointing out this derivation. 


Appendix 
The Charge Current Density in a Deuteron. 


As an application of the general theory developed in the text we shall calculate the 
charge current density in a deuteron. The complete answer is obtained only after the 


solution of the Bethe-Salpeter equation is known, of course. In the present work we 


assume that this solution is already known and express the current density in terms of the 
B-S wave functions. 


The charge current density for the meson-nucleon 


jai Big: + (6,26 hg.) 


system is given in unit of e by 


=i Frit bte, eens) (A-1) 
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where 


iue= i a ee ae +(¢ x ast (A-2) 


is the a-th component of the isotopic spin density and x denotes the vector product in 
isotopic space. 

Since a deuteron is a charge singlet state, the expectation value of ¢,, vanishes in 
this state. Hence we have 


(2'|J,la ) =$2(a’| Pre calele (A-3) 


According to the general procedure of § 5, we must first calculate 


(O|7L(P 1) 9 (2))°" : $B)7P GB) : JI2)- 


This can be done as in I or in §5, and we must start from the equation for the three- 
body Green function. 

However we shall exhibit another means which is physically more accessible. This 
method is more or less similar to Deser’s one.” 


Let us consider the Hamiltonian 
Fin =1y : LOuw : On he Oba +H 09 aa Teas (A : 4) 


which is the sum of A, in (2-1) and IV,9,, IV being the quantized quantity whose 
expectation value is now in question and g a cnumber external field. 


Then we have 


eT nB se ZIAT(U Woy AB: Z| (A-5) 
0q(0) 


corresponding to (2-7). With the notation of (2:6) we may also write 


i PR AO AAO Aaa ts ao) 
0” 


We now put 
W=72: db Tees (A-7) 


then the equation for Si(1, 2) is changed by z7q to yield 
7 T+ 17 7 1)\—7001 gee S152) S790 (1 —2) ; 
(10,4 M+ ig (1) +7002) (8G) 70.) 57 )SHOL 2) = #9 —2) 
(A-8) 
the equation for (d(1) ), however, does not change its form 
(12), (6(1)) = 9S (OA) SEQ, V/))arsrs0 OQ). (A:9) 


From these equations we have easily 
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( ss ShQ,2)) — =( 70 4G (079 0) +9 A)P) J) vee. 
Og = 


@,990 
=715/(1—0)7 (0) S£(0—2) + [de do,S} (1 ~ 3) 1% (34; 0)Se(4—2), (A-10) 
where 
3H 3450) = (15 EG 4 ee (A-11) 
We put (A-10) simply as 
2) S7(1—3) 1°(34; 0) S,(4—2) da,do,, (A-12) 


where /', is readily understood to express the vertex operator for 7, with mesonic radiative 
corrections. 


Next we consider the two-nucleon equation 


K(12 3 34) =S,(12 ; 34) + Jde,-+-duSp(1, 5) Sp(2, 6) G (56 ; 78) K(78 ; 34) 


(A-13) 
in which the external fields O and 9g are retained. 
We write this equation symbolically as 
(1—F(12)) K(12 ; 34) =S4(12 ; 34). (A-14) 


Differentiating the above equation with respect to g and putting O=g=0, the following 
equation is arrived at 


(1-F (12) ) K (12 ; 345 0) =(7 TONLE ;34)) + (2202). Ki2sa4s 
0g(Q0 0 . 0g(0 
(A-15) 


where 
K(12 ; 345 0) =—(0| 7 [P(1) 9 (2) $(3) $ (4) : 7G(0)7P(0) : JI0). 


Substituting (3, 4)'" for 3 and 4 in the above equation, we have 


1—F(12))9, —; (9A C2) 
(1-4 (12)) ga,y(12 5 0) =? ( are ) a(12), (A-16) 
where as in § 5 we have put 
Jaw\12 5 0)=(0|L[P(1)P(2) : 7G (0)7H (0) = Ia). (A-17) 
Utilizing (A-12), 0. F /d9 is found to be 
(F202) ) 8d dof S$ —3) I"(34 ; 0) S$(4—5) -S$(2—6) 


+ S,(1—5) -S4(2—3) (34; 0) Sp(4—6) |G (56 ; 78) --- 
+ Jdos-+-dogS¢(1—5) Sp(2—6) G, (56 ; 78 3 0) + (A-18) 


= <*ee% 
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where ---means the functions of arguments 7 and 8 to be integrated and 
G,(56 378 ; 0) =i( ie 


G(S6 2 72 3 A-19 
09 (0) ( )), cate y 


G, 
into (A-16), one obtains 
(1 —F (12) ) Gay (12 ; 0) =| dodo, (Sp(1—3) F'(34 ; 0) ga(42) —G & 2)) 
+ §da,---dwSp(1—5) Sp(2—6) G, (56 5 78 5 0) Ja(78), (A-20) 


is obtained by inserting zy in the nucleon lines of the graph for G. Inserting (A-18) 


with the aid of the relation 
§ dews:+doSp(1—5) Sp(2—6) G (56 5 78) Ja(78) =9u (12). 


The first term in (A-20) represents the contribution of the nucleon moments, while 
the second term stands for the effect of the exchange moments. 

The solution of (A-20) can be utilized to compute the magnetic dipole and electric 
quadrupole moments of a deuteron as well as the photo-disintegration of a deuteron. 

In the latter case, however, the calculation is limited to charge singlet final states 
since @,, 1s dropped from ,j, in the present calculation. 

The equation (A-20) can be solved in reference to the method presented in LI. 


Put Spe d=2) = G2) 
as in (6-11), then we can write 
\do,D (1, 3) Sp(3, 2) = SdoySp(1, 3) Di(3,2) =— 10 (1—2). 
The first term in (A-20) is then 
— (deg dea Sp(12 5 35) D (5, 6) (34 . 0) Ja(4, 6). 
The solution of eq. (A+20) is obtained by inserting the above expression 
Jaw (12 ; 0) = —Jdo,---da,K (12 ; 35) D (5, 6) 1'(34 ; 0) Ja(4, 9) 
+4(dw,---do,K (12 ; 34) G, (34 3 56; 0) 4a(78)- (A-21) 
Substituting (1, 2)°"" for 1, 2 in (A-21), we find 
("| 219 (0) 79 (0) + |d) = — Jeng --deggiur 35) ® Gy 6) LGB 4 5 uA) 
+4 f do. -doga 34) G,,(34 ; 56; 0) Ju(78)- (A: 22) 


The equation for (/, 1s of help to eliminate (5,6) from (A-+22) and we find for the 


first term of the right hand side of (A+ 22) 
if day-dogu (12) 13 5 0) S/.(3—5) G (52 ; 78) Ja(78). (A-23) 


The application of the present method to ex. 1 in §5 yields 
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(0|7°[ 38 (0) 7P 0) + (1) H (2) ]]0) = Se —3) [G4 5 0) Se(4—2) dong, 


and hence 


(r|V [eG (0) 79 (0) IIs) =24 9, (3) P'B4 5 0) G5 (4) donde, aoe 


This expression is much simpler than (5-9). 


17) 
18) 
19) 
20) 
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General wave equations for particles with arbitrary spin values in de Sitter space are investigated. 
The particles have generally two sorts of spin like quantum numbers. Solutions of the second order 
wave equations, which are to be satisfied by each component of wave functions, are obtained. They 
are composed of only discrete modes of wave oscillations. Behaviours of particles and their potentials 
in spatially small regions are approximately the same as those of particles with certain other correspon- 


ding masses in the flat space. 


§ 1. Introduction 


In the ordinary theory we use the Minkowski space, which seems to give a good 
approximation to the natural phenomena. However, the curved space time can not be 
denied in general. We can not deny also that there might be such regions of phenomena 
that the space time curvature give a good approximation. For the events involving the 
new unstable particles the ordinary wave equations of elementary particles in the flat space 
seem to be not so satisfactory. A new degree of freedom is necessary. The curved space 
time seems to give some generalization of wave equations. The general curved space 1s 
not so easy to treat. The de Sitter space seems to be the only one which can be trea- 
ted in the almost same details as the Minkowski space, even if much complications occur. 
So we investigated the de Sitter space as a model. 

De Sitter space possesses an excellent degree of space time symmetry, by virtue of 
which we can formulate a covariant quantum theory under the group of special relativistic 
rotations and translations, even if it is dificult to construct quantum theory in general 
curved spaces. As well known, the de Sitter space can be described as a four dimensional 
surface of a hyperhyperboloid embedded in a five dimensional flat space. Five dimensional 
pseudo-rotations around the center of the hyperboloid leave the hyperboloid invariant and 
induce in it the de Sitter transformations which construct a group. This can be interpre- 
ted as the group of the special relativity in the de Sitter space in somewhat wider meaning 
than the one in the Minkowski space, and so a covariant theory under this group can be 
interpreted as a special relativistic theory in de Sitter space in such wider meaning. 
Rotations in the five dimensional flat space approach, in small regions on the surface, to 
homogeneous Lorentz transformations and translations in the tangential Minkowski space, 


which construct the inhomogeneous Lorentz group. In the Minkowski space it is not 
m theory in which the covariance under the inhomo- 


easy to develop a relativistic quantu 
Since the de Sitter group corresponds 


geneous Lorentz group is taken into account fully. 
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to this wider group rather than to the homogeneous Lorentz group, the quantum las 
in de Sitter space may be offer a foothold for constructing such wider theory in the 
Minkowski space. | ; 

Wave equations for the electron field and for the electromagnetic field ee BBS 
for the first time by Dirac,” after which several authors, such as Prof. Husimi,” Prof. 
Watanabe” and Dr. S. A. Raje”, gave interesting investigations about quantum theories 
in the de Sitter space. Among them Husimi’s investigation is the most fundamental, 
even if it is not yet published and was given only in a form of a lecture. He gave a 
very natural generalization of physical conceptions and laws, although it 1s confined to the 
classical theories such as the point dynamics and the electrodynmics. His method is 
based upon the variation principle. The variational method seems to be the most natural 
and unambiguous method for generalization to the de Sitter space from the Minkowski 
space, since it generalizes the invariant action integral. The tensor indices of the quanti- 
ties takes the values from 0 to 4, on the contrary integrations and variations are confined 
on the hyperboloidal surface. The classical particle dynamics is the most fundamental 
basis for generalizing dynamical conceptions. All sorts of linear conceptions and the cor- 
responding rotational conceptions in the four dimensional flat space are combined into 
rotational conceptions in five dimensions. For example translations and rotations are com- 
bined into five dimensional rotations, and linear momenta and angular momenta are com- 
bined into five dimensional angular momenta. As the result, for example, the conservation 
laws of linear momenta and angular momenta are combined into a law of conservation of 
five dimensional angular momenta. Another sort of important rotational conception is the 
five dimensional moment. In the theory of the electromagnetic field introduced by him 
all the physical quantities such as current densities and energy momenta, are derived from 
the Lagrangian function by noting on the restriction of regions of integrations and varia- 
tions. These quantities are described unambiguously as a moment of a vector or a double 
moment of a tensor. 

As mathematical investigations, the representations of the de Sitter group were given 
by Thomas” and the useful form of five dimensional spinor analysis was given by us.” 
In this paper we will introduce general theories for particles with arbitrary spin values, by 
using there mathematical tools. We discussed” about general equations for arbitrary spins 
which approach to the Bhabha’s wave equations” in the Minkowski space when the space 
becomes flat. Since further rules for five dimensional spinors were developed, it became 
possible to establish general wave equations which approach to the Dirac-Fierz-Pauli’s gene- 
ral equations” in the Minkowski space when the space becomes flat. Our two sorts general 
equations coincide with each other for lower spin values 0, 1/2, 1, this is the same 
circumstance as between the Dirac’s equations and the Bhabha’s equations in the flat space. 
The theories for these three cases, corresponding to already observed particles, are discussed 


somewhat in detail. 


For any particle the second order wave equation, which must be satisfied by cach 


component of the wave function, is derived. The solutions of this wave equation are 


obtained. They are composed of only discrete modes of wave oscillations. Static solutions 
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with spherical symmetry are also obtained. Their behaviors in spatially small regions are 
discussed, where the Yukawa potentials are the same as that of particles with some other 
masses in the flat space and the behaviors of particles are also so. 

The pseudo de Sitter space, whose tangential space is the Minkowski space in the 


same way as the de Sitter space, is also investigated, where the hermitian character of the 


operator is more comfortable. 


§ 2. The de Sitter space time 


(i) The de Sitter world embedded in a five dimensional flat space 
The de Sitter world is a four dimensional curved space time whose metric is 


2 Ly 9 2 5 9 r 9 
dea — 7 _— 77 (0° + sin Ody” las cas 2-1 
aes“ #) ‘a oe 


where (7,4, @) is the spherical coordinate of (+, 9,2) or 
x=rsin Ocos 9, y=r sin sin y, z=r cos 8 (2% 25) 


and F is a constant whose inverse is characteristic of the curvature of the world and the 


cosmological constant of the world is A=3/A”". As Robertson showed, if we put 


#®=RV1—7/R cosh (ct/R) 
hy ag ate (2-3) 
#=RV1—7/R’ sinh (ct/R), 
(2-1) becomes 
ds°= — (dx)? — (dx')*— (dx*)*—(dx")? + (ax) (2-4) 
and the next relation holds identically. . 
GP GRE iCe etme) =) eek (2-5) 
Thus the de Sitter world has been described as a four dimensional hyper-hyperboloidal 


surface (2-5) of radius A in the five dimensional pseudo-Euclidean flat space whose 
metric is (2:4). The connexion between this space and the Minkowski space of special 
relativity is that in a small region about the point P(X, 0, 0,0, 0) the coordinates Cane ae 
x*, x' becomes the +, y, 2, cf and the de Sitter space becomes the Minkowski space when 
R tends to infinity. The intersection of the de Sitter space with hyper-plane ease It 


(const.) is the three dimensional surface of the four dimensional sphere of radius V R+T? 
(29)? + (47)? + (4°)? + GAS eel, (2-6) 


: : 9/7722 1 T2\3!2 
This section is a three dimensional closed world and its volume is 27 Oey bed base 
In this five dimensional space we can take various sorts of coordinates similar to the 


three dimensional spherical coordinate and the points of the de Sitter space are expressed as 


follows. 
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(a) Coordinate system (A) 
a°=R cos 4, cosh 4,. 
a'=R sin @, sin 0, cos @,, 
a’°=R sin 4, sin 4, sin 6, (2-7) 
a'=R sin 6, cos 4,, 
a'=R cos 4, sinh 4. 
The connexion between these angles and the original space time coordinate is 
6,=sin1(r/R), (r=Rsin §,) 
U2 ieee, (2-8) 
Upiato de 


The region for small 4, is that for small values of 7. The neighbourhood of the point 
P is indicated analytically with small @,, 4,. 

The good point of this coordinate is its direct correspondence to the original space 
time coordinate system in four dimensions with curvature, and so the direct physical inter- 


pretation of arguments is possible. 
(b) Coordinate system (B) 
42°=R cos w, COS Way 
a'=R cos @, sin Ws, 
a°=RK sin w, cos ws, (2-9) 
a'=R sin w, sin wy cosh wy, 


X,= LF sin w, sin w, sinh «,, 


The neighbourhood of the point / is indicated with small w,, ws, This coordinate system 
(B) is closely connected with the system (A) formally. 
The good point of this coordinate system is the formal regularity, and it is conveni- 


ent for considering motions along the great circle on the +, 1, plane. 
(c) Coordinate system (C) 
x*=cosh ¢, cos 9,, 
| " 
a'=cosh 9, sin Y, cos Y., 
x" =cosh ¢, sin Y, sin Y; cos Y,, (2-10) 
a*=cosh ¢, sin Y, sin , sin Y,, 
a‘=sinh 9). 


The neighbourhood of the point P is indicated with small $1, 9. This coordinate system 


Pn 
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is the natural generalization of the ordinary three dimensional case. 
The good point of this coordinate system is also the formal regularity, and it is con- 
venient for considering circumstances from the view point of the time or of the separated 


space and time. The spatial part of this coordinate may be altered as the next one. 
(d) Coordinate system (D) 
a°=R cosh 4, cos 6, cos bu, 
4,=R cosh ¢, cos dy sin d., 
a°=R cosh @, sin 6, cos dy, C210) 
x'=R cosh ¢, sin , sin ,, 
ai=R sinh 9. 
The neighbourhood of the point P is indicated with small d,, 45, 6; This coordinate (D) 
is connected with (C) in the point that 9, and d, have the same meaning. 
The strong point of this coordinate system is the mathematical symmetry, and it is 
excellent for the group theoretical considerations. Indeed, it has some direct connections 


to the representing coordinates of the Thomas” work about the representations of the de 
Sitter group. 
(ii) The ae Sitter group 
The fundamental metric tensor, in the normal coordinate, of the above introduced five 
dimensional pseudo-Euclidean space is 
Iu=Iun=In=Is=— 1) Iu i, g**=0 Ce); 
Gta Gixs, CA, = 051,12,374) (2-12) 
and 
g=det(9,,) = 1. (2-13) 
A linear transformation 


rt ee (2-14) 


will let the equation of the world (2-5) invariant, if and only if 


Dru ar, Qo =IJap- (2°15) 
In this case the coordinate 
4, =GJaryr™ (2-16) 
transforms according to 
t= bt, O° = Gave’ 9')- (2-17) 


The linear transformation among 2°, x’, 2°, 2”, x imposed with the condition (2-11) 
means a transformation in the de Sitter space. So we shall call this transformation as a de 
Sitter transformation. The whole of the de Sitter transformations builds up a transformation 
group. This can be easily shown in the same way as in the case of the rotation. Let us 
call this group as the de Sitter group. The de Sitter group can be interpreted as wider 
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one than the homogeneous Lorentz group in the ordinary special relativity, for it pal as 
not only the transformations which correspond to homogeneous Lorentz pease ee 
(the ones among 1", x”, *, 1) but also those which correspond to translations (the one 
between, 1” 1’ corresponds to a translation concerning x’) and, hence, it corresponds rather 
to the inhomogeneous Lorentz group. 

From (2-13) follows 


[det(a*,) P=1, or det(a*,) = +1. (2-18) 


The transformation will then be called as proper or inproper according as det (a*,)=+1 
or —1. The 4—4 element of (2-13) gives 


(a', ?=1+ (a@4)°+ (2) + (€)"+ Eg beatcams (2495 


so that either a’, > 1 or a’, << 1. The transformation will then be called as orthochronous 
or antichronous according as a‘, <1 or a,)< —1. The de Sitter transformations are 


therefore classified into four disconnected sets : 
(1) orthochronous proper transformation, 
(II) antichronous proper transformation, 
(III) orthochronous inproper transformation, 
(IV) antichronous inproper transformation. (2-20) 


In ‘the same way as in the case of the Lorentz group, it will be shown easily that trans- 
formations among each of these four sets can be connected continuously. The combinations 
of these sets (I), (I) CII), (1) (IID) and (1) (II) (III) (IV) build up groups which 
are called as the orthochronous proper de Sitter group, the proper de Sitter group, the 
otthochronous de Sitter group and the whole de Sitter group respectively. The first one 
of them forms a continuous Lie group. 

In the usual way we can introduce vectors which transform in the same way as the 
de Sitter coordinates x", x’, +°, 2°, 21. The tensors can be also introduced as usual as the 
quatities which transform in the same way as products of vectors. Three kinds of pseudo 
tensor can be also introduced by imposing the negative signs to the tensor transforma- 
tions about the space inversion and the time inversion. When these tensors and pseudo- 
tensors lie in the de Sitter space, they become de Sitter tensors and pseudotensors. These 
quantities have a wider meaning than the quantities in the theory of the special relativity, 
for they correspond to those which transform according to the inhomogeneous Lorentz 
group rather than to the restricted homogeneous Lorentz group. 

Cit) Differential operations 

All meaningful operations in our case must be concerned with the quantities lying 
in the de Sitter space. Hence it has in general no meaning to dfferentiate a function 
with respect to one of 2%’s, such as d/dx*, for this implies to depart from the de Sitter 
space. The only process of differentiation which have a meaning is those referring to differen- 
tiations along directions in the de Sitter space. The most fundamental of them are 
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Ryy=*: 0/04" —x,-0/32, (221) 


which may be called as the infinitesimal rotations of the de Sitter space. 

All functions lying in the de Sitter space can be expressed as functions with respect 
to the angles of the spherical coordinates. To differentiate them with respect to one of 
the angles has a meaning always. The rotation operators R** can be expressed with such 
differential operators by the angles. The exact forms of them are given in the following. 

(a) In the coordinate system (A), 

RV RR, =sin 0, cos 0,cosh 0, 3 ae Gi cos Gycos Os cosh 0 
00, sin 4, 00, 
cos 4, sin #, cosh #, 9 


sin 0, sin 0, 30, cos , oa, 


sin 0, sin 0, cos ,sinh 0, 0 


> 


2 : re) cos 4, cos 4, sin 4, cosh 0, 9 
Kk” = F,=sin 0, sin @, cosh 0, ep + ES ce 7 sere | a 


1 


__ cos 4, cos 4, cosh 6, 9 ef sin 4, sin @, sin 7, sinh 0 
sin 7, sin 4, 0, cos @, 00, 

0 __ cos 4, sin 0, cosh@, 90 i sin 4, cos 4, sinh, 0 

ou sin @, Ot, cos 0, 06, 


> 


Re = K,,— cos 0, cosh 0, 


1 


: fe) cos 4, cos 4, 0 
potas: R. = je =a lt 2 3 3 
: ea 00, sifUes 00, 


a) cos 4, sin @, 0 
31 ok ee G = — = 4 = 
ogi aaa 00, sin 6, 00. 


> 


RY = Ry=0/00s, 
ae —Ry=9/00,, 
cos 4, cos J, sinh, 9 


R“=—R,,= sin 9, cos 4, sinh ke co 


0g, sin 4, 00, 
__ cos @, sin sinh 0, 0 a sin #, sin 7, cos @., cosh eh oe 
sin 0, sin 7, 0. cos 4, Od, 
‘ : 3 re) cos 4, cos J, sin 0, sinh#, 0 — 
R¥—— R,,=sin 6, sin 4, sinh 4, ad, + -—i— ea Gear. 
cos 7, cos 4, sinh#, 9 Gi sin 7, sin @, sin 0, cosh 0, 0 
: sin 0, sin 4, 00, cos 4, Od, 
; re) cos 0, sin 9, sinh 4, 9 
R= — R.,= —cos 9, sinh 6, 30, + a0. 30, 
__ sin 0, cos 4, cosh Gao (2-22) 


cos @, Ob, 
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(b) The case of the system (B) we neglect. It can be obtained from the case (A) 
by virtue of the formal connection between (A) and (B). 

(c) This differs only in the spacial part with (D). 

(d) In the coordinate system (D), 


Rl = 8/6, 
fe) 1 sin gy sin Gg, cosd, 9 __ cos dy cos oy sind, 0 
bs cos dy 30. sin 0, 90, 


: fo) sin ¢, sin 6, sing, 90 cos , cos d, cos by 0 
08 ri 2 -+— a 
rth mol Mcaaunrry Wace: Ciao arte ah 3 


R”’=cos ¢, cos 0, 


R®=3/db,, 


fo) sin d, cos d, sing, 9 4 £08 0, sind, cosd, 9 
0. cos dy 00, sin d, 6b, 


R¥=sin od, sin d, 


hae? re) sin ¢,cos d,cos 0, 9 cos ¢, sind, sind, 90 
Re= Ps — 2 Pa 4 - ae BS v3 4 
ae Ad. cos d, 00. sin 65 00, 


Dodmacas i cos fe) sinh , sind, cos 0. cs sinh ¢, sin 6, ; os 
Od, cosh 6, 3d, cosh d, cos ds dd, 


Peden cos de bind: nos sinh 6, ats sin }, z=) sinh ¢,cosd, 90 
Od, cosh 9, 06. cosh d,cosd, dy 

Fiera Ocoee 9 __ sin d, cos dy cos d, 9 sinh d, sind, 9 ; 
00, cosh 0, 06, cosh d, sind, dd, 


glory meray d __sinhd, cos dy sind, 9 sinh 6, cos 6, 9 


00, cosh ¢, 00, cosh ¢, sin d, Ad, ; 


Particularly in this coordinate system the following combinations of A** have familiar 
forms to us, if we introduce 
§=26,, b,=6,+4,, 6. =0,—,, (2-24) 
R" + R®=28/06,, 


(2-23) 


R®+R"=2 feos 6, fe) ain b.( cos b aie aoe. ait 
Od sing 06, sind dd_ 


R®4 RV 2] . d, 0 . COs no) 0 a 1 fe) P 
‘ {sin | 36 cos ee ates wale (2525) 


(RE RE) (RO RY) 28] ots pa es pod! Se | 2.25’ 
yi) ( sing 06, sing dd. ( ) 


R" —R®=2.8/d6- : 


R°—R=2 nie é_ Cae : cos ¢ ew, 1 fe) 
| ey) oe 6-( sing d¢_ sing a) ; 


ee — 
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R®— Rl=2{ —sin joie Ee ee | 2-26 
i) ( sing d¢_ sing xy \ 
02 . f 2 ig_| O .(cosd oO 1 ony) 
(R°—R") 47(RE—R”) =2¢"'* | i ed 0 ce on Ser tae ee 7.26! 
li) ( sing d¢_ sing a ( 
The simple systematical forms of these operators allow group theoretical interpretation of 


wave functions. 


(iv) The pseudo de Sitter space 
Let us consider the four dimensional world described as a surface of another type of 


hyperboloid 
Gee Gia y=) Ea) =k, (2-27) 
embedded in the five dimensional flat space whose metric is 
ds'= (dx®)?— (dx')*— (dx*)*— (dx)? + (dx')’. (2-28) 


Let us call this space as “‘ pseudo de Sitter space”. In this space we can introduce the 


ordinary coordinate system 1, 7/, 2, ¢ 


=RV1477/R cos(ct/R), 
ey ey eee" (2-29) 
at=RV1+7/R’ sin(ct/R). 


The metric (2-20) takes the following form in this coordinate system 


op epg ne a _— (a + sin Ode’) + A+ /R) ede. (2-30) 
1+77/R 
It can be easily shown that this world is also a solution of the Hinstein’s fundamental law 
for the gravitational field. The cosmological constant of this world is J4==—3/R°. The 


difference between this world and the de Sitter wotld lies only in the opposite sign of 
the curvature of the world. The connexion between this world and the Minkowski space 
is that in a small region about the point ( R, 0, 0,0, 0) the coordinates x*, x”, x*, a7 becomes 
the +,,7,¢, cf and the pseudo de Sitter space becomes to the Minkowski space when 
tends to infinity. In this space we can also introduce the spherical coordinate system (E) 


a°=R cosh 9, cos 4, , 

21=R sinh 0, sin 4, cos 4; , 

v=R sinh §, sin 0, sin 9, , (2531) 
a*=R sinh @, cos 4,, 


ai=R cosh 0, sin 9, , 


The connexion between these angles and the original space time coordinate is 
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r=R sinh 6,, 
(=, =, (2°52) 
lip ay M ae 


The forms of A** in this coordinate system can be easiy obtained from their form (2-22) 
in the system (A) by virtue of the formal connexion between the systems (A) and (EB). 
The two types of hyperboloid can be expressed in the form 


(9)? 7) +) GOT =*, (2-33) 


where €=1 for the de Sitter hyperboloid and €=—1 for the pseudo de Sitter hyperboloid. 


§ 3. The spinor caleuius for the de Sitter group 


In order to obtain the general wave equations for fields of elementary particles with 
arbitrary spin values in the de Sitter space, we must use some rules of the five dimensional 
spinor analysis for the de Sitter group. 

Five dimesional spinors were introduced formerly. The covariant spinors of the first 
rank in the five dimensional flat space have four components (%,, /., %;,%,) and trans- 
form according to 


a avd u 
| Z 

] 0 ie 2 o 
Wig mat le BE es an 

—p 4:-—8 @ 


where 
ad — By —do + pT 
—av—PBF+7A+ pu=0 
_ C352) 
40 + “p= real 
7y¥+ do =real 


° 0 1 2 23 E 
If a system of five matrices P°, P', P?, P?, P* can generate the complete matrix algebra 
of the same order and satisfy the commutation relation 


P* Pt 4. Pt Phe 20 B (or—g'*F) (Zo. onit)s (3-3) 
there are always a spinor transformation having the relation 
SPS Saran), (3-4) 
(or SPS Sapnees 


for any de Sitter transformation Geyer 


44 — i ae (3 . 5) 
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As such a set of matrices we can take the following forms 


pa(e =) pis reals ) jE AG 2), 


Bee aera be (s  \ Gea 


G, 0 
ee) hoe) FG) GG) 
(3-7) 


Any de Siter transformation (a) can be constructed as a product of appropriate two 
dimensional de Sitter transformations /%*(4,,) concerning the rotational angle @,, in 


the xx plane, where 
a!'=cos # x«'—sin 6 x”, 
TO) 4 ox == sin) a cos 0 2" , (3-8a) 
Beh a, 72). « 
a" =cosh 6 x’! +sinh 6 2', 
THO) 2 2 a/™=sinh 6 x’ 4 cosh 0 2", (3- 8b) 
ee eye (fia 0971)”. 
If we obtain the spinor transformations S “(@,,,) for these special de Sitter transformations 


T** (4,4), we can construct the spinor transformation .S for any de Sitter transformation 


(a}). The S**(@) can be obtained by solving the equation (3-4) for (aj) T**(@). 


fe t8l2 0) 


s"(0) vom as Aye 


| —sinh 0/2 cosh 4/2. 


cos 0/2 —isin#/2_ x 
—7 sin 6/2 cos 0/2 
S* (@) = + a- c 2 - thats ? 
_ cos 6/2 —zsin 0/2 
| —zsin 0/2 -cos 0/2/ 


ae aaa ie 


tn) 4 “ 4 ee 44. Oe) ves “ ; 
Oe eS ee 
i ma : > F, ce . ute" ay = ” re 
me : : fc 
K. Goto ; | 
cosh 6/2 i sinh 0/2 — 
| 
—1? sinh goes cosh sho /2 
SHUG) =) 
eS oe —i tan 72) 
‘Puck 4/2 cosh 6/2 
cos 4/2  —sin 0/2 i 
sin 4/2 cos 6/2 | 
58 (j) See ee ae ier 5: Se een : 
_ cos 4/2 —sin 0/2 
sin 0/2 cos 4/2 
8/2 0 
‘t e782 
S40) = ee ree Pe : 
cla 0) 
\ | 0) efla 
cos 1/2 (0) 0 —z sin 4/2 
0 cos es  —i cos an 0 
SHR saa eee fis Mis Sat 
0 —2 sin a2 cos uae 0 
—isin 0/2 0 0 cos 0/2 
cos 4/2 0 —/sin 0/2 0 
0 cos 0/2 0 i sin 0/2 
SF) cee | Apes reece 
—? sin 4/2 0. cos @/2 0 
\ ésin@/2 0 cos 4/2 
Ee 0 0 sin 0/2 f 
cos fb : —sin 0/2 0 
cre OES a a 
: sin A/a cos 0/2 0 
—sin 0/2 0 0 cos es 
cosh 4/2 0 —Z sinh 0/2 0 
cosh 0/2 0 =a inh 6 wi of | 
so@y =| Px. “sh ape 
‘sieh 4/2 o4 cosh 0/2 ¥ 
\0 i sinh 0/2 ae he 
> ical “ze 
’ Ss i - 
4 . Ae, ae = = 
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For Lorentz t i Seer 
ran = A om) A 4 b 
sformations among 1°, 2, 1°, 1° fixing the zeroth axis 1/°=2°, S must 


satisfy the relation SP°S~'=P*. Solving this equation we have the condition 
Ace ie Ve=ore= 0 5 (3-10) 
therefore in this case our spinor reduces to a pair of the two components-spin ors (¢,, $2) 
and (¢', gy) introduced by van der Waerden in the following way 
(Li Fo, Fs, E> Ys Fos GG). (3-11) 


The contravariant spinors (', °, 0", @) are defined as those which transform con- 
tragradiently to the covariant spinors or according to the transposed matrix (S~')! of 


the inverse of S: 


/o —y  -o y 
(S7)! ere eS 
a DOS OSI) 0 
The inner product of these two sorts of spinors 
Orv =< OV + OV 4 OU + VE, (3-13) 
is an invariant. The rule for taking up and down the spinor indices is 
(BG, 9, 8) =F, —Fp — Fa Fs); (3-14) 
or 
a (3-15) 
where 
/9 1 0 0) \ 
| ro 0. 0 | 
Se heath 6-18) 
\0 Oxerer'l 0) 
Es NV ON Oe (3-17) 
So the next rule holds 
Ve =— 0,0". (3-18) 


Spinors of higher ranks are defined as those which transform in the same way as 
products of spinors of the first rank. The way of reduction of the higher rank spinors in 
the case where the transformations are confined to Lorentz transformations may be easily 
obtained by the fundamental formula (3-11) for the basic rank spinors. 

We can build a vector as a product of a covariant spinor Y and contravariant spinor 


@; 
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At=1/4-OPE 
=1/4-0°, °P'@,, (3-19) 
where o,,° is the (7,5) element of the matrix P*. So a vector A* can be expressed 
by a spinor of the second rank 1’,.: 


A=1/4-07, 28%, , (3-20) 


Ani /4-(—Uet Palate, 

A= +VE [4+ (Py—Fe— Fist Fu)» 

A= t+ VEI/4: (Cy — Pet F—E a), 

A= + VE / 4+ (Fog— Poot F y— Eu), 

AM=4VE /4-(Fn—En—E yt Ey): (3-21) 


The distinctive form of these relations show that the vector A* can be expressed by an 
antisymmetric spinor 7 >,—= (V,,—F,,) /2 as follows. 


#=1/2 (Baa Tas 


A=+tVEé /2(Fu — P15 )s 
A= +4 VEi/2(F au +25 ), 


Aa £VE/L 0 og +P); 


Aa tVes2A(Ts —P is): (3-22) 

The quantity 

A=1f2 (Ug eo) (3-23) 
can be shown to be an invariant’. The antisymmetric spinor Y,.~ which have the pro- 
petty V,. =V,,” is irreducible” and corresponds to a vector, and for such one 

A=—,=-—Vy . (3-24) 
Conversely the irreducible antisymmetric spinor ¥",,~ can be expressed by a vector A’: 

ae hi 


P "= +1/ VE (—A'—i A’), 

P= +1/Vvé (4— A), 

Ugg ich Ca a) 

P = +1/VE (4-14), 

P= +1/VE (=A). (3-25) 


In the same way tensors can be generally expressed by spinors of even rank : 
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ING Ty MOU E Rr a) se: alana (3-26) 


8 were 


But : : ; 
: special tensors with certain symmetry characters can be expressed by special tensors with 
the i 

corresponding symmtery characters. For example, the antisymmetric tensor /~** 
can be expressed by a symmetric spinor / = (V,,+,,) /2: 


fee Pest (4 OPS Pee. 
=1/4-0", fo", 0" ("= OF), . (3-27) 
or 
TET GON CAL Om Da 
f-B—E/4-(— Fo — Ft t+ Pg +E 33"), 
FM = — if 4- (FE 5* —F fF a +E"), 
Pee4. (oH + Oe), 
PBS —E/4- (Fo t+ Py +E +25"), 
FMF VE /2-(F yy + Fx"), 
FM + VE /2-(Fy,° —F 4), 
P= FV E1/2- (C431 + F 3") 
Bea EVE /2-(U 5, + G3"); 
Fa AVE [2+ (Fy —F 4"). (3-28) 
Conversely the symmetric spinor Y;, can be expressed by an antisymmetric tensor LGA: 
Cf =1/28-(—F +i iF 4), 
Wt =1/E-GFRW-F-*), 
Pi. =+ LV ee (ata iie es), 
Ow t= 41/Ve-(—-F "+r ), 
V t= 1 /26-(— Fie ee) 
eS ify €- (=F Of), 
UE +1/VE- (hale) 
Tad eT ale) 
Pee CAC he) 
ENC (et ih peed) (3-29) 


Using the above obtained correspondence rules between tensors and spinors, we can 


write tensor equations as spinor equations and vice versa. If the spinors corresponding to 


vectors A’, 6* and antisymmetric tensors A, Bo are respectively V5, Oe PO at: 


Te 
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A~ PE, B~ 0,5 ’ ; 
AMS Bain, (3-30) 


so the tensor forms constructed by taking product of them correspond to the spinor forms 


respectively in the following way. 


AB, =1/4-E-"O,- , (3-31) 
A-* By, =1/4- 0 *rOs , (3 +32) 
ABY— APBRL1/2+ (U5 4+ 0707"), (3-33) 
A*By,~1/2- (07°, —F7 OR), (3-34) 
Ae ~1/2- (P7* 02+ U7" Oz), (3-35) 
A-B,~1/2- (E40; —U207*), (3-36) 
Da Sa ES (PRG, Bee) (2e375) 
SAMs 1/2. (FSO, —PF@z), (3-38) 

abs 
A By ABS te TP 2 CP PS te EY (3-39) 


where (4, 4,¥, 7,0) is an even permutation of (0,1, 2, 3,4) and 5) denotes that sum- 
(e,p,) 
mation must be taken with respect to the different terms goten from taking even permu- 


tations of the suffices, for example 


MAB Wa AR ty AB ARB (3-40) 


(e, DO 


S) AMBP ABV 4 AV B-ee 4. A-de Bow 
) 


(e,p, 


+ AB + AB 4 ABM, (3-41) 


Now we can construct the rotational spinor operator 2, corresponding to the antisym- 


metric tensor operator A~*"—=x*9"—x¥9* and the differential spinor operator 0,, corres- 
ponding to the vector operator 9%. 


Namely we put, omitting the +, — symbols, as follows. 

Q,,=1/28- (—R®+iR™—iR™ +R"), 

Ma=1/E- GRR), 

Qi. 41/ VE «(R°+7R”), 

ei +1/VE -(—R*® + RP"), 
w= 1/2E- (—R+2R4 + 7R— RK"), 

Qn=+1/VE -(—R®— RN), 

Dum l/ Ce (ak) 

Lg 1/2E- (RE +7R4+i1R8 + RY), 


Wave Helds in de Sitter Space co 
2 1/é a (—7:R?P— R*) : 
Lt kid 2E- (R¥47R%*—7R*— Rk"), 
CER EN (3-43) 
and 
A2=9, ) 


pee eG (0, 4:10.) 

Oy= +1/VE - (—9,—9,), 

Oo -1/ VE -(—9,+9,); 

Oug= +1/ VE -(—9, +7202), (3-44) 
(Ors= — Isr) 

04 = Oo = 033 = Ou — O- 


Using the relation (3-31) (3-39) we can write tensor operations in the form of 


spinor operations in the following way. 


OA Sa lpt0' Le (3-45) 

RM AT, 1/4 Pres (3-46) 
BAY — AeA ~1/2- (On V7 +900 7°); (2447) 
9,A-M~1/2- (OLE 3, — OL rs)» (2:48) 
pays sae (207 °+ OF 3), (2:49) 
R¥A,~1/2: (2,,0 73—2,5F 5"), (3-50) 
PALS SINS (2,0 7°+2,.0 7), (B51) 
SRA ~/2- (QE %— QE), (3-52) 
pe» re READ A 1/2- (QF p+ Qe) (3-53) 


§4. Wave equations for particles with arbitrary spin values 


The conditions for the general wave equation which describes a particle with arbitrary 
spin values in the de Sitter space may be the next three : 

(i) it must be composed of quantities and operators along the de Sitter’s hyperboloidal 
surface, 

(ii) it must be relativistic invariant or invariant under the de Sitter transformation, 

(iii) it must approach, near the point (R, 0, 0, 0, 0), to the ordinary general wave 
equation for arbitrary spin values in the Minkowski space. 

The general wave equation in Minkowski space was proposed by Dirac and investigated 


in detail by Fierz, but another type of equation was also proposed by Bhabha: these two 
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sorts of equations coincides with each other in the case of lower spin values 0, 3, 1. We 
reported formerly a general wave equation in the de Sitter space which approaches to the 
Bhabha’s type of equation. But by using the further developed rules for five dimensional 
spinors summarized in the previous section, we can now obtain the equation which aproaches 


to the Dirac-Fierz’s type of equation. 


(1) The equation of Dirac-Fierz’s type 
We propose the equation 


(/Ryo Le See ee (4-4) 


as the general wave equation in the de Sitter space which approaches to the ordinary 
Dirac-Fierz’s wave equation in the Minkowski space. 

(i) The operator 2% is the spinor operator corresponding to the rotational operator 
R** which means the infinitesimal displacement along the de Sitter’s hyperboloidal surface. 
Therefore, if the wave function is taken from quantities in the de Sitter space, the 
proposed equation (4-1) becomes an equation defined entirely along the world. 

(ii) The equation (4-1) is, moreover, a sort of spinor equation in the five 
dimensions, so it is invariant under any five dimensional rotation or under any de Sitter 
transformation. The induced transformation from it in the de Sitter world build up a 
wider group of transformation than the Lorentz group in the Minkowski space, namely 


rim 


involving not only the four dimensional rotation A’ (/j2=1, 2, 3,4) but also the four 


PliyA 


dimensional translation A Thus the proposed equation (4:1) is relativistic invariant in 


a somewhat wider meaning than in the case of Minkowski space. 

Git) In order to see how the equation behaves itself when the space becomes flat, 
it is sufficient to see its behaviours near the point (A, 0,0,0,0) because of the sym- 
metrical shape of the hyperboloidal surface. Near that point, operators A* approach to 
four dimensional differential operators in the following way. 


(1/R)-R™ +0, (Ajo) 


(17K) > RY <> O,,, (A=1, 2,3; 4), (4-2) 
So the operators ,, approach near that point to the differential operators as follows. 


(1/R)G ss che Me eee 

(1/R) 2, £1/VE-(8'—A) =4 VEG, 

(1/R) 2, > £1/VE -(88+9')= 4 VEO!, 

(1/R) 2, > +£1/ V8 -(8'—102) = + VE aL, (4-3) 


the other 2 > 0, 


The spinor ¥’,..... approaches then to spinors in four dimensions according to (3-11), namely 


the indi Pp ee iti 
dices 3, 4 of ¥,.... become i, 2 and change their positions upwards, so we can write 
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Cor ee, Oe S(O Bh Dian Be ss), (4-4) 


Thus the equation (5-1) approaches near that point to 


1/R- (QPP... + OYE 4...) = AVE IK ,...., 
W/R: (DEF 5... + OEE 4...) = +VE IKE ge, 
WR Aiea O20, ote E108 505.5 
Wee One OSE a a ev E760, (4:5) 
This becomes by virtue of (4-3) (4-4) 
Os ee +05 Quik Gis 
Oot Git Os Ge sie bel, 
aig + at doaie gh, 
BUG + OF bosie Ge. (4-6) 


which is the general wave equation of Dirac-Fierz’s type in the Minkowski space : 


OPT =k OT, 
° a 
Ope Gir Ste Pree. (4-7) 


Therefore, the proposed equation (4-1) satisfies the above related three conditions and 


thus it has been shown to be satisfactory. 
The equation (4-1) can be written also in another form. By the definition of %,, 


it takes the form 


WIR ot Ot OR Pl ee CIRY he (4-8) 
“If we set 
i Pe 
De ae 
P= | (4-9) 
| Dine 
eee | 


the equation (4-10) is the 7-component of the matrix equation 
{1 /2R- Phe Re VE )ix}V=0. (4-10) 
This is the matrix form of our fundamental equation (4- lars 
Multiplying (4-12) by the operator 
Gis Pe at Ce VE ix 


on the left, we obtain 
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{(1/2R- P*P*R,,)? + &e"} F=0. (4-11) 
Now in order to simplify this equation, using the commutation relation (3-3) we 
write 

1/2P°PY Ry 1/2" 0/0 x —2,.0f or) 

=1/2-{PP#x,-8/82y+ (P*P 29") 4y-8/824} 

= (P*4,)(P™-d/04,) 2 -asor . (4-12) 
Then 


(1/2-P*P*R,,)° 
== (P*4,).(P'a/ ox") (Pox,) (PP 0fow) (Fa Paar (a, ora) 
— (1>+8/82*) (P¥x,) (P#+3/dx,) + (29-3/dx) (x"d/32) 
= —x x, -0°/dx"dr, + 3P*2,P"-0/d2" + (2*-0/dx*) (x*0/dx") 
= —44,.3°/axtax, + (x*+8/8x) (2"-3/Ax") + 3x>-8/0x* + 3/2-P*PHR,, 
i= 2a ERS) 2 Pe 


with the help of (4-12) and the relation 
’ 


1 a fe) fe) fe] 
— R**R — war iit DARE ar es |e ce es ; 
: VN v ee Ory ( ax> ( ) 


So (4-11) becomes 
{1/2K°:R* Ry, —3/2R°- P*P#¥R,, —Ex"} F=0. 


Using the wave equation (4-10) we get finally 


{Ran — CK — ( ee Sie} Y—0. (4-13) 


This is the second order wave equation which is satisfied by each of the components of 
the wave function, namely 


[spate Get Se YE Set eo, (4.14) 
2K R 


This equation approaches near the point (J, 0,0, 0,0) to the second order wave equation 
of Klein-Gordon : 


iL]—«} F,...=0 (4-15) 
for then 
(1/2R°) RR ET]. (4-16) 
(2) Lhe equation of Bhabha's type. 


Now we must notice that another standpoint may be also possible, as mentioned above, 
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namely we can construct the general wave equation which approaches to the Bhabha’s type 
of equation in the Minkowski space. The wave equation investigated by Bhabha is 


{a’d,—ix} $=0, /=1, 2, 3, 4, (4-17) 


where the matrices a’ is defined as 
a= [% 


by means of the representation matrices /,, of the infinitesimal transformations in the x’, 
4,, planes in the five dimensional space, in another word /*” are the generators of a re- 
presentation of the continuous de Sitter group. As well known, the finite dimensional 
irreducible representations of the de Sitter group can be distinguished by the symbol ) (2, 
g), where # and gq take the values 0, 1, 2, 3,- -for one valued representations and the values 
1/2, 3/2, 5/2,--- for two valued repreeentations. When the representation 1)(f, 9) of 
the de Sitter group is taken, the wave function # of the Bhabha’s equation has the same 
number of components as the dimensions of the representation D(f, 9), and it is composed 
of several number of irreducible spinors in the four dimensions which split out from the 
five dimensional spinor transforming according to D(p,@) by confining the five dimensional 
transformations to the four dimensional. For (1/2,1/2) or for the one by the five dimen- 
sional spinors the Bhabha’s equation (4-17) becomes the electron wave equation of Dirac 
and a! become the Dirac’s matrices. For D(1-1) and D(1-0) or for the representation by 
the symmetric or antisymmetric irreducible spinors of the second rank the Bhabha’s equation 
(4-17) becomes the vector and scalar meson wave equation of Kemmer’s type and a’ 
become the Kemmet’s f’ matrices of degree 10 and 5, respectively. Thus within the region 
for the particles discovered in the nature (spin 0, 1/2, 1), Bhabha’s wave equation coincides 
with the Dirac-Fierz’s wave equation, even if for particles with higher spin values than 1 
they do not so in general. 

Now we can propose the following equation as the wave equation in the de Sitter 


space which approaches to the Bhabha’s wave equation neat the point (4 0, 0,0, Oz 
{1/2R-a**R,, —ix} ¥=0, a=], (4-19) 


where /** is the generator of the irreducible representation /)(/, 9) of the de Sitter group, 
W is a five dimensional spinors transforming according to (p,q). (i) This equation 
is defined, of course, entirely along the de Sitter’s hyperboloidal surface. (ii) It is also 
relativistic invariant, because of the tensor character of /** and R,,. (iii) It approaches, 
near the point (7,0, 0,0,0), to the Bhabha’s equation (4-17), for then 


a >a’, Ry > 0, Fo. (4-20) 


In the later section we will consider the fields for lower spin values in detail, and will 
see that the two types of our proposed wave equations (4-1) and (4-17) coincide with 
each other for the lower spin values (0, 1 /2,1) in the same way as in the Minkowski 
space. The effect of the value +1 or —1 of € is involved in the fact that the funda- 


mental form which the group leaves invariant is 
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(2°)>+ (21)? + (2°)? + (2°)? — (2')? . 
or (2°)?— (2')?— (ey= (23)? + (z*)°. 


$5. Fields for particles with lower spin values (0, 1/2, 1) 


(1) The electron field 
The electron field is described with a spinor of the first rank Y’, satisfying the wave 


equation 
TP, 
a 
jal Dr Pe Pp Se ip = zi 
pee Rati se ae eae e f (36h 
Vs 


We can easily show that this equation approaches to the Dirac’s electron wave equation 


in Minkowski space when the space becomes flat, for then 

Ry > Ry =—d,z » 

PAPhaapev S17") (5-2) 
7” being the Dirac’s matrices. Thus we have in this case the same result as that dis- 


cussed by Dirac formerly.” 
The adjoint wave function @ is defined as the one satisfying the adjoint wave equation 


Gs panl pale eee Ls TO Ve ot Ran pe 
Pee spe et SHA mf =0, O= (0, 0, d, ') (5-3) 


” being a contravariant spinor of the first rank, the operators operating to the left. The 


charge current density / can be introduced by 


J*=Oj2k) ORF? — Per) eS (5-4) 

which satisfies the condition 
Eid fe” =) (5-5) 

and the continuity condition 
ax0/%==0 (5-6) 


and approaches to the ordinary charge current density when the space becomes flat. 
As already shown by Dirac’ a constant of the motion is 


RM 4 = Pape, (5-7) 
2 


. ys . . . 
This shows that 4 P4P* is to be interpreted as the spin angular momentum, which must 


be added to the orbital momentum 7" to give a constant of the motion. To see the 
spin matrices in details let us write the quantity (5-7) as follows 
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linear mrements : 
R”41/2-(#F VE) 7” (v=1, 2, 3,4), (5 - 8a) 
angular momenta : 
Peal co nae, i — 1 0253), (5+ 8b) 
Lorentz acceleration : 
i 1/ 2-60, * (5+ 8c) 
where 
Ce =O =g" 0 
Gs ee ; (5-8d) 
O oat \@) oa” 


Thus we have seen that the generalized spin matrices coincide to the ordinary spin matrices 
for the angular momenta. It involves furthermore another type of spins concerning to the 
linear momenta and acceleration which did not occur in the theory in the Minkowski space. 
As easily shown by considering with the coordinate system (A), the spin concerning to 
the angular momenta causes the same effect on the wave function as the ordinary theory, 
since R” have the same expression in terms of 4,, 43. However the spin concerning with 
other parts causes new effects on it depending on other arguments also. 


The wave equation (5-1) takes the form writing with the components 
18 (Ry # Ru) 8 16 (Regt Ru tik +iRe) Ps 
4+ VE (Rn tikw Est VE (Ry tiky) Fs Lien, =O) 
— 18 (Rpt Ru—iRy—iRo) Pit i6 (Rit Ru) F 2 
VER UR Uo o(— Ry ti Rae tise wT =O, 
+ VE (—RytiRy) Pit VE (—Ryu—tRye) Fo t€ (Rip— Ku) Ps 


; é suena 
—i€ (Ry—RytiRy—iRa) Fs tiZ 


ae =, 
c 


£VE (—Ry +1 Rye) Pr VE (Rot Roa) F 218 (Rp — Ra ts +7R4) Vs 


: 2 sail , 
—1€ (—Ri.t Ra) Ue ats VE KW .=0. (5:9) 


This equation may be solved by expanding in the terms of the functions obtained as 
the solutions of the second order wave equation and using the expression of ** given 
in (2-22). But we will notice here only the fact we can easily obtain the solution of 
the equation with mass of opposite sign from the solution of this equation in the de 


Sitter space. In the de Sitter space it takes the form 
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(Riot Rag) Py + (Rot Ry ttRs +7Roy) Fo 
+ (iRy— Ry) ¥ gp GRy— Ros) Fan’ E 1=0, 
(Root Ryy—iRy—iRoy) E+ (—Ryy— Ru) Fo 
+ (iRyt+ Ry) Est (—iRy— Ry) FF 0 E .=0, 
4 (—iRy— Ry) U4 + (—iRn +R) Fe + (Ru— Ra) Fs 
+ (Ro— Ry tiRy—iRa) FFF ,=0, 
+ (—iRy — Ryo) Fs + GRog t+ Ry) Got (Ra— Ruy —tRy tiRos) Fs 


+(—Ryp+Ry) Fyre’ E =0. (5-10) 
This equation is invariant under the transformation 
wt —>—k’, 
GT +0. o> 0 o> — Fe, PP. (5-11) 
This shows that the field 
(By, 0s, 8s, 0) =F, —F,, —F4 Fs) (5-12) 


describes the particle with negative energy. 

Lastly we will show that the Bhabha’s type wave equation for the electron coincides with 
(5-1) which obtained as a special case of the Dirac-Fierz’s type equation (4-10). The 
electron wave equation of Bhabha’s type concerns with the irreducible representation 1 (1/2, 


1/2) or the one by the first rank spinor. In this representation we can take 


[*¥==1/4- (PAP) — P# P*) =1/2-P*P*, (5-13) 
for this form of /*” satisfies the representation condition 
[Leys I4\= — Jil yt Djrlat Gulpe—I ulir (5-14) 
and the spinor condition 
SprOARSTO=S, @5P. (5-15) 
with 
Say (8) eT an? = "/2P) Py A (5-16) 


cos 4 —sin @ cosh @ sinh 0 
(aap) — or | } 


sin# ~~ cos 7 


sinh @ ~~ cosh € 
Thus we obtain the equation (5-1) as a special case of (4-19). 
(2) The meson field 
(1) The vector meson can be described as a field of an antisymmetric tensor, so 


it is the field of a symmetric spinor of the second rank. The general wave equation (4-1) 
takes the form in this case 
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1 Z, 

eyes yO art pe et : 
R st St ae K rs> ( px vx ) be & 1 7) 


Using (3-53) this equation can be written also in the following tensor form 


RM Ee RYE + ce EM (5-18) 


where /** is the antisymmetric tensor corresponding to the symmetric spinor Y,,. This 
tensor splits into an antisymmetric tensor (or a so-called six vector) (/)\, /s, /%, Gy, Gor G3) 
and a vector ((/,, U/,, U,, UV) in the four dimensions near the point (A, 0, 0,0, 0) in the 
following way 


ty ios ay Ne oa PO RG (en ter LUA 
Feel CF AW A | Oe Gy Hy Ue 
omray wey > Cnr yeni ti (5-19) 
0 i, Onna 7 
0 F 0/ 


and the equation (5-18) approaches to the Yukawa’s equation of the vector meson. 
From (5-18) 


(4,0, 004) re (4,0,—4%0,) Fi =Khy, 
or 


(1,0, F¢— 20, F%) +4, (0,F%—9,F 8) = KF, - 
Operating 9, on the condition 
Bx =0 (5-20) 
we have 
Li Ot a Haas 
So combining this with the above relation 
4,0, % —2,0,P%—2F,, =F), - 


Multiplying with 1? we have 


ah em Ok (5-21) 
Putting 
FM ar, Fig + 4,Poy + Xolvp » (5-22) 


((A, 4, ¥, @) is an even permutation OE 2GOs Ls 2, S914) ) > 


we can show the following relation with the help of (5-18), (5-20), (5-21). 
Sere era Re re ale ttyl on) 9 (5-23) 


(Az vp) (AvP) 
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Thus we can give the following form as the current vector and energy momentum tensor 


using the same consideration as Husimi’s treatment of the electromagnetic field. 
P= DRAFT, 
Te FRE A Cet a he oer (5-24) 


(ii) The scalar meson can be described as a field of a vector, so it is the field of 
an irreducible antisymmetric spinor of the second rank. The general wave equation (4-1) 


becomes in this case 
(1/R) 20 5G = +4 (t/VE)KeU, (Fz=—F;). (5-26) 


Using the relation (3-46) this equation can be written in the following tensor form 


(1/R) RU" = + (iV E) KU* (5-27) 


where (/* is the vector corresponding to the irreducible antisymmetric spinor Y;,. This 
five dimensional vector (/* splits into a vector U/,, U/,, 73, UV, and a scalar (/ in the four 


dimensions near the point P in the following way. 
(Y,, U,, Us, U;, U,) =e hl U1, Uz, U3, U4) (5 28) 


and the equation (5-26) approaches to the Yukawa’s equation of the scalar meson. 
From the equation (5-27) 


(40,2307) 0 "ae 
Differentiating the condition 
x, U*=0, (5-29) 
Guslt* + #,.0,;0"%=0. 
+,0,0"=—U),. (5-30) 
So we have 
4),0,0"—U,=U,, 
x*x,0,U0"=0, 
Ole Fa=0, (5<31) 


Thus we can easily show that we are able to take the following form as the current 


vector and the energy momentum tensor 
J*=(/) x"3,0*, (5°32) 
Sibbl 9s a Bits (5-33) 
for by using the relation (5227). (5°29) 205-30 ee Cama) 
4,J*= (1/R)4)2"0,U? 
= (1/R) ate 4,7% 
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(ly A), = 0, (5-34) 
On (950,020,050) 
=1/R-(0,U* +2"0,0,U") 
=0, (5-35) 
4,T"=7,UU* 
= 0. 


0,7" = (8,0*) U" +09," 
=0. (5-37) 


(iii) As we have already reported in letters, the meson wave equations of Bhabha’s 
type coincide with the equation introduced above as a special case of the Dirac-Fierz’s type 
equation. The vector and the scalar meson fields concern with the irreducible representation 
D(1-0), D(1-1) or with the symmetric and antisymmetric irreducible spinor of the second 
rank respectively. The transformation of these spinors can be given easily for S**(@) 
corresponding to the plane transformation (see our previous reports about five dimensional 


spinors”). We can put 


D*= (8S** (4) /06) 9-0 (5-38) 


where this differentiation of matrix denotes only the differentiation of each matrix element. 
Thus we have /*” for D(1-0), D(1-1). In the case of de Sitter space we will give their 
exact forms. 


(vector meson) 


=e O80 
wr Wed 
ce 
Sit Gh 6 
me & oe 
ae ie Ge 
iE OGc0a <0 
Oma. 0 
Ono 0200) 
0-20 


ay 
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0 1 0 ay Al 0 
—V¥2 0 0 0 Wa 
0 Oo av? 0 
Si 0 —] 0 
Votes) Oj wer <9 0 
Oat 0 Oper ome 
0 1 0 0 1 0 
0 0 tea 0 Ome? 
er ee 
0 
0 
Ee Oe 
0 
0 
0 0 — > ad) 0 
—1 04 0 —1 0 
—1 Oe 0-1 0: 
0 sen 7s 0 Oo mr ep. 


‘pee hr) 0 fy) 
0 Oo: ea 
0 Ose SO 
0 0.2, ae 
=] 0 0 1 | 
QO. = Vaan 0 
| 
| 
wg 0 0 | 
Oo aed 0 | 
040. yr seve 
| 
V¥2 0 0 0 
Oh 0 
0 Oo 0.0 39798 
0 0 0 
ie pat 0 
0 O. see 479 
0 0 0 
—l —j] 0 | 
0 O° eV oe 


-39a) 
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(unwritten rectangulars are filled with zeros). 


(scalar meson) 


x « = —— * = > ~ 
(aes o> on ° iO Oe oe ro) SSS 
Sey ial Sel IS joy sh eh Se) io) a S| & inn! io) 
a KS) Se! Oe OF ay See is) (Ss) rt 
| 
wa Or OF rr = "Oo © or Se) ssh) SS) is) al 
| | | 
=) sort © on wt CO iS fy Tey ©) _ Ss) 
| Po 4 ~ 
<8 sla I =i is 
ba) 
| Tl a wl al 
= pH y rm 
N N NY N 
5 ee eee = a : Sj | 
(ee) io} om ae Oo © | o-; °o | | fo) oO 
3) Xe = on nF OO S jimi al © — fo) 
el 
oO lo) o i=) vee is) oO = ri is o Lee S) al 
| 
is) io) oO io) Ta is) ie) \ a. a o jo) Lael Se Sal 
| 
vt ion kop = oO vt rt © So rey Oo oa (=) 
| ; ae 
yeah =|o a[s ae oi 
a I | i! i 
Ic) 
~ z, s .- 


(5 -39b) 
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The wave functions in this case are symmetric spinor 
i (Fas) Fis", P oo" > P50.” ’ P x4", P ay" > Pes Pas F on”, eee (5+ 40a) 
and antisymmetric spinor 
P= (0 “439 P49 Poe, pooh 3 a si Lea) > (eee rx PF »4=0) (5 ; 40b) 


respectively for vector and scalar case. In this representation the equations approach to the 
Bhabha’s equation when the space becomes flat. 
If we want to have wave equations of Kemmer’s type we have only to perform the 


following transformation 
§,=1/V2 (Pu- Poot Pss— Pas) > 
o= (Pot Pos), 
B.=1/V¥2 + (Put dot dss t+ pu)s 
d=1/V2 - (Yu-P2— Psst Pu); 
I,=Pyo— Pas, 
Go=t/ V2 + (by + Pe2—Pas— Pus)» 
9, = —2(Pis— Pos) s 
Pa=2 (Syst Pos), 
Py = — (Pint Pos), 


y= me (4, id ee) ’ (5 : 41a) 


and 
Py=—1/V2 + (Pis— Has), 
Po=i/V2 + (dys + Gas); 
s=1/V2 + (Yys+Go); 
Q4=i/ V2 + (Yu- Pos); 
P3= Prot Pog (5+41b) 


respectively for vector and scalar cases. 


Taking the imaginary 1? we have the representation 
corresponding to Kemmer’s. 


Writing /*” in this representation as f*" we have the fol- 
. 0 . 
lowing form, where /# is the same as the Kemmer’s /’ matrices. 
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va S Se & CS =e 
is 
<i ae ; 
a v4 rag oOo ooo 
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Oper Oe eels 0c Oe OO ei 
i | oe 2 De OE 
12 : : 
Beet OO, .0°! ; SS Oe Gy wh: : 
eer iaang A ee 
| 0 / Om 
\ ay 
Osea Libre Ot Oe A SOO, OOM 
Sige 0s 40s SOL le aOR Or RO. 
' 9, ‘ 
eet? 05 0g 0s) hs tal CuOneOcmel | : 
Cemeom oro p*| fleattieetih ab W : 
o/ | / 
(ie gn Olea} Ze To) ub ten 
| Cutan 0! G1 0;ENO <1 
| ' 
eer al 0.01 oi.» Presi e0. 20s. (08 + 0c8 = ale 
ine Cuan | 2 a oe: 


| oe en ae ee ee , ok ‘ ‘ man 
\ a ra 420) 


respectively for vector and scalar cases. In this case the wave equation approaches to the 
Kemmer’s type of wave equation for mesons in the Minkowski space when the space 
becomes flat. 


In order to obtain equations of Yukawa’s type we have only to put 


iS ie rea ee a 0 id, ibs 7% 201 \ 
0 Fp Fs Fg 0 — 0, bs by 
Omri Let = Omeea 20> (5 +43a) 
ne ary Ole: 
0 | 0 
and 
(Oy, U1, Va» Os, U4) = 0855 Pras Por Pa» $;)- (5+ 43b) 


The equation in this case are (5-18) and (5-27) which were obtained as special cases of 
the general equation of Dirac-Fierz’s type. By the way it is very interesting that the form 
of the mesons in the de Sitter space is very comprehensive and splits into many equations 
when the space becomes flat. 

(iv) Recently an interesting discussion was given by S, A, Raje?. The proposed 


equation by him is 
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| iS SR el 7 =O, (5-44a) 
INKS 
Sat = BAH BHR, (5-44b) 
(BB + BBY = 9B + 9B . (5 -44c) 


This equation approaches directly to the Kemmer’s equation for mesons in Minkowski space 
when the space becomes flat. But it will not be easy to obtain exact forms of the 
irreducible set of these § matrices for /, 4,Y¥=0,1, 2, 3,4. Our opinion is, however, that 
the matrices S*" of (5+42a), (5-42b) may be obtained then. 

(3) The electromagnetic field 

The electromagnetic field can also included in our fundamental equation (4-1). The 
electromagnetic field is described as an antisymmetric tensor field without rest mass, so it is a 
symmetric spinor Y"%, field with «=0. Thus the photon wave equation in the absence of 


the charge current is 


Gli2k) £20 7 0; (5-45) 
But if the charge-current exists, the wave equation may take the form 
C/2h) iP 75 (5-46) 


where y;, is the irreducible antisymmetric spinor corresponding to the vector /*. Because 
of the antisymmetric character with regard to the suffices y, ¢, the tensor equation corres- 
ponding to (5-45) and (5-46) are 

1f/R->) REY =O (5-47) 


(e,p) 
and 


LEK 2a ied se ot aul (5-48) 
(e,p 


respectively, owing to (3-52). These equations are the electromagnetic field equation 
proposed by Husimi from an entirely different standpoint, and these equation approach to 
the Maxwell equations in the tensor form when the space becomes flat. It is important 
that the results obtained from the two different standpoints of Husimi and us are entirely 
the same. It is also quite interesting that there exists a close correlation between the 
equation of the electromagnetic field, namely the left hand sides of them are the antisym- 


metric and the symmetric part of the same spinor operation respectively ; see the relation 
between the rules (3-52), and (3-53). 


$6. Solutions of the second order wave equations 
(1) De Sitter space 


(i) Fandamental solutions 


Each component of the wave functions for charge free fields must satisfy the second 
order wave equation 
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il z 
bak Rn— KL A=0, (6-1) 
Ker +3ik/R. (6-2) 


Since all the physical quantities must lie in the four dimensional hyperboloidal surface, we 
have to seek for the solutions among such quantities on the surface. Thus we use the 
five dimensional spherical coordinate (A) introduced in § 2. 


The differential operator of (6-1) becomes in this coordinate system 


2=*R*R,, 
2 


i oe 1 oie 
sin 6, —)+ ees. Se (pee 
faa, 4,)°cos 4, a0, 7 (( alerses mn) (sin a)" sin 4, hae : a) 


. (sin 0,)° Tee G2)? A, a) ee) (a2) 


and the wave equation becomes 


{Q—K’} A=0, K=RK=R+32kR. (6-4) 
Separating variables we put 
A (4,, G5} Oss 4,) a Ay (9,) A,(4) AAs) A, (4,4) : (6 r 5) 


Putting this expression into the wave equation (6-4) and assuming the so called separating 


constants as usual, we obtain the solution in the form 
AG, G5, Os OA; (03) PT (cos Heye* mos gets / 656) 


where P?" is the Legendre associated function and A, is a function satisfying the equation 


( 1 p A, ave il) pW ve EK CTH 
\ (sin 0,)° cos sO, dad, my (in ees a, (sin 0,)* (cos 4)” Re 
(6-7) 
In order to solve the equation we put 
pe=cos 20, (6-8) 


and then the equation (6-7) becomes 


9 ca d AC 6) v a = . 
2 BALES Ora a ee SKY ha (il). O89) 
{2a L) (1 P) Uh ea iia 1 


Further putting 
A(p)=a-4)7* 0 fs) — "94 (tt) (6-10) 


we have 
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ES | 3/4—l(l+1) rap te tebe Si gall Sa + | Juecu =o. (6-11) 
aye 4p) 4) 4(1—/) } 


Now according to the properties of Jacobi polynomials and hypergeometric functions we 


see that the solution of the equation 


[4 | La a + Lak -_+ r7tatst 1) + (a+1) (B+ 12} Va(p) == 0) 


ae \4(i—x)? 4(1+p)° 1 
(6-12) 
can be obtained as 
u(p) = (1—p) PPC +p) HPOEP HP (1) (6-13) 
where P,* is defined with hypergeometric functions /(a, 4,c; +) as 
P29 (pn) =F(—7,7+a+B84+1; a+1; —p)/2) (6-14) 


and for integral values 7 of 7 it becomes the Jacobi polynomial PS” (#4), which con- 
struct an orthogonal set in the region 1 — /s =—1. Comparing the two equations (5-11) 
and (5-12) we see that the solutions of (6-11) can be obtained in the form (5-13) 


with the arguments satisfying the relation 
1—a°=3/4—/(+1) of a=+(/4+1/2), (6-15a) 
1—fP=1+Y or P= +2, (6-15b) 
n(ntat+h+1)+(a+1) (8+ 1)/2= {3—A’—l(/4+1) +" /4.  (6-15c) 


These relations can be solved if » is mot purely real but v= »,+/»,. This imaginary 


“¥294 This factor does not oscillate but it is 


part of » causes the timely damping factor , 
useful for solving first rank field equations. The arguments a, 3,» have discrete values 
depending on / and 7. The solution of the equation for A, is obtained with these argu- 


ments as 
Ay (#) = (1p) + wy BP, (6-16) 
or 


A, (9;) = (sin 6,)*~"/? (cos 6,)°P,,") (cos 26,). (6-17) 
Thus we have a fundamental system of normal solutions of the wave equation (6-1), 
which is composed of discrete values. 
If we want to have purely oscillating solutions, »,=0 and /* must be substituted 
by P, with 7 satisfying 
r(7tatB+1) + (@+1)(8+1)/2= {3—K’—/(1+1) +H} /4, 
In this case ? is pure imaginary so 7 is complex and cannot be an integral number. 
Since, however the condition that /*(a, 6,c; x) converges for | + | =1 is 
real part of (c—a—é4)>0 (6-18) 


D (a,8) > mee 4 : 
and for P,“" the real part of (c—a—é) =f, so PS” does not converge at the point 
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f#= +1. Thus we cannot obtain non singular solutions in this way, even frequencies would 
take continuous values in this case. In order to obtain solutions converging also at this 


point, it is convenient to use the coordinate system (D). In this coordinate system 


to seen? Let : 0 cosh® 0 -)+ 1 = ROA i : a 
cosh* 4, ml Ao, cosh , sin d, cos by ee oo ts al 
1 Oe 1 PAY 
pee (| en (ee 6-19 
cosh” ¢, cos” “al A) cosh’ @, sin” a aa) ; \ 


Separating variables we have the solution of the wave equation in the form 
A (6,, do, du, dy) = A’ (4,) Al’ (do) e415 ermeta 


where A’ and A” satisfy the equation 


iF 0.2 ee re) m, Ms 
———_——_ | »cos @, —— )— —_1-_ — 2 — lar @,) =0, 6-20 
Le 6, cos 6, ee eer ar) cos’ ¢, sin” ipl (2) ; ( ) 
il re) ( O° 
= h? ¢, ——-)+4+ K’ ja },)=0, 6-21 
| cosh? ¢, 99, mcg a (P) ( 


k being a separating constant. The equation (6-20) can be solved in the same way as 


(6-7), and we have 
us CP) = (sin dy) a (cos Oo) Pp Ra Re (cos 20») (6: 22) 


where P,,,%"%? is the Jacobi polynomial with the arguments satisfying the relations 
a? =me—1/2 o wet Vme—1/2 , (6+ 23a) 
AP—met1/2 o P=+tV¥ mst OX (6-23b) 
(2n' +a’ +P'+1)°=k. 


In order to solve the equation (6-21) we put cos 24,=4, the equation becomes 


[ 42-0) 4.4 267-3) haa LEEK! |4@ =. (6-24) 
de = Vea wl 
Putting 
Alp) = (p11) “8 (#41) ) (6-25) 
we have 
E +{ bea Lids ; I= +d), SKE yuo (6-26) 
ge \4a—p)? 40+)? 40—F) 


The solutions of this equation can be obtained in the form 


PQ Se Ie PEGE EO) (6-27) 


where 
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Oe (n= (14) 'F(—n—-1-Bs —27—-a—B; 2/4). (6-28) 
Thus we have as the solutions of the equation for A’ (/) 
Al (pt) = (#1) P18 (pe 1) PhO E (M). (6-29) 


The arguments a, f, 7 must satisfy the relations 


a=1/4, (6 - 30a) 
P=k+1, (6+ 30b) 
r(ytatft1) + (@a+1) (8+2)/2=—(K'+4)/4 (6+ 30c) 
so we have 
a=+1/2, (6+ 31a) 
p= 4+Vk4+1, (6+ 31b) 


_—(@+P+1)4V1/4—K’. 
vee ! 


(6+ 31c) 
#2 


The hypergeometric functions appearing in this solutions converge for 4“ > 1, and since for 
real part of (c—a—6)=—a they converge for a<0 at “=1 also. Thus we have 
obtained a fundamental set of solutions converging all over the de Sitter surface. These 
solutions have discrete modes of oscillations, for all the arguments take discrete values. 
Indeed the function A’(¢,) approaches for small values of d, to a plane wave with discrete 


frequencies 


exp(-ti ¥ (2n' +a’ +)’+1)?+K"-4,). (6-32) 


By the way we will give some remarks about the group theoretical characters of these 
solutions. In this coordinate system A*" have the form of (2-23). Setting as (2-24) 


the relations (2-25) and (2-26) hold. These relations show that eigen functions of such 
combinations of 2’ can be obtained as follows : 


etims £4 eFim_#_ (sin g/2)* (cos 6/2) * Pie” (cos 6) (6-33) 

the arguments a, /3 being 
a=m,+m_, P=m_—m, for (2-6), (6+ 34a) 
a=m,+m_, B=m,—m_ for (2-7). (6+ 34b) 


These facts can be shown easily by using the relation 
(d/dp) PO (#) =1/2+ (nt a+B41) PEA (yn), (6-35) 


The representation adopted by Thomas is a special case of ours according to the 4, d,, d_ 
coordinate. Since the Legendre associated function 7” (14) can be expressed through the 


Jacobi polynomial 7%" (4) whose arguments are equal a=, as follows 


™m 


P™ (ft) =const +» (1— 7)" Po") (2) (6+ 36) 


acisinansiaipantnel 
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the part of (6-35) which depend on ¢ in the case a=/3 becomes P7"+(z) or P7'-(f) 
for (5-36a) ot (6-36b) respectively. Thus we have the following eigenfunctions 


ettm. #4 PMs (cosd) for (2-6), (6+ 37a) 
ertm_s_ P?'- (cos d) (Oe (2-7) (6-37b) 
which correspond to the Thomas representation. 
(ii) Static solutions 
Static solutions with spherical symmetry may be interpreted as the static potentials. 
In order to obtain such solutions it is convenient to use the coordinate system (A). Since 


the required solutions are functions of 7 only, they involve #, only and are independent 


of 4, 4.,, @,, so the wave equation becomes 


1 ) : , fe) 
U (Craniosytos Oe —K}A §,) =0. 6-38 
(sin 4,)° cos 0, ait SEEN ) (41) ( ) 


The solutions can be easily obtained from the general solution (6-16) by setting /=0, 
m=0, Y=0, or a= +1/2, 8=0. Thus we have as the spherically symmetrical static 


solutions 


AC aie 2; A/R \ y= (—3 4 94K) /4. (6 + 39a) 
2 / 


i Ad Oa ereeee 3 r/R ) 7! =(—14 V9—4K")/4 (6-396) 


where r= sin @, is the spatial distance in the three dimensional sense. This results are 
also attained by solving directly the transformed equation of (6-40) through the substitu- 


tion p=sin 0, 


| - 4 (ea—p)4}-K |A(p) =o. (6-40) 
p aoe ao 

(iti) Plane waves 

Solutions corresponding to the plane waves in the Minkowski space do not exist in 
this curved space. Although purely plane waves do not exist in general, we can superpose 
such a solution that approaches to any plane wave when the space becomes flat. The 
solutions discussed in the subsection (1) correspond to the spherical waves in the Minkowski 
space. We can show that the function A,(0,) of the general solutions (6-6) approaches 
to Bessel functions when 0, becomes small. So such a combination of the solution (6-6) 
approaches to a plane wave that has the same coefficient as that of the Rayleigh’s expansion 
of a plane wave. . 

Now it is interesting to consider about the meaning of the fundamental solution (6:6). 
For 0,=4,', :=9,° the solution takes the form 4,¢°'”°st¥*. This shows that the wave 
travels in the same way as a plane wave propagating in the direction of increasing 4, in 
the region for constant 0,05. Since A, is a function of cos 20, and cos @,, it is symmetri- 


cal according to the planes @,=0 and 6,=0. Thus the wave can be interpreted as a 
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wave travelling along the great circle determined by the +,, 75 plane. 

In the same way we can obtain also the waves travelling along the great circle determin- 
ed by the ,v, plane, which may correspond to the plane waves propagating in the x, 
direction in the Minkowski space. In order to obtain such solutions we take the coordi- 


nate system (B). In this coordinate system 2 becomes 


= eb ot (sin w,)~ cos a, 3 ise — a —— @ (sin Ws 3 ) 
(sin «w,) “cos w, 00, 00, (sin w,)~ sin Wy Jw, IW, 
un ont ees ee 2 
(cos w,)” \dw, (sin w,)° (sin ™,)” \dw, 


This form of the operator 2 shows that the solution of the wave equation can be obtained 
in the form 
A (ys gy) =A Ca DAS (Gs) ee, (6-42) 
For this solution the above mentioned interpretation may be possible. 
(2) Pseudo de Sitter space. 
In the case of the pseudo de Sitter space the second order wave equation which is 


satisfied by each component of the wave function is 


1 = 
ppt \4=0, (6-43) 
K=1°+3«/R, (6-44) 
or 
{04K A=0, (6-45) 


Kl=rR* 43k. 


We take the coordinate system (E), then 


Q=— sinh 4,)° cosh @ 
(sinh @,)* cosh 4, ape Soe of 


1 0 fk "aeep et 1 0 \ 
— sin @, = —— vl (p See 
(sinh @,)> sin 0, ant aay (sinh #,)° (sin (,)° ( a) 


1 a 
a é ay 
(cosh @,)* ( a 6585) 
The wave equation can be solved in the form 
A (Oy, 9, 85, 0,) = A, (0,) PP (cos A.) c8me4*% (6-47) 
where 1,(4,) satisfies the equation 
1 a) t 9 fe) 
Y ea BL See os .)2 @ 
(sinh 0,)? cosh 0, ag \ enh Dae =a) 
UE a) Ko y 7 
(inh 0,)° “(cosh @)? A(t) =. Sot 
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Putting 
ft=cosh 24, 
A, (2) = (p= 1) (+ 1) 10 (Hs) 
we have 
he 3/ASTE+1 1 i el 
| <.+{ f4A=1( ae Dea rane sane LOAN ihn 
au 4(1—}) 4(1+ ))° 4(1 —/") 


| (6-49) 
The function w’(4) can be obtained as 


wu! (4) = (u— 1) eel @ 22 i) SPE OSS) (/). 


The function QO” is the Jacobi polynomial of the second kind and the arguments satisfy 


the relation 


1—a@°=3/4—1(f+1) (6-50a) 

1—@=1-¥ (6-50b) 
nutat+B+i1)+(a@+1) (84+1)/2= {34+ K’—l04+1)—¥}/4 = (6-50c) 

“ a=+1/2 (6-51a) 
p=+y (6-51b) 


of 9 (4K Jao: 
= (er Pt hs 9/4+K ,or P= —2n—a—-1 4 V944K"/4. (6-51c) 


7 


foe ceve havenas the solution, fora, (0,), 4,(4)= 1) 4 1) ON. (6-52) 
We have obtained the fundamental set of solutions. This is also composed of dis- 
crete modes of oscillations. Since in this case 7¥ is pure imaginary, any damping factor 
does not appear. 
We can obtain also the static solutions in the same way as the previous case, putting 
/=0, m=0, v=0 and substituting Qe Pa hors 0, 
OF® (un) =(p—1) "(et le G+ atl, 741; 2y+atP+2; 2/A—#)). 
(6-53) 
Thus we have as spherical symmetrical static solutions 
yB-H(y  3/2, y-+13 2745/23 RIP), T= (—3 4 VIFAK)/4, (6-54) 
PRG 41/2. y+); 2743/25 R/O) t= (1s V9 FAK) /4. (6-53) 


Now let us consider circumstances in spatially small regions, putting 


o=sinh 6,=7/ FR (6:56) 
the equation becomes for the waves independent of 4,, 4;, a, 
ere) a4) 4 K'A=0 (6-57) 
p ap do 


Setting pA=v, we have 


- ~ 
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(Php) 22 2p Rigo, (6-58) 
do dp 
For small values of ¢ this becomes 
d°v/do” = (2+ K")v. (6-59) 
So we have 
pase” 24m (6-60) 
and thus the static solution must have the form 
Ameer tp 5 (p< ye 
Amen VERIR +r fy a ree (6-61) 


This is the form of static potentials for spatially small regions (7<) in the pseudo de 
Sitter space. This shows that the Yukawa potentials in such regions take the form 


eae 


_, aM CLIK/R+2/R. (6-62) 


r 


Moreover in this region we can put sinh 6,=@, approximately, and ‘2 can be written 
in the form 


1 1 chee a 1 a ai 
a ey ee ee j pind eee = ey (eee 
Tames 0, 90° ht Fie sh ( aa) 
= —3/a§,—3°/at—3°/06.—3°/dbe+0°/38, (6-63) 


where 


&,=4,/R, €,=x,/R, §,=2,/R, €,=sin7'(x,/R). (6-64) 


Thus in this region also plane waves exist approximately, and the quantum theory can be 
developed in the same way as in the ordinary quantum theory in Minkowski space. 


Particles behave themselves as if they were particles with other masses in the Minkowski 
space. 


Finally we should express sincere thanks to Professor Husimi who investigated this 
problem and encouraged us continuously. We must also express heartly thanks to Professor 
Yamanouchi for his kind interests and valuable discussions. 
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The angular distributions and the polarizations of recoil nucleons for the meson-nucleon scattering 
as well as for the photomeson production are studied from the kinematical point of view. Similar to 
the case of meson-nucleon scattering, as given in our previous papers, there exists a simple symmetry 
property also in the photomeson production. The angular distribution is invariant under the simul- 
taneous interchange of the reaction amplitudes of electric and magnetic radiations with the same multi- 
pole order and the same total angular momentum. This interchange upsets the sense of the polariza- 
tion of recoil nucleons. For practical purposes the tables of the angular distributions and the polariza- 


tions are given for /’s up to 3/2. 


§ 1. Introduction 


The purpose of this paper is to give the kinematical relations in the meson-nucleon 
scattering and the photomeson production in a summarized form, in order to facilitate 
the analysis of experiments. We think it worth while to do, because the kinematical 
relations concerned appear in published literatures only fragmentally and also because there 
exist some important points that have thus far been overlooked. A part of them has been 
noticed by one of us (S. M.)” concerning the meson-nucleon scattering, that is, the angular 
distribution is invariant under the simultaneous interchange of every pair of the phase 
shifts belonging to the same total angular momentum. In other words there is an intrinsic 
degeneracy in phase shifts apart from the ambiguity of their values due to the computational 
difficulty in obtaining the set of phase shifts from existing experiments. 

Such a symmetry property seems inherent, if there are dichotomic variables concerning 
angular momenta’. In the meson-nucleon system of relative momentum q, an operator 
(q-6), where & is the spin operator on nucleon, does not give rise to the change in the 
total angular momentum J but to the change of parity //. The transformation of matrix 
elements in meson-nucleon scattering by (q-0) is found to affect nothing as far as the 


angular distribution is concerned. In the photon-nucleon system of relative momentum /’, 


** Now at Osaka City University 
+ A simple proof of the symmetry property is kindly communicated to us by Professors Dyson and. 


Nambu, to whom we express our thanks in this occasion. 
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there is another degree of freedom, i.e., the circular polarization of photon that is represented 
by an operator @ similar to 6. Now (Mi-0) (h-e) leaves / as well as // of the whole 
system invariant, because @ is transformed as an axial vector and takes two eigen values as 
o does. The factor (Ke) of this operator further takes a role to leave the total angular 
momentum of a photon J, (orbital+ spin), i-e., the order of multipole radiation, invariant. 
In order that the photon-nucleon system is covariant with the transformation (qY-@) in 
the meson-nucleon system, another operation is needed. This can be achieved by the parity 
change due to the interchange of electric and magnetic radiations belonging to the same 
order of multipoles. Thus we obtain a theorem: the augular distribution in the photo- 
meson production is invariant under the simultaneous interchange of every pair of the 
reaction amplitudes belonging to the same / as well as the same /. In other 
words, if the interchange of the electric and magnetic radiations with the same multipole 
order in the initial system as well as that of the orbital angular momenta in the final 
system, both belonging to the same /, is carried out simultaneously, nothing is altered in 
the angular distribution of photomesons. 

In order to remove the degeneracy of phase shifts in meson-nucleon scattering due to 
the symmetry property the observation of polarization of recoil nucleons is suggested in our 
previous report”. The polarizations in the degenerate states are just opposite in sense but 
of the same magnitude, as these states result from the nucleon spins of opposite directions. 
Formally speaking, as the spin operator whose component is perpendicular to the reaction 
plane is anticommute with the operator (qy-o), that expectation value changes its sign 
as a consequence of the operation under consideration. The same thing holds for the 
polarization of recoil nucleons in the photomeson production as well. The polarizations of 
recoil nucleons in the two degenerate states are different only in their signs. 

Taking the symmetry properties discussed above into consideration, the thorough ex- 
pressions are given to the angular distributions and the polarizations for the meson-nucleon 
scattering as well as for the photo-meson reaction. In § 2 those for the meson-nucleon 
scattering, which appeared in our previous papers’, are shown in tables for the sake of 
completeness. In § 3 the angular distribution and in § 4 the polarization of recoil nucleons 
are given for the photomeson reaction. 


S 2. Meson-nucleon seattering 


As the differential cross sections and the polarizations of recoil nucleons for meson- 


nucleon scattering have been given in the previous papers’, we summarize here only those 
results for the completeness of this paper. 


(4 sin? 0/2?) do /dw=S\U+1) (+1) (Ry Ri*+ Roy Ra%) 
iu 
x | PY, Hae Ot, Py 41— COS O(P, Puatt Pras Py) | 
+ (CK; Rati Rges Ry LP z Dos + Pris P,,—cos O(P, Put Pras Pal. 
(2-1) 


ad tyinainh 
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(4 sin 0/27) ey iat Ca) PEE UN Tere aes Fore) 


a (P, Pras Serer 


where /, is the Legendre function. 


P=(A/B)n, 


Bi do /dw 


Boy 


UBT Rakin he eb iGke oe lilieraoNe 


(2-2) 


3 cos? @—1 


2 cos @ 


| 9 cos? §@—5 cos 6 


1+3 cos? @ 


Table 1. Differential cross sections for meson-nucleon scattering* (up to _/=3/2) 
- = — — - —————- ee 
{29 / > ok > —2k > 0 > 3c 
(4/7) do/do ve 51/2(Rot*) Aij2(Ry*) | p3/2(2y**) d3j2( Ry) 
> | ; ‘ ae = 
S1j2( Rot) | 1 cos @ | 2 cos 0 3 cos? @—1 
Pry2(Ry-) | cos @ 1 | 3 cos* @—1 2 cos @ 
p3j2(Ry*) 2 cos 0 | 3 cos* @—1 1+3 cos? @ | 9 cos* §—5 cos 0 
312 Ro— | | | 
a ee ee ee eee ee 


Table 2. 


Polarization of recoil nucleons for meson-nucleon scattering** (up to /=3/2) 


<a 


(4/72 sin 9) A 


s1/2(Ro**) 


51/2( Rot) 
Bip2(®y-) 
p3j2(Ayt) | 
d3)2(Ry~) 


10) 
— Z 
5 


— 37 cos @ 


pij2( Ry) 


; 
(0) 
32 cos @ 


—=7} 


paj2(Ry**) 
= 
—3z2 cos # 
10) 
(1—9 cos? f)z 


d3j9(Ry*) 


37 cos 0 
; 
(9 cos? @—1)2 
0 


a 


$3. Differential cross section for photomeson production 


The electromagnetic wave propagating along the positive 2 direction is expanded in 


terms of electric and magnetic multipoles” F 


We denote the total angular momentum of 


photon by Z. As the total angular momentum, /, and the parity of the whole system 
are conserved throughout the photo-meson reaction, we decompose the state with a given 


total angular momentum, /=/+1/2, into four different cases, as shown in Table 3. 


Table 3. 

Classification of . Orbital angular momentum Reaction 
radiation aoty of meson amplitude 
ee Aye) 

HE Toa ik Cate a By (m) 

Binks 1 i f By(e) 
1) 741 ie 

ML Ce) Ape) 


a 


* R,+ and R,- are the /-matrices with regard to the states of /=/+1/2, corresponding to ¢7 


fy) in reference 1), respectively. 


+ The notations are the same as those in reference 2). 
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A, and 2, are such reaction amplitudes that are composed of the multipoles of ores 
Land +1 respectively, and the symbols (v7) and (¢) serve to distinguish between magnetic 


and electric radiations. 


The explicit expressions of 4,(7) and A,(c) are easily derived using Clebsch-Gordan 
coefficients as 
At* (m) = Vala ((£4+2) /(2£4+1))'?¥75 
+B((L—1) /(2L+1))'?Y1, 2] (£42) /(2£ +1) )'a,(m), 


At (m) = V xl a(L/(2L+1))? Vz, 
+8((£L+1) /(2Z£+1))'?V i, 0] (Z/(2£+1))'"az(m), 


AS (m) = Vn 8((L£+2)/(2£+1))'P¥;, 4 
+a((L—1)/(2£4+1))"?Y;,-2]((£+2)/(2£+1))"” asm), 


AS (mys V mp (L/ (2h ¥1)) P Yr 
+a((L+1)/(2L4+1))?Y;, o](Z/(2£4+1))a;(m), (3-1) 
and 
AS (e) = Va — a(L/(2L43)) Vi s13 
+B((L+3) /(2£4+3)) Vi 412]((L42) /(2£4+1)) ase), 


AS (¢) = Val —a( (£42) /(224+3)) "Vyas 
+BC(L41) / (224-3) ) PV 7410) (L/(2£+1))*?(—a,(2)), 
AS (¢) = WV a8 (L/(2L£43)) Vn 43,-1 
ae (E+ 3) 7) (2043) Ve esl (C2) (26-1) (aes 
ware eye -V eh (Li Qf (204d) ee era 
—a((L+1) /(22+3)) YY 440) (L/ (2241) )“az(@)s G2) 


Here a and 9 are spin eigenfunctions of a nucleon corresponding to up and down states 
respectively and the definition of the spherical harmonics Y,,,, is the same as that of 
reference 3. They are also used as superscripts to indicate initial spin states. Other  su- 
perscripts + and--are to specify the polarizations of photon. The corresponding equations 
for 4, can be written down in a similar way, but we omit them in order to save space. 

a, and 6, may be decomposed further into three terms, each having the orbital 
angular momentum of photon, /=Z—1, LZ or L+1, depending upon the electric ot 
magnetic field strength belonging to the multipole radiation of order Z, that is: 


fotentiody, Dias RY 2 Ng EP 
for ML, Ys Ba ee FL 


E'(H") indicates the electric (magnetic) field strength of orbital angular momentum /. 
Then the decomposition can readily be carried out as 
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a,(m) =v (£+1)/2 a,,CH) + VY 2L4+1)/2 a,(B)—VL/2 a .(A), 


b,(m) = ¥ (L+2)/2 6, CH) + ¥ (2L43)/2 br41 CB) — V(L£41)/2 614.0), 
Bey — V (L4+2)/2 6;(B) + V @L43)/2 b54,(E) + V (LF) /2 br.2(B), 
where a,(I2), etc. are the decomposed amplitudes with electric or magnetic field strengths 


of orbital angular momentum / and the coefhcients standing by them are Clebsch-Gordan 
ones multiplied by V2/+1, resulting from the composition of spin and orbital angular 
momentum of a photon. 

Making use of the above relations, we are able to express the differential cross section 


for this process as follows : 


Asin’ Be 21ST a *(m)ayn(m) +aP(an(e)}) G+ LL6 FL, L) 
A aw Dat 


+ {a* (m) an (e) +a; (ean (m)} {—9, + LL! yh f(Z, £1) 
+ 14,* (on) bn (m) +b7* (e) by (e)} E+ (Z42) (L'+ 2) 8} fL4+1, L741) 
+ {6,* (m) by (e) +7* (e) bn (m)} {=m + (E42) (L' +2) ph f(E 41, +1) 
+ fa,* (m) by (0) 4ay* (6) by (m2) + O.n* (e) (m1) + bn 0) a7(2) $ 
{—€ +L(L'+2)5} f(L, L’ +1) 
4+ {ak (m) by (m) + as* (0) bn () + br (mn) ay (m) + by (0) 2) 5 
fn, + L(L! +2) yo} f(L, L' +1) }- (3-4) 
In this formula we have used the following abbreviations. 
ere =| L712 +1) L0+ ily WAS Oe ly len 
Bet (L+2) (04-2) Pp Pet ll Pia baer 
—{L(L) 42) Pratt Pit + Ll (£4 2) Paras Pr} 008 §, 
gy LL! +2) Prat Pri + CGD \ eae 
SECEDE + 2) PAP sD eP yy Pigg :008 a, 
ee PtP, Bei (Pr Prva + Pir Prix) 08 0 
7) TE et a bl OH Pip t Prat Pisrsr) 608 8, (CRED) 


where P? is the associated Legendre function. 

It is worth while to note that do/dw is symmetric with respect to @ 7(m) and a,(e) 
or &,(m) and 4,(e). Therefore the angular distribution is invariant under the simultaneous 
Substitution of a,(#) <.a,(e) and 4;(m) = 6,(c) for all /’s. This substitution induces 


the change of the orbital angular momentum of a produced meson, similar to the case of 
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the scattering of meson by nucleon. This circumstance is due to = Losey a the 
photon can take only two values of magnetic quantum numbers in spite of its spin to Se 
unity, as discussed in Introduction. We emphasize that the symmetry property stated in 
reference 1 in the pion-nucleon system is stronger than that in the present case, because 
another degree of freedom comes in when a meson is replaced by a photon. . 

The coefficients of a,*(v) 0,,(7m) etc, that represent the angular distribution contri- 
buted by respective multipoles, are listed in Table 4 for / up to a eee 


Table 4, 

a 
4 do | Mi(f=1/2) | A1(/=1/2) | n(J=3/2) | £1(/ =3/2) | 2(/=3/2) | £2(/=3/2) 
RB da | by j2* (7) 64/2* (2) ante a) ~ asja* (e) a bsja* (m) 432° ©) 

M(J=12) | 1 | =cosd |1-3cost@ | cos@ | cos@ | 1—3cos%9 

b4/2(m) ne 3 | 6 3 “S | av"? 

E1\( J=1/2) = ose | if |  _cos 0 | —3 cos? | 1 —3cos°6_ nepeel 

b3/2(e) 3 3 3 6 aE | Vi) 

Mi(J=3/2)  1-3cost cos 9 2+ 3sin? @_— | — cos. 9 _—_|casO(2—3c0s*d) — (1 = 3e0s*8) 
a3/2 (7) i re 3 6 3 aS 295 

EU(J=3)2) cos A Beost@ | cos. | 243ssint | ~(1~3cos*#) cost(2—3cos"d) 

asjo(e) 3 6 | 3 | 6 | avs Ca wes 

M2(_/ =3/2) cos @ 1—3cos*@ cos6(2—3cos*@)|— (1—3cos*@) | 3(1-+-cos*@) |3cos#(1—2cos*0) 

b3/2(m) | V5 2V5 ees | 25 10 5 

E2(J=3/2) | 1=3 cos") _cos # | — C.—3cos*4) \cos6(2— 3c0s*9) 3cos6(1-2cos*9)|_ 3(1-+cos"O) _ 

b3)2(e) ee gest V5, PRES V5 5 | 10 


Our result agrees with that of Feld”, but does not with the general formula given 
by Simon’ *. It is almost needless to say that the angular distribution remains unchanged 
if the produced particle is scalar but not pseudoscalar, as is evident from our symmetry property. 
Moreover this result is valid as well in nuclear reactions such as 


7+ (spin 1/2 nuclews) (nucleon) + (spin 0 nucleus). 


S$ 4. Polarization of recoil nucleon 


Polarization of a recoil nucleon is examined along the same line as in § 2. For the 


unpolarized initial state, the polarization in the direction normal to the plane in which the 
reaction occurs is expressed as® 


P=(A/B)n,- ** 


* According to his formula (6.8) no interference term of magnetic and electric multipoles appears 
in the differential cross section for 7-x process, whereas it does for x-7 process. So long as the incident 
gamma ray is unpolarized, we can hardly understand his procedure on the phase of incident photon. It is 
also surprising to us that his formulas violate the principle of detailed balance. On this point we have enjoyed 
many helpful discussions with Messrs. Morita, Sugie and Yoshida. 


** Note that we take the sense of 2 opposite to Lepore’s’). 
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— (4 sin 0/*°) A= (1/2)¢>)) {a * (m7) an (m) —a* (e)an(e)} {4 LL/E3f6(£,L') 
+ 4a," (e)an (m) —a* (m)an(e)} {4 -LL' yh f(LL/) 
dane (2) 05 (6) — 05" (m2) Oy, (2) {CF (L-2) (2) 2) CN (L410 +1) 
+ {0,/* (m) bn (e) —67* (e) bn (m)} {y,— (L4+2) (L' +2) x} f(£4+1,L' +1) 
+ {az* (e) by (m) —a* (mm) bp (€) +On* (e) a7 (m) —by* (m)az(e)} 
Lt 2G (LL +) 
+ {a,* (m) by (m) —aj* (e) bp (ce) + On* (ec) a,(0) —by* (2) a,(m) } 
it L(L'+2) r3fZ, +1); 
LB=do/do, Ge 1) 
where 
ose Co 2) hg hep Pr — LL + 2) Pra lan. 
Ww= (£42) CUS 2) lore Pp leds AP ag Prrgacs (4-2) 
f= Py Prag Ff nas Pr 
Yo=P; Pip Pra (Se 
The expressions of the coefficients appearing in (4-1) are shown for, / up to, 3/2 -in 
Table 5. 


Table 5. 
8, | my=ij2) | 21 7=1/2) | iC 7=3/2) | E1( 7=3/2) | M2 /=3/2) | £2( /=3/2) 
2sin0 | 81/2* (7) bi )2* (e) agyo* (772) a3/o* (e) | bsj9* (mm) b3/9* (e) 
é = | 1 1 3 
WAC /=1/2) 0 = 7 Z cos @ =i eas See, 
by j2(7) 3 | 3 V5} 65) 
Gi = Sil —3 cos 0 
E1( /=1/2) eee ; 5 Sehis ee tee ea Mah ; oy ley 
byje(e) . 3 3 | V5 V5 
a5 1 2(1—3cos*0) . 
Mi = 3/2) ig es 7 peas ec “3cos*6) . 6 
a3/2(/22) 3 3 145) 
—2(1—3cos?6) 
= 4. —— ——_—7 
PLC) =3/2) as Z Z cos § Fare 0 0 V5 ; 
a3j2(¢) 3 3 
M2( J =3/2) TNs ens 6 2 coe?) Bort 
J ae v=? ene (0) 0 
b3)2(7) V5 We 5 
E2(_J=3]/2) —3 cos OF z Zi — 3cos*9) 12cos* : 0 
7 ee CORRU: = ie —_ = 
bsj2(e) V5 V5 2 We: 5 
Sissel nee 


One can readily see from (3-1) that the interchange, a,(¢)a,(m) and d;(¢) 2 
6,(m), upsets the sign of the polarization. Thus the method to discriminate between the 
contributions from JZ and EL amplitudes is to examine the polarization. 

The relation between the reaction amplitudes of photomeson processes and the phase 


shifts of meson-nucleon scattering as well as its application to the analysis of experiments 


will appear in a forthcoming paper. 


an 
1 


362 


aids 


S. Hayakawa, M. Kawaguchi and S. Minami 


Finally one of the authors (S.M.) wishes to express his gratitude for the financial 
from the Yukawa Fellowship of Osaka University. 


References 


1) S. Minami, Prog. Theor. Phys. 11 (1954), 213. 

2) S. Hayakawa, M. Kawaguchi and S. Minami, Prog. Theor. Phys. 11 (1954), 332. 

3) J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics, (1952). Ch. XII and Appendix B. 
4) B. T. Feld, Phys. Rev. 89 (1953), 330. > 

5) A. Simon, Phys. Rev. 92 (1953), 1050. 

6) . Fermi, Phys. Rev. 91 (1953), 947. 

7) J. V. Lepore, Phys. Rev. 79 (1950), 137. 


ir 


363 


Progress of Theoretical Physics, Vol. 12, No. 3, September 1954 


Mass Spectrum of Elementary Particles, II* 


Hiroshi ENATSU** 


Department of Physics, Kyoto University 


(Received May 17, 1954) 


The considerations of mass spectrum of elementary particles are presented. First, the eigenvalue 
problem of the mass of a Dirac particle is discussed ; the mass eigenvalues of the Dirac particle which 
interacts with itself through scalar photon fields are estimated by a method similar to that developed 
in the case of a deuteron for a Yukawa well. Secondly, the ambiguities which appear in the calcula- 
tion of the nucleon self-energy caused by scalar mesons with vector coupling are discussed. It is shown 
that, in spite of the ambiguities, we may assume a fermion (~2350m,) and a scalar cohesive meson 
(~1100”,) to get convergence of the nucleon self-energy due to x mesons. A brief survey of the 
model of heavy particles which seems to be qualitatively consistent with the recent experimental results, 
is also given. 


Introduction 


In the first part of this paper” we have invesitgated the mass problem of Dirac particles 
for a Coulomb type self-potential which has been derived from a complicated expression 
of self-energy on the basis of some assumptions. The essential point of the approach in 
A was its prediction of a simple mass spectrum. Although it is rather gratifying to see 
that a considerable amount of information about mass spectrum can be drawn for a simple 
form of the potential, it is clear that the Coulomb well is not a good approximation for 
the physical situation. The purpose of the present paper is to ascertain if it is also pos- 
sible to get a reasonable mass spectrum for a Yukawa type self-potential which is supposed 
to be a better approximation than the Coulomb well. This does not lead to any difficulty 
in practice. We recall that the techniques of determining the energy levels of the deuteron 
for a Yukawa well without tensor forces have been described in detail by Hulthén and 
Laurikainen”. It is an easy matter to generalize their method for the case of the mass 
levels. We shall discuss a general procedure to determine mass values in terms of a rest- 
mass, coupling constants and quantum numbers. No thorough consideration with respect 
to the experimental material is attempted. 

Another aim is to investigate some ambiguities contained in the calculation of the 
nucleon self-energy ; in previous papers”, we have suggested a simple model of mixing 


fields in order to cancel the divergences of the self-energy and at the same time to get a 


*) This paper is a continuation of the paper “ Mass Spectum of Elementry Particles, I’ Prog. Theor. 


Phys. 1i (1954), 125. It will be quoted as 4. 
*&*) Now at Institute for Theoretical Physics, Copenhagen, Denmark. 
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mass relation of particles involved. In that case, we have assumed a cohesive meson to be 
of a scalar type with vector coupling. However, as is well known, there are some pe 
pancies between formal and actual calculations in terms of derivative couplings. In this 
note we shall remark the following point. In spite of these ambiguites, we may conclude 
that, if we restrict ourselves to the terms of second order in the coupling constants, we 
still have to assume the existences of the Dirac particle and scalar meson, whose masses 
are supposed to be 77,~2350/n, and #4~1100, respectively, to get convergence for the 


nucleon self-energy caused by * mesons which are supposed to be of a pseudoscalar type 


with pseudovector coupling. 


Part I 


The mass eigenvalues of Dirac particles 


In the previous paper” a method to formulate the eigenvalue problem for the masses 
of elementary particles was given for a simple form of self-potential. Since the ideas stated 
there are slightly different from those of the ordinary quantum mechanics in which time 
¢ is regarded as a special variable, we briefly explain the fundamental assumptions involved 
in our treatment. First of all we must mention a possible gneralization of the present 
formalism, which is suggested by the theory of relativity. It seems that the difficulties of 
the present qunatum field theory are not due to an inadequate mathematical handling of 
the problem, but due to the incomplete treatment of it in physical aspects. That is to 
say, from our point of view the troubles may directly be correlated with the fact that the 
synthesis of the relativity and quantum theory has not yet been achieved in a satisfactory 
way. In fact, in the quantum field theory it has been assumed that a space-like surface 
which means infinitesimally small instant of the fresent time has a significance with respect 
to the time dependence of state vectors. However, if we consider a point in a Minkowski 
space, we must take into account the following circumstance ; a light cone which belongs 
to the point exists at every point in space-time. In other words, the locus of points which 
are simultaneous to the point considered is not a surface but a region which lies outside 
the light cone. In order to be consistent with the consequence of the relativity, it seems 
to be necessary to introduce a formulation of the quantum field theory that preserves this 
relativistic feature at least in the particle aspect of the theory. This can be done by em- 
ploying the formulations of the theory which contains a proper time parameter instead 
of the time /, and which we have developed so far. The notion of space like region gives 
rise to new features that are entirely lacking in the usual treatment. As a result of this 
postulate, we are in a position to consider an important question: What kind of action 
is in the space-like domain? It cannot be the action through medium in the 
ordinary sense. It must be a kind of actions at a distance which one does not know at 
all, while in the present field theory the action is supposed to be transmitted by a field. 
However, the notion of action at a distance cannot be overlooked unnoticed by the quantum 
field theory ; if one considers Feynman’s /),(x) function, one easily sees that it can still 


have a value outside the light cone whose vertex is at the origin. This is also the case 
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for the self-energy which arises from the product of some Feynman functions. Thus we 
may suppose that as a result of guantum fluctuations a new kind of action at a distance 
does appear in the space-like region, which is called as the self-energy of elementary particles. 
Of the mathematical expression of the self-action at a distance, it is enough to illustrate 
it by the correspondence principle. We recall the representation of the electron self-energy 
caused by electromagnetic field, which was given by Weisskopf”. The one-electron theory 


(i.e. all negative energy states are left empty) gives us 
OW ng BG | Gs (a0), (I) 


where a is a length denoting the dimension of the electron. On the contrary the hole 
theory leads to 


OMnoe= (3a/27)m log 1/ma, (a0). (2) 


This suggests that we may employ the latter as a self-potential in the hole theory, which 
just corresponds to the Coulomb type self-action (1) in the classical and one-electron theories. 


Relativistically, according to Schwinger” the expression (2) is written as 
Om= (3a/4r)mlog 1/yms, (s—0), (3) 


where s is regarded as a four dimensional distance in a space-like domain. With these 
considerations, we have set up an eigenvalue problem of mass in A: a generalized Hamil- 
tonian or mass operator which involves the self-energy of elemenatry particles as a self- 
potential which is a function of s is given, so that we still have the Hamiltonian formalism 
in which the invariant parameter plays an important role instead of the time ¢. Then, in 
order to get the mass eigenvalues, a generalized wave equation is set up for the Hamiltonian 
and is solved outside the light cone under a boundary condition which is similar to that 
of the ordinary quantum mechanics. Generally speaking, the characteristic feature of our 
method is its analogy to the relativistic quantum mechanics. We thus easily understand 
how the correspondence principle provides a guide in the mass problem of elementary par- 


ticles. 
Now we shall proceed to investigate the mass eigenvalues of the Dirac particle interacting 


with scalar photons. We have considered this case in order to simplify the problem and 
to see the qualitative feature of mass spectrum. Therefore the following discussion is only 
a sketch, but it will be found to be sufficient for further application of the present method. 


We start with the ordinary wave equation : 
(7, 0/8v, +m) $ (4) =0, (4) 


where wz is assumed to be the observed mass of the particle. When we use the express- 
ion (4), we understand that the symbol ¥,’s represent the variables describing the motion 
of the particle in the usual sense ; although in this case theory appears to be relativistic- 
ally invariant, the notion of the spacelike domain is completely discarded. However, if 
we take into account the effects due to its self-fields, we have to assume a new wave equa- 
tion in the following way. All variables 1,’s may be considered as the functions of the 


invariant parameter, and the extended Hamiltonian formalism is assumed, in which the 
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mass of the particle is a constant of motion, and the concept of space-like domain is reins- 
tated. This modification is physically reasonable since the inclusion of the self-energy 
means to some extent a matter in a proper space or an internal space of the particle, 


as Yukawa has suggested”. Now the actual mass in (4) 1s replaced by 
m,+ 0m (7), (5) 


where 77, is the rest-mass. The term 07(v7) shows the mass correction caused by self- 
interactions, and is a function of the actual mass #z (not of the rest-mass 7%). Thus 


the fundamental wave equation is assumed to be 
(Fu O/OVy +, + Om (m)) f (4, (6), X%,(0)) =9, (6) 


where y,=+,(o7) —x,(0), and x,(o) denote the variables outside the light cone whose 
vertex is at the point +,(0). The special form of the equation (6), in which the initial 
values x, (0) are supposed to be zero is given in Ad. Here we remark again that the 
equations (4) and (6) represent the dualistic character of our theory. Namely, it is clear 
that the equation (4) describes in general real transitions and scattering processes of the 
Dirac particle in the four dimensional space-time. However, it is incovenient to discuss 
the system including the effect of the self-energy by means of the equation (4). It is 
rather reasonable to represent such a system by the equation (6) which is valid in the 
proper space-time to which five coordinates are assigned, i.e. four space-like variables and 
one time-like parameter. 

A detailed derivation of the Dirac equation in terms of polar coordinates in the proper 
space-time has been given in A. It will suffice to write it here explicitly : the radial func- 


tions 6,(X), and 6,(RX), (A°= (4, (0) —%,(0))*), satisfy the equations, 


at,/aR—Q/Ro,= — (V+ Py) bes (7) 
and 
ab./aAR+ O/ RO= — (V+) by, (8) 
where 
|\Ol =372; 5/2, 7/2, ssrrere 4 
Hh=mnm—2, mm £r= 7¢°/6 47°, = 3" / 320); (9) 
and 
V=—gym(2/mR) c~m*?, (10) 


It should be noted that the eigenvalue to be determined is the actual mass 7, and the 
attractive potential form (10) is chosen by the following reason. To simplify the calcula- 
tion and to be consistent with the boundary condition ]/() +O (R-> co), we have used 
the asymptotic form for large A’ of the divergent part of self-energy, 


Om~ —2¢5me—""? 11 /mR=2/n?R? + 8/mM?R?—..-\, (11) 


which is shown in the expression (47) in A. Because of the higher singularities in (11) 


a further approximation is introduced, which leads to the expression (10). In other 


——— 
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words, we will take up only the first term of the series (11). The boundary conditions 
for 6,(A) are that they become zero both for R—>O and for Ro. 
Introducing the transformations 


=e? (y¥,— ¥») (12) 
and 

Gee to” (Yat: Yo)» (13) 
and eliminating the component y,, in view of (7) and (8) we have 


ay, 1 ) ay, a) ee eee! ale 
+ (—--2p, )—#L+| —2p,V—-=— Vi +—_ + — Js = 0. 14 
dR? R °/ dR ( ae a dR ake ee 


To facilitate the solution by the polynomial method, it is convenient to replace the equation 


(14) by 


aw aw : a ee, Ree (QO? —1/4) 
—— 2, +4—24V—V->+ + es ee = fw=0 iS} 
ee UR { i hse oLak R? Cy 
through the substitution 
Wiel ee. (16) 


Furthermore, we rewrite (15) in a dimensionless form by introducing the dimensionless 
independent variable x=mR/2. We have 


2 ip a 52a wld 
a oye aw + {o<—+ rls =F 5~ oo al (e wea hs fee) w=, (17) 


ax’ ax x x Ce x 


where 


a=4u,/m, b=8K27/m+ 2g, , 
fo/ Hofo / £9 Gn 


a ; —_ 4 
C=2p,/m, So=4Zy- 


The object of our calculation is to determine the #2 which is involved in the factors a, 6 
and ¢ as a function of the rest-mass 7,, coupling constant g, and quantum numbers. If 
the differential equation (17) has an eigenfunction 7 for a value 7, then we may find 
a relation between a, 4 and c. It is often convenient to write 4 as a function of a and 


c. For large enough values of 7,, the relation can be expressed as a power series as 
‘ 
= 


follows : 
b=p/t+ SB, (shies (19) 
w=0 
where 
c=1/(a+h), (20) 


and the factors p, / and D8 will be given later. The existence of the series such as 
(19) was shown by Hulthen and Laurikainen”? for the case of the deuteron problem in 


3-dimensional space. Since the series has infinitely many terms, we cannot solve it 
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to get mz in terms of other parameters. However, for practical purposes the first few terms 
of the power series (19) will clearly suffice. In this way the eigenvalues of mass will be 
estimated. Here we will follow the method developed by Laurikainen”. 


We now find a solution for zw in the form 
=>) a, Las. P Be 0, aj==0. (21) 
Substitution of (21) into the equation (17) gives 


{(p+¥+1) (e+¥) — (Q—1/2) (Q4+1/2)} avait {e—a(p +4) } a, 


v vt+1 
+6>} = ie)/ oa Ce eas Pa Zivot Ays1-o= 09. (22) 
o=0) o=0 
When v= —1, we get 
p—p—QO+1/4—g,=0 (23) 
or 
e=1/24(O+g0)"”. (24) 


The boundary condition for cv requires that we must choose the positive sign. In order 
to see the general nature of the asymptotic solution of the equation (17), we assume the 
conditions : 
(1) For large x the terms containing the function 1/2* in (17) can be neglected. 
(2) The function z is assumed to be a slowly varying one for large +. 

Hence we can neglect d°w/dx in comparison with adw/dx. Then the equation 
(17) becomes 


dw/ar = (Je~* (ax +¢/ax)w. (25) 


We now find a solution for (25) in the form 


w=>) By as B, =- 0. (26) 


y=0 


Substitution of (26) into (25) gives us the relation for [, ; 


B,(p+¥—c/a) = (6/a) >} (—2)?/o! Bo. (27) 
When v=0, one obtains 
p=(b+¢) /a (28) 
and 
Zo pl? t/a — 3 aa 
v = Py 4 (29) 


Since the asymptotic form of the solution (21) is of the form (29), we find 
1/24 (P+ Ag) = (+6) /ay (30) 
in view of (24) and (28). Hence, from (27) we get 


p= (1/») (P+ Ag')"S} (= 1) % fai (Mpa (1/») (p—1/2) S\(—1)2/o! | ape: (31) 
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We can use the relation (30) to get an approximate expression for the mass of the 
particle : 
M=N2Ing, (C+ 4¢9) °—4m} (14g, +2¢1 eo (PO +4e0)}- 32) 
This is a generalized formula of the mass spectrum derived in A on the basis of the 
Coulomb well, wz. 
m= Mg) (z+ |Q\). (33) 


We shall now look for a somewhat more detailed expression. For that purpose we assume 
the series (19) which includes ¢ as a term: 4,=—c. The expansion parameter tT con- 
tains the unknown parameter / which will be determined later. We also expand a as 


power series in T: 
Ce eae (34) 


The expansions (19) and (34) are substituted into the recurrsion relation (22) to give 


{(p+¥+1) (p+) — (Q—1/2) (Q+1/2)} Qyar, a— (9 FY) My, ner t eth (PTY) Mya 
v+l 


oe. 
ea) (01 One ep ee mee) Ol ey ato, 0: (35) 


o=0 p=-1 o=0 


We assume that the arbitrary constants @,,, are given by 


Gopal tai Ope 720) 5 (36) 
and that the following relation is valid : 
Eee G7) 
Then, with the help of (31) one finds 
Ayo— 1, 
iy =— (p—1/2), (38) 


If we take y=0 and A=0 in (35), we-sée that 
h= {o(e+1) —O+ 1/4—48,'} (+ Ag’) 7071 — 825: p-'=2p—1—8g," p. G9) 
Tf we set Y=0 in (35), with the aid of (39) we find that 
Ein {P—1/4+4¢)'— pot 1)} a, — Ni) ay a» (40) 
Therefore, each of these expansion coefficients B, is defined by @,,,. In this way we can 
obtain the asymptotic expansion for G. In order to get the term to first order in 7, we 
have to know the expression for 4,1. Setting y=1 and A=0 in (35), one obtains 
ay .=p (0/2—-1/4) {(e+ 2) (9+ 1) — P+ 1/4— 4805 
— (p—1/2) {2(p +1) + 2g} +c— 89," (41) 
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With these formulas, 4, can be written as 


B,=—2p(e—1/2—4g 1 p* +0). (42) 
Now we find from (19) 
6=p/t—c—2p (p— 1/2 = Ao pe +oe)t+ SHS ja (43) 
p=? 


There is no sense in calculating (43) exactly since it involves only an approximate ex- 
pression for the self-potential. To the extent that the higher terms (ye = 2) in (43) can 


be neglected, we get a formula as follows : 
b=2p"+ (a—1) p—8g,!—c— {2¢" + (2e—1) 7 — 8g 0'p} {2° + (a—1) p— Bg 0} “1. (44) 
In terms of following notations, 

a=4y, b=8g,;7+2g,, c=2y, (45) 
and 

J=p,/m=m]/m—sZy» (46) 


the relation (44) becomes 


(32g, 4+8—169)7°+2{4(1—L) (g7—p) +L£+ 6h} 74+ Li2e7+e(1—L)}=0, (47) 
where 


p=1/2+ (O+4g/)"” (48) 


and 
L=2p—8¢;,' p'—1. (49) 


It should be noted that the mass 7 is contained only in the roots of the second order 
equation (47). One might think here that a qualification is mecessary to use (44) 
instead of the series (43). We observe that (44) is not a poor approximation to (43) 
provided w is large enough so that the higher terms may be neglected. We feel however 
that it seems to be useless at this time to determine the mass 7 by any more detailed 
relation than (44) since we have replaced the complicated self-potnetial by a Yukawa well 
which is not an adequate expression for it at small values of 1. Although the present 
treatment would not give us any accurate information about the mass spectrum, it should 
be remarked that with the aid of (47) the order of the magnitude of the mass 7 would 
be estimated. As an illustration of this point, we have solved (47). The equation (47) 
for the mass 77 involves three parameters : the coupling constant ¢°, quantum number Q, 
and rest-mass 7). Calculations are made for several values of ¢,7 and Q, and for a fixed 
m,. The numerical values of 7 are shown in Table I. It is noted there that the 7g) 
dependence of the mass seems to be qualitatively consistent with the supposition that the 
states of the heavy particles may be regarded as the excited states of a stable particle. 
However, it is not reasonable that there appear some negative masses in the result. It 
need hardly be stressed that, since in the limit of £9 we should have the relation 


m-—>m, they arise from the crude approximations both for the self-potential and for the 
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series (43). Finally, we must take notice of the fact that, although the example mentioned 
above is the most simple one, our method provides a way to see what properties of mass 
spectrum can be inferred for such a simple case. It is gratifying to see that a qualitative 


understanding of the existence of higher mass states, which has been hard to interpret, 


Table I. Mass values 7 in units of #1 


£0" 1.5 12 | 1.0 0.8 0.6 
= — —_— = = = = 7 = = - = = = — =~ = — 
0=3/2 0.81 Rite Te ete 84220) 28.57 —9.80 
0.96 1.60 5.92 | —13.99 —3.72 —2.89 
1.23 | 2.54 9.43 —5.56 ~ — 
== 512 : 
bare gout pty —1.09 —1.03 ~ - 
3.06 be 8.62 — _ - — 
ee 0.66 lwy te 0:05 ot 2 = = 
| | 


can be obtained on the basis of such a simple assumption. Here no consideration has 
been done for the actual system of the elementary particles to account for the observed 
mass spectrum if it is to be predicted from the theory developed here, since for the present 
the experimental data are not sufficient to draw reliable informations about the type of 
couplings and other properties of the elementary particles. Therefore we shall be content 
to remark that it will in general be possible to extend the present method to any cases 


concerning the problem of the mass spectrum. To such a problem we shall come back in 


a future paper. 


Part I 


Problems of scalar mesons with vector coupling 


In the previous papers” we have developed a method of avoiding the divergence 
difficulties of the quantum field theory by means of the method of mixing various fields. 
In this section we shall investigate the ambiguities which appeared in the computation of 
the nucleon self-energy. 

Before entering into detailed calculations we wish to mention some points connected 
with the so-called mixed theory. First, it has been clear by recent experiments” that there 
seem to be many new particles in nature. As a result of this discovery, the problem of 
the mixed theory appears in a new light. That is to say, it would seem that we may 
now analyze the self-energy problem in terms of the mixed theory based on a physical 
ground. Secondly, the analyses given in the preceding sections and in the paper A show 
that it is easy to understand why the method of compensation would be effective for the 
mass problem. We now know that the object of the method is to cancel higher singulari- 
ties of the self- potentials by compensation or at least to make the self-energy negative in 
order that a mass spectrum can be obtained. This assumption seems to be natural. At 


any rate, the recognition of the fundamental connection between the self-energy and mass 
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spectrum might clarify the difficulty of the quantum field theory. 
Now we shall proceed to investigate the ambiguities. As an example of compensa- 


tions, we have considered so far the following set of interactions : 


(g/t) Py Ts vy $n Obn/O%,+ hic, (50) 
1(G/P) On ty Py Ob /Ox, + hel, (51) 
and i(L/«) Pn 7s tv Pw Vn (OX, + h.c., (52) 


where Py, W,, d, and d, are the wave functions of the nucleon, / particle, 7 meson and 
4 meson respectively. The ambiguity concerning the self-energy manifests itself in a special 
case of the interaction (51). Namely, if we assume that the mass of the / particle is 
equal to that of the nucleon (ie. J/,=J/; MM; nucleon mass), then (51) becomes the 
usual vector coupling of a scalar meson, which does not contribute to the nucleon self- 
energy. This is proved by a formal calculation or by the well known equivalence theorem. 
However, this is not always the case for the actual calculations”. The paradoxical feature 


of the theory lies even in the case when one considers the interaction (51). itself (i.e. 


M,== M). Usually, the ambiguities arise in the calculations by means of the momentum 
representaion, the results then are sensitive to the method used. 

We will consider in the following two different methods of computation of the nucleon 
self-energy in terms of (50) and (51), and will discuss the results of compensation. As 
will be seen later, even in the case of actual calculation it is possible to make the self- 
energy zero for the special case of (51) in accordance with the formal proof. We use 
the same notation as that employed in &. 

Confining our attention now to the essential parts of the matrix elements of the nucleon 


self-energy to the second order in the coupling constants, we find from (51) and (50) 


rh) [ir (hp) +.M\ (72) 
| ap G / WM 3 re) = (¥.,.b : 53 
§ ( ) [(p—h)2+ MV (2 +2) ¢ ) Fu w) ( ) 
and 
ne Air &—P) — MY (rk) 
Iyp= | (de) TENG a 54 
‘ \ | (p—&)? + M"| (4+ 4°) CY 
where (7, « and /4 denote the masses of the / particle, 7 meson and @ meson. Since 


we are interested in the interaction (51), we want to show the detailed calculation of (S305 
The numerator of (53) can be modified as follow* : 


P.= (re) [77 (A—f) + Mi] (72) 
= (74) [a7 (A—p) + M) (7k) + (A — MM) (rR) (7h). (55) 
With the help of the relations 


*) This possibility was first pointed out by Prof. N. Kroll. The autkor wishes to thank him for his 
discussion on this point. 
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1(7p) 1 K=O), (56) 


and 
Tad ts fa 20 uw (57) 
the first term on the right-hand side of (55) becomes 
(yh) [ix AP) + MPA) =1 (7h) [2 — FP) GA) 4+ FA) GR) MiG) [F—24-P) |: 
Thus we find 
l,=1(7h) (2 —2(h-p) + MP — Wi (rk) (MP — Mt") + FP) FA) (M,—M). (58) 


The integration (53) then can be written as 


ge ae 1 iplae, (59) 
where 
aes \ ye) [2—2(k-p) +My — MM) (60) 
[(p—4)°+ MP IMP + MOVE + fay 
i —i (7k) W—M) 
12=| (db) ARON G Sie LS 61 
[—A)2+ Me] E+) sa 
and 


5 (7k) GA) 4-1) 
(pC eee Se . 
\¢ [(g—4)°+ My) (+e) oe) 


With the aid of the relations 
[e—2(k-p) + Mt (P+) [2-28 A) May 
—G+M)\lF—2-p) + M2—M?+ (P?+M*)i\” a, (63) 
and 
P?+iM=0, (64) 
T,! can be transformed as follows : 


[i= \ (dk iGe(e—2e- p+ _; (apy O_ =0 65 
\« [—2(z-p) ali ie =| (+ fp") A \( ) (+ [”) ( ) 


from the symmetry in the /-space. 
The integrations of the remaining terms T2 and /,° are carried out by the method 


described in LB. 
Making use of the identity 


atot= (iLaw+d(1—w) ]> du, (66) 


and substituting 4, by y+’ we obtain 
[i= — (Me M?) § SYdee(dl) (14D) ATTA) + KP) 
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= — (M2—M") | Sidu (de) TY, (27) 


where 


; (= 4+ = B+ MP + (M?—M°—) “wtyet (pt AT’)u(1—2), (68) 


and 
D=—uUp, 0/dkg- (69) 
_ After the differentiation with respect to #, we find 
[2=iA~ (zh) + 441A“ (p-h)[u (7k) + (7p) ]. (70) 
If we neglect the terms which are linear in £4 and put 
(p-2) (7k) = (1) F/4; (71) 
we have 
Tes — (M?2— M1’) \\idu (dh) iu (7p) P= M (MZ — A) \ Spdu (dk) [wa — un * ayy 


Performing the integrations, one gets for the divergent part 


TZ sit M(Me— M) log (K+ K,) /M| , Ky= (K2+ MY). (73) 
K>o 
We can now do the integrals of /,’ in the same way. 


Tp=(M,—M)\ Sidu (dk) (1 +D) A[7 (A+ up)) (7 (A+up)) |= Uh—-AD J Sid (dh) T3, 
(74) 
where 


D=—up, 3/dhat (2/2!) P, Py 3°/Aha Ake. (75) 


After some calculations, we find the result in the form 


[P=A'+ AY (— +p’) + AF (20 PA + up! — bu? pA’) + A (3722p? AI— 304 pt A’). 


7 
Thus the divergent parts of /,° is 78) 


I= (M,— M1) \\idu (ah) A+ AP {2M + (— M+ M0? +p)? — 24] (77) 
= 210" (M,—M) M° (KK,/M°—F log (K+K,) /M) 
— i" (M,— M) (M+ M?/3+ w) log (K+ K,)/M, 


where 
f=1,/M. (78) 


Collecting terms, we see then that the infinite self-energy of the nucleon which is caused 
by the interaction (51) is equal to 


stoma AYE Low ear +( L)0m9 


x {37° —B—2/3+ (u/M)*} log (K+K,) /M}. (79) 


ee 
Ne 
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We have thus shown that there is no contribution to the self-energy if and only if the 
mass of the / particle agrees with that of the nucleon. It is also seen from the fact 
that the terms /, and /,’ given by (61) and (62) respectively vanish in the limit of 
M,— M. 

Next, let us consider the case of the interaction (60): pseudoscalar 7 meson with 
pseudovector coupling. In order to cancel the divergences by compensation it should be 
noted that the computation must be carried out by the method analogous to that applied 
to the interaction (61). 

Consider now the transformations such as (55) — (58) in the numerator of /,, | 


given by (54): 


Iya | ae) OLED MI (80) 
| (p—4)? +") (+h) 


In this case, we see that 
Vps= (v2) [tr 2-2) — MG) 
= (yk) [iz (2—p) + M\ Gh) —2M A) (7) (81) 
=i (7k) [2 —2(k-p) |—2M (72) (A): 


Thus 
Fog aLigg tel yess 
where 
i = i(7k) Coral -p) | S| ae aed ae cae (82) 
if =|) Os ELE i | ( ) (2+) 
and 
air | exe (A) 72) Reaper 
Ne * w 2M | ( 1) Gb +] (+ K°) J |< ) ar ae 


(83) 
Therefore, according to (78), we can readily get the result in the form 


[= 10-40 (KK,/M?—log (K+ Ky) /M) + 2M((4/3) M+) log (K+ Ko |i i; 


Alternatively, the infinite self-energy of the nucleon due to the interaction (50) is written 


as 


same st £\(2DS[-(-Jewkary +40 9420/80" 


x log (K+ K,) /M). (85) 
Comparing (79) with (85), we finally obtain the conditions for compensation as follows : 
(G/1)?= (2/8 -1 (8/*) (86) 


and 
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37°—p—44 (f—«)/M°=0. cea 


In Table II we give the mass values for the A particle and # meson which are derived 
from the relation (87) when we assume that the masses of the nucleon and 7 meson are 


1836 #7, and 276 m, respectively. Although the result obtained is in general not reliable 


Table IJ. Masses of A patticles and § mesons in units of 7,. (M=1836m,, K=276 Me). 


noo .z«—E€_—l wees 


A mass 2280 2300 2360 2380 2400 2420 
§ mass 1463 1380 1092 969 832 608 


a 


because of the approximation adopted, it can be seen from the Table I that the masses 
are of the order of magnitude of those which have been observed by many people in the 
recent experiments.” In order to compare the results obtained above with that given in 
C, the evaluation analogous to that in 4 will be here stated for the case of the interaction 


(51). We begin with the expression 
= GA) ex RP) +.) (72) 
Do re) 2 88 
ie [(—4)*+ MM) (P+) me 


The first point to which we turn our attention is the treatment of the numerator of (88). 
We shall perform the integrations without making use of the transformations such as (55) 


and (58). According to the formula (66) and the change of variables, 4,—4, + 2py. 
we have 
T= J idu(adk) A+ D) A (7 (h+up)) {7 (A+ (u—1) p) +} (7 (24+: u0p)) |, (89) 


where 


A ue Ay 3° 
D=—uUp, ae e ° Set oe 
Ake 22! Pu Po Dkadk, ae Pobx Weadhydhy (90) 
and /l is given by (68). 
Differentiation with respect to hy, gives 


I,=1'+ 174+ 13+ 1, (91) 
T= {| ytu (dh) A (— 28+ 28 + 32? +u—1) (MR /2) 

+ (—7 Pui — Bub + 62° — 4u4—2*) (M*/3)], (92) 
T= \fidu (dk) A (—u MB + (— 2 Bu + 28u? + Bil + 30° + 08 + 328 — 17) MOP 

+ 2 (3 P20? + BrA— 328+ 2° + u*) M1”), (93) 
I? = { \odu (dk) A~*[ 3 (Bo? — Bu? — 204 — 18) Mh 


: + 3 (— 38a? — 3814 + 32° + 20° — 34) Mk), (94) 
an 


Ey = \ Soda (dh) A“ 4a MS + 4 (22a — 328 + 204) MK). (95) 


ie 
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T's can be modified with the help of the relations : 
Po (F+0)—@, Ba (P+ 2-28 (P+) + MN : (96) 
After some evaluations, if we neglect finite terms, we have 
T= § Shan (dé) [ (M/2.A) (— 280+ B+ 30? —u—1) + M/A) {500° 
— (268 +41) (w4/6) + (— 3? +88 +174 3°/ MT) (2*/3) 
+ (288+ 58’—28—11—28°/Me— 11° / MM”) (0/4) 
+ (28-43) (u/2M*) — (B—1/2) (#/M)} |. (97) 
By integrating over 7 and fq, there follows directly 
6 Mec = MG?/41) (M7) (1/8) (28-1) (KK,/ MP) + (1/1207) 
208+ 259—228—2-+ (354° /M) — (40812 /M?)}log(K+ K,)/M], (98) 
when expressed in the form of self-energy. One sees at once that (98) diverges even in 
the limit of M,>M. In the same way, as was shown in B we can get the nucleon 
self-energy due to (50) as 
OM sam = M(e?/42) (M/«) '|— G/87) (KK,/M) + (1/1207) 
x {(65+ (7547 /M")} log (K+) /M)- (99) 
The conditions of compensation resulting from (98) and (99) are therefore 
(G/p)°=3/ (28-1) (g/«)”, (100) 
and 


(p/M)°=( (28-1) (740 (AE yt 65 — (60/758? + 668 + 6) |/(120B—105), 
(101) 


which are the results given in C. The mass values which are derived from (101) are 


again shown in Table III. 


Table III. Masses of A particles and @ mesons in units of 7,. (47=1836 Me, R= D7Oiee) = 


A mass 2100 2200 2300 2350 2400 


@ mass iS 1042 988 923 857 787 


Now it remains to study in more detail the inconsistensy involved. However, at the 
present stage we have no convention to remove such ambiguities which seem to be due 
to the use of the different methods for carrying out the divergent integrals. In spite of 
the incompleteness of the present method, the presumption is strong that the approach 
mentioned above may be nearly but not quite correct on the way toward a deeper unders- 
tanding of the nature of elementary particles. In fact, as is easily seen from the Tables 
II and Ill, the masses of the A particle and 0 meson seem to be not at variance with 
those which have been observed in the recent experiments, when either method of 
calculation is used. Therefore we should like to put forward here a hypothesis that 
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the mass values thus estimated may be looked upon as indices to consider the model 
of elementary particles on the basis of the mixed theory. Of course, a further uncer- 
tainty arises from the neglect of higher order terms in our calculation, so that our model 
may not be free from a serious change. Nevertheless, we shall emphasize that our point 
of view is most practical and comprehensive to solve the problems involving heavy unstable | 
particles, as was discussed more fully in the paper C. In the following shall we be concerned 
chiefly with the processes involving neutral “I particles and 4 mesons. From our point of view 
it seems that the electromagnetic field does not play an important role in studying the 
problem of mass qunatization. The reason is that, since it gives us a positive self-energy, 
we may take into account it as a perturbation for the mass levels. Accordingly, the neutral 
particles are the central object of our investigation. 
(1) Interactions : 
The interactions which we have assumed in the paper C from the field theoretical 

considerations are as follows : 

(VNz), PS (pv), 

(ANDO), S(v), g°/4nhc~10—107, (102) 

(AA), and ~PS(pv), 

(VG) and “-(4A0)> Ss), 7 /nhe~ 10-10 |. 


(2) Masses : 
The order of magnitude of mass is estimated in terms of the condition for the com- 


pensation of divergences. 
(i) Self-energy of the nucleon ; 
(VN) and (AVA) furnish M7,~2200m,, 4~1000m,. 
(ii) Self-energy of the 1 particle ; 
(AN@) and (AAz) give I,~2300m,, 4 ~1000m,. 


We have assumed that J/=1836 m, and e=276 m,. 
(3) Production of particles : 
The / and @ are produced in pairs. 


(i) (NN) and (NAO) predict 
N+N->N+A+6, and V+ NA+ A, 
(ii) (NN) and (NAO) also predict 
z+ N>A+ 90. 


It must be noted that this is in accordance with the production scheme which has 
been observed in the experiments by the Brookhaven cosmotron. 


(4) Decay of Particles : 


(i) (NAO), (NN) and (NNO), 


3 


, oa 
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or (AAG), (Adz) and (AMO). 
Either combination gives rise to 
A—-+>N-+ 7. 
(ii) (NN@) and (VAN), 
or (AAB) and (AAz). 
Bither combination gives rise to 


G— z+ 7. 


In this way the consequences which are derived by making use of the set of interactions 
(102), wnich is employed to understand at least processes concerning the A particle and 0 
meson, appear to be qualitatively not at variance with experimental results. While many 
details remain to be considered, it should be remarked that the field theoretical point of 


view may furnish a new light on the deep-lying relations between elementary particles. 


Outlook 


From the foregoing works it appears that we may use the generalized Hamiltonian 
formalism and the method of mixed fields as profitable tools in order to investigate the 
mass problem of elementary particles. The advantage of the new Hamiltonian formalism 
is that in a system interacting with itself it permits a treatment of the problem of self- 
interaction in a relativistically invariant way. It is satisfactory from the physical standpoint : 
it has been formulated in such a way that it preserves one of the most important features 
of quantum mechanics. Recently several authors have put forward the idea similar to that 
involved in our treatment. Proca” has suggested a possible extension of the point mechanics 
of a Dirac particle, in which a proper time plays an important part. The necessity of 
introducing the proper time or adsolute time in the quantum electrodynamics has been 
stressed also by Dirac”. 

At any rate, it seems that there is reason to believe that the new point of view will 
prove fruitful for the present quantum field theory. 

I would like to thank Professor H. Yukawa for his kind interest he has taken in 


this work. 
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Recently, Heer and Daunt' have developed smoothed potential ideal (Bose or Fermi) 
gas models for the study of mixtures of Bose and Fermi liquids, that is, He* and He*, 
respectively. They have assumed that the liquids are incompressible and that they form 
statistically independent systems in the mixture. Thus they have written for the total 


volume |’, and the total potential 7, of the mixture, the expressions : 
es) ah AIS YM CM (1) 


=; Xs +N, 7h (2) 


In order to obtain expressions for the partial vapour pressures over the liquids Heer 


and Daunt have assumed that the Gibbs energy 
G=G,+G,=F,+ Fy + (ps t+ps) (VV 4+ Nil 2) 
can, for sufficiently small pressures, be replaced by the Helmholtz free energy F, i. e., that 
ri Pash, ply. (3) 


Using this assumption Heer and Daunt have carried out detailed calculations for the total 
vapour pressure (f~,+/,) over 20 per cent mixture of He* in He’ in the case when 
the former is regarded as essentially Boltzmannian. It is found that there is good agreement 
between their theoretical predictions and the observations of Weinstock et al”. for 20.3 
per cent mixture. 

However, it is important to note that Heer and Daunt’s “ model solutions’ are 
actually mixtures of ideal (Bose or Fermi) gases (except for the constant potential wells) 
and therefore their assumption (3) must be regarded with a due amount of reserve. 
Recently, we” calculated values of (/,+/,) from expressions derived directly from the 
Gibbs energies and found that the results were everywhere considerably higher than those 
reported by Heer and Daunt. Hence the good agreement obtained by them is seemingly 
more apparent than real. 

Here we propose to consider a slightly different model for the mixture. We assume 


the mixture to be a single system in a smoothed potential well —y,,, where 7, is given 


by 


ne Ag Ny ae ANS: te + A Xi, Xoa (4) 


ae 


» ail) 
ter 
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where Y, and Y, are the molar fractions and, as before, -y,° and -y,’ are the potential 
wells for the pure liquids. Thus we have included in the potential for the mixture a 
contribution due to the interaction between the Bose and Fermi (He* and He’) particles. 
Next, we assume that despite this interaction the liquids form statistically independent 
systems in the mixture. This may be expected since the form of the interaction term is, 
clearly, analogous to the random mixing term in the theory of regular solutions”. However 
this analogy may not be regarded as a proof of eq. (4). 

Now using eq. (4) we obtain, from the Gibbs energies, the following expressions for 
the partial vapour pressures (in terms of the saturated pressures). 
(a) Below the 2-temperature : 


Pa = ex | As X;— Xs us| 

ee el eee Ke 5 
Sree. Sa. ke cr. 
Ps _ yi [x ves es) 6 
pe “Ag CXP} ly —« “ry ( ) 


(6) Above the d-temperature : 


ev exp| (1 Ps") X}—0.24(1 +X) — 1 ey at 


cay Ve EX 
= il TER Ne 
—0.033(1+2.X//— ( ee Ge, 7 
eae va aye ce 


70 
Ps Ae exp] (1 wad 


- A.) x {0.924( 2 \+ 0.066( >) + + } = 
3 4 . 4 


2 Xs 
wh] @ 
It may be noted that we have, following Heer and Daunt, considered the Fermi liquid to 
be essentially Boltzmannian. Using the observed values” of the saturated vapour pressures 
we have computed the total pressure /” (~,+f,) over 20 per cent mixture from eqs. 
(5), (6), (7) and (8). The molar volumes, as usual were taken to be 27.6 cc. and 
37.6 c.c. for He! and He’, respectively. The results ate plotted in Fig. 1 as a function 
of temperature (full curve). The value of Yu, 1.5R, used for calculating the pressure is 
obtained by fitting up the theoretical expression with the observed pressure (276m.m.) at 
3°K. We have also included the curve obtained from Heer and Daunt’s model when 
assumption (3) is disregarded (dotted curve). (See reference 3). The measurements of 
Weinstock et al. are indicated by circles. 

It is seen that the theoretical predictions agree fairly closely with the observed pres- 
sures for temperatures above the A-temperature (~1.63°K ). Below the A-temperature the 
theoretical results are too low. This may be due to the fact that we have neglected the 
temperature variation in 733. In practice, we should expect 73, to decrease (numerically ) 
as the absolute zero is approached. Hence, it may be expected that when the temperature 
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We hope to publish 


variation is included our results would come closer to the experiment. 


the details elsewhere. 


Our grateful thanks are due to Dr. D. S. Kothari and Dr. F. C. Auluck for their 
interest in this investigation. 
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Fig. 1. Plots of the total vapour pressure over 20 per cent 
mixture of He* in He!. The full curve is computed from the 
expressions derived in this note and the dotted curve is com- 
puted from Heer and Daunt’s model (but not assuming 
G=//) (3). The circles indicate the measurements of Wein- 


stock et al. (Reference 2). 
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The possibility of time reversal transformation is investigated from the general viewpoint of the 
quantized field theory. The time reversal transformation is so defined as to preserve the canonical 
formalism of the theory. It is found in §2 that there are two kinds of such transformations, which 
are shown to correspond to the so-called Pauli’s and Wigner’s transformations, respectively. In 
§3 the transformation properties of physical quantities under these transformations ate examined 
and then the physical meanings of time reversal are clarified. In § 4 some considerations are made 
as to whether the invariance requirement under the time reversal really imposes restrictions on the 
form of interaction Hamiltonian and the otherwise undetermined phase factors of the coupling constants 
of the Fermi and Yang-Tiomno interactions. Finally the connection between the generalized time 
reversal transformation and the concept of the family of elementary particles is studied. In the appendix 
the transformation is further applied to the Pais’ theory of baryon-meson-photon system. 


§ 1. Introduction 


Present theory of the elementary particles is considered to serve as a mean for 
phenomenological approach to the general rule which governs the world of the elementary 
particles. Since we have no definite information on the structure of the elementary 
particles, it seems necessary to study how many quantities will fix the structure of an 
elementary particle apart from their structure. In the present theory these quantities are 
obtained in reference to a point particle in connection with the various invariance properties 
of the theory. From the relativistic invariance of the theory, the ten quantities, namely, 
the energy-momentum, angular momentum and center of mass (or Lorentz transformation) 
are found to be of definite meaning.” Further, in this connection, the mass and spin 
also come out as the intrinsic quantities of the elementary particles. Empirical information 
on these ten quantities will be contained in the mass-spectrum and selection rules for the 
mutual transition of the elementary particles. The electric charge of the field appears 
subject to the gauge invariance of the theory. On the other hand, the requirement for 
the invariance of the theory under the space inversion and time reversal sometimes gives 
tise to restrictions on the interaction form of fields. However, in the quantized field theory, 
the definition of the time reversal ceases to be unique. 

It is the main purpose of this paper to find how many types of transformations are 


possible subject to the conditions of invariance under the time reversal and to what extent 


the types of interactions are restricted in respective cases. In § 2 it is shown that there 
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exist two stand-points concerning the time reversal, namely, Pauli’s” and Wigner’s” trans- 
formations under the Hamiltonian and Schwinger’s variational formalisms.” In § 3 we 
investigate the physical meaning of these two transformations by giving their intuitive images. 
Finally in § 4 the restriction on the Boson-Fermion and Fermi interactions are studied from 
Wigner’s transformation. We also consider briefly the connection between such transforma- 
tions and the family of the elementary particles. In the appendix the transformation is 


further applied to the Pais’ theory of «w-space. 


§2. The general consideration of time reversal 


In this section we shall discuss the general formulation of the theory of time reversal. 
The following treatment can also be applied to the other transformations, i.e., space reflec- 


tion, and total reflection, etc. The fundamental equations of the canonical theory are 


given by 
—,0.(x) =[On(x), T8Oa]} (2-1) 
{08 [o|/do (x) =H (x) Plo}, (2-2) 
[Q.(2). On(2") =#Rap (8) 4d (4—2’) (2-3) 


in the interaction representation, where 7}'|Q,| is the interaction free part of the energy- 
momentum four vector and //(2) is the interaction Hamiltonian. A’,,(9) is a differential 


operator which is defined by the following equation ; 
Ags (0) Rs, (0) = (O—«’) 0,, ; (2-4) 


where ,,(0) is a differential operator (including the sign), which arises in the field 
equation derived by the variation of the Lagrangian, that is, 


Ags (0) Os (x) =0. (z46 
The type of transformation of the time reversal is restricted by the requirement for 
the invariance of equations (2-1) and (2-3), while the interactions are restricted by 
the invariance of the Schrédinger equation (2-2). 
It can be proved that the field equations (2-1)’ are invariant under time reversal 
Hy Xp=Xjy Ly > X= —Xy and 
Y sinacrnojng (4) “=P anacripe (x) =SPurpa-n, (x) b 
S=(—1)"0774; p= 61, +47 (2:5) 


for the half integer spin field, 


or 
Oarua-ssst, (x) =e Caecum: (x) OO psn. (x), (2 edt 
Sas (1S sp ses 


for the integer spin field, 
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where 72 denotes the number of the 4th suffices in (4, fort's Hus Purua---p, describes a 
3 ~ . O ¥ 5 tiga 

half integer spin field in the mixed representation, where the spinor suffix of ¢ is abbreviated. 

In this case it is easily shown that the free part of the Lagrangian is transformed as follows, 


\- a‘ I(x) = | odd scalar for the half integer spin field, (2-6) * 


even scalar for the integer spin field. 


4 Therefore, 


5 
A - even vector for h.i.s. field 
‘ TO, =) or for h.i.s. field, pore 
1 vl Qa odd vector for i.s. field, ee 


due to the odd vector charactor of (do, .*** 

For the complex field, the field quantities consist of QO, and its complex conjugate 
quantity Q2. Therefore, the whole of the field quantities are given by (OF Ogee 
Oi, Ox, ---). The above transformation S transforms the equation of Q, not to that of 


3 
a 
@ Qc, but to that of Q, itself. However, the invariance of the theory only requires that 
4 


the system of equations of Q, and OQ; are invariant as a whole. 


4 In order to discuss generally the possibility of such a transformation, we shall con- 
* sider the following most extensive transformation ; 

i: P[o| > Plol=P*[o]R+ RP [co] 

3 O.(2) > O.(x) =U Oh (2), (2.8)arm 


q where I@ and R’ are the unitary operators to be operated on the state vector, and U is 
operator whose sufiecs a, ff are extended over the whole species of the field 
quantities (Qy, Os,"**s Qz, Oj,+- ) and the tensor suffices of the respective fields. In 
order that the phase of the state vector is not observable, either F2 or A’ must vanish. 

We shall consider first the case F?’/=0. Rf is clearly commutable with 5. Oe gai 


t etc., and also with the coordinates 1, and the differential operators 0,. According to 


a unitary 


* We shall cail a scalar 4 and a vector 4, even or odd when they transform under a time reversal 


as follows ; 


ua A>A=A (even) or —A (odd) 
" Ay 2 A; =Ah (even) or —A; (odd) G=172, 2) 
re A, Af=—Ayg (even) or A, (odd). 


T,,° leads to difficulties when we make the transforma- 


4 This difference in the transformation property of 
both sides of (2-1) shows the different 


tions (2-5) and (2-5)’. For instance, in the case of i.s. field the 
On the other hand, this is not the case for h.is. field, but (2-3) can not retain, 


transformation properties. 
This is the reason why we have to make such a 


in this case, the original form after transformation. 
tremendous transformation as defined below. 

ek As is well-known, the infinitesimal element of the 
dimensional space is the volume of the infinitesimal parallelepiped, an 


symmetric tensor 45), y+ doy, is a dual four vector to it, and is given by 6, =1/6 eyyrand vane 


dg, is an odd vector. 
4ckkek ‘The matrix with superscript 7’ indicates the transpose 


hypersurface (three dimensional) in the four 
d the latter is represented by the anti- 
Therefore, 


d matrix hereafter. 
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(2-8), the matrix element of any function /*(Q) is rewritten as follows : 
(lo) FQ) Vlei) = (Plo), RK (O"(x)) B)V[o)). (29) 


If we call the worlds before and after the transformation the reciprocal worlds each 
other, the o,—> 0» transition corresponds to the o,—> o, transition in the reciprocal world. 


Now, we shall assume* that the field quantities are transformed linearly, 
RQ? (xz) R= RQ" (x) (2-10) 
or OBO" («) R=U7RQ" (x), (2-12) 


where the suffices of the operator /, like as the operator (’, are generally extended over 
whole species of field quantities (Oz, Q;,::-, Of, Of, -°*:  ) and the tensor suffices of the 
respective fields. 

The equations (2:9) and (2-10) show that the operator (/ appears always in a 
form U~'R. We can, therefore, set especially (/ == S, because either (7 or RK may be 
chosen arbitrarily. 

Rewriting the canonical equation (2-10), we have the following equation 


—d,00 (4) =o [OP (x), (TRO (x) ))7], (2-12) 


lit for h.i.s. field 
C= 


2215 
+1 for is. field, ( ) 


where we have used the relation (2-7). 
In order that canonical equation (2-1) is invariant, it is necessary and sufficient 


that the equation (2-12) is identical with the equation 
— 9,02" (x) =[O2(«), TrLQ'"(x) ]) (2-14) 


because Of’ (x) (==Q,(7)) is the field quantity in the new coordinate system. On the 


other hand, 7)|Q] can generally be written in the follwing form, 


TsO] =§ Ol (4) 24, (8) OQ, (x) a" , (2-15) 


where {2%,(0) is an appropriate differential operator. 
Therefore, the equations (2-12) and (2-14) are identical with each other provided 
that 


O! (x) (R-.2" (8) RYO" (x) =0 0" (x) 2" (8) O' (x). (2-16) 


We can separate solutions of (2-16) into the following two types. 
[7\|: Assuming the commutation relations of the positive and negative types for the 
half integer spin field, respectively, we can determine the matrix 2 by the equation 


ey ? ; ml 
This requirement means physically that transition from a state of the occupation number » to that 
of occupation number » corresponds to the transition from the state of 7 to that of m in the reciprocal world 


———| 
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R72" (8) R= 2" (3). (CRD) 


Apart from the constant factor, R=1 is a solution of (2-17).* However, it is not 
unique solution. For instance, it is easily shown that R=y, also satisfies the equation 
(2-17) for the field with vanishing mass and spin one half.** 

[7.|: Now we shall replace the matrix R by C defined by 


RQ (4) =O" (a) CO. (2-18) 
Then the condition (2-16) is replaced by 

C712? (9) C=o 2" (0). (2-19) 
We can obtain this equation without assuming the commutation relation. Since, as is 
well-known, 2¢7(0) =" (9) holds for the integer spin field, C=1 is a unique solution 
of (2-19), that is, 

RO (x) =O"(2). (2-18)' 
We can express this transformation concretely as follows, 


Dees os ot come Ce ene ; 
(2-20) 


tT 
AD atm Tt PR tee 


This transformation coincides with charge conjugation of the Bose field. 
For the half integer spin field, it is easily shown that the charge conjugation matrix 
is a solution of (2-17). For example, in the case of the field with spin one half, .2* 


is given by 2'=7, {7,0,+«},*** we have 
CUIC=—te CONCH (2721) 


according to (2-19). 

It is easily shown that the matrix C which is determined by (2-21) satisfies the 
equation (2-19) also for £=1, 2, 3. The equation (2-21) is a well-known relation for 
the matrix of the charge conjugation. That there exist no other possibilities for the time 
payersaly than [Z,| and [74], can be understood from the fact that the field quantities 


before and after the time reversal can not give such a correspondence to each other that 


O~a0'+bQ", (a=—0, O=- 0). 
The cases a=0 and J=0 correspond to [Z,] and [7,2], respectively. 


=1) for the complex field and A=+1 for the real field. 


* In general, we can choose =p (0 
d p’ in the equations (2-5) and (2-5)’. 


However, these factors can be absorbed into the constant factors p an 
See § 3. 


+ Jt can be shown that R=1 is a unique so 
Lorentz transformations. 


lution for the field with nonvanishing mass, when we do 


not introduce other transformations than the 
ay Te (1, 2, 3, 4), k= (1, 2, 3) 
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For the differential operator 1(0) in the equation of motion derived from the free 


Lagrangian, we can prove the following relations : 


R-A(a) R=A(Q), for [7], (2.223 
C71? (a) C=oA(8), for [7>], (2-23) 
S7A(8)S=oA (9). (2-24) 


It can be shown that the free Lagrangians in the representation appropriate to Y and 
W, respectively are related to each other as even scalar, irrespective of their spin, under 
the time reversal defined above, according to (2:6), (2-9), (2-11) and (2-22) — (2-24). 
Using (2-4), (2:22) and (2-23), we have 


R“R(8)R=R(), for [7], (2-25) 
C3R?(a)C=cR(3), for [7], (2-26) 
S7R(a)S=c0(8). (2-27) 


Considering these relations and (2-9), we can prove the invariance of commutation 
relation. In this proof, the definite type of the commutation relation (i.e. + or — types 
for fields of half integer or integer spin, respectively) is used in the case | 7}}. 
Distinguishing JF? and RK for [7;,| and [7.] by sufficies 1 and 2, respectively, we shall 
define ft’ by 


RI" (B,"0' (2) R,) W=R"0 (x) R,, 


in order to investigate the relation between FR, and R,, that is, [7] and [7.]. Setting 
R,=1, we obtain 


R’"Q! (x) R'=RO!' (x) =O") C7. 


That is, A’ is just a unitary operator of the charge conjugation. Therefore RF’ is 
equivalent to the product of the transformation [7}| and the charge conjugation.* 

[7'] is the so-called Pauli’s transformation,” and also corresponds to the transforma- 
tion used by J. Schwinger.” [7%] is the so-called Wigner’s transformation.” 

It is clear that the above discussion holds even for the case where the matrix R 
involves the unitary matrix of other transformations than the Lorentz transformation. For 
instance, in the theory of the nucleon and meson system, A’ may involve the unitary 
operator in the c-space. In this manner, there may exist various types of the time 
reversal, which we shall discuss later in detail. 

The various transformations restrict the type of the interaction in their different ways. 
In fact, the restriction on the interaction Hamiltonian is derived from the requirement of 
the invariance of equation (2-2). From the equation (2-2), we have 


* Ie can be also shown that this R/ is equivalent to unitary operator for the charge conjugation given 


by Wolfenstein and Ravenhall. L. Wolfenstein and D. G. Ravenhall, Phys. Rev. 88 (1952), 279. 


a 
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10 [o\/d0 (x) = (ROUT (2) R)7¥[o}. (2-28) 


Therefore, the condition that the Schrodinger equation (2-2) is invariant under the time 
reversal is given by 


(OL (#) = (ROTO. («) |B)”. (2-29) 


The transformation corresponding to R=0, MR’ =|-0 in (2-8) is excluded by the 
following physical reason. In this case, starting from the equations (2-9) and (2-10) 
without their transpose suffices, we can derive the condition for the invariance of the 
canonical equations (2-1)—-(2-3) through the same method above used. As a result, 
we find that the free energy operators in the representation corresponding to Y[o] and 


Vo, respectively, have opposite sign. Therefore, in order that the eigenvalue of the 


energy remains positive and definite, it is necessary to invert the sign of the commutation 
relation after the transformation. However, calculation shows that the commutation rela- 
tion remains invariant. Thus the inversion of the sign of the energy in the reciprocal 
world becomes unavoidable. Therefore we shall exclude the transformation dv Osrand 
R’-£0 for physical reasons. We shall refer to this point again at the end of this 
section. 

Now, we shall repeat briefly the above discussion using the Schwinger’s variational 
formalism.” In the following discussion we use the Heisenberg representation. 


The fundamental equation in the Schwinger’s formalism is 
0 (C110; |C2’oo) =1 (€)'o, | af aaiL (Q G@) ) \Co'o9) . (2: 30) 


Transforming the state vector by (2-8) R=E0 and R’=0, and setting (= (Rt), 
we can replace the equation (2-30) by 


0 (C5!o9|C1'01) =2 (C2029 [RAL(S7 2 (4) ) RP ax"|C'o,). (2530) 


Therefore, in order that the theory is invariant under the time reversal, it is necessary and 


sufficient that the next equation is satisfied, | 
[ROL (S70! (2) RP =L(O'"(2)), (2-32) 


if we regard O'"(%) as the fleld quantity in the new coordinate system. Since the 
transformation FR should transform the free and the interaction Lagrangian to the free and 
the interaction part in the new coordinate system, respectively, we must first determine the 
operator Rin such a way that the free part of the Lagrangian is invariant and then 


determine the interaction form of Lagrangian to be invariant under this given transforma- 


tion RR. As an example, we consider the free field with spin one half in detail. Since 


we can take ¢ and ¢ as the independent variables, the matrix I? which satisfies the above 


condition is determined by considering either of the following two equations : 
Bit! (#) R,=Ry' (); (2°53) 
Roy (4) R,=R,f" (4). (2234) 
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After the simple algebraic calculation, we obtain 
R.=1, (2-35) 
A Gas (2-36) 
and therefore these two cases correspond to the previous [7] and |7)]. 

Finally, we shall consider the case #=0O and fi/=-0. As previously related, this 
transformation gives rise to the difficulty concerning to the transformation of the energy. 
This difficulty arises from the fact that #’ is no longer commutable with the differential 
operator 0,. However, it is shown that if we take as the field quantities at the reciprocal 
world points* instead of those at the same world points as in the previous case, then ft’ 
becomes commutable with 0, and we can construct the consistent theory, and that the 
invariant system under this transformation satisfies the condition of the reversibility intro- 
duced by S. Watanabe.” 

In this case, the transformation of the state vector Y|o|, the field operator QO,(1) 


and the observable ¢[o| is given by 


Plo] —> Vlol=f'?[ol, (2-37) 
Q.(#) > Qu(4) =O, (4) RI, (2-38) 
Clo] > CloJ=R'elo] Rk’, (2-39) 2 
where © is a reciprocal surface with o as shown 
by Fig. 1. 
Using these transformations the fundamental a 


equation (2-30) can be rewritten in the variables 
in the new coordinate system as follows; after 
replacing the integral variable in the right hand Fig. 1 


side by the new coordinate variable, we have the result, 
0(0)'04|C2'"o5) =i( G:/o,]0 LQ (7) , 8.0 (x) )dx'|Cr!'o5) : (2-30)? 


Comparing the equations (2-30) and (2-30)’, we find that the fundamental equation 
is formally invariant under the transformations (2-37) —(2+39) apart from the four 
dimensional region of integration. However, since the fundamental equation of the 
Schwinger’s formalism consists of the equation (2-30) for the whole of the arbitrary set 
(0, %), the fundamental equation is completely invariant as a whole. 

To complete the discussion of the invariance of this type, it is further necessary to 


require that the equations of motion etc., derived from the new Lagrangian 


L=L(O(x), 3, Q(x) (2-40) 


* - 
We shall call the world points ?, and P, the reciprocal world points of each other, when the 
> 


coordinate of P; In the old coordinate System is nume all equal t | Lo} 9 In the new coord a Ss 
yi 1 meric qu I oO that f ie 
y inate ystem 
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are compatible with those derived from /. This is satisfied if the following relation holds ; 
L=1*(Q(4), yO). (2-41) 
According to (2:40) and (2-41), we find that Q(x) is generally given by 
Ou (4) = B'Q, (4) BI = Rag Qs (4) 
= (RS) Oh? (x); (2-42) 


where the operator A’ is of the same kind as A’ used in (2-10). By (2-42), the above 
condition (2-41) for the free Lagrangian part 


L°=O'(x)A(9) Q(4) is rewitten by 
(OP (x) (R'S“A(A) (RIS) OMa)}" 
=0'(2)A(A) OC): (2-43) 


The determination of the matrix A’ is done, separating the following two cases. 
[7,|: Using the commutation relation of the positive and negative types for the 
half integer and integer spin field, respectively, we can rewrite (2-43) as 


Oa) KS )'AG) (RS) OC") 


=!" (x) A(9) OQ" (4). 
The solution is given by ; 
Ries. (2-44) 
From (2-42), we have 
RO@R7=SC' (). (2-45) 


[Ti Now we introduce the matrix C’ defined by 
RO er) =O Oe (2-46) 
Using (2-46), we transform (2-43) into 
Or (x) CP(A) CO") 
= 00" (x) A(A)O"(2)- (2-47) 
Therefore, the matrix C’ which satisfies the following relation 
CAN) C1 =A) (2-48) 


becomes a solution of (2-47). From (2-23) and (2-48), we find that C’ is equivalent 
to C apart from a constant factor. By use of (2-42), we have 


ROG) B= O"'(@) Se. (2-49) 
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It will be noticed that the transformation equations (2-45) and (2-49) are completely 
identical with that given by S. Watanabe.” Now we shall explain their connection in more 
detail. We assume that the system is invariant under the time reversal (2-37) — (2:39). 


If (2) is a solution of the Schrodinger equation 
10¥ (t) /At=H() EF (2), (2-50) 
Y'(t) which is defined by 
P(t) =E*(—A RB 
is also a solution of (2-50), provided that //(/) satisfies the following relation 
RA) li Fee (2); (2-51) 


However, (2:51) is just a result of (2-39), that is, the condition for the invariance 
under the time reversal. Thus, we can conclude that the system which is invariant under 
the time reversal (2-37) —(2-39) has a property of the reversibility. 

In conclusion, we shall discuss briefly the space inversion. As mentioned above, 
that there exist two stand points |7,| and |7’,| for the time reversal is due to the fact 
that the theory without interaction is invariant under the charge conjugation. Thus, for 
the space inversion there arise two stand-points which are connected with each other by the 
charge conjugation. We shall call these |/,| and |/.|. For instance, in the case of spin 
one half, the transformation operator is given by py, and 7,C in |Z,| and |Z,|, respec- 
tively. In this case, the stand point |/,| imposes the restriction on the commutation 
relation as | 7] does in the time reversal. 

The fact that only one of the two stand point in the space or time inversion imposes 
the restriction on the commutation relation of the field quantities shows that it is the 


charge conjugation what essentially imposes the restriction on the commutation relation. * 


§ 3. The transformation property of the physical quantities 


Since the explicit form and the physical meaning of the transformation operator JY’ 
regarding the time reversal (2-37)—-(2-39) has been investigated by S. Watanabe in 
detail, we shall study exclusively the case (2-8) R=-0 and R’=0. By studying the 
nonvanishing matrix element of A, we can obtain the correspondence between the reciprocal 
worlds. The explicit form of R, and R, can be determined by expanding (2-33) and 
(2:34) in the Fourier series and comparing the both side. 

As mentioned in the previous section, #2, and I; have an arbitrary factor produced 
by the unitary transformation which changes the arbitrary phase factor in the right hand 
side of the equations (2-17), (2-19), (2-39) and (2-36). This arbitrary factor comes 
from a different origin from that of the well-known @ and p’ which appear in (2-5) and 


Therefore, if the theory was invariant under the charge conjugation, two stand points [7] and [Zo] 
are equivalent each other. However, we can make interactions which are not invariant under the charge 
conjugation but invariant under one of two transformations [7;] and [7%]. 


On the Time Reversal in the Quantized Field Theory 393 


(2-5)’. The unitary operators which change the phase factor of the field operator by an 
arbitrary phase y are given by 


A lig (a*/ax,U —BU /dx,U*) doy), 


exp [79- i\ ¢7,pde,,| (3-1) 


for spin zero and one half, respectively. These operators have generally the form of 
exp |7y-charge|, that is, the guage transformation of the first kind.* Especially for the 
real field, the phase is restricted to +1 only. Thus, for this case of —1, we need only 
to multiply the previous result for Iv by the factor 


( = 51 ) number operator i G3 - 2) 


Therefore, if we assign to the respective fields an intrinsic “ charge” a new kind of 
the charge conservation may be obtained. We shall discuss this problem in the next section. 

We shall now consider transformation properties of the relevant physical quantities 
Pros) | ‘The physical quantity in the reciprocal world corresponding to / (OG) iis 
FQ’? (x) |. Between both quantities there exists in general the following relation, 


FO? (x) ]=+ (RF [Q@ |B)”. (3*3) 
If /[Q(2)] has an eigenvalue /, that is, 
FQ) Plol=rr tol: G-4) 


then /[Q’ ™() | has the eigenvalue -b/ with the corresponding sign to that of (3-3) 
and its eigenvector V[o]| which is connected with Y[o] by (2-8), that is, 


FO? (x) Wlol= +/¥[o. (3-3)! 


We shall call the physical quantities a plus and minus quantity or even and odd 
tensor (in taking into consideration the tensor character) corresponding to the sign which 
appears in (3-3) and (3-4)’. 

For instance, the energy-momentum tensor es is an even tensor since the Lagrangian 
Lis an even scalar in this sense. On the other hand, the energy momentum four vector 
is an odd vector, because vo, is an odd vector. Therefore, in the reciprocal world, the 
sign of the momentum is inverted and that of the energy leaves invariant. For the angular 
momentum /,,= (do, May the same argument holds, that is, the direction of the spin 
is inverted in the reciprocal world. The transformation properties of the various physical 
quantities are shoummin lable: 1 sand, It) Tn these Tables, it should be noted that if the 
two spinors in the bilinear form belong to the different fields, there arise differences of 
their phase after the time reversal and further that each term changes into the correspond- 


ing Hermite conjugate quantity after the transformation [7%]. 


& This transformation is also possible for the neutral field, provided that it is represented by the 


complex field variables, 
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From Table II, we find that there exists the follow- Table I 
ing correspondence between the reciprocal worlds. Let spit tio held fZil Leal 
us consider the state [7], where there exists one elect- ae i ; - J a ; 
ron with the momentum /& and spin 6. Then, in the , P 
corresponding state in the reciprocal world, there exists dtu 4 = F 
one positron with the momentum —k, spin —o if Pip . + + 
we take the stand point |7}|, while there exists one rina a 
electron in the same state, if we take the stand point 7 
| 73]. drt 4 ee 
The distinction of the plus or minus quantity plays OTsttptvW . = ge 
an important role for the consideration of the detailed 2 = 
Table II balance. In the theory of the detailed 
> = ————_ balance the transition probability of the 
mal [71] } [7] process 1» 4 does not coincide with 
charge (total, density) = ah that of L-—> A, but of B—- A, where 
current density +} = A and F are the corresponding states in 
momentum (tot., dens.) = = the reciprocal world to the states A and 
spin orbital angular momentum 2 * B, respectively. * 
(tot., dens.) 
energy (tot., dens.) = ae 
vector potential (electromagnetic) of = 
scalar potential (electromagnetic) ss ae 


§ 4. The restriction of the interaction and the family 
of the elementary particles 


In this section we shall study to what extent the forms of the intereaction are restricted 
by the requirement of the invariance under the time reversal | 7\| and | 7; 
From the time reversal | 7')|, we can not obtain any new restriction. We find that 
the requirement of the invariance under the time reversal | 7\| coincides with that for the 


limited Lorentz transformation. On the other hand, the time reversal | 7,| leads to new 


conditions. For instance, let us consider the interaction of the neutral field and a spinor 
field. Since the transformation | 7',| is done by the unitary operator FR, the coupling 
constant remains invariant. From Table I, it is easily shown in [7,]| (not in [7}]!) that 
the coexistence of the following interactions is forbidden ; that is, ‘ scalar coupling and 


vector coupling” for the neutral scalar field, “ pseudovector coupling and pseudotensor 
coupling ”* for the neutral pseudovector field. 


* From the invariance requirement under time reversal transformation the principle of detailed balance 
can only be derived if we further apply the hypothesis of molecular chaos (or symmetry of space-time) in 
connection with the odd physical quantities. In this respect, therefore, [7s] is more suitable than [73]. 
As to this point see further F. Coester, Phys. Rev. 84 (1951), 1259 and S. Watanabe (unpublished result). 
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This results have been ever pointed out by G. Liiders.” 

However, this restriction is redundant, when the source density has been bilinear form 
of spinors which belong to the different fields. Because, the coupling constant may be 
complex for this case and the above requirement can be satisfied by choosing its phase 
appropriately. In fact, let us consider the following interaction 


SF POLS A f* POLO, (4-1) 
where + singns of the second term depend on 2, that is, + for Q=S; — for 


Q=V,T, Ps, Py. We express the phase factors as (4, Ps, ? which arise from 9%, $*, d 


under the time reversal [7,]. Then, the invariance condition under [7,| is given by 


+f papse=f™ (4-2) 
where -+ signs are the product of the sign of the second term in (4-1) and that due 
to [7,| given by Table I in § 3, thatlis ele tory on ce tot C=), ies. 
Now (4-2) determines only the relation between / anda: 

Secondly we shall consider the direct interaction of the Fermi particles. The invariance 


condition is given by the following equation for the even interaction (the conventional 
Fermi-interaction) , 


GPxPEes Py=7 - (4-3) g—plane 


Since the interaction Hamiltonian in this case  p=pypp*be* bv 
is bilinear with respect to f2¢, + sign does not 
appear in (4-3) in conttadistinction to (4-2).” 
Thus, for the odd interaction (Yang-Tiomno inter- 
action)”, the apperance of the sign factor dependent 
on the interaction type may be expected. However, 
we have only the same condition (4-3) even in 
this case, because the two sign factors which arise 


from the Hermitian conjugate term and from the time 


Fig. 2 


reversal [7,] cancel each other. Therefore, from 
the requirement of the time reversal [7], the phase of g is restricted to the straight lines 
shown in Fig. 2, corresponding to the p-values. Thus, unfortunately, it is impossible to 
obtain the different relative phases for the five interactions, although this seems to be inter- 
esting for the theory of the beta-decays. 

Finally we shall consider the charge independent interaction of the nucleon ¢ and 


meson field g,. This interaction is invariant under the following transformation ; 


p> P=R(a, n)¢, (474) 
> =A(a, nN) $, (4-5) 
R(a, N)t,R* (a, MW) = Arr» (4-6) 


where R(a, 1”) expresses the rotation around a unit vector by an angle @ for the spinor 
in the t-space, and A(a, nN) = (a) is the corresponding matrix of the coordinate 
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transformation in this space. 
From (4-6), we have 


R(a, N) =exp [—ia/2-t-n] 
=cos a/2+it-Nsin a/2. (4-7) 


This charge independent meson-nucleon interaction is invariant under | 7.], because the 
fields 4, are asymmetrically transformed as 6, ,—>/0;,s d.—> — pd, while the transformation 
of the nucleon source is also t,,—> 7).5) To > —To-* Furthermore, it is invariant, even 
if we replace the matrix R given by (2-35) or (2:36) by the following Ay and Ay, 
that is ; 


R,=k- Ra, n) (4-8) 


Rs=R-A(a, n) 


This is due to the invariance of the theory under the rotation of the t-space. However, 
in this case, it is necessary to require that the commutation relations of ¢,, and ¢y itself 
and between them are of the same type, in order that the quantized field theory is 
invariant under the continuous transformation A’(a, 22). 

Now we shall generalize this discussion for the case where the various fields coexist. 
Now we shall consider a case in which the matrices 2 in § 2 have suffices corresponding 
to the various types of field in addition to tensor suffices concerning to the Lorentz trans- 
formation. Then, 2% can be written as follows, 


QOH —S} P*Qe , (4-9) 
« 


where /?* is the projection operator to the a-field and 2% is the usual 2" for the a- 
field and the summation is extended over the special group of the fields. We shall call 
such a group of the fields a family. Even in this case, the condition for the invariance 
under the time reversal is given by (2-16). However, o2% must be here understood as 
S} 0% P%2%, where o*= +1 for the Bose or Fermi particle, respectively. 


The corresponding equations to (2:17) and (2-19) are written as follows, 


RUS} P2228 (8)} R=} P*22 (3), (2-17)! 
CQ"? (9)} C=} o* P*Q" (3). (2-19)! 


It should be noted here that the condition (2-17)’ and (2-19)’ are weaker than 
the condition that (2-17) and (2-19) hold for the respective a’s. Therefore, there 
arises the possibility of the existence of the various types of the time reversal. For instance, 
RK, and R, may involve the unitary operator in the family space which is commutable 
with the whole set of P%. Further, if 2% is common for all a, that is, the case where 


* This circumstance has been often considered in the phenomenological treatment of the theory. See, 
for example, G. J. Kynch, Phys. Rev. 81 (1951), 1060 and L, L. Foldy, Phys. Rev. 92 (1953), 178. 


On the Time Reversal in the Quantized Field Theory 397 


all a-fields which belong to the same family have the identical spin and mass, A, and 


R, may involve the arbitrary operator in the family space, since 5} P*=1. In fact, if 


a 
we regard the proton and neutron system as such a family and neglect their mass difference, 


R, and R, may in general involve a unitary operator of the form S\a,7,, so long as we 


restrict our discussion only to the invariance of the interaction Free part. This is the 
result which we have shown in the above consideration of the charge independent theory. 
If we take into account the mass difference of the proton and neutron, it may still involve 
the unitary operator of the form a+ dr;, considering P?.Y=(1+7;)/2. Some examples 
of the time reversal transformation of a family theory are given in Appendix. 

Constructing the product of these transformation and the transformation of the con- 
ventional time reversal [7] or |7,] in a similar way as (4-7), we can obtain the various 
kind of the time reversal. Of course, these various transformation may be restricted by 
the actually existing interactions. It is also important to notice that the commutation re- 
lations between the fields which belong to the same family may be restricted to have the 
same type, as we have shown previously.* 

In conclusion, the authors should like to express their sincere thanks to Prof. S. Sakata 
for his continual interest and discussions. They are also indebted to Mr. M. Kawaguchi 


for his valuable advices and discussions for this work. 


Appendix 


As an example of the generalized time reversal transformation for a family of 
elementary particles, we shall consider the Pais’ theory of baryon-meson system”. In his 


theory the free Lagrangian of the system is given by 
Lee) “i h(x, w) 723 +K— ; (cK | h(a, w) do. (A-1) 


At first we shall examine the condition of invariance of the Lagrangian under the 


time reversal transformation, being given by (2:32): 

(R1(Q(2)) RF=L(Q7(). (A-2) 
Now, by putting 

Rog! (4,0) B=! (& 0); (A-3) 


Reo (2,0) B=g" (x, 0) (CL) (A-4) 


corresponding respectively to time reversal transformations [7;] and [7.] as defined in the 
text, where C, is the conventionally used charge conjugation operator for the spinor field 
and C,, is a corresponding operator acting on the isotopic spin space, we study the condi- 
tion (A-2). It is easily shown that under the time reversal (A-3) A,=1 is a solution 


* The connection between the commutation relation and the family of elementary particles has been 


formerly examined. by S. Oneda and H. Umezawa.™ - 
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of (A-2) and so this transformatoin is carried through straightforwardly. Hence, in the 
following we shall pay special attention only to the time reversal (A-4). In this case, 
the left hand side of (A-2) can be rewitten in the form ; 


| fi!” (x, w) | 743 +K— : Contr ie) | i’? (x,w) da, (A:-5) 
ed ; F] - 


where we have used the commutability of C,, with t and XK. Comparing (A-5) with 
the right hand side of (A-2) we obtain the condition for C., as follows ; 
Ge. hd Ge (A-6) 


Using the properties of T and K: 


cca. 2 lee 
Sees (¢=2), (A:7) 
‘ Ki Sarees, OLE ee 2aho Vy (A-8) 


we find that the condition (A-6) is satisfied by the following alternative solutions : 
Sisal CON Pye (¢=1, 2, 3), 


(A) (Bhp gy Cie a ar a ¢ fs Bae $8 (A-9) 


or 


(B) CEAK Cea Kata) (ese lig) (A-10) 


Next, we shall consider the invariance of Schrédinger equation (in the interaction 
representation). From this requirement of invariance, the transformation property of meson 
field is determined. In the Pais’ theory the interaction Hamiltonian between baryon and 
meson is given by 


reid" =iy| P(x, wy 7H (%, o)4;(x, w) do. (A-11) 


According to (2-29), the condition of invariance of Schrédinger equation is given by the 
equation 


HO" (x) =| RUT (Qa (2) RY. (A-12) 
The right hand side of (A-12) can be rewritten in the form 
=| HC, OCCT (1, 0) LRG (4, 0) RY (A-13) 


where we have assumed, for convenience, ¢, (x, ©) =0;(4, w), which corresponds to the 
ease’ p'==1 in (2°5)’. 
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Thus, using (A-9) and (A-10), we see that (A-12) is satisfied if the meson 
field is transformed as follows ; 


Ro'd; (4, w) itt (4%, o) (svi AE 


or 
Rd: (x, vo) R=4,(4, w) (@@=1, 2,3) for the. case, (A), (A-14) 
and 
RG; (4, wo) R=—9¢i(z, on(g=1, 3) 
=$;(4, w) @=2) 
or 
R-4,(4, 0) R= —4;,(4, 0) @=1, 3) 
=¢,(x%, w) (t=2) for the case (A). (A-15) 
Of course, if we assume ¢; (x, w) =—¢,(4, w), which corresponds ~’=—1 in (2254 


all the terms on the right hand side of (A-14) and (A-15) take the opposite signs. 
Finally, we shall study the physical meaning of transformations (A)e and, (B)searor 
this purpose, we consider the transformation property of the electric charge, which in Pais’ 


theory, is given by 


g(#) =7e ( d(x, w) A= ott K,\¢! (1, w) do. (A-16) 


The transformation property of a physical quantity is obtained from the sign of the right 
hand side of (3-3): 
FLO) |= + (RF LO) |B)”. (A-17) 


Using the relation 


[Rot (2) RP =ie{ PH oOo" —K,) C(x, 0) de, (A-18) 


and considering (A-17), we can easily find that the electric charge is an even quantity 
under the transformation (B), while it shows no definite property of this kind under the 
transformation (A), because of the additional term 1/2 in the definition of electric charge 
(A-16). 

The case (A), which has not been otdinarily considered in the framework of the 
isotopic spin formalism (§ 4), appears only in the theory of w-space. However this 
transformation breaks the invariance of such an interaction as the baryon-meson system with 
electromagnetic field, because the transformation of electric charge shows no definite property 
from the above discussion. On the other hand, the case (B) still holds for this interaction 


as usual. 
However, the third component of the total isotopic spin /,= (7, ((t,/2) + K;) Pao 


is an odd quantity under transformation (A). Thus, under the transformation (A) there 
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exists the following correspondence /? <--> N, Ate, At+<— A, if we assign the 
isotopic spin states “Pj. for (Att, A*,, AD), AS efor By erand oe pier 
(x*, 2°, =~), respectively. Therefore, under the assumption that the theory is invariant 
under the transformation (A), we are lead to the result that, for instance, the transition 


amplitudes for the following processes 
tesa age (A-19) 


and 
M > Per (A-20) 


are respectively equal to those of the processes 
Hee Sd (A-19)’ 


and 
N+1t >, (A-20)’ 


for the reason discussed in § 3 (This result is only trivial when we confine ourselves to 


the lowest order terms in the perturbation approximation) . 
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On the Direct Interaction in 
Nuclear Reactions 


Satio Hayakawa* and Tatuya Sasakawa** 


*Research Institute for Fundamental Physics 
and 
** Department of Physics, Kyoto University 


July 23, 1954 


Since the (d, #) reaction has been interpreted 
successfully in terms of a stripping process!), it is 
noted to be important that the interaction takes 
considerable part in nuclear reaction outside a nuclear 
surface at moderate energies, say, several to several 
tens Mev. This idea is applied by Austern, Butler 
and McManus?) also to (7, /) reactions. The theory 
is based on such an assumption that an impinging 
particle is scattered (including rearrangement) by a 
nucleon near the nuclear surface through nucleon- 
nucleon forces and the scattering amplitude is evaluat- 
ed by means of the overlapping integral for these 
nucleons only outside a nucleus. The possibility that 
the impinging particle gets in the nucleus is attributed 
to the formation of a compound nucleus, which can 
be separated from the direct interaction on account 
of the angular distribution of scattered particles. 

This way of approach is critically investigated by 
yarious authors,”)~!2 particularly for stripping and 
pick-up processes. A question which remains yet 
nuclear is why only the reaction taking place outside 
a nucleus is chiefly responsible to the process under 
consideraction and. to what extent the contribution 
from the inner part of a nucleus should. be taken 
into account. To clarify these problems we investi- 
gated the scattering of a nucleon by one of nucleons 
in a nucleus. The wave functions of incident, out- 
going and. initial as well as final bound nucleons 
were obtained as single particle waves in a square 
well potential. The scattering amplitude was given 
by the overlapping integral for these four waves and 
the interaction potential between two nucleons con- 
cerned. Then we were able to see the contribution 
to the overlapping from each place outside as well 
as inside a nucleus. 

To fix numerical values our method was illustrated 


by an example "*Si(z, /)?* Al. The (7, /) reaction 
was assumed to occur through the collision of an 
impinging neutron and a bound proton in 3d orbit, 
leaving the neutron in 2s bound orbit. This cor- 
responds to the transition to the ground state of **Al 
through the absorption of energy, 4 Mev. The 
depths of the square well potentials for **Si and 28 A] 
were obtained from the binding energies of the last 
nucleons as 38 Mev in both cases, assuming the 
nuclear radius to be 4.25X10-!3 cm. (1.4x107™ Alls 
cm). In this illustration we neglected the Coulomb 
interaction between the proton and a nucleus. We 
further assumed the range of interaction between two 
nucleons to be zero and neglected the exchange 
interaction. The last assumptions saved the labour 
of computations. We further took account only of 
a s wave for the impinging neutron and accordingly 


of a d wave for the outgoing proton. 


Table 1. Ratio of the probabilities of interactions 
taking place in the inner to those in the outer 


parts of nuclei. 


Energy of inci- 
dent neutron 5 10 14 | 20 30 50 
(Mev) _ 


Ratio 22.9| 12.7| 4.75| 5.16] 2.59) 13.2 


es ee ee 


In order to see how the overlapping depends 
upon energy, we take six energies, as shown in 
Table 1. The overlapping as a function of radial 
positions is shown for six incident energies in Fig. 1. 
The procedure adopted by Austern et al.2) is, there- 
fore, not justified, as far as our example is concerned. 

It is noticeable, however, that a maximum of 
the overlapping appears outside and close to the 
nuclear surface, ¢. g-, at 4.7x10-!%cm from the 
origin at the incident energy of 14 Mev. This seems 
to indicate the effective nuclear radius for nuclear 
reactions, which is appreciably larger than the radius 
for nucleon densities, in spite of that we have 
neglected the range of interactions. It is also 
interesting to note the energy dependence of the 
effective radius. Thus our calculation suggests that 
the effective nuclear radius depends in a regular 
manner upon the incident energy as well as the 
binding energies of the last few nucleons. This 
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problem will be discussed more in detail separately. 


| 
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Fig. 1. Overlapping of four nucleon waves for 
six incident energies vs radial distance (in 10—'* cm). 
Arrows in the figures indicate the position of the 
nuclear surface. Incident energies are written in 


respective figures. 


Integrating the overlapping over the inner and 
outer parts of the nucleus separately, the contributions 
from the respective parts were compared. The ratio 
of the squares of the overlapping inregrals for the 
inner to the outer parts is shown in the last raw of 
Table 1. It is seen that the ratio depends strongly 
on energy and the contribution from the inner part 
is larger than that from the outer part. The energy 
dependence is found to be due to the detailed shape 
of waves concerned. 

The result obtained may account for the reason 
why the Butler approximation often fails to give the 
Before 
drawing conclusions, however, it should be kept in 
mind that our calculation is merely a numerical 
example and is subject to the following over- 
simplification. Firstly, the actual reaction takes place 
through an interaction with finite range and the 
Secondly, the 


correct absolute value of cross sections. 


potential contains an exchange part. 


higher angular momenta of incident nucleons, up to 
7=5, give an appreciable contribution. Thirdly, the 
absorption of nucleons in nuclei makes the contribu- 
tion from the inner part smaller than the above 
These three points will be taken into 
Fourthly, 


estimate. 
consideration in a forthcoming paper. 
there is a considerable possibility that the final 
nucleon is left in excited states. Fifthly, the Coulomb 
force pulls the bound proton inward, while it pushes 
away the scattered proton. Finally, the actual shape 
of the nuclear potential is not of the square well, 
but the edge of the well is rounded. 

Detailed discussions on these points, together with 
our general method of treating this problem, will 


be published shortly. 
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Potential in Quantum Field Theory 


Tsutomu Imamura 
Department of Physics, Osaka University 
August 16, 1954 


The -recent success of renormalization theory is 
essentially due to its covariant form. This fact makes 
it difficult to use the concept of “ potential” within 
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the frame-work of the quantum field theory. For, 
as the “potential” is in general a non-covariant 
concept, divergent part of the potential can not be 
removed in a usual way. Therefore it seems to be 
desirable to express a potential at least in such a 
form as the part which should be renormalized being 
covariant, There are some attempts!) to do so by 
starting from Bethe-Salpeter equation 5 however, their 
four dimensional wave function makes the general 
view to be obscure. In order to avoid this difficulty 
we shall turn our attention to integral equation of 
_ R-matrix. If there is a phenomenological potential 
vy, the integral equation for R-matrix is written as 


follows : 


1 


R=v+v 
DOME ces 


(1) 


On the other hand, using the relation”) of S—matrix 
and Green-functions we can get the following equa- 
tion for two fermion problem 


K (pry Por 92) = (A Pal Ras 92) =2S Pv Le 92) 
= ian) ORM ATE A) Se (A) Se!) 
x GA) G (po) Dv Ps Sr Ath2—9 
Se Sel) Eps t tel b 93) TG TE (Ie) al 


(2) 
Here 


Ky ty <8 On) 38 (A+ fo—1— 0) 
OPT? Pa) La» fo» 2 TR WT? () 
Ty by 19) =n) 88 Ar +Pa— 11-02) 
xO" (py) 02 (po) Sp (Ar) Sp (42) GP) 
OU ps) pr Par go) TRG) 2 (02)> 


—F]4 and 7 are momentum representations of the 


coefficient with the factor Moo @p) in S-matrix 
and Schwinger’s interaction kernel for two fermion 
problem respectively. After modification of the part 
Sp(pitfo—) Sr) in (2), (2) turns out to be 
the following set of integral equations 


K (pi, pw qa) == Pr py» g2) 
ep \ 2» fy 1V 24M) 


1 
x > z => > > i 
porte VE+MRR™ (Arh eve 


KE + po —- VBA, TV RM, 90) 
xal dl, (3) 
L (pir Po» 92) =) Pi» Pa 92) + (7 Px 4) 
il 
x ear iy As =e 
p+ poo — V 224M? — (A+ fo—!)? +A? +e 


eittint Weve eres 
ae fN Vp + M2 
LT po-+p9—2, L, qo)dil dl (4) 


where contributions of the positron from the above 
part Sj Sy to (3) and (4) have been neglected. 
When we take into account all the contributions, 
the integral equation corresponding to (4) becomes: 
somewhat complicated. Here is must be remarked. 
that the fact that the factor 2 appears in the first 
term of (3) whereas it does not in (1) is due to 
the symmetrization character of the state vector. 
Comparing (1) and (3) and remembering the situa- 
tion mentioned just above, we arrive at the following 
conclusions : (i) the potential of two fermion problem 
can be given by / being defined by integral equations 
(4), and (ii) since the divergent parts have covariant 
forms this potential 7 is just one we expected, the 
detailed explanation will be published in this journal 
in the near future. 

The author wishes to thank Prof. R. Utiyama 
for his guidance and Messrs. S. Sunakawa and S. 
Nakai for their valuable disccussions. 


(1) M. M. Lévy, Phys. Rev. 88 (1952), 72. 
(2) R. Utiyama, S. Sunakawa and T. Imamura, 
Prog. Theor. Phys. 8 (1952), 77. 


An Empirical “ Charge Dependence ” 
Relation to the Rest-masses 
of Elementary Particles 


Sadae Yoshikawa and Tomimaro Hasebe 


Mito Branch of Hitachi Works, Hitachi, Lid. 
Katsuta-cho, Ibaragiken 


August 20, 1954 


Previously!) we have shown the precise computa- 
tion table of our mass spectrum of the form “p= 
(Ace?) om, using the value of #c/e2=137.036. Al- 
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though a more recent value clarified by Bearden et 
al.) is 137.0325, the former value is still numerically 
sufficient to be referred to, so far as the present 
short note is concerned. 

Now we would like to suggest an empirical 
formula regarding, so to speak, the “charge de- 
pendence ” relation to the rest-masses of elementary 


particles ; i.e., 


Mn =Ment (—-1)*2\bm| , 


Om=2)[n-ten—o)> 


(1) 


where j1,, is the calculated value above mentioned 
(see Table 1 in reference 1) and 7,,, 9 represent 
the actual masses of arbitrary charged and neutral 
particles, respectively, which are in relationship of the 
counter-part to each other, and besides, 7’ is assumed 
to denote isotopic spin of these particles. Namely, 
the formula 1 is given in expectation of satisfying 


(1) The deviation of the 


calculated y,, from the actual 1,,, is proportional 


the following postulates : 


to the mass difference (77 .;,—/t9) which is generally 
(2) The sign 
of the deviation (,,—/2-,) depends on the isotopic 
spin parity. 
here, the formula 1 should never violate the conser- 


attributed to electromagnetic effects. 
(3) Now that isotopic spin is introduced 


vation of the z component 7’, of isotopic spin 7” in 
order that the conservation of charge may be held 
firmly. 

Hereupon it is required by the formula 1 that 
the sign of the deviation (#,,—/”.,) is positive or 
negative respectively when 27’ is even or odd, and 
that, self-evident as it is, the product of (/,,—/) 
(7¢n—m) is always positive irrespectively of isotopic 
spin 7. Therefore the possible inequality conditions 
to be considered are as follows : 


ae 
1) Br > Mon > or Mo > Un >Mer » 


when 27’ is even. 
2) My > Men > ben or 
when 27’ is odd. 


Mon > Un> Mg ’ 


However, at first we will confine our attention only 
to the case in which the above deviation and mass 
difference simultaneously take the same sign, namely 
(Unter) ten—M) >0. Such a case is that which 
is expressed by the following equation of plus sign 
apparently applicable to the cases of the 2 meson 
and the nucleon ; that is, 


Bn=Mepz+OmM . (2) 


Then, in what follows, whether the suggested 
formulae are actually compatible with observations 
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will be examined ; 


Case A: Nucleons. 
The calculated value, p14 1/2=1834.55 17¢- 
6m=—2/n (the »—/ mass difference) 

= (—2/z) X2.53=—1.61 ”-. 
Accordingly, using eq. (2) of plus sign 
Me p= My =1836.16 M¢ - 

Case B: 
The calculated value, 4.0=280.32 7, - 
bm=2/n-(the zt—zx° mass difference) 


= (2/7) X 10.69) =6.7 m7 . 


zx Mesons. 


Accordingly, using eq. (2) of plus sign 
Mop=My+ =273.6 mM, . 


The value 273.6 77, is in good agreement with the 
value (273.5+1.2), obtained at Radiation Labora- 
tory of Berkeley) for the positively charged x meson 
in absolute mass measurements. However, with 
regard to the z~—zx° mass difference, if a more 
(8.80.6), is taken 


(10.6+:2.0) ,,°) deservedly we have an appreciably 


recent value instead of 
larger mass value of the charged x meson. 

Thus, taking into account of the preceding dis- 
cussion concerning the formula 1, the fact that the 
predicted nucleon mass is only about 1.6 7, smaller 
than the actual mass of the proton is interpreted to 
be due to the circumstances that the magnitude of 
the »—/ mass difference is only about +2.5 7, and, 
additionally, nucleons take the half-integer isotopic 
spin. In the case of the z meson also, the reason 
why the calculated mass is comparatively larger than 
the observed mass is easily elucidated quite in like 
manner. 

In the next case the neutral r-meson mass will 
be given, supposing that the neutral counterpart of 
the charged rt meson really exists. However, not to 
speak of the case above taken, here we must take 
into consideration of the case (/4,—/2¢n) (7%e4,—/t0) 


<0, too, which is expressed by Eq. 2 of minus sign. 


Case C: 
The calculated value, s111.0=980.77 m7, - 


t Mesons. 


Me p= M+ =965.5 1720.) 
(H11.0>%en .°, 27°’ =even.) 
Therefore, if eq. (2) of plus sign is used, 
My =10=941.5 nt, « 
And if eq. (2) of minus sign is used, 


My = 1170= 989.5 tite . 


Table 1. 
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The summarized results concerning the suggested “ charge dependence” relation 


to the rest-masses of elementary particles. 


Fundamental formula 


Unr=Ment (—1)?7| 6x2! ’ 


Om=2/r- (ten, —M0) + 


Isotopic spin parity even 


odd 


= SS 
My 7 MNeh 7 br 


Un=M onto 


Nucleons : 
My = 1838.6 
mM, = 1836.1 

wea 1/2=1834.5 


7, ~ ~ 
toh 7 Un 7M 


= 4 
Ln =Meon—om 


V’, Particles : 
2 ¢ j= 2208 
JS 1/2= 2194 
My =2184 


Possible inequality < <a 
conditions Un >Mon > Mo My? bn A Meh 
Equivalent formulae Pn=Men rom Mn =Men— OM 
z Mesons : t Mesons : 
4.0 =280.3 my =989.5 
Examples : 
bey Ne, 213.0 f11.0= 980.8 
My =263.0 Oey ek oe) 
Mass values are shown 
in the electron mass Fi Mesopss 
unit. #.0= 2808 
Me 7,= 965.5 
mo =941.5 


Cn nn 


Seeing that the Lorentz-invariance does not allow us 
to regard the 174° particle as the neutral variety of 
the c meson,!)7) it would seem to be within the 
range of possibility that the /7° of mass~970 772°) 
would take the intermediate mass value between the 
values obtained above. 

Since it is probable that so far the charged 1, 
particle which has a Q value of the order of Q(1,°) 
may be identified only with the positively charged 
V7, particle suggested by the Pasadena group,” 
the hypothesis of the /y particles of two charge 
states, namely the 17,;+ and /’;°, may presumedly 
be reasonable. Therefore, according to the aforesaid 
inequality condition 2, the calculated mass of Vy 
particles will take an intermediate value between vy. 
and my?, provided the calculated mass is larger 


than my?. In that case, the charged V,-particle 
mass may be given by eq. (2) of minus sign; viz., 


Case D: 1; Particles. 
The calculated value, pis 1/2=2193.99 %¢. 
My = y= 2184 Mees) .%., PS 1/2 > Ve : 
And 27'=1=odd. 
Therefore, using eq. (2) of minus sign 
Meh =my * =2208 71 ¢ + 


Although the cosmotron group at Brookhaven") have 
recently reported the V’,~-particle decay of a high Q 


value~130 Mey, it would not seem reasonable to us 
to attribute the large difference Q(/\~) and Q(/,°) 
to electro-magnetic effects. Hence it is felt that this 
is not right place to discuss any relationships between 
the 147 


a situation should actually exist between them. 


and /”,° particles, granting that some such 
12) 
Now we will discuss the problem of the conser- 
vation of the 2 component 7°,, which is insured by 
the conservation of charge. As for the only particles 
already discussed such as nucleons, 7, tT mesons, and 
V’, particles, it appears that, perhaps on account of 
the self-consistent assignment of isotopic spin to these 
particles, the formula 1 would not cause the violation 
of the conservation of the z component 7’, at the 
time of their interacting with each other; e.g., in 
the decay r->3x or in the decay 1°>f+z-. 
Furthermore, it is of interest to note that in the 
decay z—>y+v also, the formula 1 would seem to 
succeed in satisfying the requirement of the 7’, 
conservation. That is to say, according to the 
formula 1, the fact that the predicted meson mass 
12 1/2=214 m, is about 7 /¢ larger than the actual 
pt—meson mass") means that the assignment of 
isotopic spin to 2 mesons would be integral and the 
neutral meson of mass 218 or 196 m¢ should, 
though undiscovered at all yet, exist and that 
consequently the 2 component 7’, might be conserved 
in the decay z>-+v, because the neutrino may be 
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regarded to have the integer isotopic spin in any 
case. Such being the case, to be brief, it may be 
said that we have a bright prospect on this problem. 

Inferring from what has been described hitherto, 
though the present measurements are not accurate 
enough to be safely relied upon, it would be still 
likely that the formula 1 might in principle satisfy 
the aforesaid postulates, as expected first, and that 
these postulates themselves would be founded on 
real facts well. Here Table 1 shows the summarized 
_ results concerning the suggested empirical relations. 

In conclusion, the authors wish to express their 
hearty thanks to Dr. P. H. Fang for his valuable 
suggestions. Their sincere thanks also go to Professor 
Y. Nambu for his kind advices and criticism. 
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Excitation of Metal Electrons by An 
Energetic Primary Particle 


Takuzo Shindo 


Electrical Communication Laboratory, 
Musashinosht, Tokyo 


August 31, 1954 


In the theory of secondary electron emission of 
metals it is primarily important to investigate the 
excited states of metal electrons (M. E.) caused by 
a charged primary particle (P. P.). For this purpose 
we have worked out the problem in a scheme of 
the second quantisation employing the “ Plasma 
Theory” developed by D. Bohm and D. Pines.) 
The essential parts of the theory are as follows. 

According to the plasma theory of Bohm and 
Pines, the M. E. are described by an assembly of 
harmonic oscillators (Boson) and free electrons 
interacting each other by short range forces (Fermion) 
and the interaction energies, //,, between Boson and 


Fermion ; that is: 


1 | 9 
Hosc.= — >3 (pp p-k+o,2 Gk g—k)> 


k<ke 


| (Boson) [B.P. (16) ] 


Ayart= Sf 77/2m= D3 42x 42/2m, 
a a 


(Fermion) [B.P. (16-1)] 


¢ ak 
Hye (4n)tR 55). &l pipe eee 
y= (Any 2 BY Es (pi Jew wg 


[B.P. (17)] 


and the wave function, ¢, is subject to a subsidiary 


condition (S. C.), 


QeP=O0 (Ce). 


In the scheme of second quantisation, the Boson, 
[B.P. (16)], and the Fermion, [B.P. (16-1)], can 
be represented, respectively, by their wave number 
vectors k’s and %’s, and the interaction energy, //7, 
is transformed into 


[B.P. (12)] 


m Op 


epg ve Fs (ak) ak-+k) Vn+1 | 
b* (vk) bb (xk —k) Vn 


—_ eee 
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x a* (2) a(x—k)(ax—*) 8; 


X=, Xo,-° ) 
1 
k=k,, ky, oP x5 k, ( ) 


where a*(%) is the destruction operator of %-electron, 
a(#) the creation operator, and 4*(k) and 4(k) 
are those for k-Boson. Similarly, the S. C., [B.P. 
(12)], can be transformed into 


&* (nk) b(nk-+k) | 


Byer NUP 
—6* (nk) b(nk—k) =( ) SATIS lal. 


Bh wy | 
(X=%, Bay ) 
(A<4e)- (2) 

A P.P., having charge Ze, mass JZ and mo- 
mentum 44€ in a position @), may cause some 
perturbation on the M.E. with perturbation energies 


Ze ik 
Vy= ao (47)"/? 3) 74 8x (4K- = jane > 
M k 2 


(3) 
and 
2 : Ler 
v] 4 —27Ze2 > 4 eik (xco— x7) 5 (4) 
k>ke © 
+0 


together with a S.C. These can be transformed into 

b* (nk) b (wk-+-k) V2+1 
b* (nk) b (nk —k) Vn 
x a* (K)a(K —k) (4K —2k/2)6:, 


(7) =2e[M-(2n 4 Jo,)'? 


(k=k,, ky, -, Ke); (5) 

and. 
(Vg) =20Ze2(1 22) 0 (K) a (5) aK —k) a (t4+k), 
(h< Res €e=H1y Bey °°) (6) 


In the non-perturbed state the Boson and the 
Fermion may be in their lowest energy states, that 
is, all k’s are zero and all x’s lie in the Fermi- 
sphere. It is convenient to represent this state by a 
vector, 70°(Ko; 0, 0, --+3 0, 0, .-), in the configu- 
ration space. A vector, gj? UK’; %’, Pe a 
k,, ko,---k;), represents a state in which M.E. %, 
Mo, «+, Be are excited to %,/, %,/ «+, %4’ and the 
-, kj and 


Total wave function, @, in 


Boson are in the excited states k,, ko, - 
the P.P. in K/-state. 
the configuration space is denoted, therefore, by a 


matrix 


o=) G1 2°" Pn (7) 


The wave function, @, satisfies the Schrodinger 
equation 


[WO+4(V7)+(7) -l/)]0=0, (8) 


where 
HO =S1 4242/2m+ 4242/2" , 
Kw 


(Y= FN4+(s); (9) 
(2) = (717) + 4s), 


[(4,) is a short range inreraction energy having 
similar form as (6) ]. 

The operators (/”) and (Z/) having following 
characters : 


(1) (J77) increases the Boson by one quanta. 
(2) (J*,) increases the excited Fermion by one. 


(3) (/T;) changes one excited Boson into one ex- 
cited Fermion and vice versa, remaining K 
invariant. Especially, if we have a highly 

excited Fermion, the recombination of excited 

electron and a hole in the Fermi-sphere may 
be neglected and (//7) acts to increase the 

Boson by one quanta remaining the number of 


excited Fermion invariant. 


(4) (/7,) increases the excited Fermion by one, 
remaining K invariant. 


Considering these properties of operators (/”) 
and (/1), the eq. (8) in each subspace may be 
readily written down if higher terms in (//) and 
(7) than second order are neglected. In fact, we 


have a following diagram of the states to deal with. 


The diagram showing, for instance, a state go: is 
produced by (/”,) directly from the initial state go", 
and by (7) and (//7) through a state ¢j° etc. 
All the states omitted from this diagram are higher 
order states in perturbations. Thus we have 
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(Wo — Ho!) go! (41, IK’) = (1, Kol 5K, 41) G0° 
+B G1, ky |477|0, %:) gi", 
(Wo—-HY) 9 (ky, K”) = (0, Kol 7K", k,) G0, 
(IVo— Ho") G02 (%1/, Xo’, KK’’’) 
= 230% Xo, KK/| |’, X0/, £1) G0! 
+B %o|/15|%o’, #1’) go', 
CP o— A") gi (1, ky, KO) 
=F ais 0 K/\177|K®, k, %/) go! 
+2000", 0) 277 |ky, %1/) go! 
+3, ky, K’\V,|K®, ky, %)/) 1°, 
(Wo— A?) 92° (ky, ke, KO) 
=200, ky, K"\I"7|KO, ky, ky) g)° 


(10) 
where 
Ho = H — (42/2m) (x)? —x)/2) 
=(B 2) (hee), 
H9= H+ #hs(&) — (42/2) (K—KY), 
(11) 


The eqs. (10) can be solved successively and we 
have, for instance, 


g1°(ky, K”) =(0, Ko|77|K”, ky) 
x [1/(o—Z°) —7nd (IM -))], (12) 
(Wo — Lo!) go! (*1/, K’) = (%), Ky! Vs LK’, %,’) go° 
+SV (0, Ko|177|.K’, ks) (1, ky|/77|0, %1) 
Ia! IVy—f1,° 
+3) 6(K—Ko’) (0, Ko|7|K’, ky) 
vo! 
x (%,, ky! 77|0. %,/) 
x [1/1 — Ay") —ind (WM —- 7") ], (13) 


go 


in which Ko’ is a value of K’ satisfying //,°=//)'. 
But these solutions, (12) and (13), are not consistent 
with the S.C., (2). We can, however, eliminate the 
Boson by the S.C., (2), and we have 


1/2 


(0, Ko|/7|K”, ky) 


8rZe* ) 
LAW, 


1° (%4/; K”) =( 


1 
<| ————__ — 28 (Wy) —H;°) | 90°, 
ao 2 0 ( 0 %) |e 


etc. (%,/=x; +k, %~=%), Xo, --, Rho). 

(14) 
In this way the excited states of M.B. can be 
calculated easily. The details of the theory will be 
published soon in elsewhere. 


1) D. Bohm and D. Pines, Phys. Rev. 92 (1953), 
609. 
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Relativistic Wave Equations under the Inhomogeneous Lorentz Group 


Ken-iti GOTO 
Osaka University, Osaka 
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Relativistic wave equations, which are invariant under the inhomogeneous Lorentz group, are esta- 
blished by referring to the six dimensional pseudo-rotation group. It is also investigated what sorts 
of new degrees of freedom arise comparing with the case of the ordinary relativistic wave equations 
under the homogeneous Lerentz group, particulary from the view point of describing the new unstable 
particles. The Maxwell field is unaltered and the Dirac field has eight components: this coincides 
with the case of Pais’ w-formalism. 


S$ 1. Introduction 


According to the recently discovered phenomena concerning the new unstable par- 
ticles, it seems that the ordinary relativistic wave equations under the homogeneous Lorentz 
group are not satisfactory enough to describe all the particles fully. Some endeavours have 
been made to generalize the wave equations. Pais’ formalism” using the w-space 1s the 
first trial. But we cannot explain what the «w-space means. So it is only a semi-pheno- 
menological theory in this stage of developement. It is desired to obtain a generalized 
formalism based upon a physically meaningfull group, which may be necessarily wider than 
the homogeneous Lorentz group as usual. 

The group to be taken into account as the first step may be the inhomogeneous 
Lorentz group. This group is physically meaningfull. The theory of the special relativity 
is invariant under coordinate translations also, so it is invariant under the inhomogeneous 
Lorentz group. However the ordinary formalism of the quantum theory is established only 
on the basis of the homogeneous Lorentz group, and the inhomogeneous Lorentz group is 
not taken into account fully. In other words the ordinary general wave equations exaust 
the finite dimensional representations of the homogeneous Lorentz group, but they correspond, 
about the inhomogeneous Lorentz group, to the completely restricted representation where 
all the translations are represented with the identity. It 1s desired, since fairly before, to 
relativistic wave equations under the inhomogeneous Lorentz group. But 


obtain general 
teismin general of infinite dimensions. General cases are investigated 


the representations of i 
by Wigner” But it seems to be too general for our present purpose. It is required to 


obtain merely slightly generalized equations. Similar circumstances also occurred in the case 


of the homogeneous Lorentz group. Also in tha 
general of infinite dimensions. We choosed from them the finite dimensional representations 


t dimensional rotation group. Similar treatments are possible also 


t case irreducible representations are in 


by referring to the fou 
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for the inhomogeneous Lorentz group by referring to the six dimensional pseudo-rotation 
group. This is an improvement of the method used by Dirac” in order to introduce the 
wave equations in the conformal space. 

The inhomogeneous Lorentz group can be represented by a subgroup of the six 
dimensional pseudo-rotation group. This subgroup is a linear transformation group of a 
subspace of the six dimensional pseudo-Euclidean space. The invariant wave equations under 
this subgroup in this subspace can be introduced without difficulties. The formalism translat- 
ed from this into the Minkowski space is the one which we require. The Maxwell equation 
is invariant even under the conformal group, which involves the inhomogeneous Lorentz 
group and the dilatation. The fact that the electromagnetic field is mot necessary to be 
amended is quite satisfactory for our purpose. Because, for the photon field any other 
degree of freedom, such as w-freedom, is not necessary according to the Pais’ investigation. 
Moreover the Dirac field has eight components in our case and the baryon field has also 
eight components in the Pais’ formalism. These facts hold automatically in our case without 
any special assumptions and our purpose is to yield the satisfactory freedom without any 
physical assumption such as the w-space. 

It must be noticed that our treatment is based upon non-completely-reducible represen- 
tations. In ordinary theory wave functions are concerned with several number of irreducible 
representations, but in our case they are concerned with a non-completely-reducible representa- 
tion, by virtue of which finite dimensional faithful representations of the inhomogeneous 
Lorentz group became possible. In this line of investigations much more endeavours should 
be made. 


§ 2. General formulation 
The inhomogeneous Lorentz tranformation 


£,'=Sja," 4 +a, (2-1) 


can be characterized by the matrix 1=(a,") of the coefficients of the homogeneous trans- 
formation and the vector @=(a,, as, ay, a,) of the translation, so it can be denotod by 
the symbol / (A, @). The law of its multiplication is 


L(A, a)-L(B, b)=L(AB, a+ Ab). (2-2) 


The identity transformation x,/—., is denoted by L(/, 0). The inverse transformation 


of L(A, a) is L(A, —A-'a). Thus these transformations form a group, namely the 
inhomogeneous Lorentz group. 


Let us consider the following transformation among the six real variables 1,(/=1, 2, 
‘5 6) which was taken up by Dirac” for the first time ; 


IN= Dia" ae +2, (I5+1)s 
we sete Ns FIs, (2 3) 
Ve. ef =) pm ie Da ay yy aaa dea, (Hs +4,) > 


(4, 4=1, 2, 3, A). 


ones 
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The coefficients a," and a, are the same as those of (2-1). This transformation is deter- 
mined with these coefficients only and can be denoted by the symbol 7'(4, @). As can . 


be easily shown, these transformations satisfy the same multiplication law as (252) 
Pia) 168, Da TAB, a+ Ad). (2-4) 


Thus these transformations form a representation of the inhomogeneous Lorentz group. 


The explicit relation of them can be established by 
4, =) / (Vs+I) , (2 . 5) 
and indeed these x, transform according to L(A, @) when 4; transform according to 7’ 


(A, a). 


The transformation 7° leaves moreover the quadratic form 
is +49 +5 we +75 Ve (2-6) 


invariant, and inversely we can easily show that the homogeneous transformation which 
leaves (2:6) and y,+J, invariant takes the form of (2:3). Thus the transformation 7’ 
forms a subgroup which leaves 7, +1; invariant among the pseudo-rotation group, which 


leaves (2-6) invariant, of the pseudo Euclidean space whose metric is 
ays a5 ays A ays; = ays sis dy; = dy,» 


All the representations of this group are also representations of the inhomogeneous Lorentz 
group. The former will be obtained from the irreducible representations of the six dimen- 
sional pseudo-rotation group. By such a method we can introduce tensors and spinors for 
the inhomogeneous Lorentz group, even if this means a special restriction of the representa- 
tion. Our general method is to establish firstly invariant equations under the above stated 
six dimensional subgroup and then to translate it into those of the Minkowski space. 
The meaningful displacements for the group of 7” can be defined by the two condi- 


tions 


0( 97 N) =9,; O(Vs+Is) =, (2:7) 


and in this case as can be easily shown” 


3A=S10A/dy"- Oy 
=S1(1/ (eto) {(1:94/8" —19.4/99") 


+ (9,0.4/d9—9,0A/d9")} By” (2-8) 
Thus the meaningful differentiations are only 
(1/(Is+%)) (Rs, + Roa)» (2-9) 


where X,,, is the pseudo-rotation operator of the six dimensional space : 
‘ At 
Rin=Ji a /oy” 4,9 / OV : 
Now let us consider the equation 


{Up 1,) (Re Roa) +x} v (yy) =0 (2 . 10) 
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where /’” is the representation matrix concerning the infinitesimal pseudo-rotation in the 1, 
Ym Plane. The differential operator in this equation is meaningful for our subgroup. This 
sm 


equation is also invariant, because 
4 6 
S347) (Raat Ro) =>) Us + Je) (Ket Ra) (2si4) 
A=1 f=] 


, io , 1 
and this transforms in the same as 31{(y;+¥,)9"t {(¥stIaIit> (Pst) and yy, being 
tN - be 
invariant. Thus the equation (2-10) is satisfactory for the above stated subgroup. 


For given (a,") and a, the operater X,,+ 4, transforms, as can be easily seen from 


(4-3b), such as 
Rey Ry = (Rig Ken) (2-12) 


that is in the same way as 9,=0/01*. So if we write as Y (a) the quantity which 


transforms in the same way as /(y) for given (a,") and (a@,), the equation 
{13+ 1;") 0, +«} ¥ (4) =0 (2-13) 


is an wave equation invariant under the inhomogeneous Lorentz group. This is our general 
wave equation. 

Now we must give some attention about the representation theoretical features of our 
method. The transformation /° is not an irreducible representation, but it is a non- 
completely-reducible representation. In the ordinary theory of group representation the 
“Trreduzible Bestandteile ’’ of representations are investigated in detail. For example the 
theory of the group character is powerful in the standpoint where representations whose 
Irreduzible Bestandteile coincide are not to be distinguished. Also in the ordinary field 
theory the wave functions are concerned only with irreducible representations, but they are 
composed of several irreducible parts. For example the vector meson field is described with 
an antisymmetric tensor and a vector. According to the Bhabha’s investigation” these two 
irreducible parts are two fractions from one irreducible quantity with respect to a five 
dimensional pseudo-rotation group, namely according to our previous calculation” the vector 
meson field is concerned with an irreducible representation by the symmetric spinor of the 
second rank or the antisymmetric tensor in the five dimensions and this five dimensional 
irreducible quantity separates into the above stated two irreducible parts with respect to the 
four dimensional Lorentz group. In our present formulation wave functions are concerned 
with one non-completely-reducible representation. This is not undesirable at all. In this 
case the components of the wave functions are more closely related than the case of two 


irreducible parts. This means a new attempt, which should be investigated more seriously 
in our opinion. 


\ 3. Spinor in six dimensions 


The introduction of vectors and tensors is self evident, so we study that of spinors. 


First we introduce spinors for the group 4” ,=7v, and then confine it by the condi- 
tion 7,+7,=7nv. In this section we obtain the six dimensional spinors by generalizing the 


method which we used to have the five dimensional spinors formerly”. 


Relaiiviste Wave Equations under the Inhomogeneous Lorents Group 413 


According to Brauer and Weyl", if we have six matrices 1, P*,-++,P° which can 


generate the complete matrix algebra and satisfy the commutation relation 


POP ye 2 804, (3-1) 
Su=fe =f a= —LuH=S=—LeH1, Siy=0 Ce), 


Le: unit matrix, 


there exists to any pseudo-rotation in six dimensions (q@,") the spinor transformation 2} 


with the relation 

SS ass (3-2) 
A representation of /* is also given by them and its dimension is 2*, where L=xn/2 or 
(z—1)/2 for even or odd dimensions w respectively. For ~=6, #=3 and the dimension 
of P* is eight. Let us choose another representation than theirs, that is the convenient 
one for the ordinary four dimensional spinors of van der Waerden and our five dimensional 


spinors 


hn 0) Po aL 0) PP ‘ Aye 0 P® ) Pie 0 Pr 
Pi=( P20 ) He =( P?0 ) tie =( P®0 ? if =( Po ), 


By doe ey ee 
poa( Pe 0) ), Kt =( 0 eS) (3:3) 


“Oe sc: (hte Sie (OL BACs Pee M8 oa) mye a) 
= St), Pea o, 0 eae (em) Ps RG) jp o &" 


and o,, o>, o are the Pauli’s spin matrices and &’” is the unit matrix of two dimensions. 
First. we calculate the S;,;(7) corresponding to the (a) of the 7j-plane pseudo- 
rotation by the angle 7, 7;,(4) say, by solving the corresponding equation of (3-1). As 
can be easily shown from SP°S*=/*, Si t,7=1, 2, 3, 4, 5 is of the form 
aM MESA ay 
Su)=( 9%" sry) (3-4) 


where .S;;/ is the five dimensional spinor transformation, for example 


: E” cos 0/2 G04 si Of 26 \ 7 

SHiOieA| to, sin 6/2 EI cos 6/2 Ga 2, 3), (35a) 
E" cosh 0/2 i£" sinh 0/2 j 

Sul (O=(_ spo 0/2 LE" cosh 0/2 ) (3-50) 


For the S,;(4) we have 


: be cosh? O72 iP" sinh 0/2 a. 
Siu @) =(_ jpn sinh @/2 E! cosh 6/2 ). (=1, 2, 3, 5) (6a) 


E! cos 0/2 1P" sin 0/2 a: 
So @) a (eee sin 4/2 fi! cos.B/2 ). (3-60) 


\. 
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The general spinor transformations are those which are obtained by multiplying the matrices 
of the types (3-4) (3:6) in all means. This transformation is in general of eight 


dimensions. 
The quantity which transforms according to S is the covariant spinor of the first rank. 


It has eight components. If the group is restricted to the five dimensional one by fixing 
the sixth axis, .S reduces to 


So * ¢ ) (3-7) 


by SP°S~'=P*, where S’ is the transformation matrix of the five dimensional spinors. 
Thus in this case the spinor /” separates into two spinors of five dimensions YW’, @’ : 

ie ° ° is / rr mA wd / / / / 
(Y,, L., L's, Ds Ys, Pos Ls, F ) > (Fs vy 2 ae Y 4> o , d,, db , @',). (3-8) 


For the transformations where ,/, is not invariant the two parts / and / transform mixed 


together. 
The contravariant spinor can be obtained by the transformation CY’ with the matrix 


C satisfying 
CP! C71= PP! fc th 2, ttre : 6) (3-9) 


where ‘*P’ is the transposed matrix of ’. Such matrix C can be obtained as 


Ome L FeO 
fG? ay fee 1 a Ga 
eon) rk eh = bs (3-10) 
eet Oh | O10.0 o—1 | 
\ 


Thus we have the rule for taking up or down spinor suffices : 


(y", Ye Uke hey UIE GT Be ee yr) = (¥., —Y,, —T ,, ss / —., —YP., Y.). 


a 


(3-11 


The contravariant spinors transform according to C\S and the inner product of the type 
SIM. (r=1, 2,+++,8) becomes a scalar. Thus by defining the spinors of higher ranks 
in the same way as the tensor analysis, we can obtain a useful spinor analysis of six 
dimensions. The detailed developements of the 6 dimensional spinor analysis may be given 
elsewhere if need. 


S 4. Tensors and spinors for the inhomogeneous Lorentz group 


(2) Tensors 


The transformation 7'(C, @) can be expressed in the matrix form as 
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f ree 0° 
| Ay 0 
(a,") As 0 
asl a o |? (4-12) 
0 O On0 | 1 0 
—2a,'—2a,'— 2a,'— 2a! —a*a, 1 
or 
a ay 
as as 
(a7,") 
é Qs Xs 
i= ere as ? eee 
Shag gh A Tt fidey “1720s, | 


ag! a® ali 1/2a*a, .14+1/2a*ay) 


(alt ata.)3 


respectively in the representation of the coodinate system (Jy) Vor Js: Vas Io t+Ior Is—Ie) 
or (Vy Vos I Ia I's nies eLeot (4,1a) we can see that (A, @) is not irreducible but 
noncompletely-reducible. As stated in § 2, 7 forms an one-valued representation of the 
inhomogeneous Lorentz group. Here we will call as a vector the quantity depending on 
4, and transforming according to T(A, @) for given inhomogeneous Lorentz transforma- 
tion (A, @). 

The covariant vector is defined by 


At =e Aun ; (4 F 2) 


The tensots of higher ranks can be defined in the usual way and thus tensor analysis is 
introduced. Hower, in this case we must notice that scalars can be made in the two ways, 
namely as + A, and A’ B,. 

Now let us consider the transformation of antisymmetric tensor /,,. The transforma- 
tion coefficient from /,,, to POST isa «Wie kills where a,’ is the vector transformation 


coefficient, Latin indices running from 1 to 6. Thus we have 


Big ae Foot ark Post Pa)’ (4-3a) 
F'y,t+ PF =a Pin Ln) (4:30) 
Fly, — FF y= ak (Fun— fg) + a Pay ay Psp (4+ 3c) 
My HO Es Lap) + Fis (4-3d¢) 


where 
a n= ah Ba Gy, Viss 


App Qy UA Qya (4-4) 
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— t. / / 
(a ea a a at 


From these results we can see that non-completely-reducible sets are (Font Fy) 3 Sas 
Fy+Fy,) and (all Fin). . 

Here we must notice that ordinary four vectors and tensors are also possible. They 
coorespond to particular representations where all translations are represented by the unity 


always. For example, displacements and differential operators are ordinary four vectors. 
(72) Spinors 
The spinors for the group 7’ can be obtained easily by solving the corresponding 
equation (3-2). It is evident that we have the ordinary four dimensional spinor trans- 
formation for the homogeous transformation (A, 0). Since in this case 
Dy HOP Vy: Ie =Ve Is =JIs> 


we have 


: SEG) : Nat : 
Say (0) =( el sn @) ) (S5=Su=£) (4-6) 


and the spinor separates into two irreducible ordinary spinors with four components. 


For a pure translation for example in the +x, direction the transformation 7(/, @,) 
can be decomposed in the following way 


UULs, ey) Sd a Oe) AD a Oa) ate (4-7) 
where 
tan 6,=—"!__, tanh 6, =- a [2 tanh: Ojo ae (4-8) 
t=2a2/2 * Vi +as/4 Lea sa 
Thus the matrix f 
(Me e,) Sara Ue) » So (s) ‘diel Ue) (4-9) 


represents the translation by @, in the x, direction (a, 0, 0, 0). Representations of the 
translations in other directions can be obtained in the same way. The general spinor trans- 
formations are those which are obtained by multiplying the matrices of the types (4-6) 
and (4-9) in all means. Thus we have the spinor transformations for the inhomogeneous 
Lorentz group. Treatments of higher rank spinors are possible in the usual way. 


$5. The Maxwell field 


We introduce a vector potential //,, /=1,---, 6, which transforms according to 7(4, a), 
in oder to describe an electromagnetic field. We proceed in the previously stated general 
method, namely to establish invariant equations under the previously stated subgroup of 
the six dimensional pseudo rotation group and then to translate it into those of the 
Minkowski space. The natural generalization of the second order wave equation may be 


(Ait Ry) (Rat Re) An (9) =0. (5-1) 
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In this equation the case for /=5, 6 vanish automatically, and we can write it as 
CRO, ) (Keg A) =: (5-2) 
The corresponding equation in the Minkowski space is 
0°0,° Am #y=0. (5-3) 
The Lorentz condition cannot be generalized in the form 
(Ri + R,') AC y) =0, (5-4) 
because this involves the case /=5, 6 explicitly and has no meaning unless the condition 
Ry (As+A,) =0 (5-5) 
holds. The meaningful generalization may be 
(i+ fi) (Rut Ry) (A) =0, 3 (5-6) 


where (A) is the six column vector of A, and /” is the representation matrix for the 


vector transformation /), ,, 


Te ia bl Le Suk k eB): (Cx) 
The equation (5-6) can be written in the following way with components 

(R;*+ R,*) A.C”) =0,; (5-82) 

(R,;*+R,*) (A; (7) +A,(y)) =0- (5-84) 
The corresponding equation in the Minkowski space is 

0A, (4)=0, (5:9a) 

9° (A,(*) + A; (%)) =0. (5-90) 

The field strength /%,,, may be introduced by 
Fim= (Rut Ry) Am— (Rim+ Rom) Ar « (5-10) 


With this definition and the equation (5:1), (5:8) we can easily show first that the 


cases of /=5,6 in the left of the following expression vanish automatically and so 


(Ri + Rp) Fin (y) = (R33 + Re) Fim) (711) 
and secondly that it satisfies automatically the equation 
(Rs + Re) Fim (J) =9: (5+12) 
or 
(Re + Re) Pin(y) =9- (5-13) 


However, we must notice that the formal definition (5-10) is not meaningful for every /, 
m, for R,,+R,, has a meaning only for /=1,-:-,4. Thus we must restrict to the class 
(Fup Fistf ys). But F,,+F),, vanishes on account of (5-8). Thus the meaningfull 


non vanishing field is not to be amended. In the Minkowski space evidently we have 
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Fyy=0, Au—d, Aa; (5-14) 
O* Fy, (4) =0. (5-15) 
The gauge transformation may be given formally by 
A, A,+ (Rut Ru) S; (5-16) 
with arbitrary S satisfying 
(Ri+ Ry) (Rut Ry) S=0. (5-17) 


After this transformation all the equations for A, (6,2), (5,9), (5,9) are also satisfied 
automatically as before. The significant parts of the transformation may be 


A, A, + (Rs + Ror) AS: (y) H 
re + A, A, + As 
with 
(R;* 7 R,’) (Raat Ror) S(y¥) =0. 


The gauge transformation in the Minkowski space becomes 


A, (*)—> A, (4%) +0,S(4), (5-182) 

A, (4) + A,(4) — 4, (4) + A, (4), (5-180) 
with 

0* 0,5 (x) =0: (5-18c) 


This is equivalent to the one in the ordinary theory. Thus we have seen that any intrinsic 
alteration does not occur for the Maxwell field. Further developements are possible in the 
same way as usual. For example the equation 
oo Puy t0pF toy fy,=0 

and the current 

te seooee A+ ee 
satisfying the conservation law 

i, a: cae 

0" 7,=0 

are unaltered. This is, however, selfevident. As were verified by several investigators,” 


the Maxwell equation is invariant under the conformal group which involves the inhomo- 
geneous Lorentz group. 


$6. The Dirac field 


The Dirace field is the one which is described by a spinor of the first rank. The 
representation matrix /') of the infinitesimal pseudo-rotation concerning to the spinor represen- 
tation can be obtained from the matrix of the spinor transformation S“(@) as 


T= (0S%(8) /80) 92» « (6-1) 


Relativistic Wave Equations under the Inhomogencous Lorentz Group 419 
In this method we have 


E , BAP Ke «O : Sai Pit 
r= 1/2( 0 PP a), reer eer : 0 ) (6* 2) 


for our representation. According to the general method introduced in § 2 we will deter- 


mine the special form of (2,13) for the spinor representation. Thus we have 


fa 0, +7«} VY =0, (6-3) 
where 
pipe. —- Pik» 
at =1/2( ple pr pl ). (6-4) 


Using the two parts YW! and @, having four components, of = (', B') the proposed 
equation (6,3) can be written in the following way 


Waka Oy tik Pp™ Pin", (6 . 57) 
{P 9, +ikP} P= ikl". (6-50) 


This is the generalized wave equation invariant under the inhomogeneous Lorentz group. 
This equation involves one more degree of freedom than the usual one by virtue of the 
two parts of the wave function. Indeed it ts similar to the Pais’ equation for baryons in 
the point that their wave functions have eight components. 

As can be easily shown, each component of the wave function satisfies the second 


rank wave equation 
(—«}8'=0, 
{(j—«} @=0. (6-6) 


Interactions with the electromagnetic field A, can be introduced as usual by the 


substitution 
Bu Oy — Ay, (6:7) 
without any difficulty. The spin magnetic moment which arises due to this substitution 


is the same as the ordinary one. 
The charge current density can be introduced in the usual way. The adjoint wave 


function “* 1s defined as the one which satisfies the adjoint wave equation 
we * fa® a —ix} =0, (6:7) 
where Oy operates from the right. The charge current vector is defined as 
pat ae 
=A ONDE: a pl (p'* Va (p' —pl* re 7 Qo (pl * ve es rly : (6:9) 
which satisfies the conservation law 
0,/°=0. (6-10) 


The quantization can be performed in the usual way, namely 
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(P(x), Fe’) ],= (a 0,—i«) 4 (4—-#’) (6-11) 


where d is the ordinary Jordan and Pauli’s delta. Although J(7) is not invariant but 


4(x—-+x’) is invariant under the inhomogeneous group, momenta being ordinary four 


vectors, 

Further detailed developements may be evident. The difference from the ordinary 
case is that a’ differs from Dirac’s 7* and the wave function has twice more components 
than the usual one, transforming according to a wider group. 

Wave equations for particles with higher spins can be obtained by considering representa- 
tions by means of spinors of higher ranks and establishing the equation (2-13). Another 
method of generalization to higher spins is the following spinor analytical one. We write 


the equation (6-6) in the spinor form 
OG, Ute, (6-12) 


where 203 is the ( )% element of the matrix (a* 9,). The fields for higher spins may 


be introduced in the form 
oo Pee R= aes. ones (6-13) 


even if the non-completely-reducible condition might cause complications about the higher 


rank spinors. 
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Introducing the concept of the electronic polaron which is an analogue of tke usual lattice 
polaron, we have considered its motion under the influence of a trapping potential, by using a simplified 
model for the electronically polarizable crystal such that the excited states of crystal electrons 
consist of a single exciton band. By a suitable transformation we obtain an expression for the 
Hamiltonian which consists of the following three parts: the first part describes the motion of an 
electron under the potential in an dielectric medium in the classical way, the second part represents 
the energy of the electronic polarization field the quanta of which are nothing but free excitons, and 
the last part is the interaction energy between these two parts which causes the production or annihila- 
tion of excitons in the neighbourhood of the potentiai by exchanging energy with the electron. Treating 
the last part as a perturbation, we have calculated the probability for the ionization of a trapped electson 
by an exciton. After correcting the oversimplification of the model, we have applied the obtained 
result to actual crystals, leading to a conclusion that in alkali-halides the excitons annihilate rather by 
ionizing /-electrons than by spontaneous emission if the density of the “centers is larger than 10° 
per c.c., in consistence with the experimental results of Apker and Taft on the external photoelectric 


effect. 
§ 1. Introduction and basic idea 


The interaction of a conduction electron with lattice vibrations in an ionic crystal has 
been investigated very actively of late years,” because of its theoretical and practical 
importances, as well as its mathematical interest and difficulty. When the velocity of the 
electron is so slow that no phonon can be emitted, we can visualize the s/ationary state 
of the system by considering the electron, clothed with the polarization or virtual phonons 
around itself, to move freely in the crystal with a self-energy and a corrected effective 
mass both of which are the main subjects of the so-called polaron problem (we are consider- 
ing only the case of the absolute zero of temperature). On the other hand, when the 
velocity of the electron exceeds some critical value characteristic of the crystal, the stationary 
state description is no longer appropriate ; we should treat the interaction to be responsible 
for the transition of the electron between different states, though in actual crystals such 
as alkali-halides the interaction is so strong that the above statement has only an approxt- 
mate meaning. 

Now, as is well known, the general polarization consists of two parts: “‘ displacement 


5 . . “e = 
polarization ”” ot lattice polarization as state above on the one hand, and “ electronic 


polarization ” on the other hand, the latter being more general as it plays a role also in 
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non-polar crystals where the former does not. A conduction electron in an insulator or a 
semiconductor interacts also with the electronic polarization of the crystal, thus leading 
to the concept of the “ electronic polaron ”” analogous to the usual or ‘lattice polaron ” 
stated above. For the ordinary velocities of the electron, the electronic polarization induced 
around it is generally considered to follow the motion of the electron almost perfectly, 
thus it is the usual method of description” to consider the electron as a classical point 
charge imbedded in a medium with a dielectric constant «, which is to be identified 
with the optical dielectric constant of the crystal. As we have shown previously,” this 
description corresponds to the quantum mechanical adiabatic approximation between the 
conduction and the crystal electrons. In the electronic polaron theory the point charge has 
to be replaced by somewhat spread cloud of charge due to uncertainty principle as in the 
case of a lattice polaron.” Now, in our case too, there is a critical velocity of the 
electron beyond which the electronic polarization cannot follow the electron, or the stationary 
state description is inappropriate. If there is any analogy or parallelism between ° the 
electronic and lattice polarizations, the electron with such high velocities can emit gwanta 
of electronic polarization, and we have intimate connection between the electronic polaron 
state and the processes such as emission and absorption of these quanta by the electron, 
both of which are to be treated under a unified formulation in the same way as the 
scattering of an electron by lattice vibrations is considered to be nothing but another aspect 
of the lattice polaron problem. 


What is meant by the “ quanta of electronic polarization ” : 
Tab. 1. Gap energies ¢ 


and optical dielectric con- 
of an isolated atom. In insulating and semiconducting crystals, stants Ky of various crystals 


we should take them as the excitation of filled band electrons a ee Bey ‘ a 


is easy to understand if we consider in analogy with the case 


; e(eV) Ko 
to the conduction band or the exciton levels if any. It is NaCl ©) 8.6 oe 
qualitatively inferred from perturbation theory that the narrower MgO 6 2.95 
the energy gap between the filled and conduction band is, the diamond 5.5 5.85 
more easily the crystal can be polarized. In fact, there is AgCl 7 408 
substantially an antiparallelism between high frequency dielectric os os ade 
constant «, and the gap energy € for many crystals of different Ge ne +e 


types, as is seen from Tab. 1. Roughly speaking the gap energy 
€ in this case plays the same rdle as the phonon energy Aw does in case of the lattice 
polaron, and the relaxation time of the electronic polarization is given by 

tT~RK/E. 

It is interesting to note that the interaction of the conduction electron with the 
electronic polarization in an insulating crystal is analogous to the interaction of a free 
electron with vacuum polarization” which is caused by the virtual creation of pairs of an 
electron and a positron. The most essential difference lies in the circumstance that a 
conduction electron in a crystal, if its velocity is sufficiently large, can emit pairs of 
another conduction electron and a positive hole, while it is impossible for a free electron 


in vacuum to create pairs of an electron and a positron except in the neighbourhood of 
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a strong field such as is produced by a nucleus, as is evident from the Lorentz invariance. 

Owing to the complexity of the band structures and the lack of the accurate knowledge 
on the band wave functions in actual crystals, it seems very difficult to treat quantitatively 
the interaction stated above. In this work we take a model as simple as possible without 
spoiling the most essential aspect of the problem. 

First of all we assume only one exciton band for the excited states of the crystal 
electrons, instead of the series of exciton bands and an ionization continuum. It is true 
that this model is inappropriate to the discrimination between the production of excitons 
and the ionization of filled band electrons to the conduction band*, but it is convenient 
for our present aim, which consists in discussing the electronic polaron problem in connec- 
tion with the annihilation and production of an exciton by an electron. With this model 
we shall derive, in § 2, the Hamiltonian for the system composed of crystal electrons and 
an additive electron, which has a form characteristic of the Hamiltonian for the system 
of a particle and a boson field. 

One of the subjects which are interesting in case of the electronic polaron problem is to 
see whether and how the classical picture of a conduction electron as a point charge in 
a dielectric medium is derived from general formulation. For this purpose it is convenient 
to consider a fixed charge distribution due to any kind of imperfection which interacts 
with the electron in the field of the electronic polarization. In $3 we set up the 
Hamiltonian for this system by making use of the result obtained in § 2, and then 
express it in the new variables by a suitable transformation so as to derive the classical 
picture stated above. The new expression thus obtained of the Hamiltonian has diagonal 
elements which correspond to the two independent systems, one for the electronic polaron 
moving under the influence of the potential due to the imperfection with a shielding factor 
1/k», the other for the free excitons or the electronic polarization waves, the origin of 
whose co-ordinates are somewhat modulated near the imperfection. The expression has 
also off-diagonal elements corresponding to the interaction between the two systems in the 
neighbourhood of the imperfection. 

Treating the last term as a perturbation, we have calculated, in § 4, the transition 
probability for the process in which a free exciton annihilates near the imperfection by 
giving its energy to the trapped electron (strictly speaking, the electronic polaron) and 
jonizing it. 

The oversimplification of the model on which we have formulated the above method 
can be corrected by connecting the interaction constant with the oscillator strength of the 
exciton transition so as to be applicable to real crystals. This is done in §5, the result 
of which tells us, for instance, that in alkali-halides an exciton annihilates by ionizing 
F-center electrons instead of emitting radiation spontaneously if the density of the /- 
centers is larger than Lol {cic. This is in accordance with the experimental results by 


. 12) 
Apker and Taft’! on the one hand, and explains to some extent, as Seitz’? has been 


* For these two processes, Kubo and Takano* calculated the transition probabilities, using Wannier’s 


wave function” for the exciton states 
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i issi i tried out so far 
expecting, the absence of emission by an exciton from any experiment ca : 


on the other hand. 


§2. The electronic polarization as a boson field 


Let us consider an insulating crystal C, and take into account the motion of valence 
electrons only which are responsible for the most part of the electronic polarization, the 
inner electrons and the nuclei being considered as the sources of the potential for the 
former. Denoting the coordinates of the valence electrons by 9,, 2", °°: and ?°y, we can 
set up the Hamiltonian //, for these N-electrons. In addition to this system we consider 
an extra electron c to be introduced into the conduction band of the crystal. The 
Coulomb interaction of ¢ with the valence electrons is denoted by 

N 


EN Cee Ms, LMI ry) ee > Pind 


i=1 


yp— a: 


(2-1) 


and the interaction of ¢ with the inner electrons and the nuclei of the crystal, together 
with the kinetic energy of ¢ itself, is written as //,. Thus the total Hamiltonian takes 


the form : 
H=IT(%) +H", Vos° 2s ry) +0 (r By Moyers ry) + (2-2) 


Now, the system C of /V-electrons, in the one body approximation, has excited states 
in which some of the electrons are excited to the conduction band, but in the next 
approximation, in which the interaction of the excited electrons and their counterparts— 
the positive holes—is taken into account, we have to consider a series of the exciton bands 
below the ionization continuum stated above. In ionic crystals these exciton bands play a 
very important role in some phenomena. Let us assume, for simplicity, that the excited 
states of the /V-electrons as a whole can be represented by a single cxciton band, each 
exciton having an energy & irrespective of its wave number @. Then the eigenstates of 


the system ( can be specified by the number »,, of excitons for each a, and we can 
write 


FoF (++, Vrny 25 Myr |, Praytsy x) 


= (4,46 >) m,) FC, Mays) Men LPG a) (2-3) 


w 


The above consideration, of course, is valid only when the total number of excitons > ae 
is much smaller than JV. é 
The next procedure is to find the matrix elements of U7 in the {7,,} tepresentation. 
For this purpose we take a tightly bound atomic orbital approximation™ for the wave 
function /. Denoting the ground and excited states of an isolated atom by @’(”) and 


é° (a), respectively, we construct a normalized Slater determinant 
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D (11, 1oy+**) My |N yy Yor? Vy) 


dé! (vr, — R,) ¢9(7,— R,) STON eUTAVa Gaia nie iat o°O Sl evelanbis) sligvaver ties 
ob? (r,— I.) dé! (r,— RR.) niaterttatevers ciate: cio aie A aiele levis e/ srs 


Pee a ee 


Se 6 (1, —990,) (8% AY) verre 

Hee be A Re a ree Oy 
ob (9,105) o° (r,—™mM, Sea eietiePelelstaaacorsicte: sievelel si8' alele 
d? (r,— Fey) d? (v,— Ry) Ro ive i cietievatctare sta,estetesa!eSsieys 


for the state in which the ,-th, m,th,--- and m,-th atoms of the crystal are excited. We 
have written 277,, 2,,--+ instead of Bin Pings: for the sake of simplicity. The over- 
laps between all pairs of atomic orbitals are neglected. The eigenstates of /7¢ are such 
that each of the excited positions (for example, 772,) propagates from atom to atom with 
a definite wave number, and these excitation waves can be taken as independent of each 
other if the total number ~ of excitons is much smaller than /V as has been assumed 
above ; because the effect of the coincidence of 7, and 1; for i *< 7 (a collision between 


two excitons) can be neglected for such cases. Thus the normalized eigenfunctions V of 


H[, can be written down as follows : 


Pp (+++, HERTS) Mappa? |P4) To3°*-"'5 a) 


EN [Find ¥P SL  Shexp [SN Mg FM tt Moony) | 
Ww w ow 


mt m2 m 
we 


x D (My Mo" en | Ws, Noy") Ty) >” @as) 


Sal — 
SD p=: 


Ww 
In this expression the sets of {wy 49 Wew,o'") nes for al/ w’s coincide with {772;, o°*"5 
m,, as a whole; we have only to allow the latter elements to each wave number, 7, 


elements being assigned to the wave number Ww. 
Now that the explicit form of Y is known, we can calculate the matrix elements of 


the Coulomb interaction U. Using (291 yaandt.(2 ssn we have 


! 
wr 


(++, Mayp 20% Mapry?|U [errs 1 , a) 


= CNET (72!) ' —1/2 {NI (i!) \ —1/2 


* In the previous report (letters to the edditor) the author has restricted the values of ,, to 0 and 


1 only, leading to the Hamiltonian in which the creation and annihilation operators are those for the Fermions. 


Although it makes no difference so far as the resuits obt 
the Fermion or Boson operators, there is no reason in principle for the restriction of /2,, values. The author 


is indebted to Professor H. Frohlich who has kindly suggested to him that the exciton should be treated as 


ained in this work are concerned whether we use 


a Boson. 


bat pin 
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i= |P—?,| nt 


(2-6) 


The last integral is different from zero in the following three cases : 
a tis ‘ ! ' , 
(i) n=n' and the set (s2,, 172,,:++, M,) asa whole coincides with (17; 7t2)"**5 Mp) « 


. . . / r 
(ii) nvt1=x' and the (17, m°++, m,) as a whole coincides with (772,', 7. ,°+*, 


/ 


. / 
M1i,—\, 14 .1)***) Mnr), where 7 may take any one of (1, 2,:--7’). 


(iii) The reverse case of (ii). 
In case (i), we have the electrostatic potential at the position ” due to the :\-electrons, 
those which belong to the ,-th, s.th,--- or m,-th atom being excited. Now the charge 


distribution 


d° (7) 


22 ae) le 


has neither a total charge nor a dipole moment, because both wave functions are of atomic 
type and have definite parities. If we take account of the point and dipole potentials 
only, and neglect the potentials of the higher multipoles we can equate the integral in 
(2-6) to that integral in which the ground state wave function Y, of //~ (no excited 
atoms) is substituted. Then the summation over (7/7;, 7/?o,°**,; t,) leads to a non-zero 
value only when the set (772,,, ,°**5 iaalh) as a whole coincides with the set (#2 


Mm,» ) for each a. In the case (i), therefore, we have non-zero matrix elements only 
ny?) 


w,19 °° "9 


when 7,,=7), for all es, moreover their values are all equal : 
(ss, Manse ace Mayty eee |\U| a if Pee Wats vee) 
—=1@0). 0,---|(/|0, 0,++ eet F(a ys (2-7) 


In case (ii) the integral in (2-6) can be calculated, in the approximation stated 
above, as 


NV. Po nN’ 
’ é * 4 
S| shiz P* yyy Ma| Payers Py) Pye, My WGP, Py) ar, 


t=] 


N(N—1)! 
= ( N! ) CL mi (V), (2-8) 


where Pmt 1) is the potential due to the dipole moment ft located at the mith atom, 
ft being given by 


p—{ o* (nerd (Y) dr, (2-9) 


that is, the dipole-moment for the atomic transition. The summation over My) Mo,*++ and 


, z 
My (we; being fixed) leads to a non-zero valve only when 7/,=v,, for all a’s except the 


. f. 
wave number to which Ms belongs. For the latter wave number we have necessarily 
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n,=n, +1. Paying attention to the fact that 7 can take any of (1, 2,°°°, M+ 1), we 
see that 


(++, Magy? Ayty|Ofor, Hae ait Miyhy*) 


= Vi, + 1S) exp (ite -m) &, 0") - (2-10) 
aw INV m 
Let us now assume more explicit forms for the atomic wave functions ¢? and ¢°. 
In order that the exciton absorption is permitted optically, ¢” has to be of different parity 
from ¢°. If ¢? is of the s-type, we have to consider triply degenerate porbitals for 9°, 


™) have 


which necessarily lead to three types of excitation waves. As Heller and Marcus 
shown, the approximate eigenstates resulting from this degeneracy are ove longitudinal and 
two transverse waves for each w, where the “ longitudinal ” means that the /-state 
which propagates from atom to atom with wave number ee should itself be directed toward 
w, the “transverse” corresponding to the /-states directed perpendicular to Ww. Then 
the summation in (2-10), when it is replaced by the integration, vanishes for the trans- 
verse waves; that is, in this approximation the transverse exciton waves do not interact 


with the extra electron. For the longitudinal waves (2:10) can be calculated as 


(—e)/ J [3 7 Ae i/w : Sn, +1 exp (aw ‘Y) ; 
where 


y=4rep/ V0. (22a) 


“yo 


and 13, uv, and fs mean the volume of the crystal, the volume of a unit cell and the 
absolute value of #2 given by (2-9), respectively. 

The matrix elements in case (ili) can be calculated as the conjugate complexes of 
those in case (ii), and finally, introducing the annihilation and production operator Dy 


and J* for a boson ; 


Owen ont ee 
0 eR WH BOs. 

Cin - peste (2-12) 
‘peat ee ee coe 


we can express (/ in the {7,,} representation : 


Os Ky Pon Py) =U) + (—9 9M), (2-13) 


e(r)=7/ AT SM [Ww {Ow EXP (iw) —O% exp(—7w-1")} . (2-14) 


U,(") is the potential energy for the extra electron ¢ when the crystal electrons are in 
the ground state as is seen from the definition (2-7), thus it will be quite evident that 
g(r) is to be interpreted as the electrostatic potential due to the electronic polarization 
which is caused by the deviation of Fp» Yaris Py) from P,(My Por Py), if we call 
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to mind the above approximation in which we have taken into account only up to the 
dipole potential. 

The above expression is not altered, when the situation is reversed such that the 
ground state of the atom consists of triply degenerate /-orbitals all being filled with ele- 
ctrons and the excited state is of s-type. In either case, after dropping from //¢ the 
energy of transverse exciton waves which do not interact with ¢, we can write the Hamiltonian 
for the system as follows : 

H=1H,+ U0, (r)} + {A, +& >) 6%4,,} + (—ae(r). (2-15) 
= 
The first is the Hamiltonian for the extra electron ¢ under the periodic potential of the 
crystal when the crystal electrons are fixed to the ground state, so that the eigenstates 
constitute the conduction band of the crystal in which the electronic polarizability of the 


» formulation for 


crystal is not yet taken into account. If we apply the Wannier-Slater™ 
the perturbed periodic potential problem, under the assumption that ¢(#") is slowly varying 
perturbation (which is justified for the long wave-length components of ¢(a") in (2-14)), 


we can simplify (2-15) to the form 
H=p'/2m+E >>) b%b,+ (—e) e(*) (2-16) 


after dropping the unimportant terms, where 7/7 means the effective mass of the conduction 
band, that is : 


{1+ 0, (1) } 0) =A (aK) (7), 
ss : ‘ (2-129 
E(p) =E(0) +97°/2m-+ (p'). 
The Hamiltonian (2-16), combined with (2-14), means that the electronically 
polarizable crystal behaves as if it were a Boson field, in regards not only to its proper 
energy structure but also to the interaction with an extra electron. Moreover the interac- 
tion energy is of the same form as that of the interaction between an electron and the 
longitudinal modes of optical lattice vibrations in ionic crystals, which was to be expected 
because both types of polarization are equivalent from the stand-point of macro-scopic 
electrostatics. According to our simplified model, the interaction constant 7 is to be 


/ 
connected with the dielectric constant «, at high frequencies by the relation 


y= 2nE(1—1/k,), (2-18) 
the proof of which is given in the Appendix I. 
§ 3. The motion of an electronic Polaron under the influence 


of a trapping potential 


The Hamiltonian (2-16) and (2-14) obtained in the preceding section show that 
the low-lying energy levels of the system constitute the “electronic polaron” band in 
which the electron moves freely in the crystal accompanied by the electronic polarization 


around itself. While the mathematical structure of the Hamiltonian is the same as that 
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for the usual (lattice) polaron, the phonons in the latter case are to be replaced by the 
excitons in the former. We are interested, however, mainly in the behavior of the electronic 
polaron in the neighbourhood of the trap, so that we proceed directly to a general case. 
That is, we consider a system composed of three parts: the electronically polarizable crystal 
C, an extra electron ce, and an imperfection Q which may be an ion vacancy or an 


impurity ion. If we assume that Q 1s represented by an extra charge distribution p(”), 


its interaction |/(1) with ¢ is given by a Poisson equation 
AV (") =47ep (YP) (e>0), (Se13) 
and the interaction //, of Q with crystal electronic polarization field is given by 


elk =| ? (1) YP (1") av= is pa : A (Cua Oi: y 3 : 2») 


AP 7ra— 
VL ww 


where we have used the equation (2-14) and the definition of /,,: 


pu =| 0) exp (2 -r) dr. (3:3) 


Combining the above with the result obtained in the last section, the energy of the total 


system can be written down as 
H=H.+ Het HAA,+V(r), (3-4) 


where we have used the abbreviations 17,, Ze and H; for the first, second and third terms 
rae(2 16): 

The third and fourth parts of the expression (3-4) contain linear terms in the 
polarization co-ordinates G,, and J*, but the most convenient description appealing to our 
intuition is such that in the first approximation the electron clothed with electronic 
polarization moves in the field due to the fixed charge p(7), the latter also polarizing the 
surrounding medium. In order to realize this picture from (3-4), it is a natural method 
to seek an appropriate unitary transformation so that the interaction terms such as //, and 
/1, disappear. Such a transformation, for the first time, was used by Bohm and Pines'” 
for the interaction of electrons and lattice vibrations in metals, and was applied by Morita 
and Horie” to the lattice polaron problem in ionic crystals. 


In our case the transformation should be as follows. By a suitable unitary transfor- 


mation 
p=exp (—25/2) Pexp(iS/h), 
yp=exp(—1.5/%) Bi exp (S/h) > (3-5) 
b,, =exp(—iS/h) B, exp @S/h)s 


: E ) > > Nee 5 
we turn from old variables p, 1” and 4,’s to new ones P, Rand &,,’s, in terms of which 


we now tty to express the total Hamiltonian /7; 


H=exp(—i5/2) A exp (S/2) 
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=exp(—1S/h#) {A,+Ae+A,+ A, + VR) } exp 25/2) 

=A,+ Ao 

—i/h-[S, A,+Ag]+4,4+ A, 

—1/28-[S,[S, A,+ Ae]]—i/#-[S, A+ 4,]+ + 

+ VCR) —i/h-|S, VR) |+---, (3-6) 


where /1 with any suffix means the transform of the Hamiltonian /7 with the same sufhx, 
and is obtained by formally putting new variables in place of the corresponding old ones 
in the expression /7. The operator .S is chosen in such a way that the second line in 


the right-hand side of (3-6) vanishes : 
—i/h-|S, A,+ Ace]+4,+ A,=0. (3-7) 

Then the expression (3-6) reduces to 
H=A,+ Ag+ V(R) —i/2h-[S, A, + A,|—2/#-[S, Ve) ]4+---. (3-8) 


Now, the equation (3-7) is satisfied by 


S=S$,4+S, 
= aS DP ae ——exp (zt - Fe) 
Maer yau) ss ows 
= 64+ (—2hw- P+ ew?) 


2m 


Ik 
Dn 


+ exp (—7w- Ft) —— —_ 


€4+—_(—2hw- P+ i'w’) | 
2m 


3} (0,,.By+ pk B*). (3-9) 
EVI ww 

Physical meanings of the two parts are as follows: S, is an operator by which the electron 
¢ becomes clothed with electronic polarization, while S, is that which corresponds to the 
displacement of the origin of the polarization co-ordinates &,,, the new origin being the 
equilibrium position of static polarization around the charge distribution p(r). 

In calculating the commutators appearing in (3-8), we can take advantage of the 
following situation. In the lattice polaron problem there are finite average number of 
thermal phonons for each mode of vibration so far as the temperature is not absolutely 
zero, while in our case the energy of each exciton is so much larger than the thermal 
energy 4’/° that thé existence of thermal exciton is out of the question. Even if we treat 


those processes in which excitons are produced or destroyed, as we do in §4, the total 


number of excitons in the initial or final state is limited to a very few number, while 


the volume Z" of the crystal is practically infinite. 


This situation can be expressed 
mathematically by the relations 


——— 


aot 
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(SEP pee Usl), 
(Be Oe aN bt Baby ol FOIL’); (3-10) 
in which ( ),, means the average over all wave numbers 1’. 
If we take the continuum approximation, that is, make the limit 7, of wave numbers 


tend to infinity, explicit calculations of the commutators become easier, and we get the 


following results : 


ser SpAj=—-FS Bala atys See ay tat 
Ea gem We (—2hw- P+ihw’) 
21 
= —aé& sin! (P/u) / (P/u) 
=—a&—a/6-P*/2m+0(P"), (3-11) 
where 7 and a are defined by 
hu /2m=E, a=1/2-(1—1/«,) eu/E, (3-12) 
and 
= £15, Aid = SI (0h exp Geo BD) + pe exp (ite BD} 
it 1 
+{——(1——)V(#), 3-13 
7(1—)va (3-13) 
Z_ er” eal On . = 
EN RG ee PS pe) errr exp (cw It) +h.c. 
2h oF hil e+ (—24w-P+%w") } 
2m 
= —1/2-(1—1/«,) V(dt) +: (3-14) 


where the omitted terms contain the products of the second or higher derivatives of V(R) 
with the second or higher powers of P, and are not of primary importance as far as 
the potential |/(/¥) is rather slowly varying. It is interesting to note that each of the 
cross commutators (3-13) and (3-14) contributes a half to the shielding effect 

— (1—1/«)) VCR) 


of the potential VCR) by electronic polarization. The next commutator 


2 Gt A ae ye Ly 
ee cay Sp Vk ae eS EO, 
le am Ta ll 
7 “pe 
= 111) [pty Pare, (3-15) 
2 Hepa (—é) 


is nothing but the electrostatic energy due to the electronic polarization produced by the 
field of charge distribution o(). Finally the commutator with 17(AR) is calculated as 


_i/t-[S, VR) = —i/#- [Sp VAD) 
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= ee 1 w -grand V( R) {LB exp (2et'- R) + B* exp (—zu- Ht) } 
25 at Noa Low 2 cy 
mv Leu (e423 ) 
27 
fe seeeee ; (3-16) 
where we have expanded the operator S, in power series in P and omitted unimportant 
terms. . 

The transformation (3-9) which we have chosen is the most appropriate one 
especially from the physical point of view, for it gives a Hamiltonian which corresponds, 
in the zeroth approximation, to the classical description of an electron in a dielectric medium, 
as is seen below. Inserting (3-11), (3-13), (3-14), (3-15) and (3-16) into (3-8), 


we have the Hamiltonian expressed in new co-ordinates : 
H=—6)—6,; 
+ P?/2m,+1/K)-V(R) 


+é3} BD 


Gf ATA ss Ne rad ORE ene} 
mV Dw (6+ kw ) Ta) 
+ 2m + Brexp(—iw-Rh)}, (3-17) 
where 
Soren ie (3-18) 


means the self-energy of the electron ¢ due to the electronic polarization around itself, and 
m, is the effective mass of the conduction electron in which the interaction with the 


electronic polarization is already taken into account, and is given by 


z =+(1-), (3-19) 
Mm, mM 6 


Thus we see that the bottom of the conduction band is lowered by a& from that which 
is obtained if we do not take account of the interaction, while the effective mass of the 
band is given by #7, instead of mm. As the interaction constant @ is 0.5~1 for real 
crystals, the self-energy turns out to be pretty large, but because of the overestimation 
caused by the continuum approximation, the above value should be reduced to about half 
of it. On the other hand, the correction a/'6 of the effective mass is of less importance. 

The equation (3-17) is interpreted as follows. As a result of clothing the fixed 
charge ~(?*) and the moving electron ¢ with electronic polarization, there appear in the 
first line two kinds of self-energy, and these dressed units interact with each other, so 
that the potential |”(#2) is shielded by a factor 1/x,, leading to the classical description 
as is seen in the second line. Of course, J? and R= should be interpreted as the 
momentum and the position of the electronic polaron rather than as those of the electron 
itself. The third line corresponds to the free excitons, which could exist independently 


of the motion of the electronic polaron, but for the last term. The last term which is 


_ 
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interpreted as the Hamiltonian for the interaction corresponds to the production and an- 
nihilation of excitons in the neighbourhood of the imperfection U by exchanging energy 
with the electronic polaron. 

If we consider a trapped state of the electronic polaron as a stationary state problem, 
the interaction term causes the production of virtual excitons in addition to those which 
always accompany a free electronic polaron. As a result the energy of trapping is deeper 


than the value which would be obtained from the Hamiltonian 
P?/2m.+1/«,-VCR). 


This is analogous to the Lambrshift problem" in the hydrogen atom, if we replace the 
electronic polarization field in a crystal by the radiation field in vacuum. But in our case 
the Hamiltonian (3-17) is only an approximate expression, so that this problem belongs 
to the interest of rather academic nature. Far more interesting and important application 
of (3-17) is the calculation of the transition probability for the processes in which free 
excitons are produced ot destroyed in the neighbourhood of the imperfection. We shall 


now turn to one of such problems. 


Ze) 


4. lonization of a trapped electron by an exciton 


Recently Apker and Taft™ carried out a series of very interesting and excellent 
experiments on the external photoelectric effects in alkali-halides. They observed an enhanced 
effect of photoelectric yield in the wave-length region of irradiation which corresponds to 
the first exciton absorption band of the crystal. They concluded that this effect is due 
to the ionization of /-center electrons by excitons. 

On the other hand, it has been generally considered to be somewhat curious that 
no one has observed the emission due to exciton annihilation. From this reason Seitz'” 
infers that the excitons annihilate by giving its energy to some kind of imperfection under 
the ordinary conditions of purity. 

Under these circumstances it is highly necessary and interesting to calculate the transi- 
tion probability for the ionization process of a trapped electron by an exciton. 

If we assume that the trapping potential V(4¥) is caused by a point charge 2c located 


at the origin, the Hamiltonian (3-17) is written as follows : 
H=H, +’, (4-1) 
H,=P?/2m—1/ny-2e/RE De Di Ba s) (4-2) 


Ee raat ay 1 grad (—S) {yep (00-2) + Blexp(—ito-B)}, 
BrP 44 (s+ a 


(4-4) 


where we have replaced m, in (3-17) by m, because the difference between them is 
rather small. We consider the following two eigenstates of (4-2) between which transi- 


tion occurs owing to the perturbation (4-3). 
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(i) Lnitial state 
excitons: V,=B*B,=1, N,,,=0 for all other ww’, 
electron: 1s-state in a Coulomb field, 
—E,=—m,/m-sEn, (4-4) 
al \ 3/2 AAs \ 
pea (= ) 1 exp( —* R), (4-5) 
Oye eva Pics 


where 7, is the electron mass, @,, the Bohr radius and &,=13.5 ev the energy of the 


hydrogen 1s-state. 2’ is defined by 
2’ =2/K,-Mt/ My. (4-6) 
The energy of the initial state is given by 
Ej=E—E,=E(1—4), A=8/é, (4-7) 
(ii) Final state 
excitons: J/V,,=0O for all ¢e’s. 


electron: ionized state in a Coulomb field with asymptotic wave number /’,"” 


¢,(R) = pee (ik R) I’ —if) exp( p=) (ip, iveeR Gc) ened 


Be Vek 2 fag \ Sl et test) aps rae 
Paes exp( pr)yry ers (2: R)'exp (tR) 


x FU+1—7f, 274+-2, —2ikR) B(cos @), (4-8) 
where /” means a confluent hypergeometric function, and the parameter / is defined by 
p=2' /ank . (4-9) £ 


Energy conservation requires that 


~ 


Ef =e /2m= bf =e (1—4), (4-10) k ra 
from which we have, by (4-9), the relation / 


p=4/(i—4). (4-11) 


Let us now calculate the transition probability. We 
use the co-ordinates illustrated in Fig. 1: the incident Fig. 1. 
direction of the exciton ((le) is taken as g-axis, and z-axis is chosen so that the wave 


vector # of the ionized electron lies in the ve-plane. The polar co-ordinates referred to 


these axes are denoted by (RX, 4,6), and the angles kz and KR are written , and @’, 
respectively. 


According to the time-dependent perturbation theory, the transition probability for 


a aaah 
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the electron to be emitted in the direction 0, within a solid angle a, is given by 
W (0,) dQ,= 2 | Hy? (LE) a2, 
h 47 
_ mks 
(27) 2B 


where (Z) is the state density of a free electronic polaron with energy /. The matrix 
element //;; can be written as 


cork: 1 d . 
Vises | fx 28 exp (— ite BE) R cee 
2 


Hy, \'d2,, (4-12) 


pe is (e+ wary 
2m 


by using (2-12) and (4-3). Putting (4-5) and (4-8') into the integral, then making 
use of addition formulae for Legendre polynomials to express P,(cos 0") in terms of 4, 9, 
and ¢, finally integrating term by term, one finds the following double series for the matrix 
element : 


1 2inmeyh es!" exp(4f7) 


BT a, er te) 
é 2m 

a 2 T(i+1—) » 1 (—1)"(¢+2m) (2l+2m—1)! 

<i> 2 ee / P,(cos 0 fea SS 
P24, (2/)! 1(c08 Yo) a, mil’ (+m-+ 3) 

x Pe rt 1—ip, 22+2m, 2/+2, ec) (4-13) 
(p21) po 

where A is defined by 
j=w/b, (4-14) 


and F is the hypergeometric function of customary use. 
The total probability for the process 1s obtained by integrating (4-12) over all 
directions after inserting (4-13’) into (4-12) : 


Wp =| Wye, 


Pes2t ke 28 1\f° (+f) exp (77) ; 
Be ES Obl eet) EOS Ppa); 4-15 
L> mé a ms) a+p+7)? (24) ( ) 


where S(f, 4) is given by 


oe |\’7(Z+1—ip) | jei-2 
Sp; A) 4 (21) !}2(20-+1) +p)" 


cS (J+ 2m) (2/+2m—1)! | i 4 E 
m= m [P'(l+m+3) p 


2 
f TON 
x F(l+1—ip, 2)4-2m, 21+2, —= I (4-16) 


(it 
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We have carried out the calculation of this series to the fourth power in 2, by making 
use of the equation for the /“function : 
’ p12 i 2p (4-17) 
— At) = — =o 

|/"(1 7p) [ exp (7) PEE pa) 
and the explicit forms of the hypergeometric functions /* which are given in the Appendix 
II. If we use (4-14), (4:9) and (3-12) to rewrite the result in terms of f and vw, 
the total probability //”, can be expressed as follows : 
1 he 


Wp » UV) = 
w(P ) LE? mE 


: fe\ tere 

11 1G (pw); (4-18) 
K( -) (p, w) 

where 


G(p, w) me AOE ae! a (w/z) *} at {1 as (/) (w/u)°>+gZo(P) (w/w) ae vee} ; (4-19) 


and 
Crees Pf exp (—4p cot”) . (4-20) 
Sil exp (2778) er 4 1)* 
1 F 
eo Dee te (172 AT ee) 
§1(P) 5(p'+1) (p’+4) {( L 4 
—2(p~°+1) (23f°+ 11) exp (2/ cot™'f) 
+3(p~°+1)’exp (4p cot~'p)}, (4-21) 
1 aa 
a" Fae oe oot a {(29517/° + 49646 f+ 223857" + 3312) 
ster (Fea oy f zi 
—8 (f° +1) (997/'+ 13247" + 279) exp (2/ cot! p) (4-22) 


+540(f°+1)*exp (4 cot" f)}. 


For all values of / between 0 and co (cortes- 
ponding to 0<&<&), g,(f) and g.(f) are 
comparatively small and c-dependence of G(/, «) 
is mainly determined by the factor 

1/ {1+ (w/u)*\4, 
so that we can conclude that excitons with small 
wave-number zw are the most effective in ionizing a 
trapped electron. For the same reason, /-dependence 
of G(/,w) is mainly determined by 2,(/~) so far 
as 7 is small compared with ~. The curve (a) of 
Fig. 2 shows 2,(/) as a function of 4=&/& through 
the relation (4-11). Thus the ionization probability 
tends to a finite value as the trapping energy becomes 


nearer to the exciton energy, in spite of the fact that 
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the state density of final states of the ionized electron tends to zero in this limit. This 
is due the property of the wave function (4-8), the amplitude of which at the origin 
tends to infinity as & approaches zero. In fact, when we use plane wave approximation 
instead of the strict wave function (4-8), we obtain the curve (b), which coincides with 
the curve (a) for small values of 4 but deviates from it for larger values, and tends to 


zero as J approaches unity. 


$5. Application to real erystals 


Before we apply the result obtained in the preceding section to real crystals, we must 
correct them because we have been assuming a very simple model according to which the 
excited states of crystal electrons consist of only one exciton band. In real crystals such 
as alkali-halides, however, the optical absorption measurements in the fundamental region 
show that the excited states consist of a few number of exciton bands together with an 
ionization continuum. This means that the relation (2-18) between 7 and x, has to be 


replaced by a generalized one (which is nothing but a dispersion formula for zero frequency) : 
S378/6.=22 (1 1/K,) (5-1) 


in which 7; and &; are the values for each exciton bands and an ionization continuum. 
Thus the contribution 72 of a single (for example, the first) exciton band is much smaller 
than the value 7° given by (2-18). Since the perturbation term Al” in, (423) se pies 
portional to 7, we must correct the result (4-18) for the transition probability by 
multiplying a factor i3/7. Now each 7; is connected with the oscillator strength /; of 
the corresponding exciton absorption through the equation (2-11) and the relation between 


the dipole moment /4; and the oscillator strength : 


fr=2 E/ 3H ts ; (5-2) 


leading to the correction factor : 


9 
if 


es pe ey (5-3) 
rv MyE Wg Csr, 1/K,) 

In the following we shall drop the suffix 7 of /, confining ourselves to the first exciton 

band. 

Assuming the density of trapped electrons to be 7,/c.c., the probability for a 
longitudinal exciton with wave number tv to annihilate by ionizing any of the trapped 
electrons is now given by 

34,2 
Wp = EE 1G (p, w)f (5-4) 


208.) 
My © Ug 


where we have replaced m by m,. In case of alkali-halides with lattice constant @, U, is 


equal to 2a*, therefore (5-4) is rewritten as 


VG=10% 102K, (E,/6)* (ay/a)*4,G (p, wy) fsec™’, (5 -4') 
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Without the knowledge on the fvalue, we can compare (5-4') with the probability 


W for the annihilation of an exciton through spontaneous emission which is also pro- 


portional to /:* 


Wy=8 X 10° (E/E) 2f seem. (5-5) 


Of these two ways of destruction of excitons, the ionization occurs only for longitudinal 
waves, while the radiation process is possible only for transverse waves. If we neglect the 
energy difference between the two kinds of waves, the ratio of their probable numbers is 
1/3:2/3. The factor 2/3 is already taken into account in (5-5). In order that the 
ionization process is more probable than the emission, the following condition must be 


satisfied : 


W/3 > W,. (5-6) 


As an example for numerical estimation we take the case of KI crystal containing F- 
centers, with which Apker and Taft" carried out one of their experiments. Inserting the 


values 
G= 5616 Ve 
€,=2eV (presumed from the /-absorption energy 1.7 eV) 
a=3.53 A, «,=2,7 

into (5-4’) and (5-5), and assuming that ¢ + 0, we have 


W,= 0.8 x 107°, fisec™, , (5-7) 
WH 14 10° fsec 5 


the condition (5-6) therefore means that 
We OS SOLO S605 (5-8) 


Thus we can safely conclude that for all alkali-halide crystals, excitons annihilate rather 
by ionizing /“electrons than by spontaneous emission, if the density of /*centers is larger 
ten e107 ec, . 

Apker and Taft" presume that about 10'°/c.c. /centers are formed in their experi- 
ment on KI; in case of such a large density, the ionization of /“centets is predominant 
according to the above discussion, thus our calculation supports their interpretation of 
exciton-enhanced photoemission as being caused by the /“electron ionization. 

More generally we can conclude that excitons annihilate mainly by ionizing electrons 
trapped in various impurity levels under the usual condition of purity. (Deeper traps are 
more efficient in destroying excitons as is seen from the curve (a) of¢Figs-3.)2 Thisewm 


* The optical properties of the system which is described by means of exciton waves are approximately 


the same as those of a system consisting of free atoms.! This rule can be applied to the case of the 
spontaneous emission of an exciton, the probability being given by that of a free atom,” 


ee. 
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qualitatively in agreement with Seitz’s'” speculation on the mechanism of exciton destruc- 
tion, according to which the impurity content of the order of 107‘ is sufficient to suppress 
spontaneous emission of excitons. It would be very interesting if the relation between the 
density of impurities and the photoconductivity in the first exciton absorption region were 
investigated experimentally, though it would be somewhat difficult owing to the formation” 
of color-centers during irradiation. 

In the above discussion we have tacitly assumed that the exciton band has a positive 
effective mass so that only the excitons with wave number w “= 0 prevail in thermal 
equilibrium. If the effective mass is negative, such excitons will decrease through scattering 
by lattice vibrations more rapidly than they annihilate in any way, so that the emission 
process (which is possible only for ¢ = 0) will be less probable and the condition (5-8) 
has to be replaced by even more lenient one. 

In order to estimate ]”, absolutely instead of in comparison with IJ’,, it is necessary 
to know the value of f. Dexter” recently carried out theoretical calculation and obtained 
the value f=0.07 for NaCl. On the other hand it is difficult to estimate the /-value 
from experimental data ; perhaps it would be safe to assume that / is of the order of 0.05 
for the first exciton bands in all alkali-halides, on the grounds of (a) absorption data? 10-™), 
(6) relation to the f-bands* and (c) Mayer’s analysis” of dispersion data.” Assuming 
this value for the first exciton band of KI, and n,=10"/c.c. for the density of /-centers, 
the largest value experimentally obtainable, we have, by (5-7), 


V7 [3~10™ sec. 2 (Sez) 


This is still much smaller than the frequency of scattering of excitons by lattice vibrations, 


which is estimated to be of the order of 
W,=10"~10" sec’. . (5-9) 


As was stated in § 2, only the longitudinal excitons are effective in ionizing trapped 
electrons, while the excitons which are produced by irradiation as in Apker and Taft’s 
experiments are of transverse type. By comparison of (5-9) and (5-7’), however, we 
see that the equilibrium number of longitudinal waves are produced by scattering in 
sufficiently short time ; thus our estimation remains correct just the same. 

Another point which should be discussed is the energy difference between the 
longitudinal and the transverse waves, which has been neglected in the above estimation. 
Heller and Marcus recently noticed that even without overlapping of atomic orbitals an 
exciton band has a finite breadth due to the dipole-dipole interaction of atoms which are 
excited one after another, and that the longitudinal waves have higher energies than the 
transverse ones: But in teal crystals most of the contribution to the total oscillator strength 


for the excitation of crystal electrons comes from the transitions to higher states than the 


* In estimating the /value from the data (2) and (4), we have used Smakula’s formula”) which 
seems to the author to be approximately valid also for the first exciton band, because the most part of the 


characteristic absorption lies in the shorter wave-length region. 
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first exciton band, so that the dipole-dipole interaction stated above is shielded by a factor 
1/«,, thus leading to a rather small value of the separation energy. Moreover the influence 
of overlapping would complicate the situation. Therefore their results does not seem to 


affect our estimation so seriously. 
In conclusion the author wishes to express his sincere thanks to Professor T. Muto, 


Professor T. Inui and Professor F. Seitz for their valuable suggestions and discussions. 
His thanks are also to Mr. Y. Uemura and Mr. H. Miyazawa for their continual en- 
couragements and stimulations to this problem. This work is indebted to the Scientific 


Research Expenditure of the Ministry of Education. 


Appendix I. Proof of the equation (2-18) 
Equation (2-18) can be proved in the same way as Frdhlich, Pelzer and Zienau” 
did in the lattice polaron problem. That is, we consider a classical point charge ¢, fixed 
at *#=0. Then the energy of the system composed of ¢, and the .crystal C is written, 
by (2-14) and (2-16), as 


" aoe Be w TQ 


reas cet yd ; 
Hi=e > bt, + Ee (6,,—0*). 
The minimum of this expression is realized for the values of %@,, : 


ee eit 
» E Vv [3 TU 
This electronic polarization causes the potential 
Fe a Ce a a Sop eee Some 'y 
0, (7) = wane ) {,. exp (2-7) — OX exp (—ito-7")} = —_4_-1 
2 WES 27E ¥ 
according to (2-14). In order that this be equal to 
ay GEES 


as is required by electrostatics, the relation (2-18) has to be satisfied. 


Appendix IL. Explicit forms of the hypergeometric 


functions used in the calculation 


The hypergeometric functions appearing an (4-16) are such that the two parameters 
f=2/+2m and y=2/+2 are integers. We can, therefore, express them in terms of 
elementary functions as follows. 


Starting out from the relation 


F(a, 8) Bye) = ae ee 


which corresponds, in our case, to m=1, we can utilize the step-up recurrence formula” 


for the hypergeometric functions 
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oF! (a, 8, 732) + BF (a, B, 152) =BF (a, B+1, 752) 
repeatedly in order to obtain the expressions for the cases #2 >1. Thus we have, for 


example 
. pl > 


F(i+1—ip, icp eee Se (2=2) exp (—2p cot 9) 


pt 

F(l+1=ip, OPA) 59) =e) 
Dae 
Gln Wels GRD) ei 

pare Gap -exp(—=27 cot” 7). 


When 770, it is more convenient to make use of the expressions in infinite series: we 


can write, for example, 


apna Les @aen= 1) 123% 
n= 2 n!(72+2) (x+3) 


6 es eo aceet al ey 


F(a, 2,4;2)= 


ay (a— DV wes) ds Z ca 2 


The results up to the case /=3 are as follows: 


: —22 g- 
F(2—i#, 2,4; & 2 
(2—i9 tes sre t exp(—2p cot), 


F(3-%, 4,63 say AES rae ee 40239" + 11)exp(—2/ cot" f) 


pti 
—3(~+1)}, 
me NEO, : 
F(4 ip, 6,832 )= 2 +1)? (F+4) FF9) 


x {B7pP + 13) exp (—2p cot™' p) —5(f°+1)}. 
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Note added in proof: The estimation (5-8) for the critical density of F-centers is in qualitative agreement 
with that of the previous work by Dexter and Heller?’) who considered the F-electton ionization by an exciton 
to take place through two stages, whereas our formulation permits direct process. Though both are based 
on somewhat different points of view, they ate in accordance as regards the most essential point, that is, the 
transition dipole field of the exciton is responsible for the process. The author wishes to thank Dr. Dexter 
for informing his interesting idea about this problem.°®) 
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Recently Ryder and Shockley have found experimentally that the electrical conduction in a pure 
germanium crystal shows the marked deviation from Ohm’s law in the strong electric field. In order 
to clarify the mentioned phenomena along the usual theory of electrical conduction, we have calculated 
the distribution function of conducting electrons in non-polar semiconductor by solving the well-known 
Bloch’s integral equation to the second order approximation, taking account of the interaction of electrons 
with both the acoustical and optical modes of lattice vibrations. As a result we have found that our 
theory may well interpret the general behaviour of this phenomenon qualitatively. Furthermore, we 
have discussed the efect of impurity ions upon the critical field strength. 


S 1. Introduction 


In the theory of the electrical conductivity the so-called Bloch’s integral equation is 
well-known to be the fundamental one, which unfortunately has not been solved rigorously 
so far. For the case of weak electric field, however, we are allowed approximately to use 
the first order solution of the Bloch’s integral-equation, which correctly lead to the Ohm’s 
law of the electrical conductivity. On the other hand, for the case of very strong electric 
field, the appreciable non-ohmic current has been observed experimentally to appear even 
in insulating crystals, which finally breaks down rather abruptly at certain critical strength 
of the applied field. The phenomenon of the so-called electrical breakdown mentioned 
above has been investigated by many theoretical physicists. In order to determine the 
breakdown strength by the energy balance condition, they have calculated only the rate at 
which a conduction electron would lose its energy to the lattice, while the distribution 
function of the conduction electrons in the strong electric field has never been taken into 
consideration in detail so far. Owing to the lack of the knowledge of the mentioned 
distribution function, however, the phenomenon of non-ohmic current or the pre-breakdown 
current in the very strong field, closely connected with the electrical breakdown, could not 
be accounted for satisfactorily. 

Recently Ryder and Shockley” have found experimentally that the electrical conduction 
in a pure germanium crystal shows the marked deviation from the Ohm’s law in the 
strong electric field. Futhermore Shockley” has discussed theoretically this very interesting 
phenomenon by a rather intuitive method and explained the essence of the phenomenon 
elegantly. Independent of him, we” also have worked theoretically the same phenomenon 
by the rather orthodox method of solving to the second order approximation the Bloch’s 
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integral equation in non-polar semiconductor, allowing for the action of the strong electric 
field. We also assume that the conduction electrons in germanium crystals obey the 
Maxwell-Boltzmann statistics approximately. Our calculations have shown to give the same 
results as Shockley’s in many respects and we are sure that his rather intuitive standpoint 
has been actually confirmed by our calculation. Since Shockley’s second paper shows that 
the effect of the optical mode of vibrations seems to be quite appreciale for the electron- 
scattering for some crystals, we shall here calculate the electrical conductivity of the non- 
polar crystals in the strong electrostatic field by taking account the interactions of electrons 


with both the acoustical and optical modes of vibrations. 


$2. The effect of the acoustical mode 


In the experiment of Ryder and Shockley the electric field is not yet strong enough 
to excite the appreciable number of electrons of the full band into the conduction band. 
In this case the conduction electrons are mainly scattered by the interaction with the lattice 
vibrations (both acoustical and optical) and by colliding with the impurity ions. As the 
interaction between electrons and acoustical modes of vibrations may have the most impor- 


tant effect in non-polar crystals, we at first take into account only this modes of vibrations. 
> 
Let /(/) be the distribution function of the conduction electrons having the wave number 


vector /’, then the stationary condition in electronic current is given, as usual, by 
[af/ae |pieta 4 [df/ot Hisiercom = 0, (1) 


where the first term means the rate of change of /(/) caused by drift in the external 
field and the second term by the above-mentioned collisions. We find after some process 
of computation along the conventional way,” 


[A] = Me fy (Toe ee 
ot Coll 82° Mu, 24K. 


ys J9 ev7a—]1 


min 


x {f+ ger—f(h)} +f 9) +f b)e70}] (2) 

where 

l’,:  erystal volume, 

C™: an energy parameter describing the coupling between electron and _ lattice, 

M: reduced mass of two ions, 

“%,: sound velocity, 

ky: Boltzmann constant, 

gt wave number of lattice vibration, 

A=h?/2m*, 

m*: effective mass of conduction electron, 

,: circular frequency of the longitudinal mode associated with g, which is assumed 


to be w,=1,9, 


44> hw,/k, Te F 
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T: temperature, 
KGS wave number of electron, 


E=hK"/m*: energy of conduction electron. 


Here we expand the distribution function f(h) in the series of Legendre polynomials 
Sh) =f B) +hg (BE) + G3) 


Inserting eq. (3) into eq. (2), it becomes : 


| VGs. ites g dg * . 
3 = az : E 7] v, 7 ee Ei 
[ Ot den 87MUAK ss q —] Lif (E+ ho, ef (4)} 


C7 


mb 


ate ths (4— hw,) —f, (£) 4 } | 
3 ual asf g 


4 bt gadg (E+ hope hg (2) 
2mJo Ja a ae 


. qd 
mtr 


+ (he +9,) ¢(E—ho,) —hag (B)e7} | (4) 


Now we expand the functions /,(4+ hw), f\(E—hew) or exp (#) with respect to ho 
ot +, neglecting the higher order terms than the second order one. 


e=14441/2-2, 

f(E + ho) =f,(E) +f (E) ho +1/2-fo" (E) (ho), 
fy(E—ho) =f, (B) —f\ (EL) hot+1/2-f) (EB) hoy’, 
g(E+ho)=g (E—ho) =g (4). 


This approximate procedure may be allowed except for the very low temperature. Further 
we must be cautious in determining the upper limit of integration g,,q, On integrating 
{ f, (E+ hw) e’ —f\ (4) } and {f(£—4o) —f,(/:)e*} with respect to 4, the correspond- 
ihg upper limit 7,,, 1s to be taken as 


Qmar= 2K +4 2m*uy/h 


respectively owing to the usual considerations. On the other hand we shall be allowed to 
take the lower limit as 0, unless A’ is very small (A <miu,/h). The behaviour of such 
a slow electron, however, is unimportant in our case except for the very low temperature. 


Then, after some calculations, eq. (4) becomes : 


r 2 — 72K +2m"uolk ‘ ee j 
fe] = Be [fe ae) +e) 
Coll LVLU \ 


29K—2m uolh 5 2K e x ERENT - 
= (eal PE) + BTR EAS, oF Mae (fh E+ 4TH" ED} 
0 0 


ine 2K 
ine Ky chee Brey) | g da) (5) 
0 


hittyk” 
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After carrying out the integration the final expression for (0/ /OC) con has been obtained 


as follows : 
[2A] = eee nel ep" + th 
at Coll 8x HIG vi] Ry 
+2/h,T:f,(E)\} — (hy T/huy) (8mE/h) hk, g(£) |. (6) 


On the other hand, (0//92) vier is written as usual, 
[Of/O¢] riera= el /h (g (EL) +2/3-Edg /dE +h? /m*-k, df\/dE+ :--) (7) 


where —e is the electronic charge. Inserting (7) and (6) into (1) we obtain the 
following set of differential equations for /,(/) and g(/:) : 


ae E 2 atM hi 2m* 1 ef 
Tepe +2) ee o=— — x 
a le Yo ik AVC m*h,T VE tk 


a Muh! 1, Make 
V.CmeV2m* Vik dE 


phe ae fei 
Ee PW IES A LES! 
au 3 ) (8) 
g(4)= (9) 


Let us here introduce the mean free path / in the weak field 


l=nMujl' [VC mkt, (10) 


_ then the above equations are written as 


if ck 1 . ag 


Ps 
Ef! + (E/hyT +2 fl +2/kyT E (ites 
Toit (A/hy pre. g0 — 2v 2m*ue hk VEX 3 


), (11) 


c= hl/ V2m* ef / VE. af, / dk. (12) 


Eliminating g(/:) from the above equations we obtain the final differential equation for 


So(4) 
(E+ phyT fy! + (24+ Bh, / T+ phy T/E) fi +2/h&T-f,=0, (13) 
where 
p= (CF1)"/6m*u, hy. (14) 


In the case of weak field we may neglect the second order quantities with respect to /, 
so eq. (13) reduces to 


Ef" + (24 E/& LD) + 2fo/hoT fo=0. (15) 


whose solution is readily found as /,(/*) =A exp (—/:/h,7). According to the usual 
procedure we also find that the conductivity o, is given by: 


Oy=4nel/3 V 2amkT. (16) 


We see that in this case our equations lead to the Boltzmann distribution and the Ohmic 
conductivity. 


On the contrary, if we assume ~%,7>/ and p>1 (the case of very strong field), 


j 


a 4 foyy } 7 » } | ; ~ 
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we obtain the following equation, 
Phy + (E/kyT + ph L/L fy + 2f,/h TL f\v=93 (17) 
a solution of which is 
Svo=N exp [—E°/2p(k,T)’I. (18) 
By the normalization condition 
(fy. (EZ) dk, dk, Th,=1 
we find 
N=2h /t(2m*h,T)* (2p) "1 G/4). (19) 
Now the current density is, as usual, given by 
j/n=\(—e)v, ks & (LE) ak, dk, dh, (20) 


Using eqs. (12), (18) and (19) the current density in strong field may be written as 


follows : 
J/n=ew 20/31 (3/4) » (elu, !?/ (m*k, TT)" « (21) 


Thus the observed field dependence of the electric current has been found to be correctly 
given, and the temperature dependence of it is also in qualitative accord with the observa- 
tion. The ratio of o in strong field and o, in weak field is easily computed as: 


(oa Bile 7 =1/1 —1/4 ~ 
o,  2-21'(3/4) Le tdosas oie i Sk Gare 
Table I. which value is tabulated in Table I for several values of 7p. 
, j oy dy From the distribution function obtained above the number density and 
= : the energy density of the electron in strong field are easily seen to 
al Bae teach their maximum at the energy values of 
10 0.61 
50 0.41 E,. = (eFt/2u,) (hy T/3m)'” (22) 
100 0.36 
300 0.26 and 
500 0.23 Eup (Fl / 2m) (ky T/m)'” (23) 
1000 0.19 


respectively, together with the average energy of 
E=0.854 Ena 


The energy value determined from the energy balance condition, presupposed usually in 
the breakdown theory, 

[dE /dt\ p+ [dE /dt|p=0 (25) 
exactly, which fact seems to justify the validity 


he current density in the strong field. Shockley 
s of the above mentioned energy balance 


has been found to coincide with our 2 ee 
of the mentioned condition for computing t 
has already derived our eq. (22) on the basi 
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condition. He, however, has not derived the distribution function in strong sees 
supposed for the distribution function to be expressed as SF) =, exp (SE ert as 
where 7’, is the apparent temperature, proportional to the electric field. Such high energy 
electrons are called by him “ Hot Electrons ”’. | 

Now in order to get the estimate of the critical field strength, where the deviation 
from the Ohm’s law begins to appear, we have to find the exact solution of eq. (13). 
Fortunately eq. (13) has an analytical solution of the following form. 


S(E) =N, (L/h, T +p)” exp (—4/&7). (26) 


When / becomes much larger than 4//7, eq. (26) is easily shown to reduce to eq. (18). 
From (26) we have found the more accurate values of £,, and £,,,, compared with 
those of eqs. (22) and (23): 


En=1/4:h,T + V (1/4h,T)? + (eFl/2u,)? by T/3m, (27) 


and 


Enac=3/4-ky T+ V B/4kjT)?+ (cFl/2u,)? Ry T/m- (28) 


For the weak field strength, the above expressions are reduced approximately to the usual 


Table II. ones, while for the strong field they are seen to coincide with eqs. 


(22) and (23) 


2 | oleo 3 ec: | 
—____1_____ Using the distribution function (26) we have found the conduc- 
‘ | 02) tivity o for several values of #, as tabulated in Table II. Now, in order 
2 | ORS: 5 ; ; - 
| to discuss the detailed behaviors in the real crystal, the numerical rela- 
4 0.63 2 ‘ ' i 
oy tion between the f-value and the field-one is essentially required, but 


unfortunately the reliable informations about it can hardly be obtained 
at present, since the values of mobility and sound velocity involved in (14) are rather at 
variance with each other according to the different measurements. We, therefore, have 
adopted tentatively 3600 (Gv), 900 (Diamond) and 1000 (SZ) cm*/volt/sec. for the 
mobilities at room temperature, while for sound velocity, 0.5-10° (Ge), 1.75-10° (Diamond) 
and 0.9-10" (Sz) cm/sec. respectively, which values lead to 200 (Ge), 3000 (Diamond) 
and 1000 (Si) volts/cm for the field values of =1 at room temperature respectively. 
Using the mentioned field value we have computed actually the absolute value of the 
electrical conductivity for Ge in the strong field region, whose comparison with the experi- 
ment reveals that the observed deviations from Ohm’s law do not occur at field as low as 


predicted by our computation, namely, the Ohm’s law still holds even at several times higher 
field than that expected by our theory. 


The reason for such discrepancy seems to be rather 
complicated one. 


In this connection it should be pointed out that the value of the in- 
teraction parameter C’ in the strong field has not worked out theoretically, but the observ- 
ed value of the mobility in weak field has been used in our estimates. The conventional 
procedure mentioned above may be considered to introduce much ambiguity in our theory. 


In order to explain the above discrepancy Shockley has suggested that the energy surface 
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in the Brillouin zone of Ge crystals is not of a spherical one, which is presupposed in 
our theory, but instead a complex surface of two or three sheets. Although his sugges- 
tion is very interesting, it seems to be difficult at present to derive a quantitative conclus- 


ion from his ideas, since the detailed knowledge of the band structure of Ge has not been 
obtained. 


§ 3. The effect of the optical mode 


The treatment presented above is based entirely upon interaction with the longitudinal 
acoustical mode of the lattice vibrations of the crystal. The diamond: structure lattice, 
however, is expected to have also the optical mode. The effect of the optical mode for 
the electron scattering has been thoroughly discussed by Seitz’? but the observed variation 
of the mobility with temperature did not reveal this effect. Recently Shockley showed 
that the observation of Ryder was well interpreted by taking into account the effects of 
the optical modes. In view of the above situation, therefore, we shall here also discuss 
the influence of optical modes upon the electron scattering. We assume for simplicity that 
the frequency of the optical modes has a constant value w, and the temperature is so low 
that the conduction electron is able to emit a phonon but can not absorb a phonon at all. 


Then, according to Seitz, we may easily write down the expression of (0//9¢) cay as follows : 


[O//¢]eon=|e9- (6) | for £ = hw, 


ES TG ee ACEO (he dof, (E+ ke) 
Coll 0 


and 


AL sr MKw, exp(ho,/k,l) —1 
ad Ad ee at I (£) == o Cz) (ae a (ee hoy )| 
|, 9 2 Sy TESS ate : q 2K? JE IES . for fe = hwy, 


(29) 
where D is the interaction parameter for the optical mode, analogous to C in the acous- 
tical one and p the first non-vanishing reciprocal vector of the lattice. When the electron 
energy // is nearly equal to 2w,, we are not allowed to expand the function /,(/4 +), 
in which case Bloch’s integral equation is not easily reduced to the usual differential equa- 


tion. On the other hand, if 4 is much larger than fw,, it may be expanded as follows : 


[| ieee Ge | (fy(E) fatten, + 1/2f," (LE) (hoo) 


Ot sriiKu, 
P2K + Kiwo! E 2K— Kfjwo/ i (2k 2 he, 
x" g aq—S, (£) |, @ Ag he g(Z) |g “Ge — a) 
aeAyy, Ogee 


+ 2A + 2 f+ <t.g (8) | 


Saale n eas AVA dep ae 
z| to (= hy ee My 


MEY 2m kyl 


yy, Ol) ae Lf +f!) fo, +2 (Eh! +h) — j= se eC) Ne 
an MY 2m alk ee ay) tA i) | 
(30) 
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Here we shall denote the relative ratio of the interaction constants of two modes by RX: 
R=D?/2C*-2mug/hyT (#?/2m) (ho,~ D/C. (31) 

Then eq. (30) becomes 


oa AV C°nP kh, T | : {z ry ( E ) Pee hw, R 
he = 4 49 1% a Re 2 0 a 7 0 WF it ea 
| Ot deo mMh'V 2m Fie eg f hi A} mur VE 


Ny : \ /T 2 > V/ | = ‘ © 
x | EAU +h heey + 2 +h.) | — 5" bas) es eR flees. Jee (2) | 
So) 2a. 2m, 2k 
(32) 


Using eqs. (32), (7) and (1), we obtain the following differential equations, which are 
easily seen to be the generalized equations of eqs. (11) and (12). 


{zi + BH) +( p+ 22 fy) + BOR EA +i) hey 2A +1} 
Ped kyl mu, 
[VES NW ek fe a 2. Be 
ean Ee Sale 8 ee ee 33 
2V2m-u, kh ( 3 <i Se 


al ek 1 &, (34) 


BE Mee en oe 
V2m 1+RA—fho,/-) VE dE 


Eliminating g(/:) from these equations, we obtain 


- ie ee it Eto lees FON Koi re 
Bef 2b! +(- ok ft fy A Bl ef al | 
(BRU +(G plot pte) + is (LLU Ff) hoot ZEAL) 
fe was 2 1 
+k r| = i hos K = 2 — fi — 
1+R(1—kow,/2£)° 1+ R(1—ko,/2£) to 
Rhw 
pak tl Ne “| =0, 35 
2{1—R(1—hw,/2£E)} | Ce 
which is rewritten as 
Z| hey eke ay LOT ye ae : ko TE 
| A+ Sof + tok Chen Hf + 28) + —— PTE gy) 
dE hy Mu ; 2 14+ R(—ho,/2Ey i 
; (36) 
It follows, after a simple integration, 
: hw,)°*R Bela 7 
E+ ( 0 aL PR, | / ( E 2ho,R we 
mom wees Tye LL Ay alee ad mh 


When e is Bitich larger than fo, the term hw,/2L may be neglected approximately com- 
pared with unity. In that case the integration is easily performed as follows : 
Sy (E) = Nlexp(—L/&,T) {E/kyT + p/ (14 R) +R (hay)? / ma chy TL} Pl B+ 800)? metho 
(38) 
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When {f/(11+R)+R(ho,)°/mu,k,T} is much larger than £/£,7, (38) may be reduced 
approximately to 

F(Z) =N" exp [—£°/29' (&,T)*); (39) 

p'=p/A+R) +R ho,)*/muy hy T. (40) 
When / becomes very large, the average energy of the electron is much larger than ho, 
in which case we may be allowed to assume the distribution function is approximately 
given by eq. (39). Then the electric current is given by 

f[n=(A/A+R)) (0/0 Faccous (41) 


whete Jurous is the current intensity in eq. (21). We see that in the case of very strong 
field the interaction with the optical modes of vibrations reduces the value of the electric 
current by about 1/(1+ 2)", but the field dependence of the current is still expressed 
by VF. When the field is not so strong, the above mentioned approximation is no 
more valid and some other method of approximation has to be deviced. As we have 
already obtained the distribution function valid in both regions of 7 <hw, and Ee hwy, 
so we shall conventionally adopt the interpolation method of connecting both distributions 
at an intermediate energy /: in order to obtain the approximate distribution function in 


all range of the electron energy. Thus it follows, 
f(E) HN exp (2/20), for xm 
and 
f,(B) =Nexp [— (2/2) 0/0—1/P")] exp (—a"/29"), for #> % 


where =L/k,T, 4,=L,/h,T and N is the normalization constant, which is given by 


the following condition : 


2/3 20 
ye hi eee IV i exp ( —1°/2p) Vax ax 


+exp| — Hy (ir Fe | exp (—x°/2p') Vx dx |=. (42) 


Finally, the electric current is given by 


j/n= 4n ¢Flnk TN J - ! \2 exp (—2°/2p) ax 
3 0 


Z  14+-RL p 
+ 5; [‘exp| — “ is vi ) |e exp (—1+'/p') dx. (43) 


It may be easily seen that this current expression contains eqs. (21) and (41) as the ex- 


treme cases. Only when / is equal to pf’ the above expression reduces easily to 
J/n= WL EOS as Tannnes (44) 


In other cases of p-value we have to calculate the current numerically from eqs. (42) 
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and (43). For example, we have worked numerically the case of 
hu,/k,T=5, ho,/mu,=40, L,=2hw, and R=1, 
the result of which is represented in Fig. 1. 


Current We see that our result is in 
good qualitative agreement 
with the observation.”” Ac- 
cording to eq. (41) we see 
that the interaction ratio R 
may be determined by the 
comparison with the observ- 
ed current 7 in the very 
strong field and the extra- 
polated value of cms. It 
should be stressed that Sho- 


ckley also has obtained the 


10 10 10! 10" 10” F volisem same result as ours by the 


rather intuitive method. 


§4. The effect of the impurity scattering 


For the case of the impure crystals, we have to take account of the impurity-scatter- 
ing beside the lattice-one in the electronic conduction. As the scattering due to the im- 
purity ion in non-polar crystals has been discussed by Conwell and Weisskopf,” we shall 
adopt here their method of procedures. For simplicity we shall again omit the optical 
modes of vibrations. As is well-known, the lattice scattering is of inelastic nature, while the 
impurity scattering is considered approximately to be elastic one, so that the terms contain- 
ing f,\(/) in (Af/d¢) ey remain unchanged by adding the impurity scattering term. Ac- 
cordingly eq. (11) is still valid for the present case, while eq. (12) is altered by allow- 
ing for the impurity scattering as follows : 


l Ries 1 kyl V/s gtk) “its mV, é nG ¢ (2) ot ee h a af, 


— — ; ae 45 
4nMu, 2 hu, 4x° (2m) 1? 45" 2M ROG. Sed 


where WV, is the number of ionized impurity centers, 2d the average distance between 

nearest neighbour impurity ions, « the dielectric constant and G is expressed as 
G=14+36 « d*(h&7)* e*. (46) 

If we put f,\(/7) =A exp(—//4,7) in eq. (45), we obtain the mean free path due to 


the impurity-scattering alone 
L(f)=)E= 4° /tNe' In G, (47) 


which of course coincides with Conwell- Weisskopf’s result. Using 7;(//), / and the resul- 
tant mean free path /,, which is defined as 
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1/4=1/l+1/ly 


we may write down the differential equations as follows : 


ee ee ee / enlicad ea BIE / 
E+ —phyl fie Li ate + £ : (1+! ! 2 = () 
/ AVE / E J, br top! ’ (48) 
and 
@(£) =hm/ V 2m-cF/ VE + df,/de. (49) 


When the field is very strong, eqs. (48) and (49) are reduced to be practically equivalent 
to eqs. (11) and (12) on account of 1, E*>l and 1,>%,; which shows that the im- 
purity effect is not very appreciable in such high field region. On the other hand, when 
the field is not so strong or the impurity content is so large that the conditions of /,/° 


<1 and /,~/, are valid, the critical field is diminished by the factor (2;/2), which leads 


to the conclusion that the critical field is sensitive to the impurity content.” 


Finally we wish to express our sincere thanks to Prof. T. Muto for his continued 


interest and advice during the course of this work. 
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Note added in proof: Recently many informations about the band structure of germanium crystals have 
been obtained. Therefore, it is very interesting to compute the current in strong field on the basis of that 
band structure in order to resolve the quantitative discrepancies of Shockley’s and our theory. Unfortunately 


we have not yet succeeded in solving this problem owing to the mathematical difficulties. 
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We have recently developed the theory of the dielectric constant of ionic crystals on the basis of 
the quantum theory of solids. In the present paper, we have worked out theoretically the temperature 
effect of the dielectric constant on the similar line as above, namely, we have determined the wave 
functions of ions so as to minimize the free energy change of the system under the electrostatic field, 
The numerical value of the coefficient of the temperature variation of dielectric constant of LiF crystal 
becomes of 3.2104 in comparison with the observed value of 3.75% 10™. 


Sl. Introduction 


In the previous paper we have developed the theory of the dielectric constant of 
ionic crystals on the basis of the quantum theory of solids. In that case, we have deter- 
mined the wave functions of ions so as to minimize the energy change of the system under 
the external electric field, the computed value of the dielectric constant of LiF crystal 
being considered as that of the absolute zero temperature. As well known experimentally, 
the dielectric constant of simple ionic crystals is nearly independent of temperature, as in 
the cases of non-polar gases and liquids. The precise observation, however, has revealed 
that the dielectric constant of the alkalihalide crystals increases actually with increasing 
temperature, while in non-polar gases and liquids it decreases with increasing temperature. 
In the latter case the temperature effect of dielectric constant is explained as the result of 
the density of the matter due to the thermal expansion. As for the ionic crystals, although 
the elucidation of the phenomena has been given only on the basis of the Born’s formula, 
the detailed discussion of it from the modern theory of solids has not yet been attempted so 
far. By making use of our previous theory we shall here work theoretically the effect of 


temperature on the low frequency dielectric constant of alkali-halide crystals. 


$2. Theoretical formulation 


Now, in order to work the effect of temperature upon the dielectric constant we must 
determine the wave functions so as to minimize the free energy change of the system under 
the external electric field. Let the energy, the free energy and the entropy of the total 
system without external field be /, A and S, and further the kinetic energy of the 
vibrating ions be A. Denoting the changes of the above quantities due to the application 
of external field by 4/7, JA, JS and dK respectively, we have the following relations : 
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A=E—TS=(E—K)+(K-TS), (1) 
and 
4A=4(E—-K) +4(K—-TS), ni) 
which is connected with the dielectric constant « in the following way. 
4A=—1/2-yF°, «=1+474. (3) 


From eq. (2) and (3), it follows clearly 


d(4A) /dT=dd (E—K) [dT +d4(K—TS)/dT , (4) 
d(4A) /dT=—1/2- (dy/aT )F*, (5) 

and 
du/dT=4n (dy/dT ) =—82/F *d(4A) /aT. (6) 


As for the wave function of negative ions under the influence of the external field it will 


be assumed 
a DAF Y CL. + Ar cos @) 


where ¢f,(/°) is that of the unperturbed system and 2 is the variational parameter, which 
is here considered as the function of temperature. We shall neglect the change of the 
wave function of positive ions entirely. Let 217 be the displacement of the positive to the 
negative, then free energy 1s expressed as a function of x,/4, and 7. At given temperature 


the value of a and / are to be determined from the following minimum conditions. 
a4 A/ax=0, a4 A/OA=0. (6’) 


Now, we shall proceed to computation of AA. 
As seen in (4), the temperature effect of the dielectric constant consists of two parts, each 


of which shall be computed separately in the following. 


(1) temperature variation of 4(:—K ) 

The computation of 4(Z—K) at absolute zero temperature has been given in the 
previous paper. The main influence of temperature-variation of ionic distance upon 
4(E—K) may be divided into the following three factors. 

(a) The first effect which affects the dielectric constant stems from the change with 
temperature of the number of ion pairs per unit volume, on account of which the density 
of the dipole becomes smaller with’ increasing temperature and so the dielectric constant 
Piietideccease. Let @, and abe’ the tonic distance at absolute zero temperature and LK 


respectively, and .V be the number of ion pairs per unit volume. Thus it follows 
a=a,+ 0a, (7) 
N=1/20°= Ciptay) (ieee da/ay) 5 (8) 
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in which da may be supposed to be very small compared to a,. 

(b) The second effect is ascribed to the change of the restoring force (or energy). 
As the restoring force becomes smaller for larger tonic distances, it will decrease with 
increasing temperature, which is responsible for the decrease of the dielectric constant. If 


the restoring energy is assumed to be 


[4(1/p—2/a)p/p-0-*"] 2", 


its value at 7°A’ will be written as, 
4[1/p—2/a,(1—30a/a,) | p/p-e-"” A Oa/p) x. 


Assuming approximately that the above restoring force may be effective only between the 


nearest neighbouring ions, we obtain / from the equilibrium condition, namely, 
a/a, = (6/p)p exp(—a,//), (9) 


where @y is the Madelung’s constant. Using eqs. (7) and (9) we obtain the following 


expression of the restoring energy at /°A: 
{2ay/3a, (1/e—2/a,) —2a5,/3a,; (1/pe°—2/a,e—2/a,) da}. (10) 


(c) Since the decrease of the ionic distance with temperature is considered to give 
rise to the decrease of the restoring energy acting to prevent the ionic deformation, namely, 
A and B in the previous paper, the dielectric constant must increase also for this reason. 
If the restoring energies proportional to 7 and Ax are supposed to be expressed by 
?'(—r/p"'), A and 2 at temperature 7 are easily seen to take the following forms. 


9 


AK =f! exp(—a/p!)F=p'e-*'"' (1—da/p') ® (11) 


=A,(1—da/p')#, 
and 


pA —0da/p!') dx. (12) 


(11) temperature variation of J(A—T7S) 


If the motion of the ions is supposed always to be of periodic nature, (A—7S) 
is given by: 


K—~TS=—kT Slog [ctvil#? / (chek? 1], (13) 


When the ions are displaced in the external field, however, the vibrational frequency 
changes from @,, to w;, which is denoted by 


O;,= Oy; +da, . (14) 


Although the crystal has cubic symmetry without external field, it has no more cubic 


symmetry under the influence of the external field, dw; being assumed to become anisotro- 
pic. The substitution of (14) into (13) leads to 
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es ee [ebeiler / (chile? Yi a= —kTS) log [ vas! &2 / (Gio iN) 
+ > hdw,/ (elt? —1), 


Thus it follows 
4(K—TS)= Sai hdw,/ (eboil*? —1). (15) 


Now it is a rather complicated task to compute these terms rigorously, because we 
have not yet the detailed knowledge of the vibrational spectrum of the lattice. We, there- 
fore, shall compute them approximately under the simplified assumptions. As the tempera- 
ture variation of 4(K—ZS) is found to become quite small compared with that of 
4(E—K), our procedure of approximate computation may not give rise to a serious error. 
Since the magnitude of the frequency-change of the acoustical mode of vibration may be 
assumed to become much smaller than that of the optical mode, we shall neglect entirely 
the former change in our following computations. Fortunately the frequency of the optical 
mode may be considered to be nearly constant and, moreover, the frequency of the trans- 


verse wave of LiF and NaCl crystals is given by approximately 


O,= Vay/6a M(1/p—2/a), (16) 


where J is the reduced mass of ions. Let us consider, then, a crystal in equilibrium 
under the influence of the electrostatic field along x-direction, in which case we could 
imagine that the negative ions remain in their original positions, while the positives are 
displaced a distance 27. Now, on displacing a positive ion by dx, along x-direction, from 
the new equilibrium position, the restoring force in such case will be computed from the 


following potentials, 


A exp[—1/p-(a+24+dx)|+ Aexp [—1/p(a—2x—dr) | 


+4A exp[—1/o:V a+ (2x+dz)’}. 
After the simple calculation, we obtain, for the frequency-change, 
caus, 
deo, = eof (1/29? +3/agp-+3/as)/20/p—2/a,) 122)’. a7) 
Similarly we have 
oy 0,= 0+ Ae, , 

Ao, = — of A/e-1/pq— 1/a’,) /2a,(1/p—2/a,) \(24)’. (18) 

Inserting eqs. (17) and (1 8) into eq. (15) we obtain the final expression of 
A(K—TS)= V(T)x* 


= Nha, (24)" (1/2¢* we 5/ pay +5/a3— 2/a,0°) pe (1/e —2a,). 
(ceolkt pa 1) 
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Since, in the following computation, (Jw,+24w,) is found to become of positive sign, 


4(K—T7S) increases with increasing temperature, which leads to the decrease of the 


dielectric constant. 
Now, summing up the above mentioned results together with (1)---(6) the free 


energy changes due to both external field and temperature-variation have been computed as 


follows. 
1 30a\ { Wein aes 30a 
4A=— Ge ){-22F —— (cS 2 
2a, a Zee SG wean a 
_ 4m (472) (22) ; ae 244 ( es 2. )=( So ae fe 
3 Daa a, 3a Acct, os ets 
— 47a + AE OY (7/2 4 324 A, (1-2) 
203 Weecas a, \ po 
—B(4 — £2 Vi} add (RET SY: (20) 
? 


Now the values of « and 2 are to be determined from eqs. (6)’. On putting 
4=x,(1+7,) and 2=A,(1+7.), where x, and 4, are the solution of eqs. (6)’ at ab- 


solute zero temperature, eqs. (6)’ lead to the following equations for 7, and 7». 


> 42 8F At (AP YON 
(4, The Aree ao a (6 ts 2Ay— a ( : ) Vane 
Beezay. 3 2a," 


-#y oh SE 


a a 3 2a,*° a, 


0 


en. oe Oa 4% 8 
=Bx, Yt ot 2h he r Be 
0 ? Sy ey, 


and 


22 oh N = 


Using the above solution the change of the free energy of the system is expressed to the 
first order of da as follows: 
Ae ast PGs 1 At Q7)* 4m (47°/,) (2x, 
4A=_— {- (eh = 0 nF (24 
04dA PTT lig 7h ; —— 29, — — —_¥ a) (4, +7) 


8 ‘ / F 
2a, 3 2a; 5 wo Bes 


2a 1 DNS A 52) 2 
+ ac ( —- )arp°2m 47° Pps — LS AGP ees 
Bane ) a 5 2 8 0 2 

0 f 0 3} 2a) 


=e GB te A,) 42. =t3 B, (A,%) (n, 4p 1) 
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+ Re Af 324) + f ATE. (aaa e te 47 (47°A,) (245) pee 2ay ( i ea 2 ) r 2 
2a, 29 3 2ay 3 Jag 3a, p am iy 
-9 1 ee z so so ) 
Se i Np ol ALS LAOS VSS YOY i 219 fe 
2a 5 ( 00 070 0) 
0 XN 
+ 3 Oe ace CAS ie 47 (47°A,) (2%, aE a 4r (47°)° , | 0a 
V3 3303 3 2a3 2 ee a 
Deh geo 82 Ne a0 A She, da 
= { (- Se 2 \ ae — <a (“ea a Pot y, x) oo | 
3a, Ce e? XN a ? po" X 
+ A(K—TS)0T. 
ak a Last OL. 
OT C7) 


§ 3. Numerical results 


In order to compare the above formula with experiment, we shall here evaluate 
d«/adT for LiF crystal. The various kind of quantities involved in eqs. (20), (21) and 
(22) have been evaluated already in Part I to become 


4,=31.8F, 4,=1.91F, 7 =1.90, 1/p=1.88, 1/p=1.85, 


A,=0.80, B,=0.503 and a,=3.78 in atomic units, except for the quantity of ’, 
which is supposed approximately to be p/=", allowing for the very small contribution 
from the term (Aa,/p’)4,. At first, we neglect the contribution from the term J(AK— ZS), 
then the solution of eqs. (21) and (22) is given as follows : 


= 4.9250a, 4o=2.960a. 


We, therefore, obtain the variation of 4(E—K) as follows : 
BAEK y= 2) 16-117 +353 747— 234] OE ged Ey heals ge 
2a," ent, 20,5 OMe 


0 


(23)’ 


where the numerical value of each term corresponds to that of (23). On account of the 
the dielectric constant is seen to decrease with increasing tem- 
perature. In order to obtain the absolute magnitude of (23)’ we have to know the thermal 
According to the observation of Euken the thermal change of lattice 
ae ert 794°C by 


negative sign of 4(A— K) 


expansion coefficient. 
constant is given approximately in the temperature range of 2G 


a=a,+ 0a=a, + 3.33 X 10a, T+ 6.0 x 10m Ch —273) 0,01. (24) 


Inserting the value of (24) into (23)’ we obtain the value of 4(4—A’) at room tem- 


perature as follows. 


04(E—K ) = —1/2a,'- (18.4 x 107°) #70F. (25) 


If we neglect the contribution from 4(K—7S), we are able to obtain, from (25), the 
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following estimate for the temperature variation of the dielectric constant at room tem- 
perature. 
ak /aAT=4.2 aimee 


and 
(1/«) (de /dT ) =4.5 x 107. (26) 


Next we shall take account of the contribution from 4J(A—7S), which leads to smaller 
values for the solution of eqs. (21) and (22), because J(A—/‘S ) has a positive sign. 
For example, 7, and 7, become 3.470a and 2.580a respectively at room temperature. 
Including this contribution into (26) we find finally the following value for the tempera- 


ture variation of the dielectric constant of LiF crystal at room temperature. 
Cl /«) (aefaT) = 3.2 x10-% 
The observed value™ is 3.751074 at room temperature, which lies between the 


results of (26) and (27). Allowing for the simplifications and approximations involved 


in our theory, the agreement seems to be rather 


Table I good. As seen in Table I the contribution from 
= cos) in Sa a Ea a ae 4(K—TS ) has a positive sign and the rapidly 
a - | = . a . . ° ° 
x 3 c MeL rt ea a increasing magnitude with increasing temperatuse, 
300 4510-1 s\as2sclor although its absolute magnitudes are rather small 
400 Sac 10+ UW eS a1 0r4 compared to that of J(/—A’). Also from eq. 
500 63xX104 | 43x10 (24) and Table I the rate of the temperature- 
—4 Y —t ° < ‘ . ° 
OO 71X10 | = 4.2.X10 variation of dielectric constant is found not to 
800 8.8 X 1073 | 6.3104 : 
be constant over the wide temperature-range, the 
1000 10.4 X 10-4 | 7.8X 10-4 r : 
as Nt lca rs Sei Bie ese SS general behaviour of which shows the gradual 
(a) without 4(A™— 7’) increase of dk /7° with increasing temperature. 


asthe dC aia Unfortunately the experimental observations have 


been performed so far over the rather limited 
temperature-range from 90°A’ to 470° A, with the results that c«/@Z7 increases with in- 
creasing temperature. We, therefore may conclude that our theory is in a qualitative 
agreement with the above experiment. 
Finally the author wishes to express his sincere thanks to Prof. T. Muto for his 
continued interest and advice during the course of this work. 
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In the preceding paper* a wave theoretical method of treating the path of light in general relativity 
has been developed. In this paper the wave character of light in a curved space-time is further investigated 
from the standpoint of the electromagnetic optics by using the generalized Maxwell equation in a 
curved space-time. The main problem treated in this paper is that of the spherical light wave in the 
static spherically symmetric space-times, and the properties of this wave are clarified by solving the 
wave equation of light. The wave character of light radiated from the sun is investigated by means 
of the results obtained by solving the generalized Maxwell equation in Schwarzshild space-time. 


§ 1. Introduction 


In a curved space-time the ray character of light concerning its path as null geodesic 
has been frequently treated, whereas its wave character has scarecely been considered. In 
[I] the wave theoretical significance of the path of light in a curved space-time has been 
clarified. In order to make research into the other wave character of light the properties 
of the solutions of its wave equation must be investigated. For this purpose we must 
begin with considerations concerning the type of the wave equation to be adopted. In 
the flat space-time phenomenological wave equation of Young-Fresnel’s type is frequently 
used owing to its simplicity. In this paper, however, we shall adopt the electromagnetic 
field equation as the wave equation of light.** 

In general relativity the equation obtained by generalizing the tensorial expression of 
the usual Maxwell equation in Minkowski space-time into a curved space-time is usually 
adopted as the electromagnetic field equation. It seems suitable to use this field equation 
for investigating the wave character of light, therefore we shall deal with the field equation 


thus introduced. | 


* On the Wave Theory of Light in General Relativity, I. Prog. Theor. Phys. 10 (1953), 442. Here- 


after this paper is cited as [I]. 
+& Jt is formally possible to generali 
form of its wave equation differs from that derived from the generalized Maxwell equation. Therefore it is 


not suitable to discuss the wave character of light in a curved space-time using the phenomenological wave 


equation of the Young-Fresnel’s type. See Appendix I. 


ze the Young-Fresnel’s wave optics in a curved space-time, but the 
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Hitherto there have been made some attempts to survey the general character of the 
electromagnetic field equation in a curved space-time. But in such cases the field equation 
has scarcely been solved. In this paper the solutions of the spherical wave in the static 
spherically symmetric space-times are obtained and their nature are compared with those of 
the corresponding ones in Minkowski space-time. The reason why SSS (abbreviation of 
the term ‘static spherically symmetric’) space-times are taken is that these space-times are 
simple and their properties have been well studied. Moreover such physically important 
space-times as Schwarzshild’s, de Sitter’s etc. belong to them. 

In §2 the general nature of the electromagnetic field equation in a curved space-time 
is investigated. In § 3 the spherical wave solutions of the generalized Maxwell equation 
in an SSS space-time are obtained and in § 4 the wave-length and the wave-period of the 
above obtained waves are defined and their nature is clarified. In §5 the spherical wave 
solutions in Schwarzshild space-time are obtained and the nature of the light emitted from 


the sun is investigated. 


§2. The electromagnetic field equation in a curved space-time 


At first we shall consider what equation must be adopted as the electromagnetic field 
equation in a curved space-time. It is clear that the equation must satisfy the following 
conditions: i) it is a tensor equation, ii) it tends to the usual Maxwell equation when 
the space-time reduces to the Minkowski space-time, and iii) its wave solution has, 
geometrically considered, the wave front corresponding to the null geodesics as the paths 
of light just as pointed out in |I|. The equation which satisfies the above three conditions 
is not unique. And probably the simplest may be the one usually adopted. Since we 
have no positive reason to take the other form by rejecting the ordinary one, we. shall 


take the usual form of the equation: let /,; be the electromagnetic field tensor, the 
equation is given by 


VP yy AV Fj, t+ Vi Fy0 or OF ,,/0x* + OL;,/02° + OF ,,/02I=0 ) 
an (2-1 

VyFV=0.. or a(¥ —9 9"9% Fy) /axi=0,* 
where 7, 7=1,--:,4, V7; is the covariant derivative with respect “to! 4%, and V7 tiswioe 


determinant |//;;|. On the other hand y;; in the above equation must satisfy the field 
equation : 


) Wg ot 5 
Ry 5 Ry= —K( 1g +2y), (2-2) 


where /;, is the energy-momentum tensor determined by the distribution and the motion 


of the matter, and Li; is the energy-momentum tensor of the electomagnetic field defined 


by 


4 Tages e Peg 9 fe J 
In this paper we shall deal only with the radiation field in the vacuum where four-current does not 


exist. 
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Lij= okt aed er 19 3f in : (2 y 3) 


Even in the region where 7;,=0, if any electromagnetic field exists, then /i, # 0 
and ¢/;, is determined depending on //;;. Namely the equation (2-1) and (2:2) are 
not independent, but simultaneous. Since it is difficult to solve these simultaneous 
equations, they have scarcely been solved practically except for some simple cases most of 
which concern the electrostatic field. Accordingly, in the first place, we intend to solve 
the electromagnetic equation (2-1) regarding //;; as a given function. Namely, we ignore 
the gravitational effect of the electromagnetic field, just as Whittaker, Laue etc. did in 
their papers.” For example, in studying the properties of light propagation in the 
gravitational field of the sun we treat the equation (2-1) taking y;, as Schwarzshild’s. 

In the second place we shall study the general character of the equation for the 
electromagnetic four-potential ¢%,. It is easily seen from the equation (2-1) that the 


equation for 9; takes the following form : 
Fiy=l 2.—V 2, =09;/0% —d9,/0x', (2-4a) 


GUI 2.4 Kei. 0) =0, (2 -4b) 
where K%, is the Ricci tensor of the space-time. Further we impose the following 
generalized Lorentz condition : 

Vg =G'V 9,=0*. (2-5) 
Then (2-4b) becomes 
PVP On+ KPi=0.- (2-4c) 


The propagation character of the wave solution of the equation of the type (2« 4c, c’) 
has been investigated in [I]. From the results obtained by this investigation we know 
that these equations satisfy the third condition proposed at the beginning of this section. 
And it is also to be remarked that the characteristic relation of (2-4c,c’) is the same 
form as the characteristic equation of (2-1) for the unknown function /7;;, and that each 


component of /;; satisfies the following wave equation : 
GOV WV ul es ts OM aed be oe AF mn —- HO LG) = 0, (2 5 6) 


where A"";;, the curvature tensor of the space-time. 


In the third place the problems concerning the gauge transformation will be mentioned. 


* Ordinarily this form is taken but we can take the following alternative form : 
Kings Va Vie) =0- (2-5/) 
In this case the field equation (2-4b) becomes simply : 
GIT V 59h =% (2-4c’) 
whereas the condition for the function % becomes somewhat complicated, That is, 


Ki gy h—-V a igtVjh=0 or Kt h—-V ag 0 iV jh =9. (2-8’) 


a 
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In a curved space-time the gauge transformation is defined by 
Gp=O,4+V (7, being covariant derivative) (2-7) 


which keeps the electromagnetic field tensor F,, invariant. The function 7 in (2-7) is 
required to satisfy the following equation so as the generalized Lorentz condition (2-5) 


may be invariant : 
[] ~=0 or SV I 57~=0. (2-8) 


Accordingly the wave equation for 9,, (2+4c), remains invariant by the gauge transform- 
ation under this condition. As is stated above the fundamental properties of gauge trans- 
formation (2:7) are a natural generalization of those in the flat space-time. But the 
gauge transformation in the curved space-time has some remarkable properties which are 
not found in the flat space-time. The detailed discussions of the properties will be made ~ 


elsewhere. 


§ 3. Spherical wave solution of the generalized Maxwell equation 
in an SSS space-time 


Now we shall take the generalized Maxwell equation (2-1) as the wave equation of 
light in a curved space-time, and shall investigate its wave solutions. In Minkowski 
space-time the simplest and most fundamental wave solution of the Maxwell equation is 
that of the plane wave, but in a curved space-time the generalization of the concept of 
the plane wave is difficult, generally speaking. Therefore in the following we shall not 
deal with a plane wave solution.* Another simple and physically important wave solution 
in the flat space-time may probably be that of the spherical wave. In an SSS space-time 
a spherical surface with the center at the origin has an important meaning because of its 


symmetry. Therefore, in the following, we shall obtain the spherical wave solutions in 


' an SSS space-time using the coordinate system in which the line element takes the form 


(3-1) 
ds = — A(r) dr’ rd? —rsin’bad’ + C(r) at’, (3-1) 
where (7, 0, 0, 2) =(2', 2°, a", 2). In this coordinate system the fundamental tensor is 
given by 
Iu=—AY)s Jn=—P, Ig=—rsin’O, Juy=C(r), other gy=0. — (32) 


(a) Generalized Maxwell equation in an SSS space-time. 


Let us rewrite the generalized Maxwell equation (2-1) using this coordinate system. 


In doing this we shall use the physical component of //;;”, instead of its tensor component, 


© See Appendix II. 


>} ai j it? 
Invariant theoretical definition and the character of SSS space-time were investigated in detail by 
Takeno.*) 
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generalizing the concept of the physical component of a tensor used in classical physics. 
Namely, we use the physical component of /,; in the direction of (2, 1), denoting it 
by the usual symbol of electric vector 7 and magnetic vector H/.* As is easily seen 
when 4=C=1 this definition reduces to the usual one in the flat space-time. Using 


these H/ and Hf the generalized Maxwell equation (2-1) can be rewritten as follows : 
VC /rsin -| 9 (sin 02 ~2 4, |+ 3 H,=0 
a0 P) ad 8 ar r > 


ern ae 8 (OE a ie Bo) 
at 


yi) r or 


Ee ee i 5 => 
AO ee ON ACI oR ra Or 9 
a 0”) tag Sahai 


a 


Zs ° (eH, + VA /r sin 0+. atte @ Hy) + VA /r sin 0-5 Ha=0, 


vr or re) 


ae cane 3) 0 7, (3-3) 
AC a-| OT, —2 1, |- == 03 
/r sin Be (sin O77,) 36 Eey 


VAC y sin gly 2 pata ie V C-H, a VA wie) a) =}; 
ij : om ) y; 0 
dle (6 


VS ( ei at VAC Va eo! i —_ V/A OF =0 
————— Ve + r ==, > 
r ay 0) / 00 ol é 


sea (PE) +VA/r dng sein OE.) +A /rsin O- Oe 63 
r° Or a0 el) 
Here it is to be noted again that these equations agree with the usual ones in Minkowski 


space-time if we put Aes ile 


(6) Three types of spherical wave solution 


The general solution of the above equation (3-3) is shown in Appendix IV. Here 
we shall give the following three kinds of spherical wave solutions corresponding to those 
in Minkowski space-time”? : i.e. transverse electric wave (TE wave), transverse magnetic 
wave (IM wave) and transverse electromagnetic wave (TEM wave, or principal wave). 
(1) TE wave. This type of wave has no longitudinal component of the electric vector 
Bi, whereas that of the magnetic vector, H,, is not zero. This type of wave is called in 
the flat space-time transverse electric wave. Hence we shall use the same nomenclature in 
the curved space-time also. If we put u=rH,, it is easily seen that z satisfies the 


following equation. 


* See Appendix III. 
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21S 2 crm} + tS (sin O4) pee ee 


rv AC ar | J” sin 8 BBS 1.00. Asntbag. ~C OF 
Taking w= (r, 2) (0) Yd), (3-4) becomes 
d??/de +10 P=0, (3+5a) 
I whit yy @he) a 

Y us f+1)— |o=0, 3-5b 
sin 4 di a ae / ) sin’ ( ) 

1 eno a 1 aR 1(/+1) 
> - A=, 3+5c 
erate A 8) —C ae r gee 


where / is a positive integer and y is an integer |”|</. The equations (3-5a) and 
(3-5b) are the same as in the flat space-time, but (3-5c) differs from that in the flat 
space-time by the factors depending on the functions < (7) and ¢(#): 


Now taking 
> . —1 om . 1 3 
Fig 0; fr — 21), ee - — ~ a 7 
= eiyrV Cand age “TG yr VC aor 
1 a” ; Ge) 
ny, | kgs Cos ee Pa : a (vu), 


L(l+1)rVA arao 1(l+1)rV A sin 6 arad 
we can show by direct substitution in (3-3) that the equations (3-3) are satisfied. 
These relations (3-6) .coincide with the corresponding ones in the flat space-time when 
we put d=C=1. 

(2) TM wave. This type of wave has, by definition, no longitudinal component of the 
magnetic vector, whereas that of the electric vector is not zero. Namely, H,=0, but 
£,.°=0. The analogous relations hold as in the case of TE wave. That is, if we put 


rl,=v, v satisfies the same equation as 7. In terms of w the other components are 


given by 
Beewsr, Li, 1 o (rv), ie i = 7 4 
? {(¢+ 1)rVvA arot $ Z(l+1)rV A sin i arog (vv), 
S “ (337) 
1 — - 
ima () i fe) (rv), Hg a i i) (rv). 


L(l+1)r Csin 0 ddat L(/+1)rvVC dba 


It is easily seen that these components satisfy (3-3). 


(3) TEM wave. The third type of the wave is the transverse electromagnetic wave, 
in which both /:, and //, are zero. The general solution* of this type of spherical wave 
is given by 


> 1 
i Sal fin fat Vi She boy 
} ia VC sin i fo g r VC sin gts 
; ca it P (3-8) 
ed wi his ps pees 
. eV Csin @ * # EN Cee A D140 


* See Appendix IV. 
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Here 7, Y, are any harmonic functions of (y, 6), determined by 


ag, /dL= —97,/90, 09,/00=0f,/O/, (3-9) 


where /¢ is given by 
dai) / 
p= | =log tan 0/2 + const. (3-10) 
sin 0 


And f., J» are functions of (a, /) given by 
ear ay, f= SF a0) 40), G-11) 


where F,, /, are any arbitrary functions of (‘—o), (¢+©) respectively. o is the function 


of 7 defined by 
A 
aN x) 2 OK: 3-12 
\ (2 ( ) 


It is seen from (3-11) that the spherical waves of the TEM type form the relative 
dispersionless wave family (relative verzerrungsfreie Wellenfamilie)®, and conversely it is 


easily proved that if such a wave family exists, it is necessarily composed of the TEM 


waves. * 


Finally it is to be noticed that the above mentioned three types of the spherical wave 


solutions correspond to those given by Slater”? in Minkowski space-time. 
(c) Poynting vector and energy of the electromagnetic field in an SSS space-time — 


Let us consider the Poynting vector S and energy lV” of the electromagnetic wave in 
an SSS space-time. We shall define these quantities in terms of the physical components 


of the energy-momentum tensor /;, in the directions of the parameter curves :** 
S =—E,,=EHi—EHy 
S= (Sw Sp, Sp)04 Se= —Lu=LsH,— 4g, (3-13) 
Sg= —Exn,=L,A,— foi 
WHE =1/2-(E7 +4, + fe +A, + fig +: Hays 


These quantities tend to those in the flat space-time when the space-time reduces to the 


flat one. And moreover using the relation :” 


we can verify the conservation of the energy for these }/’ and S. 


Next we shall calculate the energy JV” and the Poynting vector S of the out-going 
TEM wave. These quantities are given by 


* See Appendix V. 
** Tt is also possible to define these quantities using the tensor components of /?44: S=(4y4, Loa £4) 
and W=/'4,. But this definition will make the later treatment complicated. See Appendix HI. 
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ee ay Osis) Smee (3-15) 
3, = = he (4; +f, ) (Fo) ’ Sa= s—9, 
r-C sind 
i 5 - 40 
W= (G+) (4))’. (3-16) 
°C sin?O Ard) 


In this case it is easily seen that the direction of the energy flow is that of the radius 


vector and the magnitude of is equal. to that of W, namely, 
[S|=S.= 17, (3-17) 


From this relation we see that the velocity of the energy flow is equal to 1. 


§4. Wave-length, wave-period and velocity of spherical wave 
in an SSS space-time 


We shall introduce the concept of wave-length, wave-period and velocity of wave in 
an SSS space-time. Since this problem is, in general, not easy, we shall use the coordinate 


system (3-1) and shall confine ourselves to the spherical wave of the type : 


b=k(r, 0, df( Wr, 2), (4-1) 


where f is a periodic function of II’, and Il is given by 


Wi onetere (4-2) 


And we shall assume that this ¢ represents a component of the electromagnetic tensor 
and satisfies the wave equation (2-6). Let the period of the function f be w** (any 
constant independent of 7 and /), that is, 


SW, )) =f.) +0). (4-3) 
Next we shall take Jy satisfying the relation 
o(r+dr) =c(r) +0, 


where o is given by (3-12) and is determined by 4 and C. For the practical cases the 
change of the value of these “4 and ( corresponding to the increment of Jy can be 


ignored. Then this Jy is given by the following formula as the function of 7: 
dr=VC/A-w. (4-4) 


On the other hand, the value of the function JY remains unchanged if the variable ¢ in- 
creases by the amount J/=w. Using these J7 and d¢ we shall define the invariant 
wave-length 4 and invariant wave-period 7” by 


"In the following we shali take only — sign of the double sign in (4-2). In the case + sign we 
can also discuss the problem in the same manner. 


a : PRA Ae aa) 6 , 
We shall call this w ¢he period of th wave function distinguishing this from cwave-period 7 which 


will appear later. 


ss 


ae 
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A= VA Ar= VC wv, T= VCAT=VCw.* < (4-5) 
Then these two quantities are equal, that is, 
A=T.** (4-6) 


Next we shall consider the phase velocity of the wave. For this purpose we shall 
use the invariant velocity U= (v', vw, v*), the component of which is defined by 


Bee lin the physical component of dur in the direction of bay ee 
= - (= 1, 23933 


Act>0 the physical component of 4 in the direction of 24 


where Jda= (dx', dv’, dx*, dx’) is an infinitesimal displacement vector. Then it is seen 
that the phase velocity of the wave given by (4-1) is equal to 1.*** The relation (4-6) 
is consistent with this result. Moreover, it is worth noticing that this phase velocity is 
equal to the ray velocity derived from the condition as?=0 in terms of invariant velocity.*** 
In the last place it is to be noticed that the above results can be obtained when and 


only when the phase II” satisfies the characteristic equation of the wave equation (2-6). 


Shift of the spectral lines 


Next we shall compare the wave-lengths and wave-periods of the two waves of the 
type (4-1) emitted from the two atoms of the same kind situated at rest at the spatially 
different points, 7, and /,. Let the the spatial coordinates of /) and 72, be (7, 4, 0) 
and (7., 4, 6), and the time at which light is emitted from /, and 7, be ¢, and /, respec 


tively, and the wave functions of these waves be 
f,=khy(r, @, of, (W(r, YS n= hy G0, df. (Wr, ae (4-7) 
Here we shall assume that these two wave functions correspond to the same energy level 


of these two atoms. And we denote the invariant wave-periods of these waves 7 tand fe 


respectively. Then these are given by 
T= “AAG Ws T= VC (rs) Wo, (4-8) 


where w, and w, ate the periods of the wave function gf, at P, and that Of, Uesate fees 


Since these atoms are at rest, the proper periods of the waves coincide with these wave- 


periods respectively and it is natural to consider that these two proper periods are of the 


same value. Hence we have 


e can consider 4 and 7 as the physical 


* Regarding these 47 and d/ as the components of a vector w 
The same result is obtained if we define 


components of the vector in the directions of » and ¢ respectively. 
f spatial distance and time interval proposed by Landau and. Lifshitz.*) 


9) 
¢ are equal, so that those of A and 7’ are also equal. 
with respect to ¢ we obtain dr|dt=V C/A. Therefore 


these quantities using the concepts 0 
These definitions are different from that of Laue’s. 
4k Hence we consider the dimensions of * and 
+ Differentiating the equation /W=o—/=const. 
we know that the phase velocity is equal to 1. 
«eK Putting ds?=0 and d9=dg=0 in (3-1) we obtain d7/d¢=V 
yelocity of the light ray is equal to 1 also, 


/C/A. Hence in this case the invariant 
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T,=T» or VC (F,) a= VC(rs) Wo. (4-9) 
On the other hand the wave-period of the ¢/, wave at 7, is given by 
T= V C(r.) w;- (4-10) 
If we denote 7,,=7+07, 7,=7, then 
Tp/Ty= (1+ 0T)/T=V Cr) o,/ ¥ C(x) = 0/0, 
= CG) PGs (4-11) 
In this case the ratio between the two wave-lengths are given by 
(A+ 0a) /A=VC(r) /V C4). (4-12) 


If we apply the above result to the Schwarzshild space-time (this application will appear 
later), we shall obtain the same shift of the spectral lines already obtained in the relativistic 


theory using the concept of ray optics.” 


§5. Properties of light in Schwarzshild space-time 


Using the results obtained in the last section we can easily investigate the properties 
of the spherical waves with their centers at the origin. As an application, physically im- 
portant, of these results, we shall examine the wave character of light radiated from the 
sun. Taking the space-time as that of Schwarzshild and assuming that the sun is situated 
at the origin of the coordinate system it may be allowed to take the radiation of the sun 
as the complicated superposition of the spherical waves of the above three types. As the 
metric of the space-time we shall adopt the following after (3-1) : 


as’ =—adr’/(1—2m/r) —r'd?—7 siv’Ode? + (1—2m/r) de’. (5-1) 


Therefore the results obtained in the last section hold as they are, if we take A() and 


Ctp\an (3*1) as 
A(r) =1/(1—2m/r), C(r) =1—2m/r. (5-2) 
(a) Spherical wave solutions of the generalised Maxwell equation 


At first the spherical wave solutions of the equation (3-3) in Schwarzshild space-time 
will be considered. The solution of TEM type given by (3-9) becomes as follows : 


Ey=——_4\___{F,(¢+0) + F,(¢—0)}, 
( 2m ) oy 
fa ten sin 
\ r 


(5.3) 
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Hy=—_—*\__{-F.¢+0) +¢—-0)}, 
a2" lana : 

27 
Hy=—_—" __{-F,(t+0) + A(t-9)}, 


of (¢+oa) and (¢—o) respectively. 
Next we shall refer to the TE and TM waves. As they have many common 
properties, we shall examine only the TM wave taking the case when /=1 for simplicity’s 


sake. In this case, as is easily seen, v(=7/7,) becomes : 


v=R(r, t)cos 0. (5-4) 
If we consider only the out-going wave this /’ is given from (3-5c) by 
R=a(—cos k(o—A) /kr+sin k(o—2) /k'r?) +0(1/1r*) (5.-5a) 
or 
R=6(—sin k(o—12) /kr—cos k(o—t) /Fr) +00 /r'), (5+ 5b) 


where a, & and #& are any arbitrary constants. When the radiation from the sun 1s 
concerned the relation 47 >1 holds. Neglecting the higher order of 1/kr the leading 
term of FR is also given for /=2, 3,-- by 
a/kr-cosk(o—t) ot b/kr-sin k(o—?). (5-6) 

Therefore if we consider the nature of the wave function taking only its leading term, 
the only difference between the wave function in Schwarzshild space-time and that in 
Minkowski space-time 1s the phase function of the wave. Namely, in the former it is 
(o—t), while in the latter (r—t). We shall evaluate the other components of the 


electric and magnetic vector using the approximate form of the function 7 : 
R= —6sin k(ao—t) /kr. (527) 
Then we can obtain 


Fo TD) conf pA OST TIE 


kr” 2m i: 
2 s af eee a 
( : 
H,=H,=9, pf ae OE Ds d. (5-8) 


1 
2r(3 — aN 
Ve / 


It is easily seen that almost the same results can be obtained if we take TE case. 
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(6) Wave-form, wave-length and wave-period of the spherical wave 


As was mentioned above, the nature of the light emitted from the sun can be studied 
using the three kinds of waves. At first we shall consider the wave-form of the waves 
(5-3) and (5-8). The common character of these two kinds of waves is as a 
i) in their amplitude the factor (1—2m/r)~'” appears except in E, of (5-8), it) their 
phase is («—¢) instead of (7—7). Here o is obtained by integration : 


a= |. hs =r-+2m log (r—2m) + const. (5-9) 
12m 


r 


when 7 > and the second term is very small compared with the first, we can replace 
o by 7. 

Next we shall consider the wave-length and the wave-period of the wave given by 
(5-3) and (5-8), putting /,=0 and /,=sin&(o—7) in (5-3). For such waves 
we can use the formula obtained in the last section. Since the period of these wave 


functions is 27//, the wave-period 7° of these waves is 


T= (1—2m/r)'?20/k. (5-10) 


And the wave-length / is given by 


A= Ar/ (1—2m/r)'?= (1—2m/r)'?22/k (5-11) 
using the relation 


r 


e+ Ar 
adr/(A—2m/r) = 4r/(A—2m/r). (512) 


r 


2n/k={ 


Here it is to be remembered that the relation (4-6) can be verified directly. 

The wave-forms of (5-3) and (5-8) are characterized by their phase function («—A). 
Namely the wave-form of (5-8) is not the sine or cosine curves with respect to the 
variable 7. Using the natural light of the sun such distortion of the wave-form cannot 
at present be detected by experiment, because the difference is very small. 


(c) Gravitational shift of the spectral lines. 


We shall investigate the shift of the spectral lines in the gravitational field of the 
Hitherto ray optical investigations have been carried out concerning this effect, but 
such treatments are unsatisfactory. Now we shall adopt the wave optical standpoint taking 
account of the wave function of light obtained above. The wave function of the light 
from the sun will be expressed approximately by the superposition of the wave function 
of TE, TM and TEM types.* Since the leading terms of these functions are of the 
type (4-1), we can apply (4-11) and (4-12) for obtaining the shift of the spectral 


sun. 


* See Appendix IV, 


o—_ 
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lines of the sun. The result is as follows : 

(T+ 67) /T= (A+ 02) [A= (1—2m/1,)1?/ A —2m/r,) 12 1+ my, (5+13) 
where 7, and 7, are the radius of the sun and the distance from the sun to the earth 
respectively, and the term 22/7, can be neglected compared with 1. The result (5-13) 
coincides with the one already obtained ray optically."” But it is to be noticed that the 


same result will not be obtained if we take the more accurate solutions of the wave equa- 
tion. 


(2) Poynting vector and encrgy of radiation 

The Poynting vector and energy of the electromagnetic field are given by (3-13). 
We shall use these results with respect to the waves of (5-3) and (5-8). 

First we shall adopt the wave (5-3) putting 4,=0, /, =0 and /,=sin k(o—/). 
The Poynting vector S=(S,, S,, S,) and its time average S$ are given by 


Bese 7 esp 20,4.) Si) ee (5-14) 


(1 ee 4 sin? 
N # 


And the energy IV and its time average iV” are given by 
Wie Wi2e (Le +l) W=92/{2(1—2m/r) 7 sin’0} . (5-15) 


The damping factor of these quantities are different from those in Minkowski space-time 
by the factor 1/(1—2m2/r). 
Next we shall calculate these quantities of TM wave (5-8). We can ignore the 


component /,. compared with 4, and //, because in our case kr > 1, then § and //’ are 


given by 
— _ Ph sin") 452) (o -- f) 7 Ses S203 = Osa ; (5 . 16) 
ae(1—-) (1-7) 
ie F 
279 +9 ote Saas 4) 
w= Risin’ cosk(o—t), W= vs a (5-17) 


4(a—™) 8r°(1—2 ) 
. Vv 


: 
where 5, and JJ’ are the time average of S, and IV” respectively. The total radiation 


S is given by integration of S, on the spherical surface : 


S= [5,297 sin.odd=— [" sist e (5-18) 
41-7)” 3(1- ) 
ie K 


Similar results are obtained in the case where /=2, 3,--- except the trivial difference of 
the factor depending on @ and 4, if we take only its leading term. The same results 
will be obtained also in the case of TE wave. In the Minkowski space-time the 


474 Y. Ueno 


corresponding total radiation is given by 
ed seh (5-19) 


Concerning the total flux of the solar radiation the similar result as (5-18) will 


hold approximately. 


§ 6. Concluding remarks 


In this paper we have obtained the spherical wave solutions of Maxwell equation in 
SSS space-times ignoring the gravitational effect of the electromagnetic field. Now we 
shall reconsider the results obtained. 

In our treatment the generalized concept of the physical components of a tensor in 
a curved space-time has been introduced. Hitherto the application of the physical 
components of a tensor has been overlooked in general relativistic theories. But the use- 
fulness of the physical component for considering the physical meanings of a tensor has 
been clarified in our case. In many other cases we shall obtain an invariant and convenient 
result by using the physical components of a tensor. 

We have investigated the wave character of light in Schwarzshild space-time. The 
most important results are probably the gravitational shift of the spectral lines and the 
effect of the damping factor of the spherical light wave. In order to calculate exactly the 
shift of the spectral lines knowledge of the wave function is needed as was stated in § 4. 
Namely the ray optical treatment of the line shift hitherto employed is not valid in general 
because the ray velocity of light derived from the condition «/s°=0 differs from the phase 
velocity of light wave in a usual case. But it has been shown that the ray optical treat- 
ment is valid in our case, because in such a case the ray velocity is equal to the phase 
velocity of light. 

Concerning the damping factor of the spherical waves we must examine in detail the 
effect of the factor of (1—277/7) which appears in Poynting vector and energy of the 
spherical light waves. But the deviation will be negligible compared with the accuracy of 
the present measurements. 

Since we have treated only the spherical wave solutions, we cannot deal with the 
so-called ‘ Einstein effect’. Using the result obtained in |I| we can obtain the same path 
of light if we use either the tay optical or the wave optical method. But in studying 
the problems concerning the wave-form or the spectral line shift the wave theoretical 
considerations will be needed. In this paper we have not, however, treated such problems 


further, because the main purpose of this paper is to investigate the general character of 
spherical light wave in an SSS space-time. 


The present writer is grateful to Professor Y. Mimura for his helpful discussions. 


And he is also grateful to Professor H. Takeno for his valuable advice and suggestions, 
especially for tensorial calculation. | 
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Appendixes 


I. Sealar wave equation in a curved space-time 


The scalar wave equation in a curved space-time may be written as follows : 


ae 7h te i | OFT 
GT ¢=0 o¢ | 7E upabey ee 


generalizing the ordinary one in the flat space-time. It is to be noticed that the form of 
the equation differs from that of four-potentials of electromagnetic vectors given in § 2. 
We shall obtain the solution of (I-1) in an SSS space-time using the coordinate system 
given by (3-1). If we put 
g=R(r, t)0(9) PO), (I-2) 
(I-1) becomes 
aD /ag +n D=0, 


ne “(si a) | n jo= 

a C+ 1) ———_ | 0 =0; (i238) 

sin # dé ie do \ sin 4 

page hee Oe 1 UEE 1) Ng) 
“Al oF or r Gasor 

ib oo ee ss) : Kee es Gaur 
h ‘ig —-.——_), / is an arbitrary positive integer and ~ is an integer 
eter aor ts 


satisfying || <7. The nature of the solution (I-1) under the condition (1-2) differs 
from that treated in § 3. For instance, as was shown in § 3, there exists a dispersionless 
light wave in any SSS space-time, but the dispersionless wave solution of (I-1) exists 


when and only when the following relation holds :* 
r/2A-(—A'/A+C'/C) =l¢+1), (1-4) 


or in a tensor form using Takeno’s method :” 
om 3 4 
ot+ot4o=4/F 10+). (1-4) 


In Minkowski space-time the relation (I-4) holds only for S wave, ie. ‘when /=0. In 
a curved space-time, however, this relation does not hold in general. In Schwarzshild 
space-time (1-4) is not satisfied identically for any 7. This is one of the reasons why the 


equation (I-1) is not suitable for investigating the wave nature of light in a curved 


space-time. 


* When (1-4) holds the function 7 is given by 
R=alr-W (0+) +4/7-Wo(a—2), (1-5) 


where a, 4 are any contants and I7,, Mz are arbitrary functions of (¢+/) and (¢—7) respectively. 
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Il. The plane wave in a curved space-time 


We shall explain the reason why it is difficult to construct the concept of plane wave 
in a curved space-time. In the flat space-time a plane can be expressed by a linear equation 


of the coordinates : 

ax+by+cze+dt+e=0, (II-1) 
in the coordinate system in which the metric is given by 

ds =—dx —dy —dz +d’. (II-2) 


But in a curved space-time, generally speaking, it is difficult to define a plane by using 
the expression (II-1) formally, because there is no standard coordinate system such as 
(11-2). 

In a spherically symmetric space-time, however, it would be possible to take the 
coordinate system in which 


ds =—A(r, t) (ax? +dy?+ds")+C(r, Ddt (II 3) 


holds as the standard coordinate system. Nevertheless such coordinate system is not unique, 
ie. in some spherically symmetric space-time another coordinate system may exist which 
has the same type of line element.* Therefore if we define with the equation (II-1) 
in one coordinate system, the form of the equation is not invariant under the coordinate 
transformation which connects such a coordinate system with each other. Accordingly the 


concept of a plane thus defined is inadequate. 


When the space-time is conformally flat we can generalize the concept of plane using 
the coordinate system : 


ds =f(r, t) ( — dx — dy’ — as” |: at) ° (II : 4) 
The same circumstances as in the general spherically symmetric space-time exists also in 
this space-time. 


Moreover, though it may not be impossible to generalize the concept of the plane 
geometrically, we have not, at the present stage, any simple theory which we can apply 


for treating the plane wave. From these reasons we have not treated the plane wave 


solutions. 


III. Physical component of a tensor in a curved space-time 


(a) Definition 


We shall introduce the concept of the physical component of a tensor in a curved 


space-time generalizing the one used in the tensorial expression of the classical physics as 
follows : 


The difficulty of this kind appears in defining the staticness of the spherically symmetric space-time.") 


rHek as 


On the Wave Theory of Light in General Relativity, IT 477 


The physical component of a vector v* in a given direction is given by v'A,=v;,*, 
where 4 is the unit vector in the given direction. We shall define in the same way 
with respect to a tensor of any rank. 

Here it is to be noticed that we must use the ‘ xevative unit vector’* besides the 
ordinary ‘ positive unit vector’ in order to treat only the real physical component, because 
the metric of the four dimensional space-time is not positive definite. 


(b) Physical component of a tensor of the second rank in an SSS space- 
time 


In the flat space-time when the coordinate system in which (II-2) holds is taken, 
a tensor component of any tensor is equal to the physical component of the tensor in the 
direction of the coordinate axes indicated by the indices.** But when a curvilinear 
coordinate system is taken instead of (II-2) or more generally the space-time is not flat, 
the above relation between a tensor component and a physical component does not neces- 
sarily hold. 

We shall derive the physical component of a tensor of the second rank in an SSS 
space-time from its covariant component using the coordinate system in which the metric 
is given by (3-1). We consider the physical component of a tensor in the direction of 
the parameter curves. If we take the contravariant component of the unit vector in the 


directions of the parameter curves as follows : 
tes A y0s. 0), (0, -1 /7,.0,.0), < (0, 041/ (7»sin 6),.0),, (0,0, 0,” C );. CILst) 


then the physical components of a tensor 7;, in these directions are given by 


ee tyes he La Ww A Ls Lope 7M oe Sin Pgh kL, =) AC 


te Ao Loy Lag 1/ 0s Len, = — (III - 2) 


es ; = Pezifrn C sind 1s, Py Sl fCl 


We used the notations 7,,, 7;9,::: to denote the physical components of 77; in the 
directions of (7,7), (7, 4),-++ respectively. Therefore the following relations hold between 


their contravariant and physical components of a tensor. 


AT eT aay AT Trin d VAT, \ Ty V ACT 


(III - 3) 


1 6? VC sin 6 T", Vea Oi kee 


* The unit vector whose magnitude is given by A;A*=—1. 
4k In this case its covariant, contravariant and mixed components do not necessarily coincide with each 
; A Ao ed pares ; lin 
other, and there exists an arbitraritness with respect to its sign of the component of the unit vector when dealing 


with the physical components, and therefore it is necessary to decide which component will be adopted. 
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Similarly we can derive the relation between the mixed (or covariant) and_ physical 


components. 


(c) Physical component of /,, and #,; 


If we apply (III-2) and (HI-3) to the electromagnetic tensor /4;= —F,, the 
following relation can be obtained : 
(B= F.= Lf VAC y= =V ACF") Ejo=F = i/rVC Fy=—7v  F*, 
a= 1/r VC sin 6-F.=—rvC sin 6 F™, (il -4) 
(2=Fog= 1/r’sin 6-F=rsin OF, Hy=f¢,=1/r VA sin 0-F,=rv A sin OF", 
pee =1/rv A -Fy=rv A FY. (III -5) 
Naturally the physical components are also antisymmetric with respect to their two 
indices. 
Next inserting the above result in (2-3) by using the relation : 
F¥F = —2(67+4,4+ 43) +2(4-+H74+43), (III -6) 
we obtain : 
2E,,= (—E;+ By + Es) + (—H,+ He + Hs), 
2Ey= (42—E3+ B3) + (AZ—AZ+H), (11-7) 
2Eug= (E+ Ey— Ze) + (A+ Hy —A§) 
Eug= me (A,4g+ F1,fT,) ’ i= — (4,4;—£.H,) ’ 
Hj (BEVEGH);, B= (Be ee (IL-8) 
Enw=—(#,4,+4,H,), £y=—(4,4,—£,4,), 
2hy=2W= (LE; + E+ Ef) + (42+ A3+ HZ) = 0. 
AS components of //;; as well as their tensor components are symmetric with respect 
to their two indices. /,, and — (4, Ey, Ly) = Ex H give the energy and Poynting 


vector of the electromagnetic field respectively. It is evident that these definitions of 


physical component of /:,, and /’,; tend to the ordinary ones when the space-time reduces 
to Minkowski’s one. 


IV. General solution of the generalized Maxwell equation (3-3) 


Let any solution of (3-3) be fj; We shall construct the TE wave solution by 
(3-6) using the function ~ given by u/r=L*,,/r sin @, and shall denote it by Fy In 
the same way we shall construct TM wave solution given by (3-7) using v given by 
v/r=F,,/” AC, and shall denote it by ES If we put 


3 1 
Fy=Fyj—Fj—Fy (IV -1) 


a 


Stroe 
V2 


On the Wave Theory of Light tn General Relativity, 11 479 


this /,, is evidently a solution of (3-3) and is a TEM wave solution because Ree 
Thus we have the following result : 


Any solution of (3-3) is given by a suitable superposition of TE, TM and TEM 
waue solutions. 
Next we shall determine the general form of the TEM wave solution. For this 


purpose we shall insert 4,—//,—0 into (3-3), and shall put 
rv C sin @ E,=Xo, rv C sin 6 L,= Xz, 

yes (v2) 

i Gain fy= Vy; PG std ges ¥ ¢: 


Moreover, using the independent variable o given by (3-12), / given by (3-9), @ and 


t, we have 
aAX,./da¢—AX,/d6=0, aX, /a0—3V,/dt=0, 
AX, /dp+9X,/db=0, Soe etn 
( 0¥,/an+AV,/Ad=0, aX, /d0+3YV,/at=0, 
Lay, /anaVvivado, eeaires ,/at=0. 


(IV -3) 


If we assume that each of Vy, Xs; Yo, Ye is a product of a function of (4, 0) and that 
of (o, ¢), we obtain (3-8) as the general solution of (IV-3). 


Vv. The general form of the relative dispersionless wave 


We shall show that any relative dispersionless spherical wave is a TEM wave. If we 


rewrite (3-3) using the notations: 
X,=r' sind £,, Y,=r siné H,, (V-1) 
and (IV-2), we obtain 


fe) ) fe) Oe > Gee 


fe) 
26 )) Veeaae aa, +—Y,=0, eK ee a= X,=0, 
OV. ot i Ot Oo is Ot adr? sin?) 
fa em) ek ee ates 
—Xy+ ae eeu, —X,+—Y, =O 
ad © ov oe - ar * ao” bdbr°sin’d 
3 3 3 eG Sees 
fe) fe) 3 = 
—Y,+—V,+— %=0, —X,+—Y,—— —4,=9, 
ap. ean 00 ao” Ot © Apr'sin’d 
ier aa g ee X= 0, 2 Xa a g & V.= 
yi) Op ot Ot Oo Ad rsin” a7) 


We shall confine ourselves to the out-going wave only. (We can treat in the same way 


‘in the case of in-coming wave.) We put each component of H and HI as follows, 


assuming that it is a product of a function of (4, 6), a function of o and a function 


of (f—o): 


ote 
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BEBE Te @) No(6) X,,(@) X= Xo (1, d) Xoo(7) Xo; (w). (V-3) 
V,= V(t, 9) Via(o) Vise), (w=t—o). 


Let .V’ be all non-vanishing functions of three independent variables ;(2=1, 2, 3.), then 


if the relation : 
NUK NK aA XX eX gt +P XX P= 0 (V-4) 
holds, we can derive the following relation : 
Ast Al XAG ok eras Be (not summed for 7), (V-5) 


where @;, 0;, ¢i,**+ are all constants. 


If we apply the above general rule and insert (V-3) into (V-2) we obtain: 


AX $1 =a, eee ; Ago= sx op Xes — aX ba: 
VYo=o Von 2= OV 9, Ves= OY os (V-6) 
Y,, =,0.N'y,/09, 2= COX gay V,,=3V 5, 


where a’s, é’s and c’s are any constants. Inserting these results into (V-2) again and 
assuming that Y, 4 0, \.# 0, we obtain: 


aY,,.,/dw =0,X 53 Vo,;=CoNX 5s CV <7) 


where ¢,, €) are any constants. From this it is seen that the functional form of Y,, is 
not arbitrary. Therefore the dispersionless wave does not exist whose V, ~ 0 and YX, + 0. 


In the same way we can prove = Y,=0 when the wave is dispersionless. 
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The problem of renormalization for pion-nucleon scattering is treated in the Bethe-Salpeter formalism. 
A method to subtract divergencies, especially, overlapping-divergencies, which appear in the solution of 
an integral equation, is proposed and it is shown that the Salam’s prescriptions for the subtraction of 
ovetlapping-divergencies can be achieved in a closed form. Finally, the Green’s function for TAN 72 
state is obtained in a form free from all the divergencies. 


S$ 1. Introduction 


When we treat the problems of pion-nucleon scattering, nuclear forces, etc. in the 
ps-ps theory, difficulties occur in the renormalization of diverging quantities. In the case 
of the weak-coupling perturbation theory, the renormalization program is thoroughly executed 
in all orders of the coupling constant. But it is a well-known fact that the coupling- 
strength between pion and nucleon (/°/47) is about 10~20, and we are not able to 
resort to the perturbation theory. Many methods have been investigated to take into 
account higher-order effects. Of these, however, the strong coupling theory" and the 
intermediate coupling theory” are essentially based on the non-relativistic standpoint and 
are not accessible to the fs-fs theory. In the Tamm-Dancoff method”, nucleon recoil is 
easily taken into account, but the procedure to limit the number of pions and nucleon- 
pairs is not carried out in a covariant way and renormalization is performed only lamely. 
The canonical transformation method by Sawada” is also available to investigate the con- 
tributions of pion cloud around a nucleon, taking into account the effect of nucleon 
recoil. But, in this case, the correspondence to the Feynman graph is difficult to see and 
the renormalization procedure is almost impossible to carry out. In this treatment, diver- 
gencies are avoided by a cut-off, but the results thus obtained may be in some doubt for 
the quantitative arguments. On the other hand, in the Bethe-Salpeter (B.S.) approxi- 
mation method,” we retain the standpoint of primary interaction and the correspondence 
to the Feynman graph is clear. But, in this approximation, higher-order contributions 
which constitute the main part of pion cloud are not taken so extensively as in the 


treatment by Sawada. 
In the present paper, we stand on the B. S.-formalism and carry out the renormali- 


* A preliminary report of this paper was given in Prog. Theor. Phys. 11 (1954), 494 (Z). 
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zation program, as exhaustively as possible, for the problem of pion-nucleon scattering in 
the symmetrical /s-ps theory. As is well known, divergencies appear in the solution of 
the integral equation, even when we start from the finite kernels and it is our purpose to 
subtract these divergencies, especially, “ overlapping-divergencies *—(O. DD.) 10, Gagelosee 
form.* Of course, on account of the limitation of integral kernels, the quantities to be 
renormalized in mass and coupling constant are more than one kind for each quantity,” 
but, in other respects, it is shown that the renormalization is performed consistently and 
all the divergencies are removed in the final expression for pion-nucleon scattering. 

In the subsequent sections, we derive the integral equations for Green’s functions 
of the pion-nucleon two-body system from the .S-matrix formalism (Sec. 2) and find the 
formal solution for 71/2 state (Sec. 3). We propose a method to subtract O. D. and 
give an explicit expression for the Green’s function free from all the divergencies (Sec. 4). 


§ 2. Integral equations for Green’s functions in pion-nucleon scattering 


First, we consider the scattering matrix in the B.S.-formalism. As the integral 


kernels of the integral equation to be satisfied by the scattering matrix, we choose the 


(b) (c) (d) 
Rigo ds 


second-order irreducible kernels with corrections of the second-order self-energy parts (proper 
and improper) in the nucleon and pion lines. (See, Fig. 1.) 


The interaction Hamiltonian density in the symmetrical /s-ps theory is given by 
(x) =1f f (x) tis (4) O, (4). (1) 


If we define /,, %, as the energy-momentum 4-vectors of the initial nucleon and pion and 
ps» &, of the final ones, the integral equation for the scattering matrix A(/f,, ’.; p,, 44) 
is easily written with the Dyson’s prescriptions : 


R(pshss Py ky) 
= — (27)" f° (Tho) (th) A (he) 9 ( Pa) 7S (Pi + 4s) 759 (Py) A (Ay) 
— 22) 2° (71) (Ho) As) Ae) Fan Poh) Sp Pah) 99 (Pa Aha) 


i: 


Recentiy, the author was informed that M. M., Lévy treated the same problem. Also, D. Ito and 
H. Tanaka treat this problem in some different way as the author 


y e ee) . . . yn ~ 
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fp? re 
+L rH) HAE) 4D) | 75 S24 21, 
x Sep") dp(E)OPAPYR PGBs Py hy) dpa 
Leg! 
t3 em (z9’) (79,) A (42) 7 ( p)| 139 (Do—#') Sz P.—#') t's 


x Sr(P') 42) 0(2,—P') Rp", k's Dp, 2) ap'dk', (2) 


where 
s 1 1y p—m il 1 
Cp) eee Pe Maa: (py ela al 
P 271 p +10 —ie€ He 2a ke +p —ze€ * @) 
n(f)=[1—Sr(A) SU (A) I AA) H [1 + er AAA), (4) 


: 3 2 ¥3 = age ; ; , 
DP) =¥ Virox( Lee) 74x (h) ak, Ik) ol TilisSe (2) ir (P—*) lap, 


(5) 
P=pth. (6) 


¢,,¢, and g’ are unit vectors in pion charge-space and correspond to pions with momenta 
k,, ky and %', respectively. S),(~) and J/(/) represent the second-order nucleon and 
pion self-energy parts, while 7(/) and A(4) are factors representing the effect of 
these self-energy parts on the nucleon and pion lines. /, and P, are the total energy- 
momentum 4-vectors to be conserved throughout the process. On the right-hand side of 
eq. (2), the first and second terms correspond to the Feynman diagrams shown in Fig. 
1 (a) and (b), the two kernels to (c) and (d), respectively. 

We introduce the Green’s function of the two-body system (a system composed of one 
pion and one nucleon). The Green’s function G( Ps, 423 Py» %1) is defined by the scat- 


tering matrix as follows : 
G( po kos Pr kh) =7( Ps) Sp (fo) A (he) 4, (ho) O( pr—/1) 0 (ko— #3) 
— (27) eS p( Po) 4d, (Ly) R( po» koi Pry k,) Sr ( pi) 4, (4) O (Eset). (7) 


' where the first term corresponds to the Feynman graph as shown in Fig. 2. 
© / From eqs. (2), (4) and (7), the integral equation for the Green’s function 


' is easily derived : 


0 . [1 —Sz( Pe) 3149) | [1 + Ay (ho) H (hs) |G (P» ky; Pr» ky) 
Fig. 2. =0(pr—fp1) 0 (2— #1) Sr( fi) 4,(k;) 


EE pds (is) | [ (2s) (28) Hi Poy bos 2 &) 
+ (28) (26s) Lin Po bos 0B) 8(P2- PY GDH by ky) dp'dk', (8) 


where 


ie 
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ora 
4e 


HA Paks fh) = Z Sep ER) Iss (9a) 


Fy ( pos Ro} ws k’) — E 15 | 1 —Sr(Pr— #2!) Sr (fo—#’) }*Ss(Ps—49 15° (9b) 


J / H,(p,k; pk!) and Hy(p,k; p', 2’) are integral kernels 
/ 
me A if corresponding to the diagrams shown in Fig. 3 (a) and (b). 
/ : yf Eq. (8) is the extension of the Fubini’s equation,” including 
‘ if y the ee ee ey term in the fundamental diagrams. 
i, y / Following the Dyson’s rules, we put 
iis / 
4 / 
(a) (b) SP) =47+ (7A—im) By + (FP—1M) S1e(P) , (10a) 
Fig 3. Il (k) =C+ (4+) D+ (+ 14£) Ic). (10b) 


After the removal of renormalization terms, we obtain the equation 


G( pu kes Py 1) =0 (Pr—f) 0 (ho by) Se (fi) Ae (4s) 
+S'p( po) d'r(és) | [o.) (td) Hy (po ho5 p's &') 


+ (t9') (762) Hi (fo ho; ~', 2’)| 0(P.—P')G(p’, 2! py 4,) dp'dk’, (11) 


where 
S’p(P) =[1— (1/27) Sre(P) |S (P), (12a) 
4’ (2) =[1+ (1/272) de (&) |-*4 (4), (12b) 
and (9b) is replaced by 
ET (Po by3 P's BR) Hf? [287552 pr—h') 75. (9b)’ 


We decompose the system in charge states 7=1/2 and /=3/2. The projection operators 


for these states are 
T)),=1/3- (1—tw), (13a) 
Tsj,=1/3+ (21+), (13b) 
where W represents the isotopic spin of a pion. We put 
(Poy h25 Pry bi) = Dry Grjy( Pos hos Pry 1) + Dojq* Gain Po B23 Py By). (14) 


Then, from eq. (11) and the relations 


(=4.) (29!) =1—ren, (15a) 
; (td’) (tg,) =1+ tm. (15b) 
1+tw=2/3- (21 +tw) —1/3-(1—tw), (16) 


we obtain the integral equations for Gi, (Do, Ro} Pr &y) and Gsj( po bo} Pn Ba 
a\f21 ~2 3/9 995 Pry . 
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Grjg( Poy 23 Pr By) =9( Po fr) 8 (ho hy) S' (Py) Ae As) 
+S'o( Pa) Aes) | [BEL po bos 2) Hal Po bes 22] 
x O(P»—P') Gi, (2's Py &) apd, (17) 
Gay, Po, hos Pr 1) =9 ( Po— Pr) 0 ho hy) S'e (Py) A’ A) 
+ S'p( po) A! p(s) | 2 po bo3 ', B')O(P2—P') Gaj,(p'. B's Pu Bs) ap'dk'. 


(18) 
The integral equation for Gs,( fo, %23 fi &1) contains only the kernel H7:( 7,43 7’, #’) 


and no divergence difficulties occur in this case. But, in the case of Gi),( po, bos Pir hr) 
divergencies appear in the solution of the integral equation on account of the kernel 


H,(p,&; p', k'). We need some appropriate procedures to remove these divergencies. 


§ 3. Formal solution of the equation 


Hereafter, we treat the equation for G1),( fo 4»; py) only. In order to solve eq. 
(17) in a form suitable for renormalization, we define the resolvent K(7,%; 7’, #’) of 


the kernel 7;,(7,4; 7’, #') by the equation 
K(p, &; £ B) =8 (p—P') 8 (B—#/) —S"2(P) 4 &) 
“ | Viel Deed OCP aE”) Kt pb"; pl Rap ak". (19) 


- Obviously, no divergence appears in solving this equation. The 


eg pod ect ae ord i 
“et (Disha abe resolvent A( pi ks ?', Rk’) corresponds to a scattering process as 
Fig. 4. shown in Fig. 4. The integral equation for G1), (fs ko; Pr &1) 
becomes 


Grjo( fo ko; Pv k;) ai K(p» Ry 3 Dike) [o(p'—Ai) 0(k! —h,) S' (ps) 4’ (As) 


Slo) AoA) | BECO Rs BEDE =P") 

Gag fl Bs Py by) dp dhl” dp dld = BK po bs Pry Bs) Se Py) Ax Gs) 
$3, —P) LE] K te bas 2 ESI PM AGT S HP 

Gio EDs kh, dpc hl d pak", (20) 


where 
P=P,=P 


and in the last equation, we have used eq. (9a). This equation 1s easily solved and 


gives the solution of the form 


fe. 
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Grj.( Po ko Pus ky) =K( po Ry Pw k,) rl 2) a’, (A) 


+6 (P,P) | KPa bas 2 2S! PVM oH) 751 Se(P) SP 
atae 


3 
2 
x Sp(P) 7K C0", Bs Pir Bs) S' p(B) Me (Ay) dp dh ap"dh", 


where 


9 


(21) 


S1,(P) =# d(P—P')7,K (ph sp", BY”) S' (pl) My (2) xd p' dk dp dh". 


Here, we define A (/,/; 7’, 2’) by the relation 
K (pik s PBS! Pd oR) =S'o(P) Sr OR (py hes pel). 
The integral equation for K (p,k; 7’, k’) follows from eqs. (21) and (25): 
Kk; PRD =(p—f') 6 (k-#) —| Hal p Rs Pp", 2D 


xO(P—PVS' (PA WYK (ps fh, RY pak! 
From eqs. (21) and (23), we have 


Gr. Poy Ro3 Py Ri) =K( po hos Drs &) S’>( pi) 4M’, (Ay) 


49(P—P)S' (te) Molle) FP abs PSAP) DP) 


XSe(P)T (3 P)S eC Py) ae (Ai), 


where 


Lk; P)= K (pi ks pk), aplak', 


Ti thy Fee | 1K (p', k's p, kapldk’. 


(22) 


(23) 


(24) 


(25) 


(26) 


(27) 


(4; P) and 1',(h; P) represent the vertex parts with regard to the scattered and 
incident pions and are obtained by closing one pion line in Fig. 4. As we can see from 


eq. (22), 53,,(7”) represents the nucleon self-energy part obtained by closing both pion 


lines in the same figure. 


We have obtained the formal solution of the scattering problem for 7=1/2, but, as 
is well known, many kinds of divergencies are involved in Pith; PT; GP 


Din): 


S$ 4. Subtraction of overlapping divergencies 


First, we consider to remove O.D. involved in the vertex parts. For this purpose, 
we notice from eqs. (24) and (26) that I',(k; P) satisfies the following integral 


; RNAP Seed 2 sf Co Stee : 
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Pak; P) =1.—| Hu(P—é, bh; PHB RY S' (PHBYA A(R) PR; Pa. 
(28) 


Evidently, O.D. appear in the solution of this equation. To temove these divergencies, 
we follow the rules given by Salam,” i. e., to subtract true divergence for each subintegration. 
In order to perform this subtraction in a closed form, we replace the above equation by 


the following set of equations : 


eanee P)=r-| Bib e. P—# BY S's(P— 0) aE) Ta (25 P) ae 


=| Ai( Py 0 ; Like hk’) Sle Py—#) A’, (k’) hee (k’ ; Po) dk", 
(29a) 


Dah 5 Po) =n—| [Hin py—h 23 Pr— ks BY —Ai Pv 05 Py #) | 


x Sip ( Pp—B 4) Lar’ 5 Lo) dk’, (29b) 
where 
pet =0, 7p,—1m=0, (30) 


The above-defined /’,,(£; P) is just the finite vertex contribution obtained by subtracting 
all the divergencies from /’,(/’ ; P). One can easily verify this by solving above equa- 


tions by iteration : 
Paks P)=ret Tolle": P)—LA) 
Pr OUes PYM Le aE) aha Nee (31) 
where 


Po (b; Py=— \ Si p(P—k—#) 7S! (P—H)isd' oR), G2) 
27 


Pa? (ey P= (LY | Sip PBB) 70S 0 PE) Te H) SP aE 


X pS! p (PHP) 754 oh") ahah", 
«oc see Ei ODODE ng TROD OCC: Dna kina fy OU CACR Me Gia ae ai , (33) 


1,0 = — LL Sy (p—# ToS! 2 Be Pls @) aE G4) 
27 
LP () { S'x(Po— P75! Pa PAA ENS x eB 
27 


x Sal Py 1 2) —S' 2 Dob VFS Bo PY) 740") adh'ah", 
iets HREM BODPOE (ie VOTO OU EIA Ia paar aA Mae eda Te Rca Z (35) 
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PPh: P), POR; Pies are the original vertex correction terms of the second-, 
fourth-.--» orders and equal to each iteration term ofpeqy (28). Lo, Liga pater ere 


divergencies of the second-order, fourth-order,--- subintegrations and correspond to LZ in the 
Salam’s paper. As seen clearly from eq. (31), the true divergence for each subintegra- 
tion is subtracted term by term and /',,(/; /”) constitutes the absolute convergent vertex 
contribution with regard to the scattered pion. 

Here, we notice that/,'?, 7,°+++ are all real numbers. This follows from the fact 
that, for each integration of dk°(/° is the energy-component of a 4-vector 4), we take 
residues at the poles and an imaginary unit i appears for each residue. (See eq. (3), 
definitions of S,(/) and 4J,(/).) 

To clarify the relation between Salam’s and ours, we shall find the formal solution 


of eq. (29). From eqs. (24) and (29a), we have the following solution : 
Paes P)=| Ka ks PR tot | Ha Py 05 2k BS DH) 


ID alo) ae ae ee | ap ah’. (36) 
Using eqs. (9b)’ and (26), we obtain 


Val’; P= A—L) I By, (37) 


where 


i =< a [Sie 2-2) 159 r( fy—#’) a’ ,(2’) | Le ( ; Po) ak". (38) 


On the right-hand side of eq. (37), (1—Z,) and /',(4; /) are both diverging quantities 
and this type of solution has no meaning, but the relation to the Salam’s procedure is 
evident in this form. We can obtain Z,'”, Z,,--» by expanding eq. (38) in a power 
series of the coupling constant. 


As for [’,(4; 7), the same relations hold. From eq. (19), we have the reciprocity- 
relation 


| SD) 6 @) Harps 5 PROP PKCD" A; ph, Maple! 


=| KCBS RSL) A ole) Hay 0A sp, BBP" — PY pd 
(39) 
Using eqs. (19), (27) and (39), we have the following integral equation for /’,(/; P) : 
ete er) =r—| Pi; P)S's(P—#/) 4,0’) Hy (P—#, + P—é, h) dh’. 


(40) 


As in the case of /',(£; P), we replace the above equation by the following set of 


equations ; 


bs — 
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Lane =P.) =r.—| 1 eS a ek A te) yee, Be PZ, kak 


+| Da 5 Dy) S'2(Py—2) 4 ph) Hy (Po F', Bs po 0) ak’, 


(41a) 
Pu 5 Py) =7s —| a1 (2! 5 Do) S’p(Py—2') A’ (Z’) 


x(n p,—#', Me Ave k, 1) ly Pie kh Pu 0) | dk’, (41b) 


where /, is the energy-momentum 4-vector of a free nucleon and satisfies eq. (30). 


Solving eqs. (41a) and (41b) by iteration, we have 
ine ai) pn (EOP) ala | 7s 
ELT Ye (k : P) ON BE (hk; P)—L,\ 754° (42) 
where | 


Ps (es P)=—L_ | 765" P—#) 70S! PRB) AU), (43) 


Le Ce?) -(£)| fo pl ee) es =k!) dl » Ce 
Sa Oe hk!) 75S! »(P—k—k') A p(k!) dk! dk", 
(44) 


sluice calets piste piale lnien@Telelel bie S116 ee 0\0)s)>/6.Glelele\e ies sels e610 b:8,0\0 94 pie Sete 46s) 6a)6 


LS = a | fn Lo RB) 75S ‘7 ( Po— k') A! (h") dh", (45) 


Jess =(2-)| Posie py—k") Fa: n( Po =i Oe hk") a> (2”) <7) ipo wt Pa 
a 


X75 (Py — PA WR) HS’ PoE) 15S! Po 8) AH) ea", 
ee ete cave reve el sisiisiais slele wic.cfein's olds eloia (ees) 015) 0,0lelie's o\e/slnaie\=iirin sj0:0ie ‘ (46) 
I’,,(&; P) gives the absolute convergent vertex contribution with Es to the incident 


pion. L,?, L,%, +++ are all real numbers as in the case of L,, Z,' 
From eqs. (19), (27), (39) and (41a), we obtain the cea solution of 


Pus P): 
Co Pye (ha Ly) Pes imi) § (47) 
where 


Ey — EPs 2) See PY Toto Pe BDA oH a (48) 


8 

We shall verify the equivalence between 7, and Z,. If we put 
Ph; ~) Hla; BP), (49) 
Pyke DHT nh, Bs PP), (50) 
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then, from eqs. (29) and (41), we can derive the relation : 
Pat (—kh, ks; —p. PY=In(h, 2; VD. P)- (51) 


In this derivation, we have used the fact that when 7€ was replaced by —7€ in the 
denominators of S, and J,, the direction of turning a pole in /"-plane is reversed. Using 


this relation, we can easily derive the relation : 
Vg wh (52) 
As /, and /, are real numbers, we obtain the final result 
Lo. (53) 


Next, we consider to subtract O.D. appearing in the nucleon self-energy Slt ee 
We rewrite eq. (22) as 


Sin (P) = a | 0(P—P')7,0(7'—7") 6 (2 —k") 


x KD", Bs 0” BY) SH") 4") prep dk dp ak dg ak" (BA) 
and substitute for 0(/’—/'’)0(k’—2%"") the relation obtained from eq. (19) : 
O(p'— Pp) 0H) =K( 7p), 3 p" RD +S (pf) 4 (2) 
«LCP Rs IPP) RCRA WY RI dp dae”, 


Using eqs. (23), (26), (27) and (39), we obtain the expression : 


De fet a | dp'da(P—P?) Lia! 3 FSH) ae Tale es 


+| Ap ak" TPR" s FE). el A eee) f1y(~"; Rl . ?; R') 


X0(P"—P") SP) AGE) PSs FP) eG 
In order to subtract O.D., we make the following replacements : 
Pek; PY —P ak; P), 
[,(4; P)—I,,(4; P). 
Then, the O. D.-free self-energy S¥,,(/”) is given by 


Vv >) 3f° : / es y/ ’ “ 
Di1(P)= — | ARO(P—PY LP yA"; P) SP") 4p (h) Par (2 5 P) 


+f ap dk T,, (h" ; PS CHey a iceh iy A Fy, ( ph" ; 2's k') 


x0(PY— PY) S19 pd p(#) Pa (e's PY]. (56) 


In order to see that no O.D. appear in (56), we expand the right-hand side in a power 


‘tw 
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series of the coupling constant. Using eqs. (31) and (42), we have 
ee a Ln a (P) 2, 31 (P)4 
Pie eye BS (By Z,PS1(P) 
ee ee IS UP te Le GE | ety 
(57) 


where 


0 (p) =3t- 


7 
[4 


\ 155" 9 (PR) 754 (h) ah", (58) 


SP) = 3 LY YS PA rl oH) 


x SS’, (P— # —R") 75S! 9 (Ph) 754 eh") dh' dk", (59) 
SIO (P) = x(£)| pS! p(P—h!) 7,4 p(B’) S'p (P—B — B) 7,5! p(P—k!) 


x“ Fle) Se i op") Sh Ri’) 7A’, (h!") ah ak! Bl (60) 


ee ee ee 


SOP), SOP), SI" (P),-+» are the original self-energy parts of the second-, fourth-, 
sixth-, --- orders, respectively. As seen clearly from eq. (57) and the discussions by Salam, 
the true divergence for each subintegration is correctly subtracted in every orders and 
SY,,(P) contains only the final true divergence of a self-energy. 

From eqs. (37), (47), (53), (55) and (56), we obtain 


SV P= CS 2) (Ps (61) 
where 


L=L,=L». (62) 


_Eq. (61) has the same form as Salam derived in the perturbation theory. 


To separate the final divergence from (56), we put 
SP yA te GP) B+ GP im) Suc). (63) 


Aj,, and 72,, represent the mass and coupling constant renormalization quantities. After 


these divergencies are removed, we have the final expression for G1j.( fo &23 Pis 41) + 
Gip( Pa hos Pr» hy) =K( py hoi Pu hy) S'e( Pi) (Ay) 
Bhs : 1 
+ 0(P-P) Se 1) br) ET a es P12 SolP) | 


—1 


Li Sip PL nips fo) py) Aa Ape (64) 


Obviously, all quantities in this expression are convergent and, thus, we have completely 
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executed the renormalization program for pion-nucleon scattering in the B. S.-formalism.* 

With eq. (64), we can perform a partial wave analysis and obtain the phase-shifts 
for pion-nucleon scattering. Here, we notice that, in the center-of-mass system, the second 
term of (64) contributes only to S- and /,),-waves and not to higher angular-momentum 
ones. This is because the variables of the incident and scattered particles are separated in 
this term. If we apply #(/,) and w~(/,) on the left and on the right hand side of 
the term (7(/) and w(/,) are spinor functions of the final and initial nucleons, where 


| p.|=| p, |.) and notice the relations 
‘ip Pp) =—mu(p,), 
phy (py) = (m—7 WW )u(p), 
ii (ps) if po= — (pr), (65) 
1 ( fo) 17 hy=U( pr) (M—FAIV), 


where 


W=PS=P%, 


the terms which contain the angle between the incident and scattered particles are only in 


the forms of 7(/.)u(f~;) and Z(p.)7we( ,). But, from the expressions 


B(d)u(p,) Le ji-— _( psp, $id -p.* p,) i} (66) 
2p ( fp’ +m) 


2 ‘ ptm | 1 ; | 
U( po) 742 — 14+—— —( po: Pp, +70-p.X p 4 67 
( pr)iiC Pr) sala he (olan (Po-P, +70 -p, X p,) (67) 
we can just see that the second term of (64) contributes only to S- and P,),-waves. 


The author wishes to express his thanks to the Yukawa Yomiuri Fellowship for the 


financial support. 


Note to eqs. (29) and (41) 


The solutions of eqs. (29) and (41) should be finite, but the expressions given by 
eqs. (37) and (47) are in the forms of infinity minus infinity. The meaningful solutions 
are obtained in the following way : 

From eqs. (29a) and (29b), we have 


IR Gian Fy Lent es Po =P, R; pr) —| Hap, fess ie BY SG) 


x Ay ()0(P—P) [Ta ; P)—T'a (k's p) | dp'dk', (N-1) 
where 


5 ‘ re 
We have applied the above method of renormalization to the Tamm-Dancoff approximation and 


calculated the phase-shifts for pion-nucleon scattering. The details will appear in the same journal, 


Rk 7 yy ) fo . ‘ “ + fs re: r +a : ma . ~~ : 
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TCD. Bop) = —| [An(p, bs 21, B)S'o(p') a’ p(B) 8( P—P) 


Fy (Poh Bs P's BI) Se P') bo (B) 0 (2. —P') Wah’ 5 py) dp'dk'. (N+2) 


The above equation is an integral equation for /”,,(£; P) —I'4 (43 p,), and, as 1',(f, 4; 
Pf») is a finite quantity, the solution of this equation is also obtained in a finite form. 


Using GS k; p',k') defined by eq. (24), we obtain the solution of eq. (N-1): 


Paslh; P)=la3 2) 41K Cp, ks PR )T (pM s py) dp'dk'.. (N-3) 


In the same way, we have the solution of eq. (41) : 


te aes 54 =1n(4 5 Ds) +| LBC he hk’) KGS hk! > Pp: hk) dp ak’, (N-4) 


where K( 7’, &’; ~, 4) is defined by eq. (19) and 


I,(Po3 » *) =—| 1 (2 5 Po) LS’ ( 2) (2) O(P—P!)) Hy (P', #5 py &) 


1) 
2) 
3) 
4) 
5) 
6) 


7) 
8) 


=< S' (PIA LO py—P) Hip) Bs Py, &) dpldk’. (N-5) 
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To carry out the consistent subtraction of divergences in Tamm-Dacnoff method, a covariant 
formalism is proposed for the one nucleon problem, That is, neglecting all the nucleon closed loops 
and paying an attention to the “development of events along a nucleon line” rather than the “ time- 
like development of events”, the simultaneous integral equations for the Feynman kernels which can 
be regarded as a covariant generalization of T-D equations are derived. The meaning of the word 
“meson number” in this theory is also generalized, though it agrees with the usual one when the 
nucleon pairs are entirely neglected. How to carry out the subtraction technique in this generalized 
T-D method will be investigated in the next paper (Part II). 


S 1. Introduction 


Because of the failure of the perturbation theory for the problems concerning with 
the meson fields, the various approximation methods have been proposed by many authors. 
Among them, the Tamm-Dancoff method” seems to be very interesting. For, if we adopt 
the assumption that the pion-nucleon coupling is still not so strong, it is natural to consider 
the average number of mesons around a nucleon to be rather small, so that the contribu- 
tions of the configurations with many mesons are negligible. However, the T-D method has 
been formulated in a non-covariant form, and therefore the consistent subtraction of diver- 
gences was very difficult. Thus, it is desirable to get a covariant generalization of the 
T-D approximation so as to make consistent renormalization technique applicable. 

The renormalization in the T-D method has already been investigated by Cini? and 
Fubini”. But, the method of Cini is essentially based on the notion of the “ irredu- 
cible kernels” of Bethe-Salpeter’, so that, in the higher order approximation, his method 
resembles to the B-S approximation rather than the T-D approximation. In addition to 
this, it should be noted that the solutions of the equations for problems such as meson- 
nucleon scattering would contain the divergences, even if the kernels of the integral equa- 
tions had been properly renormalized. For, the “ final’? meson of the kernel can be 
absorbed by the nucleon in the next stage, and therefore the solution of the integral 
equations generally contains the integration with respect to that meson. This circumstance 
would easily be realized by the example shown in Fig. 1. Fig. 1a) contains obviously the 
self-energy type divergences, though its “ irreducible” kernel Fig. 1b), itself, is quite 
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divergence-free. Moreover, in the formal- 


ism of Cini, the space-like surface o J wa oo / 
appears explicitly in the boundary of es ., ye 
integration, and therefore the new type ue We ne 

of divergences necessarily occurs owing se me 3 : 

to the sharpness of the integration ns NS x a 
domain”. On the other hand, the \ \ . 
work of Fubini is free from the defect (a) (0) 
above mentioned, but he treated only Fig. 1. In the problems where the real meson exists, 
the case where the meson numbers are it is not sufficient to renormalize only the kernel of 


restricted within two, and his method the integral equation. 


rests on the specially simple circumstances of this case (see Part II). So it will be 
shown in the present work how to get a covariant formalism which, in any order of 
approximation, can be regarded as the generalization of T-D approximation in the cor- 
responding order. How to carry out the subtraction procedure in this generalized T-D 
method will be discussed in Part II. 

Since the concept of meson number plays an important role in the original T-D 
method, the straightforward generalization of this concept would necessarily contain the 
sharply defined domains of integrations, and therefore give rise to a new type of divergen- 
ces as in the formalism of Cini. To avoid this new difficulty, it is necessary to give up 
the concept of “number” and to adopt the more general one. In this respect, the 
method used by Feynman” in his derivation of a covariant theory from the old quantum 
electrodynamics would be very instructive. Thus, we pay an attention to the “ nucleon 
line” and trace the ‘‘ development of events along the nucleon line ” instead of the “ time- 
like development of events.” 

It would be rather difficult to treat by such a method the problems which have two 
or more separated nucleon lines. Hence, in the following, we shall confine to the “ one 


nucleon problem” and, moreover, neglect all the diagrams that contain the nucleon closed 


loops so that we may have only one connected nucleon line. 


§2. Analysis of Feynman-Dyson diagrams 


The definition of the Feynman kernel for the pion-nucleon scattering 


N+0— N42" 


is given as follows : , 
Dean re 5 ey =€ (me #5) (fF; Pig (4;) b.(1)9 CALA a f.) 
 € (ey a) (Oy PLU (2, = OPA) Ba( 1) FH) ICH) IP) (a) 
fe (P,, (0, oe co ) ,) 


ame as those of Gell-Mann and Low”, except that ¢/ and 


bles in the interaction representation, respectively, 


In eq. (1), the notations are s 


é are the nucleon and meson field varia 
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and the bold-face letters represent the operators in the Heisenberg representation. 8 and 
a denote the charge states of the “ initial’ and “ final ” mesons, respectively. Of course, 
the words “initial’’, “final”, etc. in this article must be taken, not chronologically, but 
along the nucleon line in question. The variables 2,,7,, etc. before the semi-colon in the 


arguments of A-functions denote the space-time 


BS 
x, 4s : r variables of the “final”? nucleon or mesons, while 
‘ oat Xy, Vy after the semi-colon denote those of the 
f a “initial” ones. It may happen that the “ final ” 
\ ah ilies particles are created before in time than the 
“initial” particles. (cf. Fig. 2.). € (2%) Mas eee 
~ according to whether the permutation of the times 
Bn 4 Xo a0 is (1, 0) induced by ? is even or odd. For simplicity, 
; , we shall omit the common factor 
oS . te 
x ; 
isa: Mahe " (%,, U(o, — 9) @,) 


Ref, ; ~ Unitioh' 


a as Rost" mitradion verlon and write the expression (V,, -1%,) as (A). Then, 
Fig. 2. The meaning of the words 


ais ‘ eq. (1) can be written as follows : 
“initial”? and “ final”. 


‘s o9 es i)” co ” oo = 
K (Are > Voy Yo) = (41, X,) > ( ' 7 | a, he ay, 
n=0 n! oo co 


x (PLA (Ey), +1 HE), P41)» ba 1)» F(a) bs (Ho) ])- (2) 


Similarly, the Feynman kernels for the other processes can easily be written down. For 


example, corresponding to the process 


N+ —> N’, 


K(443 Ag Ve a eae) io) | &,--| ae. 


nm=o0 ot J = J- 


x (PLA(@€,) aa a: ECP. P(x), (2%), ds (7) bes (3) 


and for the process 


N+ rr hie ai r/* oe qt 


Kp dv Ie 3 Ly Ie) =€ (tp 2S? Gre A aed vg 
whi» Vo 3 Los) Vy,- = ne Se aS 
r= ! —© 


—-o 


x (PLACE), TE a), (41), (be 91) be (2) P(4)14e(%)]), (4) 


where (92 (7;),$,()) in the P-bracket in the right hand side of eq. (4) means that 
the operators 4,(,) and 0,( >) refer to different particles and therefore they are com- 


mutable. In general, the expression such as eq. (2) represents not only the process 


N+2— N'+7" but includes also the processes W-—>N'+72+7! and N+ at47'> WN’. 


However, in the following, we consider only the processes where one and only one meson 
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ee eth dt ss 
exists in the “initial”? stage, so that it would not cause any confusion to say that the 


expression (2) represents the pion-nucleon scattering VV+72— V’+7'. In the perturba- 
tion theory, these A-functions could be computed by the help of the Feynman-Dyson 
diagrams. According to the usual technique, we shall omit the numerical factor (7!) ~' 
in each term of the defining equations (2), (3) and (4) of the Feynman kernels and, 
as the price for that, always take the order of the vertices along the nucleon line as 
elon Sens Sn Fy) - 

Now, let us consider the process V+ 7" —> N'+27'*. Since no term with odd 7 in 
eq. (2) contributes to this process, it is sufficient to consider only the terms with even 
n. Similarly, no term with even 7 in eqs. (3) and (4) contributes to the corresponding 
processes. As we have fixed the order of the vertices, the number of the Feynman-Dyson 
diagrams corresponding to the term with a given ~ (even) in the summation in eq. (2) 
is 

(7+1) (2—1) (u~—3) X +++ X 5X 3, (5) 


i.e. (w—1) (n—3) X ++» X 5 X3 corresponding to the processes where the “ initial ” meson 
propagates without interaction with the nucleon, and 2(7—1)(w—3) X ++: X5 X3 cor- 
responding to the others. 
These diagrams can be classified into two kinds : 
a) The diagrams where the “ final” meson line (d,(3;)-) starts from the “ last” 
vertex €,. There are (u—1) (u—3) X-++ x5 X3 diagrams of this kind. 
b) The diagrams other than those belonging to kind a), the number being 
n(m—1) (n—3) X++-X5X3 in all. 
The diagrams of type a) and b) are closely related to the diagrams of order (7—1) 
corresponding to the processes V+ 7 —> MN! and N+a2—> NN! +7'+7", respectively. That 
is, if we omit the interaction at the vertex é, in the diagrams of kind b), then we 
shall get the diagrams corresponding to the terms of order (7—1) in the summation in 
eq. (4), and similarly we shall get the diagrams corresponding to the terms of order 
(7—1) in eq. (3) from the diagrams of type a). Moreover, it is clear that the corre- 
spondences are one to one. In fact, the numbers of the diagrams corresponding to the 


terms of order (7—1) in eqs. (3) and (4) are 
(n—1) (u—3) X +7 X5X3 


and 

n(n—1) (u—3) X+* X5X 3, 
respectively. The same relation holds in any order 7(=:0), and the similar analysis could 
be carried out for any other processes. Thus, it is easily supposed that there is an intimate 


° 9) 
relation between the A-functions for the processes, whose “ final’? meson numbers are 


different by one. In the next section we shall derive these relations in the analytic form. 


§ 3. The simuitaneous integral equations for the A-functions 


We consider the symmetrical pseudoscalar meson theory with the pseudoscalar coupling. 
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H (x) =igg (x) iste (4) b. (4). (6) 
Then, taking into account the fact that we have fixed the order of vertices along the 
nucleon line, eqs. (2), (3) and (4) can be written as follows : 


= Eg 2 ee. 
K (tp 923 to Io) =§4y MW) DS | AF AEE (44) Fn) € (Hy Xo) € Fn» %) 
n= —-7 


x eo [yo (4) ’ (Fn) pp € coe S54) € (oe; £) € (F423; tq) 
x (P[P (En) PEnat) sayy) X € Fay £1) € (Fa, Xo) € Fr Xo 
x (Pl So)» # En) 7570; 1) (PIP Es)» $ (%) |) 


x (P[¢a, (Sy); we Ge, (Fn) ’ Ba (I1)> Os (Ho) |), (7) 


TE ater ay) 3 Aare) 219% | LY 


x|[€-factors and ¢/-parts same as in (7) | X (P[¢e, arb bm ba, (Fn) >» d( 7) |) 
(8) 


and 
KIS Des te) =" (ep apa y” [4 dé, 
x [€-factors and ¢-parts same as in (7) |x (P| dx, (51), 77 ba, (Fn) >» 
X (ba H1) br (H2)) > bs (Ho) ])- (9) 
Now, /-bracket of ¢’s in eq. (7) can be rewritten as follows : 
(P[ a, Fr) + ***1 Pap 1 (Fnar) » Bey (En) » Pa H1) > Bs 9) 1) 
=(P[ba, (Fn) $091) 1) (Pda, (F1)» +s Pony (Enns) » Bs (I'0) |) 
+ (P(e, 1) °**2 Bays Ennt)s (bs, (Fn) Be 1)) > bs (od]): (10) 


Therefore, if we write each term in the summation in eqs. (7),° (8) andy (@)iam 
yt Caw ots > 4) Io’) > Ka (4, > V5, Iv) and Ky (4175 V2 > yn JIe) ? respectively, it would 
be clear that the following relation holds for the A,,-functions. (Remember the analysis of 


the preceding section regarding with the relations between the Feynman-Dyson diagrams 
for various processes. ) 


eal tanvar > Voy a 
=o)" dine (%,, €,) (Pl ox) ’ ¢) (o> Ts a, ») Wale (ea) ’ bx (91) )) 
x Kaey (o5 3 ps Hae) (11) 


if i| — dink (t, Sn) ( &. ‘a (4) i ¢) (F,) Tore) ers eee e_°" > Xo ee) > (7=-0) é 
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Taking into account the fact that K,(4,3 47°), Kn(4isI1", Io 3 %o Jo) with even 7 
Yr a a ‘ 8 . . . . ‘i 

and K(214,9;%3 % 3") with odd 2 do not give any contribution, we get the following 

equation for the A-functions by summing up the both side of eq. (11). 


, Cae 2 a eee 23 , f 
KG > Vr HK Iv XI) 


si aa (ry 8) (PLPC) PO rt) (P [be E) ba) ACE 5 tv Hi") 


tg] Be(ny 8 (PY) FO DKE IS sy ad): (12) 
where 
Kan Is tu Ie) 
= € (445%) (PL P(x) Pls) I) (PUG 91) 0) 1)- (13) 


By the similar analysis, the relations between the other A-functions can easily be derived. 


For example, 
Kay; ty =I] deen 8) (PIP) FOI KE Hs XJ), —, (14) 
Ee ePi iss toro 
=9\ ae (xy &) (PLP (4), FO) rsz0]) (P [bs E) Ga) IKE I" 5 For Io’) 


+g) dee (4, €) (P[p (x), () (¢) istal) {P[ds Ge b,( 7) |)KE, aes a) 


taf” Fel PIOE) TO DADKE I IEE a3) C5) 
and so on. 


§ 4. Momentum representation of the integral equations 


In the preceding section, we have derived the simultaneous integral equations for the 
Feynman kernels. Now, we shall transform these equations into the momentum represen- 


tation. For this putpose, we introduce the Fourier transform of the various quantities. 


: a tp ak ap, ak 
ten nts tori = {tc thief lef 
K( eal Bis) (27)? (27)? (22)* 


x exp [2( PX i Ry I —p%— ho Ir) | K( Py ky” 5 Po fe) ’ etc., (16) 
€ (4 8) (Pl $1) $ @rstal) = —4 Se — Mie 


. ae a 1 ee 
Pen Zz 7 |p” z hes us z ae = _ 7 ape p(s 1S7(P) Vets 
e>+0 (27)4 pr+rmM—t (27)". 
(17) 


and 
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(P[ba( 91)» oso) |) =4 42(%—I) O* 
dake tk Yow As (2) ee (18) 


\ 


—2 1 1 
. Z —ik(Yy—Y3) i Se pte 
=H ——*\dke OF) = 0 \ 
cod (2m)! Pa —ie (27)! 
where JZ and 4 are the masses of the nucleon and the meson, respectively. Then, our 


simultaneous integral equations can be written in the following form. 


K( Li > Po» ky) ee yey ieee [ik KC Air Fy hy 3 Pw ky) ? (19) 
Physy\- ’ 


ra Pw (on 5 Pos ky) rile Pi— fo) 8 (Rh —%y) Opin Pie ey 


han J a Sr (21) 7ete 4 e (4) K( pte, > Pw Ka) 
(27) ° 


+ ( = S( pi)rste| deoK( Pi—ke hy,” ke" 5 Po fig) ’ (20) 
Pog) \ = 


KC Po ky", k* > Po» ig) = oe Sr( Pv rste4 (Ay) K( Pit Ri, ke" > Po» fis) 


“8 EB Se yy 1st 747 (ho) K( pit ke Bs 5 Pw ky) 
(27)° 


+ oa 2 rt Pr) 15°6 ak 1K ( Lt hss ky"; R,*, Ee 5 Po: &,") ’ (21) 
(53) Ye e 


K Pu ky’, K,", Ry > Pw Ag) 


ee Sr pi) 7sta4 x (2) K( pithy he", By 5 By ky) 
(az) 


x me 5 Sr( 1) 75774» (40) K( Dit fy, By, eae Gas &,*) 


Coy Spr( LDvdistsd (hs) K( Pitts, hy, ke ; Po») 
+ : ae 2 5S( Adi refaeK Pi = ely ky, Ro"; &;*, ky > Po Ry) ’ (22) 


and so on. 

The correspondence between each term of these equations and the diagram is 
obvious and it is very easy to write down the similar equations for the Feynman kernels 
with the ‘final’? meson number larger than 3 or with the “initial? meson number other 
than 1. (see Fig. 3) 

Watanabe” has derived the similar simultaneous integral equations for the Green’s 
functions with various “ particle’? numbers. And recently, Matthews and Salam” have 
also proposed the similar equations for their new Feynman amplitudes which seemed to be 


the covariant analogues of Dyson’s new Tamm-Dancoff amplitudes". Their methods and 
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resultant formulas are more Aa 
\ 


general than ours in that they 


include also the nucleon —> $.(p) 
ae Fs 
an Us 


Pk, \ Re 


closed loops and are applicable 


also to the many nucleon 
problems. | However, apart K(p-8, bsp ae) 
from the fact that the physi- oa 
cal meaning of the new Feyn- 


man amplitudes of Matthews 


t 
1 
fe B 


and Salam is not so clear, P, 


the equations in question be- 
come non-linear and very dif- 
ficult to treat owing to the 
inclusion of the closed nucleon 
loops. Of course, it might 
be possible to treat approxi- 
mately the contributions of 
the nucleon closed loops to the 


meson propagators in the equa- 


tions of Matthews and Salam. 


Ey. (21) 


But we would not concern 


with those problems in this Fig. 3 The correspondences between eqs. (19)—(22) 


atticle. Moreover, it is the ae te ae 
essential difference between the 
formulas of the authors quoted above and ours that we have here distinguished the 
“initial” meson state £,* from the “final”? meson states, i.e. we have always considered 
the Feynman kernels referred to the “initial” state (/,,%,°) and derived the equations 
for the A-functions by paying attention to the change of the meson “ numbers” along 
the nucleon line. It was also for this purpose that we have modified the definition of 
Perey is) f Ly ded) aS eq: (4). It would become apparent in the next section that such 
a distinction of “initial”? and “ final’. mesons is convenient and essential for the generaliz- 


ed T-D approximation (in our nomenclature) . 


§ 5. A covariant generalization of Tamm-Dancoff approximation 


For the practical treatment of the simultaneous integral equations derived in the 
preceding section, we assume that the A¢functions concerning with the numbers of the 
“ final’ meson larger than a certain ctitical number are identically zero. For example, in 


the approximation where the meson “ numbers” are restricted within three, our simultaneous 


equations reduce to 4 equations in all, 1.e. eqs. (19), (20), (21) and (22'), the last 


one being eq. (22) with omission of the kernel 
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K( pir by Boy Ray Ras Por By)» bee 
K( Pus hy Ro's ae Ae ka) 


=F SS. ( py)7sted (hi) KC pithy bots he? 5 Por be") 
(27)° 


+ GL Sap ietede EDK he BE 5 fo i) 


eee ar Sy PT it 54 es) K P+ Be Ree Re § Pan he) (22') 
From this viewpoint, the case studied by Fubini corresponds to the approximation where 
the meson numbers are restricted within two. 
If we represent the propagation of the nucleon by the straight line, the meaning of 


“meson number” in this article is the number of the meson lines which 


the word 
intersect the straight line drawn perpendicularly to the nucleon line. (This straight line 
in our theory is the substitute for the space-like surface of the usual theory.) Therefore, 
the approximation introduced above can be regarded as a covariant generalization of the 
T-D approximation, and reduces to the usual T-D approximation when the pair creations 
and annihilations of the nucleons are entirely excluded, though our theory includes also the 
nucleon pair effects except the closed nucleon loops. 

Of course, the main purpose of such a covariant generalization of the T-D method is 
to carry out the consistent subtraction procedure of divergences in the theory. This pro- 
blem will be investigated in Part II of this article. 

Concluding this part, the author wishes to express his cordial thank to Professors 
K. Nakabayasi and I. Sato for their kind guidances and encouragements. The author also 
wishes to thank to Messrs. A. Takahashi, K. Ishida and K. Yomogita for their helpful 


discussions. 
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Deuteron problem and 90 Mev v-/ scattering ate discussed according to the Taketani prescription. 
L shape potentials are used for the outside potentials, which are nearly equivalent to the meson 
theoretical potentials. In the inside region the phenomenological potentials are used which are composed 
of a hard core surrounded by square well so as to give the deuteron binding energy correctly. The 
depths of these inside central and tensor square well potentials are varied extensively as two parameters, 
and effects of these variations on the electric quadrupole moment and /) state probability of deuteron, 
triplet effective range of neutron-proton scattering and 90 Mey neutron-proton scattering phase shifts 
are. examined. The results are summarized in various graphs and tables. The depth of the inside 
central potential does not affect the physical quantities of deuteron, which, however, depend on the 
depth of the inside tensor force. Asymptotic forms of wave functions of neutron-proton system at 
high energy are mainly determined by the depth of the inside central potential, if the sign of the 
inside tensor potential is negative. On the contrary, if the inside tensor potential is positive and higher 
than about 80 Mev the high energy data depend strongly on the both inside parameters. “7? wave” 
of the deuteron has one node when the height of the inside tensor potential is larger than about 80 
Mey. It is also found that the calculated value of the total cross section of the high-energy 7-7 
scattering is reduced by introducing a hard co.e, and can be fit to the experimental values without 


violating the angular distribution. 
§ 1. Introduction 


Some meson theoretical treatments’? have been made recently to obtain nuclear 
potentials including fourth order terms. These results are partially at variance and not 
warranted to be correct in the region inner than about half the meson Compton wave 
length”’». (This region will be called as “inside region”.) In this region, approxima- 
tions which are hitherto made in the course to derive the potentials are not adequate, 
because higher order effects”, multiple-scattering terms”, recoil effects, relativistic effects, etc., 
are expected to be large enough. However we know little about these effects, and the 
inside nuclear potentials are not finally determined yet. On the other hand, the main 


character of the outside potentials, especially in the triplet even state, seems to have 


already been determined. The outside potentials of the second and fourth order are com- 


paratively large in the triplet even state, and contribute additively. The correction to be 
added to these outside potentials from higher order terms may be relatively small and 
negligible. 

At these circumstances, it is promissing to take Taketani’s prescription” for attacking 
cription assumes the meson theoretical potentials in the 


nuclear force problem. This pres 
potentials in the inside region. According to 


outside region and some phenomenological 
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this prescription, Matsumoto and Watari” and Fujii e¢. a/." treated the nucleon scattering 
at high energy. The former (M.W.) extensively investigated the relations between phase 
shifts of partial wave and shapes of potential assuming spherical symmetry. The tensor 
potential has not been considered at all. They show that the inside potential does not 
affect P-wave and higher angular momentum waves so far as the collision energy is below 
100 Mev, whereas only S-wave phase shift is sensitive to the details of the inside region 
of potential. Since the nature of the tensor force is unfamiliar to us, the same treatments 
for cases with tensor force are desirable. In the latter paper (Fujii c¢ a/.) the validity 
of the potentials used by Taketani, Machida and Ohnuma’* have been tested for the 
high energy nucleon-nucleon scattering. These potentials consist of the meson potentials 
from ps-fu theory in the outside region and (tentative) phenomenological potentials in 
the inside region. The angular distribution of 90 Mev neutron-proton scattering is well 
explained by these potentials. However, the calculated value of total cross section is much 
larger than the experimental one (about 25%). This tendency is common with all 
potentials adjusted to the low energy scattering data’: It is commonly believed that the 
large theoretical -/ total cross section is due to the large value of *S phase shift. 

In view of the above situation, the following question is arisen: Is there any 
potential model which can give both reasonable values of low-energy parameters (triplet 
effective range and deuteron parameters) and the high-energy scattering data (angular 
distribution and total cross section) at the same time? Thereby the outside potentials 
derived from meson theory should be left unchanged and suitable inner potentials should 
be assumed. 

One of the purpose of the present paper is to answer this problem. It is also to 
be regarded as a extension of the analysis made earlier by the present authors’ to the 
cases including the tensor force for the triplet even state. The effects of details of the 
inside potential on deuteron parameters and 90 Mev neutron-proton scattering phase shifts 
are extensively examined. Results are summarized in various tables and graphs. Properties 
of tensor potential are hard to be understood intuitively, so that efforts are made to get 
as intuitive pictures for the tensor force as possible. 

In the next section, potentials to be used in this analysis are explained in detail and 
methods of calculation are also illustrated. The deuteron quadrupole moment, triplet 
effective range and /)-state probability are calculated and_ their dependencies on the inside 
potential parameters are discussed in Section 3. It is found that the depth of the inside 
central potential does not affect the deuteron parameters, while depth of the inside tensor 
potential does especially when. its sign is positive. With these potentials 90 Mev neutron- 
proton scattering is treated in section 4. Dependences of eigen phase shifts 0,, 0, and 
“mixture parameter” 7 on the inside potentials are examined. When the sign of the 
inside tensor potential is negative, these parameters are nearly independent of the depth of 
the tensor potential and mainly depend of the depth of the central potential. When the 


"In what follows, these potential are abbreviated as TMO potential, 


s 
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sign of the inside tensor potential is positive, these parameters depend largely upon all 
potential parameters. Radius of a hard core is determined by the condition that potentials 
give the deuteron binding energy correctly: It is shown that this quantity can not be 
the principal parameter as it is in the case of the spherically symmetrical potentials”. A 
hard core of fairly large radius seems to be necessary to reduce “*S” phase shift at 
high energy in order to reproduce the experimental total cross section. The introduction 
of such a large hard core does not seem to contradict with the angular distribution. 
Finally, in appendix, the behaviours of the deuteron wave function in the case when inside 


tensor potential is positive are examined in detail. 


§2. Triplet even potentials 


i) Outside potentials 


Only the nuclear force for *S,;+*/), state is considered. The region where inter- 
nucleon distance is larger or smaller than 0.6 times meson Compton wave length (1/«) 
is called outside or inside region. Throughout this paper, we use the unit 1/«=1.4 x 107" 
cm for length and Mev for energy. Following Taketani’s prescription”, meson theoretical 
nuclear potentials are taken in the outside region. So far the representative meson 


theoretical potentials have been given by Taketani, Machida and Ohnuma’” (TMO potentials) , 


e | | 
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40 eer 
os apie 20 | 
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—60 —60 Y 
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Fig. 1. 


Outside potentials. Curves labeled as TMO are the potentials derived by Taketani, Machida 
-and Ohnuma from the /s-f7 meson theory (with ¢?/4z=0.08). Curves labeled as BW are the 
potentials including BW corrections. L shape potentials are one used in present calculations, and 
effectively nearly equal to BW potentials in their effects. Abscissa: Inter-nucleon distance in 
units of meson Compton wave length ; Ordinate: Strength of the potential in units of Mey. 
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which are derived from fs(/z) meson theory including up to the fourth order by the 
perturbation calculation. In this calculation, some fourth order terms are treated incorrectly 
and become very large for small inter-nucleon distance. These terms may be interpreted 
to be proportional to the dissociation probability of a clothed nucleon into mesons and a 
bear nucleon”. Corrections to TMO potentials are proposed by Brueckner and Watson”. 
These are equivalent to take the dissociation probability as zero according to the later 
analysis performed by Fukuda, Swada and Taketani®. (These corrections are referred to 
as BW corrections in this paper.) The “true” outside potentials may be found between 
these two extreme case and is conjectured to be rather near to meson potentials including 
BW corrections in triplet even state. These two potentials are plotted in Fig. 1.* However, 
the exact meson theoretical potentials are not used here, but so called ‘‘ L shape ” potentials 
are used for the sake of reducing the labour of numerical calculations. L shape potential 
consists of a sequence of square wells with different depth and range. Potential of this 
type was extensively used earlier by the present authors”. It is shown there that in the 
case of spherically symmetrical potentials any given potential is well approximated by an 
appropriate L shape potential in a wide energy range. It is assumed here these are also 
true for the case of tensor potentials. Outside L shape potentials used here which are 
approximately equivalent to the meson theoretical potentials (including BW corrections) are 
shown in Fig. 1. The depth of the central potential between x=0.60 and 1=0.75 is 
taken to be 80 Mev but it might be better to make its depth a little more shallow (by 
about 20%).** Also it might be better either to make the tensor potential more shallow 
between 1+=0.75 and 122.00 about 30% or to cut its tail about at +=1.80 in order 
to be honest to potentials given by Brueckner and Watson. Nevertheless these potentials 
may represent the main feature of the meson theoretical potentials. This will be approved 
by comparing values of deuteron parameters calculated from our potentials with the values 
obtained by Brueckner and Watson (cf. table at p. 511). 


ii) Lnside potentials 


The purpose of this paper is to investigate phenomenologically the nature of the 
inside potentials which are assumed to have the form of “ hard core surrounded by square 
well”. Depths of the central potential and the tensor potential are varied extensively. 
Especially, cases where the sign of the tensor potential is positive, i.e. the tensor potential 
changes its sign at x=0.60 are carefully studied, since BW _ tensor potential changes its 
sign at about +=0.40. The radius of the hard core is determined by the condition that 
our potentials give the correct deuteron binding energy, |€|—=2.227 Mev. 


The wave function may be written as a linear conbination of .S wave (w(a)) and 


D wave (w(x))*** 


* Potentials labeled by BW are calculated according to equations next to (60) of Brueckner and Wat- 


son’s paper with (G?/47) (u2/4172) =0.08. These curves seem somewhat different from th 
curves of Fig. 6 of Bruckner and Watson’s. 


KK 


e corresponding 


is the inter-nucleon distance in units of meson Compton wave length, 
"** For the detail of the notation cf. reference 1. 
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b= 1/a-[a (2) 41/¥ 8 Syst (2) Hom (1) 
where 7,, is the spin function with magnetic quantum number 7. w(x) and w(x) are 
the solutions of the two simultaneous differential equations 
uw! (4) =M/x[V.(x) —E | u(4) +2V 2 M/«-V,(x) w(x), 


Ww" (x) = M/-| V(x) —2V,(4) —E] w(4) +6/2?- w(x) +2Y 2 M/°-V, (x) u (4). 
(2) 
For the deuteron ground state, ~(7) and w(2) must vanish for +—> co. Then, at the 


outside of potentials (1) and zv(x) have following forms : 


Ba) =N exp (— 2/5) 


ke , for 42> Kk, (3) 
w(x) =’ exp (—x/5) [3 §/4)°+3(¢/x) +1] 
where € is a dimensionless constant determined s 
from the binding energy of deuteron. The 
0.4 


simultaneous equations (2) have two in- 


dependent solutions which satisfy the boundary 


conditions (3). These two solutions are denoted 


by $= (tt, W) and f= (uy, Wy). The —600 —600 —400 —300°0 200 
boundary conditions (3) determine values of (a) 
w'/u and w'/w at x >x~', but they do not 
give the value of w/u. Any two different values 10.6 
of w/w correspond to two linearly independent } 
solutions. Any solution of eqs. (2) satisfying a es 08 
(3) is given by ¢/,+ agtg= (uM, + a2, Wy + AW) - 


On the surface (and inside) of the hard core™, 


S wave and D wave of deuteron have to vanish. | MN Vey 
< be —400 —200 0 200 400 : 
If x, is core radius, (h) 
Fig. 2. 
u, (4%) + aus (4) =0, a . 
(4) Hard core radius xy is a function of /, and 
W, (4) + AW, Ce) 0; V’,. In figure (a), .“o is plotted as a function 
‘ of ”, with 1”,=0. In figure (b), .%o is plotted 
therefore, 7, is the zero point of as a function of 17, with /,=—300 Mev. 
2, 2) iio ase and a (for deuteron) 1s Abscissa is the potential strength in units of 
70, (4) AES Mev. Ordinate is the hard core radius in 
given by a=—Uu,(%,) Ey . Thus %, is given units of meson Compton wave length. 


* The term “hard core’? means here that in the region a < xy the amplitude of the wave function ¢ is 
zero. This is equivalent to let /”, > 00. But it is undesirable to think that 77, > +00 (or 7, > —o%), because 
a tensor potential has “ attractive character ” regardless of its sign. 

** There may be many zero points of | 2#,(x) %#(x) |. In these cases, x) must be the largest zero point. 


co (x) tga") 


If other zero points are taken as the hard core radius, potentials thus obtained are more attractive, and wave 


functions obtained now are those of the excited state of these potentials whose binding energy is |e|. These 
’ nodes. (“true” node means at which ¢=O(ie. “=0, w=0).) 


wave functions may have some “true ’ 


} 
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as the function of the heights of the inside central and tensor potentials. In Fig. 2 this 
function is plotted. 

For some inside potentials which give the same a their wave functions are the same 
in the region 7 — 0.60, since potentials are fixed there. Thus the depth of the inside 
central and tensor potentials are chosen as two parameters and the effects of the change 
of these parameters on the deuteron quadrupole moment, /)-state probability, triplet neutron- 
proton effective range, and 90 Mev v-/ scattering phase shifts are examined. All results 


are obtained by direct numerical integration of the differential equations (2). 


§ 3. Deuteron 


As is well known’, the wave function of deuteron is extended and has rather large 
amplitude even outside the nuclear potentials (1—3~4). The proportion of the wave 
function in the inner region (7 < 0.60) to that in the outer region is very small. 
Therefore, any change of the inside potential act very little on the wave function as a 
whole. Of course, these circumstances are essentially due to the fact that the asymptotic 
form of the wave function is determined by the deuteron binding energy which is small. 
The contribution from the inside part of the wave function to the value {a dx or jurdx 
is usually one or two percents in the present calculation, and the ratio of the inner part 
contribution of |a°c"da or of {a°uiwdx to the total integral is of negligible order of 0.1 
percents. 

Hereafter, /”, and |’, mean the height (depth) of the central and tensor potential 
in the inside region respectively (including with the sign, if I”, | > 0, they are termed 


y 


“repulsive”, and if V,, V.< 0, “ attractive”). The following values are obtaind. 


contribution to \ardx fewrdx (x2ncvdx ( Parde 
x= 0.4423 

7 1.3% 1.4% 0.1% 05 % 
V,= —1355 Mev , sh 70: 0.05 % 
4,= 0.3814 | 

bg 1.0% 1.0% 24 O/, 
Vi,=—531 Mev 70 /0 0.2% 0.1% 


These values are almost constant for |”, > —531 Mev (4, 0.381)). 


ii) V,=—500 Mev 


contribution to Jurdx = fwdx Saxruwdx awd 


= 0.444 


perenne 0.6% 2.6% 0.2% 0.1% 


These values are almost constant for any value 17, > —500 Mey. 
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iii) V,=500 Mev 
contribution to | (ade jwdx \xuwdx (werd x 


X%,=0.421 
ee ee 2.0% 18.8% 2% 20) 

When I, is larger than about 80 Mev, the 2 wave has a node and its amplitude is 
negative in the inside region. Negative part of the /) wave increases with increasing V’,, 
and the contribution from this part to the above mentioned integrals becomes large. 
These circumstances which seem curious at the first glance will be discussed in detail in 
the appendix. 

By the above argument, it is concluded that effects of the inside potentials are exclusive- 
ly represented by a single parameter a defined in the last section if 1”; is not so large as 80 Mev. 
This parameter depends on the choise of 4, and ¢/,, but if the values of w/a, and wy/vy at 
a point outside the potential range, for example at 12.00, are once determined, (and 
these same values are used throughout the calculation,) then a is uniquely determined from 
the inside potential parameters. The physical quantities of deuteron—electric quadrupole 
moment QO, /)-state probability 7, and triplet effective range for neutron-proton scattering 
*y—are determined by a@ and the outside potentials alone. They depend on the detail of 
the inside potential implicitly through a. 

In general these quantities are given by the from 


X= (Aa’+2B8a+C)/(aa’?+2ba+c), 
where A, B, C, a, 6, c are some integrals quadratic of wave functions, specifically 
a=| (us +w,)at, b= | (2,ty+ 20>) x, =| (u2+w,) de. 
Solve this equation with respect to a, then one will get 
PTO Ne D if(ax 2), 
D=X°?(@—ac) —X (26B—Ac—aC) + (B°—AC). 


The region of X for which D = 0 ate limited because 6°—ac <0. This means that the 
assumed outside potentials confine the physical quantity .Y to some limited region. If 


the experimental value of .Y is out of this region, any choice of inside potentials joined 


to these outside potentials is of no use. When I’, > 80 Mev, the exactly calculated value 


of Q is somewhat smaller than the one estimated using the outside potentials only, and 
exact values for pp and * are larger than estimated ones. 

The inside potentials are assumed, for the moment, to be given by ’. f(x) for the 
central part and by I, g(x) for the tensor part, where /(v) and g (1) are non-negative 
functions of x, and are appropriately normalized (for example /(17=0.60) =1 and 
g(4=0.60)=1). V, and I, represent the strength of the central and tensor forces 


including their signs. The hard core is added to the central potential so as to give the 
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deuteron binding energy correctly in the manner descrived in the last section. In this way 
the differential equations (2) of deuteron are completely integrated, and one can calculate 
values of the quantities QO, f, and *r. Then one can draw the curves erie on 
the 1,—I’, plane as shown in Fig. 5. The family of curves Q=covist. are practically 
the same as that of ,=const. or of a=const. by the reasons already mentioned. 


Deuteron quadrupole moment is given by 
OUND. 


where x is the inter-nucleon distance, # is the angle between deuteron axis and spin axis, 
¢) is the normalized wave function for the ground state of deuteron with m—=1, and the 
integration is extended over the spacial coordinates and spin coordinates. We can see that 


Q is large when @ is small. The tensor part of the potential energy is expressed as follows : 


: D grag a6 j 
Vig («) (3° “5 1), 


where 6” -7o -oc is an increasing function of cos #. Therefore, if 17,< 0 the state which 
has smaller @ ({A] in Fig. 3) has the lower potential energy than the state of larger 
(|B| in Fig. 3). From this consideration, one may 
conclude that the negative tensor potential of large 
absolute value gives large QO for the ground state. 

According to the results of calculation, |”,-axis 
(ie., 1,=0) is a member of the family of curves 
a=const. (O=const. and ~pp=const.). The radius 
of the hard core changes with the variation of the 
l’., but these changes of the inside central potentials 


(with 1,=0) scarcely change the shape of the wave 


ee Pt 


Q 
ey Sete Tn 
x 

a 


> ----------> 
Conan = 


functions on the whole but only change the wave BY i 
functions near the origin. These situation is illustrated i 
in Fig. 4. In fact following values are obtained with f(x) =1: 

1”, (Mev) —530.8 —300 —86.8 —9.8 —le| 

Sai 0.365 0.323 0.211 OZ 0.11 

OF 2 0.171 O71 0.17 Onky 

Pnv(%) 6.38 6.38 6.38 

*7( 10sec) 1.96 1.96 1.96 

O(10~* cm?) 3.17 3.17 3718 


In view of these facts, it is safely concluded that the form of /(%) is immaterial at low 
energy. These circumstances are similar to those at low ener 
symmetrical potential alone. 


gy in the case of spherically 


be Fairlie 
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For V7, 40, the effective 
strength of the tensor potential 
changes, in general, with the 
variation of the hard core, or I”, 
and so does the value of QO (and 
also a, fp and *7). In other 
words, curves for @=covst. are 
generally not parallel to [/-axis 
except for |”,-axis itself. (Fig. 5b). 
But if the effective depth of tensor 
force is not changed with 1, 
(ie., if ¢ (+) =1,) then curves 
a=const. are all parallel to [”- 
axisetrig, oc). When (7) ==1, 
the “shape independence” is 
always satisfied for the inside 


central potential. Therefore, only 


= =a = = — — - +4 i x 


1 


ee 


Fig. 4. 


Behaviours of the wave function of the deuteron with varia- 


tions of the inside central potential are schematically represented. 


the height of the inside tensor potential /’, is the primary parameter for the deuteron 
state. This parameter determines the values of QO, fp, and *v, but the depth of the inside 


central potential (and a 


V, radius of the hard core) 


does not. 
Numerical results 


are given below with 


Lee, mie 
V,=—500 Mev. There 
the results of Brueckner 
CeConsle and Watson and experi- 
mental values are also 
(5a) (5b) (5c) listed for the sake of 
Fig. 5. comparison. 
V, (Mev) Sr p0 mee 0 0/300 
; Results of B W. Experimental 
results. 
Ly 0.437 0.363 0.370 
po(%) 7.60 6.38 5.10 Gnle2 4—9 
37 (107-" cm) 1:97 196. 71.86 L723 1.70 
OC (iOmsecm ) ie 3:25 CY ee 2.83 2.74 


The values in the case of ,= — 
* shape independence ” with respect to I’,. 


\é| are also given and they will show the fact of 
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V,(Mev)| —500 300 
% | 0.404 0.310 
PM Native ts do Nis, 
4 | 1.97 1.86 
O aa 3t2s 2.78 


As is seen from these tables, the radius of hard core increases when | Vi) becomes 
large. This means that the tensor force has attractive nature irrespective of its sign. a 
the value of Q depends on the sign of |]. The large value of Q Sg to the 
large absolute value of (negative) tensor potential. As the value of I, ap prone zero 
and then changes to positive, the value of Q decreases and finally becomes negative. . 
the other hand, the ratio of the wave functions, w/w in the inside region decrease with 
increasing 1|”,, and change the sign about |7,~ 80 Mev. For IV, > 80 Meviie wave 
function zv has a node. The amplitude of the negative part of zw increase as |”, increase, 
and the contribution of the inside wave function to the value of Q, ~, and “7 becomes 
large and is not negligible as is the case of |7,< 80 Mev. But it is also correct in this 
case that @=covsf. means O=const. or Pp=const. 


Pp (%) & QO (10-27em2) 


hard core 


—=i500'™ — 300 = 100! 0 100 300 S00 VY; 


Fig. 6. 


The deuteron quadrupole moment and the /) state 
probability of deuteron are plotted as the function of /,. 


Fig. 7. 


When V7, > 80 Mev, it may appear that 


Wave functions of deuteron. (a) for 
the state which corresponds to this nodal wave 


V',< 0, (b) for 1, >80 Mev. Abscissa 
function* is not the ground state, and that there is the inter-nucleon distance in units of 


: meson Compton wave length. 
may be a lower state which corresponds to nodeless 5 : 


DP) wave function as the ground state. However this is certainly not true. The detailed 


* Strictly speaking, the term “ nodal wave function ” 


is not correct, since a wave function ¢% does not 
have the node. The node of the ) wave is mere 


appearence. 


~ 
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consideration about this problem will be postponed till Appendix. QO and Pp are plotted 
as the functions of [7 in Fig. 6. : 

In order to adjust the quadrupole moment to the experimental value,* one must have 
the positive inside tensor force if combined with the outside potentials of the present work. 
The situation may also be the same in the case including BW correction. For the TMO 
potentials, these things do not occur”. This is due to the fact that the outside central 
potential is repulsive in TMO potentials. Correct meson potentials will be between TMO 
potentials and BW potentials”, and it is possible that for “true” outside potentials the 
“repulsive nature”? of the inside tensor potential will be reduced or vanish. 

In Fig. 7 gross feature of wave functions for I7%,< 0 and 7, > 80 Mev are shown. 
The meson theoretical potentials are very strong for small + as compared with commonly 
used phenomenological potentials, and so these wave functions become more concentrated 


than the phenomenological ones. 


§ 4. Neutron proton scattering at 90 Mev 


The neutron proton scattering at 90 Mev is examined using the same potentials as 


the preceeding section. The phase 


On 


shifts 0,, 0, and mixture parameter 
j=tan €** are varied as the functions Vz. (Mev) 
of the inside potential depths [”, and 500 
V, as to be shown in Figs. 8, 9 
and 10 respectively. In these figures, pis 
abscissa is 1”, and ordinate is ,, and 
curves are the traces of the points 


(V’., V,) which give the same values 


V. (Mev) 


of phase shifts or mixture parameter. 
Phase shifts are plotted with the inter- 
vals of 2°. 

The situations are remarkably 
different according to either |”, > 0 or — 300 
V,< 0. When 1,< 0, eigen phase 
shift 0, (which tends to S wave phase 


shift when tensor force vanishes) seems 


to be almost constant with respect to | 32° 34° 36° 38° 
V,, and is a function of V, only. 26) a 


The value of 0, is fairly small and ; 
confined between 28°. and 42° (i.e, Phase shift 0, is plotted as the function of /”, and 1;. 


0.49—0.75 dian) One hak other V, and V7, means height of the inside central and 
a =U. radian). n 


hand, 0, varies very slowly with I’, 


Fig. 8. 


tensor potential. 


* Experimental value to be adjusted is commonly taken as 2.74X 10-“7cem?. But there are some 
questions to adjust to this value. Cf., for example, I. Sato and K. Itabashi. 
** The same notations are used as that of Rohrlich and Eisenstein”), here we use real phase shifts, 
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and |’, and can be regarded as 
having almost constant value over 
the region considered, (about —18° 
+1°). Then, in this case, the 
value of sin°0,+sin 0, falls between 
0.300—0.555, and this value is 
small compared with the value 
sin"0, + sin 0, = 0.781 
TMO potentials”. Therefore total 


cross section of 7-/ scattering may 


given by 


be reduced by our potentials. The 
value of the mixture parameter 7 
is mainly determined by the depth 
of central potential /”,.. Thus for 
V,< 0, the asymptotic form of wave 
functions are mainly determined by 
V,, but not by /V,. 

When the sign of the inside 
tensor potential is positive, the above 
situation does not occur. Phase shifts 
0, and 0, now strongly depend on 
the depth of the tensor force as 
much as the depth of the central 
force, especially for 0 < V7, < 200 
Mev. Both phase shifts become large 


with increasing |7%, and |”... The 
value of sin0,+sin"0, varies ex- 
tensively. A mixture parameter 


which usually considered as a positive 

quantity” becomes negative when 

V, and V, are sufficiently large. 
Angular distribution of -/ 


scattering can be written as” 


oo 
do= >) c, cos"0, 
n=0 


Here ¢,, ¢y:*+ (with even 7) are 
independent of the sign of 7. There- 
fore the scattering in the state /=1 
is independent of the sign of 7 


But ¢,, Cs, «++ (#=odd) depend on 
the sign of 7, which are due to the 


Fig. 9. 
Map of phase shift dy. 


u/ 


V, (Mev) 


0.02 aS 
OG? teem 0.02 


0.01 500 
0.08 : 0.00 | / 
va 


0.08 


— 300 


— 900 


0209 O18 GAG “OO 120.10) O08 
| 


Fig. 10. 


Map of mixture parameter 7. 


— 
V. (Mev) 


Rowe 
ws 
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Beerrcrence of the triplet even states with odd states. Then, the deviation of the angular 
distribution from the 90° symmetry may considerably depend on the sign of 7. If one 
use the phase shifts obtained by Fujii et. al.” for the states except that of jet then 
the angular distribution is the V shape having the minimum shifted forewnrds from 90° 
for 7 > 0, and backwards for 7< 0. But since the angular distribution of the singlet 
states is large for backward scattering, total angular distributions have the minimum shifted 
forewards from 90° irrespective of the sign of 7. At any rate, such discussions depend 
delicately on the potentials of the triplet odd state. Moreover, to compaire with experimental 
data, one must consider the scattering of the singlet states. More inquisitive discussions 
are not given here. 

Finally, gross feature of the wave functions for 90 Mev scattering system are shown 
fi Figs. 11 and 12. On the left half of the figures, the wave functions for 4 222.2 
are given, and on the right half plane, asymptotic forms of these functions are shown 
schematically. Scales of the figures are not always equal on the left and on the right sides. 
The case in which the inside tensor potential is negative is shown in Fig. 11. In Fig. 12 
the wave functions when inside tensor potential is positive are shown with negative 7. 
When a inside central potential is strongly attractive, then even for positive 1, the case 


with 7 > 0 may occure. In this case /) wave has the form which is shown by dotted line. 


n>O u-wave 


Ss 


VCO awave 


060810 12141618 2022" aed 
eae D = 06,08 
37 ae a 


hard core 
hard é 


T-wave 


sy 


y-wave dD 


' 
hand core 


Us ZI 18 2.0 22 
4 


0.6 0.8 1.0 1.21.4 1.6 1.8 2.0 22 


> 


7 


Fig. 11. Fic. 12. 

Gross feature of wave functions for 90 Mev 
scattering system for 1”, > 90 Mev with negative 
7. When 7 is positive, wave has the ‘form 
which is shown by dotted line. 


Gross feature of wave functions for 90 Mev 
scattering system for /,<0. On the left half 
of the figure, the wave functions for « < 2.2 are 
given, and on the tight half plane, asymptotic 
forms of these functions are shown schematically. 
Scales of the figures are not always equal for the 


left side and for the right side. 
§5. Conclusion and summary 


Under the condition that the deuteron binding energy is given correctly, inside 


phenomenological region 4+ < 0.6 of the triplet even potential for the neutron-proton 


om ial 
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system are extensively varied, and effects of these variations on the deuteron quadrupole 
moment, /)-state probability, triplet effective range and 90 Mev 1-/ phase shfts are examined. 
Following results are obtained : 

1) If the height of the inside tensor potential is smaller than 80 Mev (including 
negative value), then physical quantities of deuteron are almost determined by the outside 
potentials only. Contributions from the inside regions to these quantities are almost few 
per cents. 

Even in high energy scatterings the asymptotic forms of the wave functions are not 
much affected by the change of the inside potentials. As regards to the role of the inside 
potentials, the depth of the inside tensor potential is primarily important for the bound 
state, while for the scattering state the depth of the inside central potential is the essential 
parameter. 

2) If the height of the inside tensor potential is positive, (strictly speaking, for 
deuteron, if the height of the inside tensor potential is greater than 90 Mev), the two 
components of the wave function have different sign near the origin both in the deuteron 
and in the 90 Mev scattering states: ie. qw/u< 0 for r<1/x«. For the high energy 
scattering, the case where mixture parameter 7 is negative may occur with sufficiently large 
value of 7. But in these circumstances the results can not be compared with experiment. 
Physical quantities of deuteron and high energy /-/ scattering phase shifts depend strongly 
on the inside potential parameters |”, and |”. 

Potentials so far used for the analysis of the high #-f scattering, whether it is drawn 
from the meson theory or assumed phenomenologically, give larger values for total cross 
section than the experimental one, provided that potential parameters are adjusted to low 
energy experimental data correctly. It is commonly believed that these things are mainly 
due to the fact that the phase shifts of the triplet even state of these potentials are too 
large. From the present calculation, especially refering to Figs. 8, 9 and 10, it is shown 
that these phase shifts are reduced by introducing “hard core” to the triplet even state 
potentials, since negative large value of |”, means large value of the radius of hard core x. 

In the analysis of 90 Mev w-f scattering using TMO potentials performed by one 
of us (W.W.) and others” *, theoretical value of the total cross section is about 252% 
greater than the experimental value. 

If one assume the energy independence of the potentials at least up to the scattering 
energy about 100 Mev, one can see from Fig. 6 that with the present outside potentials 
the value of |”, must be about 300 Mev to give the deuteron quadrupole moment correctly. 
When one take |”, about —500 Mev, one get from Figs. 8, 9 and 10 the value of 
positive 7 of the order of about 0.1 (this value is of the same order as that given by 
the usual potentials) ,** 0, about 30° +4° and 0, about —16°-+2°. Then sin’0, + sind, 
are about 0.3-+0.1. Thus triplet cross section is reduced about 27% compared with the 


value obtained in I, and the total cross section is reduced about 23% compared with the 


© Hereafter, this paper is referred to as I. 


** Cf. Note added to proof. 
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results of I. Therefore one get the total cross section nearly equal to the experimental 
one. The angular distributions given by these potentials is neary equal to the results given 
in I, but the value of 0, is fairly large compared with that of I, consequently the ratio 
7 (90°) /7 (180°) becomes somewhat smaller. The radius of the hard core of the potential 
under the consideration is 0.37 X 1/«=0.52 107" cm, (or somewhat larger). The reduc- 
tion of the total cross section is mainly due to the repulsion of this fairly large hard core. 

The authors wish to thank S. Tani and S. Otsuki for their frequent suggestions and 
friendly help, and Professor M. Taketani and all members of the research group of nuclear 
force for their illuminating discussions. They also indebted to Professor S. Hayakawa 
and T. Kikuta for many stimulating and informative discussions on the subject of the nodal 


wave in /)-state. 


Appendix 


As mentioned in the text, if the inside tensor potential is strongly “ repulsive ”, the 
D-state wave function of the deuteron has a opposite sign to that of the S wave in the 
inside region. But for large +, it has the same sign. Consequently /) wave has (at least) 
one node as shown in Fig. 7b. As the ground state wave function is nodeless in the case 
of pure central force, it might appear that in these curious cases the bound state with the 
binding energy |e|=2.227 Mev considered in the text should not be the ground state for 
this potential. In the text, the binding energy is first fixed, and the inside potentials are 
determined to give this binding energy, and so there is no guarantee that this state is the 
ground state of the so determined potentials. In usual case, both /) wave and S wave 
have no node, therefore one may think it is certainly the ground state of these potentials. 
But in our case the 1) wave has a node and a question arises whether it is the ground 
state or not. 

The system considered is described by the simultaneous second order differential equa- 


tions (2) (which is equivalent to an ordinary fourth order differential equation) with the 


boundary conditions (3) and 


u(x) =0, w (4) =0, 


where x, is the radius of the hard core. Binding energy 1s determined from the value of 
&, Unfortunately there is no satisfactory theory concerning these simultaneous differential 


equations as far as we know, and we can not answer above question fully. Nevertheless, one 


may conjecture that there is no bound state with a larger binding energy than |€|, on 
the basis of the following consideration : 

1) First, the behaviour of the (7) wave function is examined in detail with 
increasing V7, having I’, (for example /”,= —300 Mev) and binding energy (for example 
je|) fixed. Then 4, is given as a function of V7, which is shown in Fig. 2b. This 


function has a minimum about at 17,=80 Mev, and has an almost constant value in the 
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neighbourhood of this point. This point 
will be denoted as /,’. The sign of 
dw/dx at x=, is positive when 17, <17;’ 
and negative when |, > //'*. These 
situations are shown in Fig. 13, where /) 
wave is plotted as the function of 2, and 


numbers attached to each wave function 


are the corresponding values of /%. 


S wave for |,=90 Mev is also shown for 


Higa 3, 


comparison. .S wave for /”,=30, 60 or 
Behaviours of / wave function near the hard core 


are shown for /7,=30, 60, 90, 120 Mev. 


120 Mev are almost the same as that 
for 90 Mev. 

2) Next if x, is fixed to the value 1,(I’,°) and Il, is changed about the vicinity 
of 17°, then binding energy varies as the function of |”, which has a minimum at ]7,= 17’. 
Only very small increase of the binding energy over this minimum value is caused as |’, 
deviates from I,’ provided that (/;—1%") is small irrespective of its sign; this will be 
expected also from the discussions of the last paragraph. In fact, the increase of the binding 
energy is so small that it can not be detected against the increase of |’, about 10 Mev. 
These facts may show that the binding energy is a continuous function of |”, having a 
minimum at V,=Il. However, if V, > V;,° the 
1) wave has a node in the same manner as 
mentioned in the last paragraph, and if V7, < 17° 
it has not. 

3) It is commonly believed that when some 


potential parameters are continuously varied, the 


binding energy 


binding energies of the potential change as con- 


seed state tinuous functions of these parameters. If the 


: - otential becomes more attract i 
Potential become more attractive P ractive and begin to 


cones have one more bound state, this new bound state 
ig. 14. 
must be borne anew from the zero energy states. ** 
In the other words, the energy curves have common features as shown in Figs: 1450 ee 
4) As was shown in paragraph 2), if J, is a little smaller than 17°, D wave has 
no node and therefore this state is certainly the ground state. When |”, increase above 
V;’ the binding energy changes continuously and at the same time /) wave function varies 
continuously as shown in Fig. 13 and becomes to have a node. This nodal wave function 
also corresponds to the ground state because there is no sudden change to be expected in 


the energy level curve through 1%". If this nodal wave function was not of the ground 


T”,° may be, in general, the function of 1”,, but this is out of the problem. 


This state is a degenerate one, when the box of closure for the system becomes infinitely large. 


*** Tn this case, a crossing of energy curves does not occur. 
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state, it must be continued with a corresponding second energy level curve which would 
arise from zero energy. But actually this energy curve is continuous with the curve of 
the lowest level at 17< V,’. 

5) For 17> 1, if the state which has the nodal /) wave function as shown in 
Fig. 13 does not happen to be the ground state, then there must be the ground state 
with a nodeless wave function. This function will be denoted as ¢/,= (7), 7,) and the 


nodal wave function as (’= (wv, w). Then these two functions must be orthogonal each 


other. If one assume ~ and zw, have the same sign (positive), then cz, must have either 


of the following alternative characters, since \ a udx= —\w,wwdx. 
i) ww, has the same sign as 7, 
and its amplitude is very large in the 
region where «w’ is negative and very 
small in the region where 7 is positive 
as shown in Fig, 15a, or 
ii) 7, has the opposite sign to 
#, and its amplitude is large for the 


head core 


region where zw is positive as shown 
in Fig. 15b. 


Thus main part of zz, must have 


the same sign as the tensor potential. 
Total energy is given by the following 


form. 


E= fuPu dat feoRevds =F al V wdx, 


head core 


tensor potential 


where P and RF include the kinetic 


energy operator and a (“ effective ”’) (b) 
central potential term, and f is a posi- 

tive constant. /, is a tensor potential 

inclusive of its sign. Then, if other Rigs 15. 


things are the same, the wave function 

for which the sign of zw is the opposite to that of |” has lower energy. Therefore ¢/, has 
rather larger potential energy than ¢/. The kinetic energy also seems to become larger for 4/, 
than for ¢/ since zw, (and also 7,) behaves in a more steeply varying manner than ¢. 
So it seems impossible that ¢/, has lower energy than 4; and these facts support the con- 


jecture that ¢/ is the wave function of the ground state, 
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Note added to proof. According to the recent experiment performed at Berkeley (O. Chamberlain and 
J. W. Easley, Phys. Rev. 94 (1954), 208), the 7-f augular distribution at 90 Mev shows good symmetry 
about 80°. The results calculated by TMO potentials’) did not show such a good symmetry. This may be 
also the case in our calculation if we take the value of 7 about 0.1. But this value is tentative one, and 
can be varied by changing inside potential parameters without violating the restriction to fit the experimental 
values of the total cross section and the quadrupole moment. But angular distribution depends delicately on 
the details of the P-state potentials. Symmetry at 90 Mev will be due to the balance of the asymmetric effects 
of /-states and y. But such a balancing will not hold at 135 Mev.®) 
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Taking into account new development of meson theory of nuclear force both from field theoretical 
and from phenomenological point of view, /-/ scattering upto 100 Mey is analyzed. Namely, adopting 
the pseudoscalar meson theoretical potential in the singlet states and subtracting their effect from the 
experimental data, magnitudes of the central and tensor potential in the triplet odd state are obtained. 
This analysis shows that the central potential must be very weak and that the tensor potential is not 
so strong as potentials of the other states. These features are also favoured to 7-f scattering. The 
meson theoretical potentials of this state are very similar to this phenomenological one and consequently 
it is concluded that no corrections are. requisite that alter the characteristics of the meson theoretical 
potential of the triplet odd state. The properties of the meson theoretical potentials of the other states 


are also discussed. 


$1. Introduction 


The problem of the meson theory of nuclear forces has recently been attacked by 
several authors. On the one hand many attempts” have been made to derive the 
nuclear forces from the symmetrical pseudoscalar meson theory by improving the approxi- 
mation method and taking into account various corrections. On the other hand such 
meson theoretical potentials have been shown to reproduce low energy nucleon-nucleon 
scattering data including deuteron parameters provided physically reasonable prescriptions 
such as the introduction of phenomenological potentials when the two nucleons are close 
together or the reduction of the meson pair terms are made.” Also the nucleon-nucleon 
scattering upto 100 Mev has been investigated by us and others’ (hereafter referred to as 
II) adopting the static potentials of the second and fourth order derived from the sym- 
metrical pseudoscalar meson theory with pseudovector coupling’ (hereafter referred to as 
TMO potentials), where they have been shown to be satisfactory on the whole for such 
high energy phenomena. In reference II, however, we have pointed out two problems to 
be investigated anew. One is concerning to the S-wave: Because only S-waves are 
affected by the phenomenological potentials of the region where two nucleons are close 
together, it is necessary to reinvestigate this phenomenological character more in detail 
adopting the meson theoretical potentials far from the origin. The other is concerning to 
the triplet odd state: Owing to the cancellation of many terms derived from the meson 
theory, the potentials of this state have very delicate features. So it is rather desirable to 
find out the potentials of this state from the phenomena. 

Brueckner and Watson” have also derived nuclear potentials of the pseudoscalar meson 
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theory reducing the effects of the meson pair terms which arises in the aes 
approximation to the pseudoscalar coupling (hereafter referred to as BW). aoe a ear po n 
tials thus obtained are different from TMO’s in the treatment of non-adiabatic correction 
to the second order terms. <e 

Let us call attention to the region + < 0.6,* where the sixth order potentials” or 
multiple scattering effect” are not important. The difference wee 3 potentials es 
TMO and those of BW in this region is quite negligibly small in the singlet states ir- 
respective of their spacial parity, while it is remarkable in the triplet states. In the triples 
even state the non-adiabatic correction term of BW yields the attractive central force instead 
of the repulsive one of TMO and makes the tensor force less strong. In the triplet odd 
state this correction term is numerically one ninth of the even state. 

Putting all that is mentioned above together, it seems reasonable for us at this stage 
to attack the problem of f-/ scattering in the following way: Confine ourselves to the 
nucleon-nucleon scattering of the limited region of energy upto 100 Mev for the reasons 
discussed in detail in II. Divide the inter-nucleon distance significantly into two regions, 
i.e., the outside region (which means the region of 4 = 0.6). and the inside one (4 < 
0.6). Take for the singlet state TMO’s potentials in the outside region regarding them 
to represent the true features of the meson theoretical potentials, while in the inside region 
various types of phenomenological potentials are taken. Recalculate the low energy parame- 
ters and 'S-wave phase shift whereby paying attention to the effect of the inside phenomeno- 
logical potentials because only ‘S-wave is affected by them (Sec. 2). The inside 
phenomenological potentials are assumed to be energy independent as the first approximation. 
Then subtract this singlet even scattering from the experimental result of /-f scattering at 
18.3 Mev to get the triplet odd scattering, which is analyzed according to the procedure 
explained below assuming that only central and tensor forces are present in the two-nucleon 
interaction as predicted by the meson theory (Sec. 3). 

This analysis shows that the central potential of this state must be very weak and 
that the tensor potential is not so strong as potentials of the other states. Such salient 
features of the phenomenological triplet odd potentials are favourable not only for both 
very low and high energy p-/ scattering but also for 7-/ scattering (Sec. 4). It is to be 
emphasized that weak triplet odd central force, which is favourable in n-p scattering, is the 
only one that is allowed by /-/ scattering, 

To find out the triplet odd potentials, P-waves are required to play a certain role to 
determine the angular distribution of pp scattering. However, as energy goes higher, 
F-waves begin to take part in the angular distribution mainly through the mixture para- 
meter tan€é, of the two channeled odd state with /=2 and the situation becomes very 
delicate. This is the reason why we should choose the 18.3 Mev experiment as the object 
of our analysis. 


The triplet odd state potentials due to both TMO and BW treatment are very 


similar to our phenomenological ones as far as the region 4 = 1 concerns and it seems 


a 
4 


v js the inter-nucleon distance in the unit of the meson Compton wave length 2/uc=1.40X 10-3 cm, 


tae me 


Phenomenological Analysis of the Meson Theory of Nuclear Force 523 


quite possible for them to fit the experimental data very well if the proper value of the 
coupling constant is chosen. Consequently no corrections that alter the characteristics of 
the TMO or BW potentials of this state are requisite. 

Of late, a new method treating the nuclear force problem of the meson theory 
has been proposed by Fukuda, Sawada and Taketani® (hereafter referred to as ES 1) 
in which the dissociation probability of nucleons is properly taken into account. Their 
result goes to that of BW when the dissociation probability is put identically zero while 
the treatment of TMO gives the divergent dissociation probability. As to the potentials 
of FST, they lie between those of TMO and of BW. This result on the one hand sup- 
ports our adoption of the singlet meson potential of TMO (which is quite the same as 
BW’s) in the region + = 0.6 and on the other hand agrees with our conclusion that the 
correction to the triplet odd state potentials of TMO or BW is not so large as to change 
its characteristic features. 

In the triplet even state the potentials of FST are close to BW’s rather than TMO’s. 
A phenomenological research to this state assuming the potentials similar to BW’s has been 
made by Matsumoto and Watari” reporting that such potentials are favourable to give 
the 7-f total cross section of the magnitude known experimentally at high energies. Nei- 


*) nor meson theoretical one’ have ever been successful to 


ther phenomenological potentials 
reduce the 7-7 total cross section to the experimental values. In view of all these pheno- 
menological properties of the meson theoretical potentials, one may conclude that the 
symmetrical pseudoscalar meson theory is consistent with the main features of nucleon- 
nucleon scattering upto 100 Mev concerning both angular distributions and total cross 


sections (Sec. 5). 


§ 2. Singlet even state 


We adopt the potential of TMO in the outside region with various values of coupling 
constant g’/4z. The results are summarized in Table I and H. In Table I we take as 
the phenomenological inside potential hard core surrounded by square well, the core radius 
being a parameter, while in Table Il we subdivide the inside region into two parts at 
a=0.3, the depth of the potential for 0 < 1 < 0.3 being a parameter. 

It is to be noted that the magnitude of ‘S-wave phase shifts obtained here is not so 
large as in II. As mentioned above, we can expect for the potentials of BW and FST 
not to yield results so different from Table I and I. 


2—1. Low energy scattering 

In Table I and II, we show the values of effective range 7, corresponding to scattering 
length a= — 23.69 +0.06 x 10~"cm, which is obtained from the 7-f experimental data". 
The experimental values of some of the low energy parameters such as singlet 7-4 and 
p-p effective range 7m.) and 7,,,, and singlet /-/ scattering length «@,., depend more or 
less on the shapes of the potential themselves assumed to analyze the data. Taking this 


fact into consideration, the experimental data available at present are, including the experi- 


mental errors : 
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19-2 7 10r ems > 


Ven-p 


=9'5 2.8 x10 cox 


V ep-p 

In this paper, we expect for meson theoretical potential also to yield effective range 

of the values above, which is quite reasonable, since the shape factor /P of the meson 
theoretical potential is as small as those of the usual phenomenological potentials as can be 


seen from the phase shifts at 18.3 Mev in Table I and II. 


Table I. Properties of the singiet even TMO potential together with phenomenoiogical inside 


potentials such as 
17, (x) =V, for 0.6 > x = x0, 
1/7, (#) =00, for x9 > x. 


They give the scattering length «=—23.7<10-"cm. 
nr  ———————— 


g2/4n| x9 | V(Mev) | Coe 1% fag (18. ace =o AG0Mew) 1§)(90Mey) | 14 218. aes 19.(40Mev) 'd.(90Mev) 
— | | == ne =. —_ = — ———E 
0.08 | 0.0} 3.5 | 2.04 52.40 41.4° 10° 27° 
0.3/—2.8x102| 2.15 49.6° 36.1° 
0.5|—3.5103 | 2.27 47.2° 31.8° 
= Ved aes SO ade hn z ee i ae da ae ~*~ 
0.10 | 0.0| 1.4x102| 2.46 57.4° ~48° ast 4 
0.3/—1.1X102| 2.52 55.6° 
0.5|—3.5X107 | 2.58 See ~43° 272 
0.12 | 0.0] 4.0x102]| 2.76 51.5° be@are 0.5° Pasi 
O22 x 102277, 515° 
0:5/—2.8x10 | 2.81 51.5° 


bn 
Toble II. Properties of the singlet even TMO potential with g?/4z=0.08, together with 
phenomenological inside potentials such as 
IV. (x) =F" for 0.6 > «x > 0.3, 
1. (x) =V, for 0.3 Poe 
They give the scattering length «= —23.7%10-cm. 
Ss 


TV VU Mev) 17 (Mev) ei" Wem) ne gkaOMey) aeoner: 
a ine Ee 
3485) | Sh) | 2.04 52.4° 41.1° 
10x10 | —7.6xX10 2.10 UP le 3924 
co —2.8X107| 2.15 49.6° 36.1° 


——————— eee 
Table III. Phase shifts yielded by the phenomenological potentials fitted to the low energy 
parameters, taken from references 21 and 23. 


iii PTT LE Ta... 


potential shape 19)(18.3Mev) speeMen) PoseMe) ty afl. aden? aAeOMey) )18,32Mev) 


| i 

square”) ; 6° 
see be 48.5: 41.99° | 0.26° 0.770° 
! , | 47.54° | 1.20° 
singular Yukawa?!) | 54.2° Dletow | 0.7° . P 

et f ; 1.40 
L 28) C | 

évy 52.8 44.85° | 0.35° 0:97.85 


Phenomenological Analysis of the Meson Theory of Nuclear Force 525 


2—2. 18.3 Mev p-p scattering 


. Li - 9 IN) . . 
The singlet S-wave phase shift '0, and D-wave phase shift 'd, are given* in Table I 
and II. 
1S - . . ° 
0, increases as effective range 7, or coupling constant y’/47 decreases as can easily 


be seen from the shape independent approximation 
& cot '0,= — (1/a) + (1/2) 7,2”. (1) 


It is necessary to modify the values of phase shift 'd, in Table I and II if we adopt 
them to analyze the 18.3 Mev /-/ scattering data. The first modification comes from 
the difference @,., and @,.,. This is estimated according to the fact that a, <@p»S 
—16x107"%cm." The second modification comes from the presence of Coulomb force 
which amount, however, small. Thus, the resultant lower bound for true ‘0, of f-f scat- 
tering due to the meson theoretical potential is estimated to be about 49°. The upper 
bound for true '0, for f-f scattering is determined from the differential cross section of 


p-p scattering and is about 54°. (See Fig. 2). The same modifications to ‘0, are quite 


negligible. 
2—3. High energy scattering Mev a 
The phase shifts "), of 40 Mev 200 


and 90 Mev are also given in Table 
I and IJ, which are apparently smaller 100 
than those obtained in II, i, e., 64.8° 
and 47.3° respectively. The origin 
for this differences seems to consist in 
the two facts that, first, we have 
adopted the rather small value of Sie 
7,=2.26 X 10cm in IL and second, 
obtained the core radius corresponding 


to the coupling constant °/47= 0.08 


—200 


by the linear interpolation from Table 
2b in the reference 1. — 300 

As can be seen in Fig. 1, the 
potential of this state derived from —400| 
the meson theory is characterized by 
weak attractive force in the region 


4 < 1.2 and by rapidly varying strong 


Fig. 1. Singlet even potentials that are equivalent at 


low energies : 


eer ee iin ‘the tesion 0.6% Q=—2337 %10-em, and %2¢=2.77.% 10>"cm. 
a . . . . 
se paaee 8 ; M: meson theoretical potential of TMO with 
<1.0. It suggests the existence of 9/4n=0.12, 

a interaction of very strong repulsive S: square well potential, 


nature in the region 1 <0.6, as it Y: Yukawa potential. 


* We denote the singlet and the triplet phase shift by 167, and *6,,7 respectively. 
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: : “ ss 29 
must reproduce experimental effective range. If the concept potential were allowed to 


keep its validity above the energy of 100 Mev, such a strong repulsive inside potential might 
begin to contradict with scattering data, which forces us to introduce energy dependent in- 
teraction. (Note that the core radius of Jastrow’s potential” in the singlet state is 0.43 in 
our unit.) But this might be only a conjecture because the behavior of the potential in 
the neighbourhood of +=0.6 is not finally determined, for example, on account of the 


multiple scattering effect. 

As pointed out in I, the magnitude of ‘0, is exceedingly small compared with the 
phase shifts '0, given by the usual phenomenological potentials, since the meson potential 
is extremely weak in the region x>1.2. (See Table III and Fig. 1.) This situation is 


very desirable for isotropic /-/ scattering data. 


§ 3. Phenomenological analysis of the triplet odd state 


3—1. Analysis of the experimental data of p-p scattering at 18.3 Mev 


The differential cross section of f-f scattering can be regarded to consist of the five 


terms : 


Opp (1) =Fyorp (due to Coulomb force only) 
+'oy (due to nuclear force of the singlet even state only) 
+'ooy (due to interference of Coulomb and singlet nuclear force) 
+"oy (due to nuclear force of the triplet odd state only) (2) 
+"ooy (due to interference of Coulomb and triplet nuclear force). 


Neglecting /-waves and waves with higher angular momentum,"’ 


"O y= (1/4") (3C, + 3C, cos’ 4), (3) 
u iel + 8N(K\9 3 at ESAS ° is * RQ 0 * 8 RX9 ‘ 
oe ; (sin *0;")* + : (sin *0,')* + (sin *0,°)°— : sin “0," sin °0° cos (*0,"—"0,°) 


3 38 
= se SPL ote OS 391 go 
: sin "0, sin "0; cos("0, —*d,), (3') 


a 


3 + 8y 9 - * 8NQO Nae a4 P > 
C,= 4 (sin “0,')° + (sin “0;")* +2 sin *0,’ sin °0/° cos (*0,°—30,7) 
+- sin °0," sin *0,? cos (70,1 —*0,") " 
a 1 1 1 eae (3) 
"Coy= (1/h") (n/2) cos O{ f(A) 5 +9 (0) CS}, (4) 
A) — 2 80 ° H BN) = 82 
- sin 2°0,' + 3 sin 2°0,'+5 sin Zon. (4’) 
TG=9— (cos 2°0," + 3 cos 2°0;' +5 cos 2°0,°). (4’’) 


where & is the wave number of the relative motion and 7=c"/hv, uv 
| aie iS 


velocity. The functions J(G) and g(@) are cing the “relative 


independent of the nuclear phase shifts and 


| 


~¢ 
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their numerical values are easily to be obtained at an arbitrary energy. After both oyopp 
1 1 Shap h BS 
and ‘oy+'@ey calculated assuming 'J, and '0, in Sec. 2 are subtracted from o,, (W), the 


rest terms “oy+°o oy are compared with the experimental result at 18.3 Mev." Three 
conditions below follow immediately. (See Fig. 2.) 


Hye Compare the’ a,, (90°) : 
the allowed 3C,=0.08->0 corresponding 'J,=49'—54". Cond. (1) 
ii) Compare the o,,,(30°) taking the experimental error into account : 
0.006 > d > — 0.018, Cond. (II) 
where 4 = | {*oy(30°) +%o¢y(30°) }— {¥o (90°) +%o¢y(90") } | +2” 
=2.250C,—0.111 5—0.0001 S 
=2.250C,—0.111 J. 
iii) Compare the o,, (4) in the region 40° <4 <80°, where the “avy is negligibly small : 


0:00 ,C, 0. _ Cond. (IIL) 


x 10-27 cm? 


30 


Fig. 2. /-f scattering at 18.3 Mev 


Differential cross section in the absence of triplet 
odd potentials (o yorr+'oy+!ocx) with 'd.= 
0.1° and, A: with 16)=49.0°, B: with }d.= 
Sic. © oe with 40p —54.0-)\. 

teres Differential cross section when C,=-0.02 with 


25 


adjusted Cy to reproduce the experimental 
opp(90°) and with 4=0. 


Experimental data are taken from reference 15. 


15 
0 30 60 90° 


3—2. Phenomenological phase shifts 

According to Wigner and Hisenbud,’” types of the nuclear two-body non-central 
interaction are as follows if we limit ourselves to expressions involving no higher powers 
of the relative momenta / than the first : 


ys (ore 2 , =! 
o™” +a) g wv) ~ (6-6), 


at 


Ss ( 


DaSza(coep) (0° 5), 
(aX Pp): (a =o), COX Dp) (6 xo), 


The latter two of which, however, can be effective only between neutron-proton interaction. 
Consequently we adopt tensor and [-S type as non-central interaction. 
Following the procedure below, one can generally find ail sets of phase shifts (*0,", 


528 S. Otsuki and S. Fuyit 


891,302) allowed by /-/ scattering experiment assuming the type of the non-central inter- 
action in the triplet state, if one knows the singlet phase shifts by some means. (Note 
that the force of the singlet state is purely central and is easy to be treated.) Conversely 
one can find the type and magnitude of the non-central interaction in the triplet odd state 
. 390 BY1 332 
if one knows the values of the three phase shifts (*0,", "0,', “0, )- 
Putting 

sin eons Oo. = t, | 
sin Saeed =y; (5) 
Sifts, —="0, ==a5 | 


4—s=X, y—2=Y, (6) 


then retaining terms quadratic in \’, Y and », it follows that 


C= O/3yxe Grae: (7) 
C= (3/4) V?+6Ye4 2X24 92", ese 
D=2X+6V +182, (8) 
G=2N7+6V°4+182°+4Xe412V2. (8’) 


Plotted on the Y—Y plane (Fig. 3), condition (I) C,=a constant corresponds to a 
ellipse with its center at the origin (for example the curve a and @ of the Fig. 3). As 
allowed 3C==0.08~0, an arbitrary point inside the ellipse @ satisfies the condition (I) 
independently of ¢. The condition (II) J=a constant corresponds to a parabola with its 
axis parallel to the .\-axis if » is fixed (Fig. 3. curve c,d@,¢ and /, for example). There- 
fore, if ¢ is fixed, an arbitrary point on the corresponding parabola inside the ellipse a 
represents the phase shifts (°0,",°0,',°0,°) satisfying the condition (1) and (II). The 
condition (II) C,—a constant corresponds also to a parabola with its axis parallel to the 
X-axis if © is fixed. In the region of interest, the leftward open parabolas (Fig. 3. f, for 
example) satisfying the condition (IL) make (,~0.1 and must be discarded by the con- 
dition= (II) Cs<0:01, 


Assume only the tensor type as the non-central interaction. Then according to the 
Born approximation™ 


OC ey Ae a 
yoo +2, (9) 
doers ty — 0.4" Pas 
Therefore 
#—8: y—s=X: V=—3.6V': 24475 =—3: 2, (10) 


We deno i i a i 
te, for example, the triplet central odd potential as */%°, and the singlet even potential 


Ae we ; f 
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ey Yo OB). (11) 


1? 


tensor force exists near the straight line Y= — (2/3) X (Figs 3,- straizhe? lines) een 
addition, the distance between the origin and the point representing the phase shifts gives 
the measure of the magnitude of the tensor force as VY and VY are proportional to *]7,! 
independently of "17°. According to *l7¢>0 or <0, this point lies in the second or 
fourth quadrant respectively. The magnitude of the central force presents itself through 
the parameter x though indirectly and a little complicatedly. In the absence of tensor 
force the point representing the phase shifts lies on the origin, which means that the 
pure central force in the triplet odd state gives rise no isotropic differential cross section, 


namely C,=0. 


Eq. (11) means that any set of the phase shifts (°0,°,*0,', 0,7) yielded by central plus 


From the relation between the exact phase shifts and those of Born approximation, 
one can see that the point representing the exact phase shifts lies in general in the upper 
side of Y= — (2/3)X, i.e., in the shadowed region of Fig. 3. 

What is mentioned above holds also true when a hard core is adopted as the inside 
potential, because Y and Y 
are unaffected by the pre- 
sence of a hard core so far 
as the first approximation 
is concerned. 

If one assumes only 
IL-8 type as non-central 
interaction, the point repre- 
senting the phase shifts 
lies near and in the upper 
side of the straight line 


Ve 2/3) Xx, 
(See Fig. 3, straight 


line 7) (12) Fig. 3. Phenomenological triplet odd phase shifts represented on 
the A-Y plane. 
instead of Y=— (273) Xa a: 3C)=0.08 corresponding to !d)=49.0°. 
6: 3Cy=0.03 corresponding to 10y=51.5°. Cond. (1) 


that corresponds to the 
4=—0.006 when z:=—0.05. 


tensor force. 


c 
da ” s=0.0. 
Conversely, if *0,°, °0,' a 2 eH One Cond. (II) 
and °0,° are known by some f: s=0.1. 
means, the point representing s: Phase shifts by the Born approximation when central and 
, tensor force are present. 
them on the XY—Y plane ¢: Phase shifts by the Born approximation when central and 
shows the relative weight Ties iorcaee preenns 


of the types of the non- The region where the exact phase shifts lie 


central interaction—-by the when central and tensor force are present. 
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tangent of the straight line through this point and the origin—and the magnitude of the 
interaction by the distance between this point and the origin - 

The pseudoscalar meson theory predicts negligibly small L-S force between two 
nucleons as far as the outside region concerns so that we assume here only tensor force 
as the non-central interaction, at least upto 100 Mev*. It is impossible to determine the 
potential uniquely even if the phase shifts are known at certain energies. Therefore, adop- 


ting simply square well potentials both for central and tensor part with the range +=2 
which corresponds to the considerably long range that the meson potentials for this state 
seem to have, we obtain the depth allowed by the experimental data and recalculate the 


phase shifts yielded by them. The results are summarized in Table IV. 


Table IV. Phenomenological potentials (square well of the range x=2) and phase shifts allowed 
by 18.3 Mev /-/ scattering experiment when only central and tensor force are assumed. 
s1y¢ and 51y¢ are their depth respectively. Cy, C. and 4 determine the angular distri- 


butio 


n. 


s1y¢ (Mev) 81’y" (Mev) 


*0\° *9! “6? Co Co 4 
2.15 5.35 14.394) #43 0.0° 0.024 0.004 0.014 
0.5 5.0 14.9 ara! 0.6 5 7 
—0.65 4.85 15.5 3.5 1.1 4 eee 
ts 3.8 86° —2,9° 0.0° 0.010 0.002 0.014 
~0.1 3.55 9.2 94 0.6 | “F 3 lve 
20.25 32 9.7 i eF 12 ‘ 9 ee NG 
1.8 0.0 —=0.6% = 0.67 —0.6° | 0.000 0.002 0.022 
0.0 0.0 0.0 0.0 0.0 - of) ,coeiag 
E26 0.0 Ll Ll ie - 3 wf ore 
3.55 —6.55 —7.4° 5.7° =—25 0.017 0.003 0.022 
1.9 —6.0 —6.9 5.7 ae 16 y le cabs t 
02 =5.0 =6.3 6.9 =O6 15 o> ee 
4.9 ~8.0 —8,3 6.6° —2.9° 0.028 0.003 0.025 
1.45 es, Bi 8.0 8.0 BR: 26 5 i aie 
0.05 7.0) 7 8.9 —0.6 24 7 ae ae 


4—], 


§ 4. 


Potentials of the triplet odd state 


Properties of the phenomenological potentials 


From Table IV we can see that the experimental results of the pp scattering at 
18.3 Mev require the phenomenological potentials of the triplet odd state such as 


i 


formation method. 


Recently, K. Nishijima and M. Shindo obtained DL- 


"[7° is very weak, 


(13-1) 


S force of the fourth order by canonical trans- 
It is very small compared with tensor force in the region v>1, 


i 
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SV ii=+5~—8 Mev. (13-2) 


First, the central part of them is very weak. It is much weaker than the tensor part 
except the case of extremely large 'J,. Second, the tensor part itself is not so strong as 
the potentials of the other states. These phenomenological potentials are continuous with 
“Vy where the larger | *//,‘| means that the contribution of the triplet odd interaction to 
the isotropic angular distribution is the larger, which is required when '), is the smaller. 

Physically, possibility of strong attractive central force is excluded as it gives rise to 
to large C., when the angular distribution gives a minimum at 90°. This excluded pos- 
sibility corresponds to the curves such as ¢ and f in Fig. 3, which have been laid aside in 
3-2 already. These curves require instead of eqs. (13-1) and (13~2) 


37,°~ —8 Mev, (14-1) 
*V t= +4~—6 Mev. (14-1) 


Another possibility of strong repulsive central force is also ruled out, as first, it gives 
large C,, and second, it interferes with Coulomb force constructively in the region J ~30° 
and definitely contradicts with experiment, since the interference term is determined mainly 
A} = (1/9) (sin 20,0 +3 sin 2°0,' +5 sin 2°07) which is proportional to *V,° according to 
the Born approximation. Therefore the central force of the triplet odd state must be 
weak indispensably. 

The properties of the required phenomenological potentials (13-1) and (13-2) are 
as follows : 

i) Some of them are not in disagreement with the information of low energy p-/ 
scattering experiment” which tells that the averaged P-wave phase shift is negative, for 
example, at 3.899 Mev, (1/9) (0,’+ 3°01 + 5°0,°) =—0.109 +0.20°. At such a low ener- 
gies P-wave phase shifts are determined mainly by the features of the potential far from the 
origin (the wave length *=3x%/pc) so that the square well potential model adopted 
here is not adequate for quantitative discussion. (See also 4—3 and Note Added in Proof.) 

ii) Not only at 18.3 Mev but also at the higher energies upto 100 Mev, there 
remains the relation C,<C, and it is satisfactory for the isotropic /-f angular distribution. 
Actually we have performed the same prescription at 40 Mev. ‘The result is quite similar 
to (13-1) and (13-2) or Table IV, that is, °V,’= +1~—2 Mev and *//,'= ations —5Mev. 
For the quantitative comparison, however, attention must be called to the fact that: In 
the presence of tensor force, the mixture parameter tan€, of the two channeled odd state 
with 7/=2(*P,—*/*, state) makes a delicate effect on f-/ differential cross section. For 
example, even at 90 Mev, the /-wave phase shift is in general indeed much smaller than 
the P-wave phase shift but according to our estimation, the mixture parameter ol as a 
do have the possibility to change the differential p-f cross section due to the triplet odd 
interactions to the extent of about 30%. Unfortunately, while we scarcely know about 
the nature of this mixture parameter (What is responsible for determining the sign and 
magnitude of it? Or which region of +> 0.6 or <0.6 is more responsible for it ?), the 


large ‘tensor part of the phenomenological potentials above suggests the importance of this 


532 S. Otsuki and S. Fujii 


parameter. ‘Therefore, the higher the energy goes, the more suspicious it is to ee 
quantitatively adopting these phenomenological potentials in place of meson theoretical 
potentials. At low energies tan€, decreases like Z° and the 7-wave phase shift thal goes 
to the / wave phase shift in the absence of tensor force) decreases like £*) and it is cer- 
tainly unnecessary to take above fact into account. 

iii) From the angular distribution of high energy x-/ scattering which is fairly 
symmetrical about 90’,* the next inequality was concluded by Christian and Hart” assuming 


the same shape and range of potentials for all states : 
04 (1/474 + G/4) a) re (15) 


The singlet odd phenomenological square well potential with the range v=2 that gives 
the same phase shift as the meson theoretical 'l7, of TMO or BW has the depth of about 


+16 Mev. Combined with this phenomenological 'J’,, our phenomenological */’,” gives 
(1/4)'V+ (3/4)? V°=2~7 Mev 


and is quite satisfactory. 

As was stated before, the conditions (II) and (III) depend on the value of '0,. 
Qualitatively, for large '0,> 0, J must be smaller because of the interference between 'S- 
and '/)-waves. Quantitatively, however, even for '0,=0.5°, J~ —0.035 and so the char- 


acteristic features of the phenomenological potentials (13—1) and (13-2) are not affected. 


4—2. Comparison with the other phenomenological potentials 


Upto date several /- phenomenological potentials have been proposed which consist 
of central and tensor part. We will discuss here briefly the characteristic features of their 


triplet odd state and compare them with our phenomenological ones (13-1) and (13-2). 
i) Jastrow’s potentials” 


5V i= + (50.8 Mev) e-*/*, 4,=0.535. (16) 


Clearly they satisfy (13-1) and owing to the exchange character attached to the tensor part, 
(0.3+0.7P,), it is weak compared with the potentials of the other states. 
ii) Christian and Noyes’ potentials” 


a) 0" 


°Vy= + (23.5 Mev) e*/*t/(x/x,)°, x,=1.14. (17) 


Also they satisfy (13-1). "/7 is rather large because their singlet central force is square 
well and gives the small '0,. (See Table Ill.) 


iii) Lévy’s potentials” 


fe 3 mm : ; + 

As far as we know, there is one exceptional experimental result that gives the small forward scat- 
i - ey,19 ece 2 i i i 
tering at 145 Mev,! but recent results®*) again give the symmetrical curve about 90° in the region 5° to 
180°. 


Phenomenological Analysis of the Meson Theory of Nuclear Force B33 
B77 1 =) pL ae 
i = De 
eee Ce) Say 
Eee i” Bergh o4 5 a noe ~ 
—3( (Qf per - ne qe zis eae 
7) t) 2 | x XS ( vr) 25H 7 Ki) ) ,? (18) 
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These potentials have been shown to reproduce 18.3 Mev /-p scattering data well.” 
According to Martin and Verlet, we take the value G’/47=10.36 corresponding to 
g°/4%=0.058. The numerical estimate shows that °/7'=| °° | at x~0.8, | °° |<?Vy 
outside. Furthermore *V,°=0 at +~2.0 owing to the cancellation of the two terms in 
the central force. So eq. (13-1) is satisfied as far as the outside region is concerned. 
®]7* is the usual symmetrical pseudoscalar meson potential of the second order and so eq. 
(13-2) is also satisfied as will be discussed in 4-3. However, since *//,° is attractive in 
the region x < 2 and rather strong near the origin, Lévy’s potentials might give rise too 
large C, at higher energies. 

As a summary, the salient feature (13-1) is common to all phenomenological poten- 
tials and (13-2) depends on the values of 1), more or less. It is to be emphasized that 
the weak central force of the triplet odd state is necessary and sufficient for f-f angular 
distribution, while it is only sufficient for the 7-p angular distribution, as eq. (15) can be 
satisfied if the central forces of the singlet and triplet odd states have opposite sign and 


cancel out each other, however strong they may be. 


4—3. Comparison with the meson theoretical potentials 


The TMO potentials of the triplet odd state with 7° /47=0.08 and the BW poten- 
tials with the equivalent coupling constant G?/4n (/2M )?=0.08 with reduced meson pair 
terms are plotted in Fig. 4. They are very similar with the phenomenological potentials 
(13=1)° and (13-2) with the positive tensor part, 37> 0 in the region 2 >1. There- 
fore, we may surely say that no corrections altering the characteristic features of both 
tensor and central part of the triplet odd state potentials are necessary from the pheno- 
mena and that it is possible for the meson theoretical potentials to reproduce the p-p 


scattering data fairly well if the value of g°/47 is adjusted and suitable inside pheno- 


menological potentials are adopted. 
On the other hand, from the field theoretical point of view, no cotrections to this 


state are to be put to the potentials in the region +> 1 whose dominant part is of the 


The potentials of TMO and BW are markedly different from each other 


second order. 
only in the region ¥ <1. 

The tensor part of the meson theoretical potentials in the region 2 > 1 is repulsive 
So that for the larger °/47 we have the smaller '0, 


and mainly proportional to g /4T. 
ce of the triplet odd state. This ten- 


in the singlet even state and the stronger tensor for 
dency is consistent with the p-p scattering phenomena because the decrease of the singlet 


cross section due to the smaller 'd, must be covered with the tensor part of the triplet odd 
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Mey BW, | Fig. 4. Symmetrical pseudoscalar meson 
i MO, 5 theoretical potentials of the triplet odd 
| state of 
Ay | TMO with g?/47=0.08. 
ae BW with equivalent coupling con- 
A aa + 0 stant G2/42(/247)*=0.08. 
0. TMOT— 15 0 25 30 : , 
\V /MO/ Bw. : the second order alone with 
| 9) /4n=G*/4x (n/21/)*=0.08. 
(10) 
BW. The suffices ¢ and ¢ mean central and 
ed 1-5 tensor part respectively. 


potentials as pointed out in 4—1. 

The fact that the central part of the meson theoretical potential is slightly repulsive 
in the region x>1 is favourable to the low energy data suggesting the repulsive potential 
effective to the averaged P-wave phase shift. Note that the wave length 4 = 3h/ (pe). 
(See 4-1, i). (See also Note Added in Proof.) 


§ 5. Summary of the properties of the meson theoretical potentials 
5—1 The triplet even state 

The potential of TMO and those of BW are markedly different from each other only 
in the triplet even state, that is, the central part of TMO is strongly repulsive and in 
consequence the phenomenological inside potential of attractive nature is necessary for the 
deuteron to be bound"), while the central part of BW is attractive. The potentials of FST 
is between those of TMO and BW but close to the latter’. Matsumoto and Watari” 
have adopted the “ /-shaped”’ potential similar to those of BW _ in the region x > 0.6 
and obtained many interesting results. According to them, if suitable energy independent 
inside potentials are assumed, not only low energy ji-/ scattering data including deuteron 
parameters are reproduced, but also the total 7-/ triplet cross section at 90 Mev is smal- 
ler than that of IL by about 27%. Consequently, the »-/ total cross section decreases by 
about 23%. This is very satisfactory because both the meson theoretical” and the pheno- 


menological potentials”) proposed so far have given the larger 7-f total cross sections than 


experimental ones by about 20~302). Their success is attributed partly to the particular 
choice of the inside phenomenological potentials, that is, for 0 < + < 0.4 infinitely repulsive 
hard core and for 0.4 < x < 0.6 the square well of the depth */”,°=—500 Mev, *17,! 
= +300 Mev. As we have pointed out previously, meson theoretical results for nucleon- 
nucleon scattering have some phenomenological nature through S-wave phase shift even at the 


energies lower that 100 Mev, which, in the presence of tensor force, is itself complicated 
threefold through a-wave phase shift, 


y-wave phase shift and mixture parameter tané,. 
So, the problems left in future 


are first to reexamine the triplet even state potentials 
derived from pseudoscalar meson theory with FST treatment and then to connect the above 
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inside potentials with the field theoretical one in the region 0.47 ~ 0.6. 


5—2. The triplet odd state 
The only type of the potentials that the /-/ scattering experiment upto 100 Mev 


requires is such that the central part is very weak and the tensor part is not so strong as 
the potentials of the other states. The meson theoretical potentials are very similar to these 
phenomenological ones and it is surely possible to adjust the coupling constant gy /4m and 
assume suitable phenomenological inside potentials to fit the experimental data very well from 
0 to 100 Mev. It is to be noted that as energy goes higher, the details of the potential 
shape will perhaps present themselves through the mixture parameter tan €. Quantitatively, 
it is necessary to reexamine the /-/ scattering upto 100 Mey assuming the FST potentials 
of various values of g°/47 in the region ¥> 0.6 and several types of phenomenological 


potentials in the region 7 < 0.6. 


5—-3., The singlet states 

There is no difference between the potentials of TMO and those of BW in these 
states. 

The strong repulsive force in the singlet odd state satisfies, combined with the triplet odd 
central potential, the Christian-Hart inequality (15) which is necessary to reproduce the 
n-p angular distribution. 

The exceedingly small '0, is favourable for p-7 angular distribution. The phenomeno- 
logical inside interaction of strongly repulsive nature in the singlet even state which is 
required from the low energy experimental data might contradict with the experiments at 


the energies higher than 100 Mev, if one assumed their energy independence. 


5—4. Conclusions 
The nuclear force derived from the symmetrical pseudoscalar meson theory both with 


pseudovector coupling and with pseudoscalar coupling (if the meson pair term which arises 
is consistent with the main features of 


in the non-relativistic approximation is reduced) 
h angular distributions and_ total 


nucleon-nucleon scattering upto 100 Mey including bot 


cross sections. 
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Note added in proof: 


Recently, one of the author (S.O.) and collaborator have shown that the meson theoretical potentials 
actually reproduce negative averaged /-wave phase shift at low energies and that the slightly repulsive central 
potential of the second order in the region *>1.5 is important for it. The coupling constant that fits the ex- 
perimental data is ¢*/4z7=0.08~0.06 and agrees with that predicted from the singlet even state data in this 
paper, ie. 0.08~0.12. We think that this fact gives strong support to the meson theory of nuclear forces, 
S. Otsuki and R. Tamagaki, Prog. Theor. Phys. 12 (1954), to be published. 
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Generalization of Feynman’s Theory of Energy Levels of Liquid Helium 


Hirotsugsu MATSUDA 
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Feynman’s method!) of finding the lower energy levels of liquid helium is generalized to include 
energy levels corresponding to a number of excitons. The expectation values of momentum in these 
levels are calculated. Our extension is valid so long as the number of excitons is small compared with 
that of atoms, and no pair of excitons with wave numbers equal in magnitude but opposite in sign 
co-exists. The excitons derived according to our scheme are found to behave as bosons. ‘The interac- 
tion potential between helium and the surrounding wall can be regarded as a creation and an annihila- 
tion operator of the excitons. The usual hypothesis”) for the critical velocity is discussed in this 


connection. 


1. Introduction 


Feynman” found by his ingenious method approximate energy levels and eigenfunc- 
tions near the ground state of liquid helium. Thanks to him we can now have a clue 
to the atomic theoretical understanding of liquid helium near 0° K. He gave the energy 
levels corresponding to phonons and rotons which Landau introduced.” 

But according to his result the energy levels are restricted to those corresponding to 
a single exciton, and it was not clear to what statistics the exciton should obey. So, we 
shall generalize his method and find states of a number of excitons. 

He estimated the character of the ground state eigenfunction ¢ by the physical argu- 


ment that the eigenfunctions of slightly excited states are expressed as 
N 
=> fUR,) ¢, (1:1) 
¢=1 


since this form is likely to give the state which is the nearest to the ground state in 
energy and orthogonal to it. Indeed, so long as the orthogonal relations are maintained, 
it seems that the forms like this are more appropriate to lower levels than eigenfunctions 


corresponding to a locally excited state which might be approximated by a cage model, 


because a considerable amount of kinetic energy might be associated with the latter case. 


We shall try to generalize by putting 


baS) SS fig Badin (Ba) fin Bale C<N), (1-2) 


4y=1 tg=1- i=) 


where /;,(4%;) is a continuous bounded function, and FR, is the coordinate of the 7-th 


atom. Feynman used the variation method to get the explicit form of /(f%;). As the 
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system under consideration is liquid, there are salient characteristics which made Feynman’s 
calculation simple : 
(1) When ¢’ is integrated with the coordinates of all atoms except one, the result is a 
constant. 
(2) When ¢” is integrated with the coordinates of all atoms except two, the result is a 
function of only the distance between the two atoms. 
It will be natural to assume, moreover, that 
(3) When ¢’ is integrated with all the coordinates of atoms except some atoms, the 
result (which we shall denote by |//(ft;,,---, #;,)) becomes almost constant when all of 
their mutual distances are sufhciently large. 
This fact permits us to adopt the Ursell’s expansion method :” 

a ceed cry b— WANG Doe i ieee Ae (7<€N), (1-3) 

(px) 

where U,, is a function of coordinates of /, particles and vanishes when any pair of these 
/x particles is separated sufficiently from each other. S means the sum taken by substitu- 


ting F;,,---, Ai, as the arguments of /,,’s in all possible ways; and $j is taken with 
(px) 
all sets of partition of /, such that 


[=p + Porto +p. 


Then U, is equal to 1/!” (Vl is the volume of the container), and U,(#%,, Fe.) is a 


function of | #,— #,| alone. 
Especially, 
Cit Roan ¥ ae Te Bee). (1-35 
We see that 


U,=0(01/V) (tt) 
ei, (AR :,) fey (AR iy) ey Ri) CO, CRas +, 2d, dR, dR, =O1/V""),. 1 -5) 
Therefore, if we calculate something like 
(7, Ri) fey CRG) fey CR) WVCR;,, Bij, R)AR:, aR; 


substituting (1-3) for TI”(#?,,,---,42;,), the dominant term is that for the largest value 
of s (the number of factors (’,,, of a term in (1:3)) which gives non-zero value to the 


integral ; the other terms being neglected when the domain of integration tends to infinity. 


Note that /< JV. 


\ 4. Energy eigenfunctions and eigenvalues 


age 
We set a trial function for the excited eigenfunction in the form 


N N N N N 
pp ene nay We 7 —y! EAS = % 
Pry,...5h1; Ferg. -dy: Rg... 2bs 2 ott | rhen Sey ane a Fe, (BRiy,) Fe, (AR i,,) SCaerats 
1) 42) 1(8) fy" dio) 417 )=2 ings TRheni 
wee i a5 wee c 
x fay (Ra iw) Sx, Hi,,) a (Bs, 2(5)) 2. (2: 1) 


oer 
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The following relations are obtained : 


(1) from the orthogonality between ¢/, and ¢, 

\ f, UR) U,(R)dR=o0. (2-2) 
(2) from the orthogonality between ¢/;,;,, and ¢, 
\ fe CR) fis CR) U, UR) dB + (V—1) ff, GR) fis CRY) UR, R) dRdR!=0. (2-3) 
(3) from the orthogonality between 4¢/;, and ¢/,, 


{FE CRD) fie GD) OU, RR) dR + (V—1) Sf ER) fu GRY) UCR, RY) dRAR! =S BR) Og. 
(2-4) 
Then, noting that 
v L(y) =n <N, 
pal 


we obtain 
S]fa.e [eH VOL)! SCB,)™, (2:5) 


where ac denotes the volume element in the configuration space of all the particles. In 
the above calculation, the terms including any U,(/ = 3) as a factor have been completely 
neglected, since the number of those terms is O(/V"), which is the same order of mag- 


nitude as that of terms including C/,’s only. On the other hand, we have 


Cheers, en) iC id Re dita = OL /V) (2:6) 
and 
Uk (RB). (RD) UR, BR) dR dR’ > 0(/V). (2-6)! 
The hamiltonian of the V atoms when energy is measured from that of ground state 
E, is 
He Pin sl VR, He, (2-7) 
Thus, 4 
HD y,,...k, = — 2 [2m 24 a Ler s (fe ARs) fe, Ai,,2¢5)) } 
i=) Ling 
+ 2054 Sten (Bays) fe, Bigsri) 179 PI - (2-8) 


Using integration by parts we easily obtain 
[Pr e...4, Afa,..e, UT 
=h’/2m 2 Da, na LT *e (R:,,') of *n, (Bei 5/104)) } Pai Se (hi:,;) reel Bg (Bs,,2¢8)) bwar 


ing’ 3 Lig} 4 
<a 1 S(Bj)' (4)! a ae ae 
EBS a (ON rf * x, UR) Pfr, (R)U, dR 2. 
es (4) SKM) (ef *n, (Ee) rr i 


neglecting the higher order terms in 1/7. Note that the terms with A,=-A, become 
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higher order. 


The expectation value of energy is 


a j p*e ny TD px, x at 


Vy Ne On hey... Fea; ...5 Rs...s —- ; Fs 
ie) Fe). (Ig Ky...keg| at 
_ Fy LO) Nef, BR) rf, BIR/V (9.49) 
2m pol S(K,) 


As Feynman pointed out, this becomes stationary if 
Ys bc es (2-11) 
and 


Ey... =@ /2m- Da L(Y) Ky /SCK,), (2-12) 


(K,).=27/L, Russ (K,) y=22/L, gs (K,) =27/L, uat (2- 12}7 


where L,, L,, £, are the edge-lengths of the container and /,,, /,, 
It is easily verified that (2-11) satisfies (2-2), (2-3), and (2-4), so long as there 
is no pair of Kt, A, such that A,——h, among h',,:--,4,. This means that the level 


and /,. are integers. 


for which there is a pair of excitons with A’, and A, such that A’,=—A', is not permis- 
sible in our scheme. Practically this restriction is not so serious, as the value for AC is 
so densely distributed. Further significances of this fact will be discussed in the subsequent 
paper. 


We can normalize the eigenfunction ¢/%, 4, with the normalization factor 


yf I NO eG) Sk). 


The normalized one will be referred to as Pry. Bijan dar where 


é(1) 2(s) 


On, ke it >a exp 11K, + B44 +--+ KK: Bi .2(5)|¢- 


ul) 1G). oi Neoy(7)! SCA; 1) Ld (2-13) 


It is also verified that the orthogonality between the different normalized eigenfunc- 


tions holds in the limit |’ co with N/V fixed. For, if (Ki, j1,0G) = (le ee eae 
SP ay,...82! Payy..tm = O(N 7 U4 miley — OC (7m) (2-14) 


whereas 


va \ Pay cm 


ae v{ \Pay’...ay/|?ae Pr QCA A) 


km 


Now from (2.3) and (2.11), 
S(K,) =1+ (W=1) fee" "07 CR, RY dR dR! 


1+ (V1) (2 fy Re eet eee 


4 Se 5 fa a 3s : , F 
Generalization of Feynman's Theory of Energy Levels of Liquid Folium 541 


=14+ (N-1) fet. @-® WR, R)AR dR’. (2°15) 


The correlation function (the probability per unit volume of finding an atom at WR’ if one 
is known to be at Ff) is defined by 


pp R— Rf’) =0 (R—-R’) + (V—-1) VW (R, BR’). (2-16) 
Then, 
Ci) ee (Ch) alee (2-17) 


This is nothing but S(t) in Feynman’s paper.” 
With Feynman we see that 


eh (2 |S (KK) cal | (2-18) 
for smaller |X’), 
E,=% /am-K?/S KK) ~4+ (K—-K,)’/2p 
for moderately large |X|; where c is the velocity of sound in liquid helium, and 4(> 0), 
KK, and yp are some constants. 


§ 3. Expectation values of momentum 


We can also calculate the expectation values of momentum for these levels. 


N i) 
one dig p. ——- Yn, es 
25s ky...F aR, Wky...k; 


= Up 4AK, 1 NOG)! SUK) 
u j=1 


a=1/2-1h > mai a sit exp (—246,- Ri) {0/04 exp (—7:K,:*,,)} 
fied bipas 2) 
x exp(—iK,- Regyin) exp {Ky Bayt + Ky Risin 
41/2-ih SESE SL Wi exp (i Bayt + Ky Bese) 
Legs Spas j (pv 
x exp (¢A,- I:,,) {a/AR,exp (4K, Ryy) }+--exp GHG Ria? at4, (2h) 


The last two terms just cancel each other, and the expectation values of momentum becomes 


| PET Oe Pea a [() 4K, - (3-2) 
7(1) (1) ee 


We can regard the state specified by (1-2) as one in which there are / excitons 
specified by wave number vectors K,, A,,---,4;, respectively. Thus, we can see that (1-2) 


(2-1) corresponds to the so called phonon or roton levels in their form of energy 


or 
mbet of these excitons is small 


levels and expectation values of momentum so long as the nu 
enough compared to the total number of atoms. It goes without saying that these excitons 


behave as bosons. 


542 H. Matsuda 


¢4. Creation and annihilation of excitons due to the wall 


We consider the system of liquid helium and the wall surrounding it, the total hamil- 


tonian of which being 
H= Hy ({R}) + Haan (Q}) + Hen GRY}, {Q)), (4-1) 


where {#2} and {Q} denote the coordinates of all the particles of helium and the wall 


respectively. We suppose AT jn, as a perturbing energy which may be written in the form 


N 
Hest pay ay, ({Q}) exp ik. hi. (4*2) 


i f=1 
We see that 


| Orn yiakz ie be Duy! k/m az==0 
when and only when /=s and we can arrange such that 


K,=Ky’,:--K,_,=K",, K,=K/ +1. 


N 
Indeed, S} exp 2A: A, serves as a creation operator of an exciton with wave number 
t=l 


JK when it is operated from left to the eigenfunction which has no exciton with wave 
number AX. On the other hand, if it is operated from left to the eigenfunction which 
has excitons with — AX, it serves as an annihilation operator of an exciton with — A. 


~ a . <2 
For, if none of AX,’,---,jK,’ is equal to A, we have 
N 
(Pains! Shexp (FHT) Pey..itmen 
t=1 


= (bn, Sk a Se, Lk kl ae: (4 . 3) 


This is different from zero only when 


{ Lee ( ¢ 
{KK ’,--- AK,’ = \AX,,- +>, ie 


because of the orthogonality. If there were some K,’ =K among K,’,--- Ky’, 
Wy Ve K.P ee oe 
\9! Byhen Bg 2) exp (1.40: IU.) Vu,.. 2, 6 T= (on Re says Sapte Ba ak Pa. bes ck, Lae 
(4-4) 


for there should be no —AY among AL,’,---A,’. 


S95, Discussion on the critical velocity 


If we assume the periodic boundary condition on the eigenfunction of the liquid helium 
under question, and there is no external field, the hamiltonian is separable into the follow- 


ing two parts: the one for the motion of the center of mass and the other for the 
motion relative to the center of mass. That is 


H=H,+Hi,, 


H,=P"// = 1 8 2 
=P yu, HH, 1/2m 1 Di + Dib t+ Dy) bP Ge Oy eo 
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- M= Nm, Q=SmnR,/M, P= MO, 


qg,=h;—Q, DPi=MY; « (5-2) 


Since H, and H, commute, we can write the energy eigenfunction as a product of 
the eigenfunctions of Hi, and H,. The eigenfunction of Hf’, is 


Vn SP) Gee (O22) 
the lowest of which being for K=0. As @ is the lowest eigenfunction of the system, 
9 (Bi, Ry) = 9 (U5 Ay-1) 7o(Q) 

06 4 (Yj5°77» Ly-1) « (5-4) 


where ¢, is the lowest eigenfunction of H,. 


We have 


rf NV 
ig Ae i eee DS icexp ((K,- RR, +--+ K,: Bi.) ¢ 
‘)=1 ts=1 
N N 
= 51...) exp 7(AG-i,4+ +--+ Ki.) 1 exp 7 (+++ +-K,) —O,;, (5-5) 


=) 


" 
“a 


nN Lapa 
where exp 7(4K,+---+K,)-Q is an eigenfunction of H,..~ Hence, >}--->) exp 2G 


ij=1 t3=1 
Yj, ++ +4K,-9:,)¢, may be regarded as the eigenfunction of H,. We see that choosing 
N N 
KK for 7;,(Q) in Ss exp 2(K,-Qi,+-°° + K,-%,) Bivn (Q) different from A,+-::: 
ty=1 ts=} 
+ KK, we can construct another system of energy eigenfunctions, which corresponds to the 
translational motion of the center of mass. 

Usually, it is said that the critical velocity results from the energy and momentum 
conservation laws when these excitons are created. This would not be true if it were not 
for some reasons to exclude the transition from ¢, to %, 7,(Q), the process of transfer- 
ring momentum from the wall to helium without creating excitons. For, in that case the 
mere conservation laws could not give the non-zero critical velocity. As we have seen in 
§ 4 such transition will practically be inhibited because of the form of M/,,,. 

Then, assuming that the internal energy of the wall does not decrease by the transition, 


we have 
AK=4P 
chk = adp (=loss of translational energy of the wall) 
vse. (5:6) 


in the case of phonon level, where dp is the loss of momentum of the wall, wv is the 


velocity of the wall relative to the center of mass of liquid helium, and c is the sound 
velocity in helium. 


If we take roton level, 
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4+ (K—K,)*/2p S vh| | 


o> V2d/p—aK,|/P. (5-7) 


In any case it is well known that the critical velocity thus obtained is too large com- 
pared with the experimental values.” Therefore, it is expected that either it is essentially 
wrong to regard H7;,, as a small perturbation, or there are energy levels with another type 
of energy-momentum relations. 

Reviewing the method of derivation of phonon and roton levels given above, one must 
suppose that the approximation becomes worse and worse as the number of excitons becomes 
larger, while the number of Landau’s rotons are generally assumed to attain the order of 
the number of atoms WV near the lambda point. In spite of the resemblance of the form 
of energy levels, there is not a little doubt in identifying rotons derived here with Landau’s. 

It is possible that there are wave functions which are orthogonal to anyone we have 
obtained so far still giving lower expectation values of energy than some of those we have 
obtained. There seems to be a close connection between these wave functions and those we 
have omitted as impermissible in our scheme. We hope we shall discuss on them in the 
subsequent paper. 

The author should like to express his thanks to Professor M. Kotani for valuable 
discussions, and to Assistant Professor T. Yamamoto for reading this paper and giving 
him useful suggestions. 
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A Remark on Tamm-Dancoff 
Approximation 


Takao Okabayashi 
Department of Physics, University of Tokyo 


September 1, 1954 


Tamm-Dancoff’s method gives a convenient for- 
mulation introducing non-adiabatic potentials, and is 
used to solve the problems of nucleon-meson scatter- 
ing and nuclear forces. However, the characteristic 
feature of this method as an approximation method 
has not been noticed. In this note, we want to call 
readers’ attention to this point. We take up two- 
nucleons-system, interacting with meson field through 
the ordinary tri-linear interaction term, as an example, 
and use the notation of the Levy’s paper!) for economy. 
Of course, the technique used here is available to 
the more general interactions and other problems. 

We expand the solution ¢)(/) of the Schrodinger’s 
equation for the stationary problem 


EQ(L)=(H+ 4) ¢(F), 


in terms of the solutions of the free equation 4,” ” 
(m and x are the numbers of virtual mesons and 
nucleon pairs, respectively, and 4 specifies the state 
of the system), i.e., 


P(Z) =a, (m mu) p,m ma), 
m7 


The equations for «/”'’’s are 
(L-—Ej(™ m0) ) 1 (Mm m) 
n+l a " eMC 
2) 53) aba WH |p, p, Q)a, P37» 
q=n—-l p=mts pb 


At first, let us consider the simplest case consider- 
ing no nucleon pairs. Using Ay)” defined by 


(2-£44,™ a Oss) Buy may (m-1, 0) 
we can get as the equation determining the potential 
(B= ).4,.9 =S3 (a 0, 0117/2» 1, 0440 


as ul) 
(us 0, oe ‘2 ©) Kyo gr). (1) 
— v ? 


pa 


Integral equation for Ky, is 


yy ™ = (wy 0|7/\y, #—1, 0) 


ysis m, O|FI/\A, m+1, 0) Ky 5m) 
= (BE (m1,9) (EB Bm) a 


In the approximation in which the maximum of 
mesons is /V, we must solve eq. (2) with the initial 
condition 


Kyo'¥*) =0. G) 


Now, to solve eq. (2), let us break up the in- 
teraction opetator //’ into 


H! =H, + H,* 


where //, and //;* are such operators that the non- 
vanishing matrix elements of them are only (4, 7, 0 
|H7y\v, m+1, 0) and (pn, m, 0|A\*|v, m—1, 0), 
respectively, and introduce operator A‘) satisfying 


Kyy™ = (u, m, 0|A™ |v, m—1, 0). 


Making use of those convention, eq. (2) can be con- 
sidered as the matrix element between the states 
(mn, mt, 0) and (vy, 77-1, 0) of the operator equation 


1 
Kim) = A* = = (m+1) — k*(m) 4 
: ee eg @) 
and this equation defines all elements (1, 7, 0) A“? | 
y, #—1, 0) for not only x=, but also “4m. Eq. 
(4) can be solved at once, getting 


Km a 1 


PS erel —— HS 
1—H,(1/E—y) Kem*D(1/E—y) (>) 


According to eq. (1), we can write the potential as 


1 
(pn, 0, 0|74 ye 0, 0). 


BEL 
Let us define potential operator /”y, specifying the 
maximum number of mesons considered, by 


1 k 
Tt ds Ne 
Vy imo S 
which is diagonal in the occupation number of mesons. 
Now, eqs. (3) and (5) give the operator relations, 
for all (<1), 


Ky gh) = Kym 


Making use of this relation, we can get the following 


relation between /”y4, and Vy. 


Vywn= Hy pw 


7 
. 
xy 
— a | om 


equation reflects the situation that in order to in- 
crease one nucleon pair, keeping the number of 
mesons, we must increase one meson by //;* at first, 
and then annihilate one meson and create one nucleon 
pair at the same time by 2, and the nucleon pair 
is emitted in the state w(,, y)- 

The more general cases are further complicated, 
and we do not give them here. In our opinion, it 
is convenient to eliminate the terms changing the 
nucleon pairs in the original Hamiltonian. 

, 
1) M. Lévy, Phys. Rev. 88 (1952), 72. 
2) K. A. Brueckner and K. M. Watson, Phys. Rev. 
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1 
= Hy eH 
A—f 1—4,(1/2—))K yas (1/72 — 1) 
1 1 : 
= ——— ——— ——_—_—_—__—— — _ _~ — — }7,* 
Spay, Loe Rye ee 
1 1 ie 
=H, — 1% 
nial es ea a Alm 
1 
= <____j7,*, 
rf Pie ET Ving os 
Further, we can write this relation, as follows, 
; geet : 
Vrn=hon ey - (7a) 


where wy is the solution of the integral equation 


Laat 
on =1+ 7, Vyon (7b) 


poly, 
That is, if we can solve the integral equation (7b) 
using known /y, we can get the next approximation 
V'y4, simply by integration procedure. In this con- 
nection, we notice the fact that the (.V+1)-th meson 
is emitted into the distorted state wy, and that /% 
contains not only the fourth order graphs, but also 
higher order graphs to infinite order), as can be 
seen if we expand the denominator of eq. (6). Tamm- 
Dancoff’s approximation differs from the peiturba- 
tion method and Brueckner-Watson’s”) approximation, 
and gives a kind of bound-state approximation"). 

In the case containing nucleon pairs, the resulting 
expressions and their interpretation are very complicat- 
ed, aithough we can apply the above technique to 
this case, too. This is due to the fact that we cannot 
increase a nucleon pair, keeping the number of 
mesons, by single operator. 

The simplest case is that the maximum numbers 
of nucleon pairs and mesons are arbitvary and one, 
respectively, neglecting the matrix elements of /// 
creating and annihilating one nucleon pair and one 
meson at the same time. In this case the connected 


states constitute a chain, and the final result is 


1 


Leet ee ett 
UND OB Hy— He¥ a, (1|E— Ho) He 


I 
where V is the maximum number of nucleon pairs, 
and w(,, y) satisfies 
fee 
0(,¥)= : ») OO, N 
( ) Ba G,¥) 0, ¥)> 
and //;, 7* are the operator having only non-zero 
matrix elements (j, /”2, n|Hhy\v, m+1, z—1) and 
! of : 
(uw, m, n|Hy*|v, m—1, n+1), respectively. This 


90 (1953), 699. 
3) R. J. Eden, Proc. Roy. Soc, 215 (1952), 133. 


On the Multiple Scattering Phase 
Shifts and the Nuclear Force 
(Sealar Pair Theory) 


Kazu Hasegawa and Shuko Azuma 


. . . o tye 
Physics Institute, Faculty of Scténce, 


Tohoku University 


September 3, 1954 


The relation existing between the self energy of 
a fixed nucleon source and the scattering phase shifts 
was discussed by Sawada!) for several examples. He 
showed that the nucieon self energy is connected 
with phase shifts of scattered meson wave by the 
following relation 


5 CO 


AE =—(2n)"\ dk (ben) D080 (4), ex=V 2+ 
0 Z 
(1) 


where 6, is the phase shift of the /-th partial wave 
and is meson’s rest mass. A formal discussion 
was given by Okubo”) using .S matrix formalism. 
Schwinger) also discussed the similar problem for 
a electron in the external electromagnetic field. 
Partly for the reason to ascertain the above rela- 
tion and partly as its application, we consider the 
case where there are two fixed nucleon sources, in 
the scalar pair theory with scalar coupling, and show 
that there exists also the same relation as (1) bet- 
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ween the multiple scattering phase shifts and’ the 
self energy of two nucleon system including the 
nuclear force which has been evaluated rigorously by 
Wentzel!); meson-nucleon scattering probiem was also 
exactly solved by Blatt®). 

We assume the sources with deita function form 
for simplicity and renormalize the divergence into 
charge. The total hamiltonian and the canonical 


commutation relation are given by 
H=1/2-\ [(7g)?+p2¢* +n!) dae +1/2-g\(y (a), 
@=1,2 
(2) 
i[x(ar), y(a’)]=6(x—a’), 


where a; is the position of the nucleon. The scat- 
tering problem is solved exactly and the .S matrix is 
given by®) 
(Ke) S|K/) =h6 (2-2) {6 Qu—’) + (10| TZ) |v) $, 
(90| 7(4) |90’) = (—igh/4n*) { £(4) cos [7 (ee —w’) [2] 

— (g/4n) (et /r) cos [> (ue +-0’) /2]}/4, 

S(4) =14+2( 8/42) 4, 
4=(/(2))?— [C.9/4z) (e**7/7)], 
uw=cos 9, ut! =" cos 6’, 

r=|%,—Ho|, N=K/L, 2=|K, (3) 


where we have taken (a@,+<,)/2 as origin, 2-axis 
parallel to a—2y.- 
In the representation which makes .5 diagonal, 


(n|S(2) |) =O mm’ exp [2%6,, (4) ]. (4) 


As suggested by Sawada and Okubo, the energy 
shift of our total system from the interaction-free 


state will be given by 
Ab = = (2n){ db (Elen) Dim (A). (5) 
J) 


AF. should be equal to the potential energy between 
the two nucleons plus self energies of the single 


nucleons. As the value of spur is independent of 


the representation, we have 
2S (4) = Spllogs(0)] =f a4r(llogs) |). (6) 


This expression is evaluated as follows 


Sflogsoe)]= (te aldy Spllog SI, 7) 


dldg Spllog SI = Sp Udldy S(O) SI. 8) 


By substituting the explicit expression (3) for S and 
after somewhat lengthy calculations, we get 


Sp[(dldy S(&)) S(k)] = —d]dg log (4/4*) (9) 


Finally we get 


A= (Ani) | “dh (leg) og"). (10) 


This is divided into two parts 
AE=U424E sets (11) 
where 
U(r=2)=0, U(r) =(4nt)-! x 


Wise log 1— [Ce/4z) eee Ne of: 
Jo ek 1— [(g/4z) (ether | fk (AY)? 


AB y= no [. de(élen)log Lf) if*(2)]. 3) 


U just agrees with the nuclear force deduced by 
Wentzel, except for his omission of 7(g/4z)* term 
in the integrand, inclusion of which is necessary for 
the unitarity of .S matrix. Besides it can be shown 
easily that 


—1/2if f(A) /f*(4)] (14) 


is equal to the scattering phase shift by a single 
nucleon, therefore (13) is identical to the nucleon 
self-energy which Sawada deduced. 

In present stage these relations are of mere acade- 
mic interest, and our intension was to make first step 
to their practical application. It may give a kind of 
approximation method when applied for problems 
which concern with energy of the total system, but 
its extension for more arbitrary type of theory will 
have to be done carefully. Full account including 
the scalar pair theory with derivative coupling” will 
be published soon later elsewhere. 

We wish to express our sincere thanks to Profes- 
sors K. Nakabayasi and I. Sato and also to Dr. K. 


Sawada for their kind interest and encouragement. 
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On the Analysis of the Anomalous 
Magnetic Moment of the Nucleon 
in the Second Order Calculations 


Kazu Hasegawa, Sadahiko Matsuyama* 
and 
Tomoya Akiba 


Physics [nstitute, Tohoku University and 


Tokyo University* 


September 6, 1954 


As is well-known, the second order perturbation 
calculation of the anomalous magnetic moment of 
the nucleon in the symmetrical p.s. meson theory 
with p.s. (or p.v.) coupling shows rather serious 
discrepancy with the experimental facts. According 
to Case!) the discrepancy is due to the fact that the 
virtual meson cloud effective to the a.m.m. spreads 
only over a considerably small range compared with 
the Compton wave length of z-meson, thus giving 
too small meson contribution to the a.m.m., and that 
feature originates in the meson-nucleon interaction 
through the odd Dirac operator 75. 

In order to manifest these speculations more con- 
cretely we have analyzed the second order calculation, 
classifying the covariant Feyman’s diagrams into the 
conventional perturbation theoretic ones both for 
nucleon and meson contributions to the a.m.m., as 
shown in Fig. 1. Each contribution from the diagrams 
in Fig. 1 was conveniently represented as an integral 
over virtual meson momentum “=!/'', the integrand 
as a function of % then showed what wales of & are 
essential in the process. This analysis shows in turn 
clearly the spatial distribution of virtual meson cloud 
effective to the a.m.m The main conclusions thus 
obtained are: 

1) The nucleon contributions from the processes 
(a) and (b) are almost of the same magnitude ; 
those from (b) and (c) are nearly equal to each 
other. The former contributions are about one half 
of the latter ones. The same holds for the meson 
contributions, when (a), (b), (c) and (d) are replaced 
by (a’), (b’), (c’) and (d/) respectively. 

2) There are marked differences according as 
whether or not a nucleon pair is involved in the 


intermediate state. The integrand for the process 


(a) increases rapidiy as %, reaches to a sharp maximum 
at 0.4K (K=Mc/4) and then decreases rapidly taking 
the half value at 0.854. On the other hand, 
integrand for (b) has a flat maximum at 0.8K and 
descends much more slowly than for (a), reaching 
to the half value at 1.5K. Thus, virtual mesons with 
momenta larger than K play essential roles in the 
process (b), but sof in (a). The behavior for the 
processes (c) and (d) resembles that for (b), but 
is suppressed in low energy region The same situation 
holds for the corresponding meson contributions except 
for (b’) which makes a similar behavior as (a’). 


) ppl REN A 


PR Ay 


Fig. 1. (1) Nucleon current’s contributions. (2) 
Meson current’s contributions. 


We notice that the pair formation processes are in- 
dispensable to the a.m.m. and that there the considera- 
bly high momenta of meson are essential. 

It will be interesting to compare these features in 
p.s. meson theory with those of scalar meson theory 
with scalar coupling which were obtained applying 
the analogous technique for this case. In scalar 
meson theory most of the contribution to the a.m.m. 
comes from the processes which do not involve 
nucleon-pair in the intermediate states. For instance, 
about 80% of the whole nucleon contribution comes 
from the process (a) only. Also, for the meson 
contribution the processes (c’) and (d’) can be safely 
neglected compared with (a’) and (d’). As for the 
momentum distribution of virtual meson cloud effec- 
tive to the a.m.m. the significant difference between 
the two theories is that while all the meson contri- 
butions remain finite in the limit of x=jc/4—0 in 
p.s. meson theory, the contributions from (a’) and 
(b’) in scalar meson theory diverge in the same 
limit. This already indicates that the spread of the 
scalar meson cloud is comparable with x7} 

We have known that the results of the non- 
covariant Tamm-Dancoff calculation of meson-nucleon 
scattering and the a.m.m. of nucleon”) in p.s. meson 
theory depend crucially on the cut-off momenta. The 
reason for this may be attributed to the same situa- 
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tion as clarified from the present analysis, i.e. the 
importance of higher meson momenta in p.s. theory. 

Finally we add the two comments ; firstly, if we 
take into account the higher order corrections to the 
a.m.m. sufficiently in any calculation, the large effects 
of higher momenta of virtual meson might be depres- 
sed considerably. But according to the results of 
the 4-th order corrections®) of Feldman’s calculation 
by use of a modified nucleon propagator!, such 
possibility is rather unlikely. Secondly, if the effects 
of higher momentum transfer are important, it might 
be insufficient to disscuss the meson phenomena 
without taking into account of heavy mesons as em- 
phasized by N. Fukuda’). 

The associated arguments will be published soon 
in the Science Reports of Tohoku University. Inde- 
pendently of us the same analysis as ours were ap- 
plied to the a.m.m. of electron as well as nucleon, 
also to x°—2y process by S. Goto. 

In conclusion the authors express their cordial 
thanks to Prof. K. Nakabayasi, Drs. K. Sawada, 
N. Fukuda and S. Tani for suggesting this work 
and to Dr. I. Sato for valuable discussions. 
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Elastig Scattering of Alpha-particles 
by Heavy Nuclei 


Ko Izumo 


Institute of Theoretica! Pha sits, 
Nagoya University 


September 8, 1954 


Recently the precise experiment has been reported. 
on the elastic scattering of alpha-particles by gold, for 
intermediate energy range, by G. Farwell and H. 
Wegner’). As shown in Fig. 1 and Fig. 2 the 
differential cross section decreases exponentially 


above the minimum incident energy which alpha- 
particles ride over the Coulomb barrier, and the closest 
approach distance from experiment (12.5 x 10~!cm) 
is larger than the nuclear radius of gold pius alpha- 
particle radius (10.6X10~!cm) calculated by 1.42 
Ail} 10-8. We tried to explain this queer experi- 
mental facts by means of optical model in this letter. 
Now optical model has gained many successes on 
high energy and low energy neutron scatterings”)”), 
but Chase-Rohlich*) have concluded that this model 
could not apply for intermediate energy range. 
However, it seems too haste for conclusion, since 
they have fixed the relation between imaginary part 
of potential and the neutron mean free path in 
nucleus, and what is worse, the calculation of mean 
free path can be put no great reliance. So we also 
studied for intermediate energy range if complicated 
reactions, such as alpha-gold, could be explained by 
means of the idea of optical model. The applying 
of partial wave analysis is difficult for large nuclear 
radius of target nuclei and 20~45 Mev incident 
energy, so that we pick out Montroll-Greenberg’s 
variational method®) which gives better approxima- 
tion. 

From the standpoint of optical model we assume 
that the alpha-nuclear interaction can be written by 
the following two body square well potential, 


Vin=Votio; r<a 
es 


=-—278/7 3; r >a 
Here, a is nuclear radius and 7, 1 and 2Z¢?/7 are 
respectively real part, imaginary part of potential and 
Coulomb potential. Applying Montroll Greenberg's 


variational method we get straightfowardly following 


differential cross section using potential (1). 


sin wr sin 77" 


(a) =l4.l| (fee —aele {ee 


or Ur 
< exp (aint) bart (2) 
_ 2% exp [RU — Ay) I 
~Ay+hy- [1-2 exp (42a4))] 
w2=hy+hy—hyhy cos 0, 


ZA 


’ 


wah +the+2h, & cos O, (3) 

h2 (7) =2m| 0? - (B,—222 7); F > FR; 
=2m|42. (By t+VotiVo)s 7, 

hi=2m|[t-Loy x= (ry —hy) [i+ 4o)s 


R and kh, are respectively a radius and a wave number 
which ate decided by variational principle, and “2, 
is the incident energy of alpha-particles. Fixing @ 
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to 1.42-1'/3x 10-!3 cm, we calculated o(0) for four 
I) values; 20 Mev, 15 Mev, 10 Mev and 5 Mev. 
The results agree very closely with experiment as 
shown in Fig. 1 and Fig. 2. In either case if JV) 
increases linearly with incident energy of alpha-particles, 
/,, the queer experimental fact that o(@) decreases 
exponentially with , can be explained. Still more, 
applying Montroli-Greenberg’s method, the radius ”’ 
which has real effect in calculation must been taken 
larger value than 2. It seems to explain the fact that 
the closest approach from the experiment is larger 
than a. These good agreements with experiment can 
be interpreted that it proves that optical model can 
be applied these complicated reactions and is useful 
at intermediate energy range if imaginary part of 
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Fig. 1. 


The differential cross section of alpha-Au_ elastic 
scattering at =60°, vs the incident energy of 
alpha particles. The right side is the curve of 
imaginary part of potential. 
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potential, //’, is freely changed as a parameter. It 
seems to be perplexed that 47) must have different 
E dependence at @=60° and 95°. But @ dependent 
IV is rather natural because //”) includes the contri- 
bution from very complicated processes in alpha- 
nuclear interaction. |//’)| is as large as 4~9 times 
of |V7,!, and it confirms easy decomposition of alpha- 
particle in nucleus. We can’t assert strongly for the 
sake of few examples, but from this calculation we 
can conclude that the idea of optical model is useful 


We desire 


more precise experiments on alpha-heavy nuclei scat- 


for the case of complicated reactions. 


tering are set about. The details will be published 


soon. 
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The differential cross section of alpha-Au elastic 
scattering at @=95°. 
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Letters to the Editor 


On Some Notes on the so-called 
G. Feldman’s Modified Propagator 


Yoshio Miyatake 
Department of Physics, Kyoto University 


September 8, 1954 


When I was going to state my opinion about 
the “tule” derived by G. Feldman!), I received the 
paper discussed by R. Utiyama and T. Imamura”, 
which I write as U-I for brevity, on that rule and 
so I will state something other than U-I’s view. 

First, I think that contributions from the new 
type of poles of modified propagator comes when its 
series expansion does not satisfy the condition of 
summation and integration. As the order of sum- 
mation and integration of infinite series cannot always 
be changed even if it converges uniformly when the 
range of integration of the series is infinite, the 
answer to U-I,s apprehension, “if the new type of 
poles of modified propagators appears in course of 
calculation and at the same time if the perturbation 
expansion of modified propagators converges uniformly 
with respect to momentum variables we could scarcely 
understand from what origin these new poles result ”’ 
is as follows; if the new type of poles of modified 
propagators appears in course of calculation and at 
the same time if the perturbation expansion of modi- 
fied propagators converges uniformly with respect to 
momentum variables, these new poles result from 
that the order of summation and integration of the 
perturbation expansion of modified propagators cannot 


Dou 


be changed in spite of its uniform convergence. 
Now, as stated above, the rule of Feldman on 
the modified propagator seems to me to be wrong 
at least in the way of reasoning; first, on the assump- 
tion of uniform convergence, he integrated the series 
term by term which, in fact, does not converge uni- 
formly, and standardized it; second, calculating with 
the modified propagator summed. up formally, he 
unconditionally omitted the contributions from new 
type of poles so as to coincide with the above stand- 
ard. But as a non-uniformly converged series cannot 
be integrated term by term, we must not standardize 
the calculation with use of such a series integrated 
term by term, so that his idea, “the contributions 
from new type of poles of modified propagator shall 
be omitted unconditionally ’’, seems to be wrong. 
An especially important thing is as follows; con- 
tributions from the new type of poles of modified 
propagators, as Feldman himself said, are not always 
infinite but may be finite. Such finite contributions 
may perhaps not be omitted:.-most likely I can say 
so from the “distribution analysis’? but it will be 
discussed later---and so if we calculate with only first 
which does 


such 


several terms of series not converge 


uniformly we would ignore contributions 
as. resulting from the new type of poles of modified 
propagators. 

Such an apprehension may also occur, for instance 


in the derivation of Salpeter-Bethe’s equation’). 


1) G. Feldman, Proc. Roy. Soc. 223 (1954), 112. 

2) R. Utiyama and T. Imamura, Prog. Theor. Phys. 
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3) E. E. Salpeter and H. A. Bethe, Phys. Rev. 84 
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On the Effects of Excited States of Nucleons upon 
Static Nuclear Potential 


in Symmetrical Pseudoscalar Meson Theory, II 


—Numerical Results on Deuteron Problem— 
Tokuji MATSUMOTO and Masao SUGAWARA 
Department of Physics, Hokkaido University, Sapporo 


(Received June 30, 1954) 


Numerical results of the deuteron problem which were carried out by Illiac computor at the Uni- 
versity of Illinois are presented for our potential derived in our former paper (part I) and the one 
derived by Taketani et al. These potentials, and also the one recently derived by Brueckner and 
Watson have the tensor force of right sign of almost the same magnitude, but they are quite different 
from each other with respect to their central parts: Taketani’s is strongly repulsive, ours weakly 
attractive and Brueckner and Watson’s strongly attractive. The radius of hard core was chosen as 
0. 3, 0.383, and 0.466 in units of meson Compton wave length. Firstly the numerical factor multip- 
lying the potential is adjusted so as to give the correct binding energy. Then other quantities 
are calculated. The numerical results show that the relative weight of central force to tensor one 
in our potential is too small because ours gives too large quadrupole moment and /-state probability 
of approximately three or four times as large as the empirical ones. In Taketani’s case the deuteron 
cannot bind, because the repulsive central force is too large compared with the tensor one. Thus we 
can conclude that the attractive central force at least of the same order of magnitude as the tensor one 


is definitely necessary in order to obtain the agreement with empirical data in deuteron problem. 


S 1. Introduction 


In the former part of this paper”, we calculated the effects of the possible nucleon 
isobars upon static nuclear potential in symmetrical pseudoscalar theory, assuming that 
nucleon isobars behave as if they were new elementary particles of both spin and 
isotopic spin 3/2. As the results, we obtained a large effect consisting mainly of strong 
singular and attractive central potential for the ground state of the deuteron, which is just 
large enough to cancel out the unfavorable strong central repulsive part of the potentials 
derived by Taketani et al.” for ps-pv coupling and by Klein” for ps-ps coupling. There- 
tal potential consists of a tensor force of right sign and of the same order of 


fore, our to 
Imost of the same shape as the usual ones, and a very weak central force 


magnitude and a 
which has large values only near the repulsive core. 
Afterwards, Brueckner and Watson” found another correction (not due to nucleon 


isobars) to the above potentials”® consisting mainly of so large an attractive central force, 
that the central part of the resulting potential is attractive and its magnitude is even 
larger than the tensor part. Furthermore, they obtained reasonable agreement with em- 
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pirical data in the deuteron problem. We cannot, however, at present say definitely what 
is the most reasonable potential from the meson theoretical standpoint, because there still 
remain some unsolved problems in the nuclear force problems. 

Phenomenologically, on the other hand, we can say to some extent definitely what 
kind of potential is promising. Indeed one of the authors” concluded previously that, in 
order to get agreement with empirical data, a large central attractive force of at least 
the same order of magnitude as the tensor one of right sign is definitely necessary, because 
otherwise the values of quadrupole moment and /)-state probability would become too large. 
In the above investigation, however, the possible existence of hard core and the very singular 
behavior of potential near the origin were not taken into accounts. At present, it is gene- 
rally believed that the nuclear potential behaves very singularly near the origin, though it 
has no singularity at the origin owing to the existence of hard core. It is, therefore, 
interesting to investigate whether the previous conclusion” still holds in the present situa- 
tions of nuclear force problem. 

Furthermore, according to a private communication to the authors, the calculation 
of Taketani et al.” was proven to be erroneous by Taketani et al. themselves. So the right 
answer of the deuteron problems for their potential characterized by the very large 
repulsive central force is not given either. 

Therefore, it is very interesting also from phenomenological point of view to compare 
the numerical results of deuteron problem for our potential and Taketani’s with those of 
Brueckner and Watson” ; this will be done in the following. The numerical calculations 
were all carried out by the Illiac computor at the University of Illinois by courtesy of 
Professors Blatt and Snyder. As a result it was shown that the deuteron can never 
bind for Taketani’s potential, and the values of quadrupole moment and /-state probability 
for our potential are too large, indicating that relative weight of tensor force to central 
one is too large. Thus, we can definitely say, as an important conclusion of this paper, 
that the central attractive force of at least the same order of magnitude as the tensor one 
is certainly necessary in order to get agreement with the empirical facts in deuteron 


problem, thus justifying the conclusions of previous investigations” from more general point 
of view. 


§ 2. The numerical results of deuteron problem for our poteatial 


The exact expression of our potentials are given in the first part of this paper.” 
Their behaviors are shown in Fig. 1 for ps-ps case and in Fig. 2 for ps-pv case. The 
various dimensionless coupling constants and the excitation energy of nucleon isobar J/ 
are chosen so as to get the best agreement with experiments of pion-nucleon scattering, 
whose analysis were done by Kanazawa and Sugawara”. These values are given as follows : 


J°/4rhc=9, (f° /47hc) pair— 1.5, G"/4nhc=0.1, 
SH=2.4 mc, for ps-ps case, Se 


and 
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isobar effect (dashed line) and the usual ones without correction 
(dotted lines) for ps-py theory. 
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oe /4thc=0.07 G/47hc=0.1 (2) 


4E=2.4 m,¢’, for ps-pv case, 


where the subscript “pair” means that we have taken into account the damping of the 
characteristic pair term in ps-ps theory and the coupling constant G?/4zhc is the pheno- 
menological parameter which determines the coupling of nucleon isobar with its ground 
state and other coupling constants have usual meanings”. In the figures dotted lines repre- 
sent the usual potentials without the isobar effects, dashed ones the central part of the 
isobar correction and the solid ones our total potentials. The dotted lines (the usual ones 
without isobar effects) represent nothing but the potentials given by Klein” for ps-ps case 
and by Taketani et al.” for ps-pv case, both of which are characterized by a very strong 
repulsive central force, while ours by very weak attractive one. On the other hand, the 
tensor parts of these potentials are approximately the same. In the figures plus and minus 
on the ordinates mean repulsion (central) or wrong sign (tensor) and attraction (central) 
or right sign (tensor) respectively. 

The results are shown in Table I, where / is an adjustable parameter multiplying only 
the tensor part of our potential, the expression of which, therefore, is given by 


V=V (central) +4V (tensor) S;. (3) 


where S,. is the usual tensor operator." This parameter / is determined firstly so as to 
give the correct binding energy. Then, for each 4 thus determined, Illiac gives automa- 
tically the values of the quantities in the Table I and the S- and D-wave functions at 
prescribed points. Units are chosen respectively such as indicated in the Table I. The 


core radius 2, is chosen as 0.3, 0.383 and 0.466 in units of #~-', the meson Compton 
wave length. 


Table I. The calculated values for our potential of parameter A, /-state probability, quadrupole mo- 
ment, and triplet effective range. 


nese 


Core Parameter | /)-state Quadrupole Triplet 
radius ny A probability moment effective range 
Observed values | [+ 2.73 | 1 70 
> _ - | — — ——— oa — x — 

leks} al 0.300 +1.58 11.9% j+ 8.173 10-*%cm? | 2.792 x 10-!em 

PS 2 0.383 +2.27 135>. + 9.734 2.997 

PS 3 0.466 +2.96 P Tee} +17.629 3.580 

PV 1 0.300 | +1.14 12:2 + 8.226 2.814 

PV 2 0.383 | +1.62 13.2 + 9.752 3.012 

PV 3 0.466 212 52.3 + 39.771 3.989 
a 


As can be seen from the table, our potential gives too large values for /-state pro- 
bability, quadrupole moment, and triplet effective range, which are about three or four 


times larger than the empirical ones. Thus it can be concluded that the relative weight 
of central to tensor force is too small in our potential. 
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Fig. 3. PS 1. pRo=0.300, A= +1.58. Fig. 4. PS 2, ~Ro=0.383, A= £2.27. 
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Fig. 7. PV 2. pRo=0.383, A=+1.62. Fig. 8. PV 3. pRo=0.466, A=+2 
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Fig. 3~8. The potentials adjusted to give the correct binding energy and the corresponding S- and 
D- wave functions of deuteron ground state in ps-ps case (Fig. 3~5) and ps-py case (Fig. 6~8). 
Hard core radius Ry and the parameter A are chosen as indicated in respective figures. 


Fig. 3~8 show the behaviors of our potential whose tensor parts are multiplied by 
the factor A and the corresponding behaviors of the S-and D-state wave functions of deu- 
teron ground state for the above considered six cases. In Fig. 3~10, S, D, C, and T 
refer to the S-and /)-wave function, central and tensor parts of adjusted potentials, res- 


pectively. 


§ 3. The numerical results of deuteron problem for Taketani potential 


We carried out at the same time the calculations for the so-called Taketani potential, 
by which is meant here the one which can be obtained from our potential (solid line in 
Fig. 1 and 2) by dropping simply the isobar correction. The so-called Taketani potential, 
therefore, means in this paper exactly the same one as was given by Klein” for ps-ps case 
and by Taketani et al.” for ps-py case. These potentials are given by dotted lines in 
Pigs land 2, 


In this case, we adjusted parameter 2 so that the total potential is multiplied by the 
factor A, The potential in this case, therefore, has the form 


V=AV (central) + V (tensor) S,>], (4) 
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and Illiac computor determines the values of parameter A so as to give the correct binding 
energy under fixing the relative weight of central to tensor force. The results are shown 
in Table II, where branks mean that it was not successful even to adjust the parameter 
A to give the correct binding energy, because of the singular behavior of these potentials, 
especially because of the strong repulsive central force. Thus we can conclude that the 
deuteron cannot even bind for such types of potential, characterized by the strong repulsive 
central force. 


Table IJ. The numerical results for the potentials given by Klein and Taketani of parameter A 
D-state probability, quadrupole moment and triplet effective range. 


oe i ee  —————EE 


Core radius pe | Parameter A aenctties | uagupere TR ee aaa 
Observed values | | +2.73 1.70 

PS 1 | 0.300 —0.84 | 13.2% | =9:622.x 10-2%cm?} 2.427 10-!%cm 
PSe 2 0.383 — — — = 
PS 5 0.466 —1.85 21.1 —14.935 2.748 
PV 1 0.300 —0.56 12.1 | — 8.898 2.374 
PN? 0.383 — _ = = 
PV 3 0.466 — — =_ — 


pe ee 

For two cases given in Table II, both of which are the cases of the core radius 0.3, 
the modified potentials by the factor 2 and the corresponding S- and D-wave functions are 
shown in Fig. 9 and Fig. 10. 


Fig. 9. Modified Klein’s potential by the Fig. 10. Modified Taketani’s potential by 
factor 4 and the corresponding S- and D-wave the factor 4 and the corresponding S- and D-wave 
functions. Core radius ~Ro=0.300 and the para- functions. Core radius uRo=0.300 and the para- 
meter A= —0.84. meter A= —0.56. 
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§ 4. Conclusions and acknowledgments 


Comparing the results of §§ 2 and 3 with those of Brueckner and Watson”, which 
are characterized by the very strong attractive central force, we can conclude as follows. 
The large central attractive force, which is at least of the same order of magnitude as the 
tensor one of right sign, is definitely necessary in order to give the correct values, especially 
of D-state probability and quadrupole moment. For such types of potential as were given 
by Taketani et al.” and Klein”, deuteron cannot even bind, because of the strong repulsive 
central force. Our potential, whose central part is very small in magnitude as compared 
with its tensor force, gives in general too large values (three or four times larger) of D- 
state probability and quadrupole moment, which is due mainly to too small central force. 
The reasonable agreement obtained by Brueckner and Watson” can be said as mainly due 
to the approximate equality of central with tensor one, thus justifying the previous conclu- 
sions” from more general point of view. 

Finally we should very much like to express our deep gratitudes to Professor Blatt 
and Professor Snyder for helping us in carrying out all the numerical calculations done in 
this paper by the Iliac automatic computor at the University of Illinois. The authors are 
also indebted to Professor Y. Nambu for his cordial encouragements. They owe some of 


the numerical calculations to Miss H. Nitta. 
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Probabilities of -decay transitions forbidden to any degree have been calculated in the case of 
the linear combination of the Fermi interactions, with some corrections taken into account. 


$1. Introduction 


Recently, according to the progress of experimental technique, many types of /-ray 
spectra have been found, and measured accurately. At present, it is known that all these 
spectra can be explained by the Fermi theory. Even if some spectra which cannot be 
explained by the usual procedure are found, it is necessary to examine whether we can 
overcome the difficulties by developing the Fermi theory in detail before making the next step, 
such as the meson theory of (3-decay or others”. 

Usually, in order to explain the forbidden type spectra in terms of a linear combina- 
tion of the Fermi interactions, we had to adjust the ratios of the products of nuclear matrix 
elements and coupling constants. In many cases, cancellation between main terms in the 
correction factor went so far that the small terms in it became important. It is known that 
in such cases several hitherto neglected effects might be effective. 

Therefore, it is necessary to make the formula for transition probability, or correction 
factor, given by many authors?~”, more accurate. That is, although these authors have 
obtained elegant formulas by performing various approximations, it is desirable to return to 
the starting point, and to derive an expression with least approximations. After this deriva- 
tion, we can make appropriate approximations according to individual situations. 

This paper is the first step of such an attempt. We have calculated the correction 
factor by making use of the method originated by Racah”® and developed by Wigner’, 
Schwinger’, Jahn and Hope”, Arima et al."” 

This correction factor is applicable to the linear combination of the five Fermi interac- 
tions forbidden to any degree. In this calculation we have i) considered the deviations of 
the electron wave functions from those for pure Coulomb field, ii) retained the lepton 
part in the integral, without putting it out of the integral, iii) not discarded the higher order 
terms in pR or gR, where XR is a constant, which has the order of the magnitude of the nu 
clear radius, and # and g are the momenta of the electron and the neutrino, respectively, 
moreover iv) not discarded the terms which have hitherto been considered as negligible cor- 


rections to the transition forbidden to lower degree. We have not considered the radiative?” 


and so on. 
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and mesonic™ corrections. 


§ 2. Matrix element 
As is well known, the probability of the emission of an electron with energy between 
WW and W+dIV is: 


Ls | Aae| “ew. (1) 
p 


Bile cee ee 
Tv 27'+1 «zm 
5 MyM at! 
In this expression // is the interaction Hamiltonian for /7-decay, f is the momentum of 
the electron, /’ is the spin value of the initial nucleus, 1/7’ and J/ are the magnetic 
quantum numbers of the initial and the final nuclei, <= +(7+1/2) for 7=/+1/2 for the 
electron with the total angular momentum / and orbital angular momentum /, /4 is the magne- 
tic quantum number of the electron, and the suffix » represents the neutrino. 
If ¥ and @ are the wave functions of the final and the intial nuclei, and ¢ and ¢ 
are those of the electron and the neutrino normalized per unit sphere, // can be generally 


written as follows : 


H= 334, 0* $*T, @ 9, (2) 
with 
L,= doy, X FUG,) Q,-o.x FY EG) (hho|9-90) 
q 
— ( sad 1S (2a. EE sb a, bas 1) 7p x F2(G,) Q, "WX Y z1(a) ’ (3) i 
q 
Table I 
See 7 A a aa 
; —__— ———-~. ——-. 
1 2 5 4 5 6 " 8 
Operator B 1 a Bo Ba o rs Brs 
k 0 0 1 1 1 1 0 0 
€ —1 1 1 —] =—1, 1 1 = 
A A Ao As Ay As AG Ay As 
Ay = 3); c— As ay °34.= Ay 
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where s specifies the sort of the operator for /-decay as is shown in Table I. The value 
of / is specified by s, but for the sake of simplicity # or %” shall be used instead of /, 
or &,’. Q, is an operator which replaces / with a wave function describing a nucleus in 


which the o-th neutron is replaced by a proton. oO is the usual 2 x2 Pauli spin matrix. 


* (hi sog\mmgm) is the vector addition coefficient, and is equal to (7; fo 7 79| 7, Jo jt) of Condon 


and Shortley!), 
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Y %z(0) is defined as follows : 


W—gV1/4n 1 (1 is the 2x2 unit matrix), 
Yo) =— V3/4x (6, +i0,)/V2, Y(o)= V3/42 o., (4) 


Yr (0) = V 3/4 (¢,—i0,)/¥2. 


w and w, represent the even-odd character of the operater for /J-decay ; 


if this is even 


ox 9yoy=( 4 2)xM@=( FO cate » © 


and if the operator is odd 


Ya 
Roe ei 
oxGiay=( 2 9 )*RMO=( con) “0 )} © 
where = +1 and O is the 2x2 zero matrix. By making use of the Racah and associat- 


ed coefficients? ~")")-*, // can be written as the sum of the following two parts: 


i) for odd w 


Aya (Hoy (2441) /ANF M/F, 7 aan, ) 


sur 


x [ fafa, Buoa(—— Ky) F&s In Imy Bava Hs.) | 


x P*o,, * Y beet af (9), LB) Os ?, (7a) 


ii) for even w 
9 ae 
= ($1) IH TI, 2b+ 1) (1/2||F, n/a 4, = fy EE Py ) 
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—K yor 


x P*o,, X Gi oe r) (9,, Yr) oF ?, (7b) 
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is the Wigner 37-coefhicient"”” or the Schwinger X-coefficient". (1/ 2\|Fulla/ 2) mand eo ee 
(x, «’) are defined by 


Cae Ue Le = = (1/2417 
(%12°: the spin wave function) and 
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where the Wigner 9-coeflicient"” 


Oe 

ee ae | a ees) eecuoe fa) Weged ; 2) W (febe; ad) 
(ee a ee 

is the same with the U-coefficient of Arima et al", or with the Schwinger S-coefficient 

multiplied by a phase factor. f, and //, are the radial wave functions of the electron, and 


those of the ee bela and gx, can be represented by spherical Bessel function®””*. 


11) 


Spherical tensor Oe ia. r) is given by: 


ulkov) 


2 = 
OP" (a, 0) =o —g 9-H DEM OY. (9) 

where Y%(s) is the ordinary spherical harmonics'” 

If we further define (/|!Q, w, X SF pe (Ga Ps by 
¥ aha 
\v *0,0,F ony (Fn) Al 

=(S JM — 1-2 M) (STi) Q.0,* Fan Gu OI), (11) 

(| reeees dQ: integration over the direction ) 


we can express {//az in eq. (1) by 


ju ay ‘ TAI+G Ft (% )\—M e v uu a fd 2L 
A ea ) (2/ +1) e fh, PY ee? M—M 
Me lhy eye of) (12) 
with 
hee (Kk, ane nis) a] (2k+ 1) “21 /24|Y 11/2) 
2 { Safe, Ein aks —Ky) +6, Yu Yn, Rae (x, | 
x (Jil O,os x yf ul(ky) (G;, r) || J’) rar for odd Ws (13a) 
and 
Roun (He, ty, J, J") = 7 (244-1) 7-77 (1/2|| FY, |]1/2) 
x \[/ Yny B yp (—K, Ky) 1. Ja fny Bink es —K,) ] 
x (J|lO,a a ea (9,, ») || /’)7? dr for even «,. (1 3b) 
* 


For the sake of simplicity, we wite and g nstead of y and g¥ 
Fn, omy I tf Ky ony 
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§3 Transition probability 


From eq. (12), one can easily verify that 


brs yet 2 tls oa | 
2/'+1 “VM 2/'+1 Asvu 2u+1 
we M/ Hw slyul 
vv v 
x yuee (Kk, ew hg ee) ignat (k, Ky, Tif) > (14) 


and w+v’ is even (odd) when both the even-odd characters of w and w’ are the same 
(different). This restriction corresponds to the well known fact that the matrix elements 
with different parity do not interfere with each other. 


We shall further define &,,,, (/,,/’) by the following formulas : 
Voce (kK, ot cfc) =|\Ltn Beco (—k, —Ky) +€,9x Guy He ee (x, Ky) | 


1 Sean WET OV dr (15a) 
for odd w,, and 


Wien (k, ea J a) =|L% Gu, Bary (- ) ice gufir, B cong (x,—K,) | 
oO Rae) AAT OF 
for even a, . 


Now, eq. (1) can be written as 


PCW) dW= (2/2) | (2F41)/ AP +1) FP F(R) DIA der [1/ (24-41) P 
x [ete dy Bay AS", 2) That DID) CIV 


x [aij (K, Ky) Ly (Es Ses 27) Pes? (Kys ¥Y) 
4 AGN drat (yy) Mi (EsEsrs HY) LY Poel? (Hy 5 WI) 
ae, (1, «,) My (Es Eos xy) 40 (0,3 4) 
+ aX (1, 6.) Vy (Es Eu 3 PD)IPS (5 47) ] 
x (W/p)-dW. (16) 
S’ is the summation over «> 0, and over all possible values of K,, 5. s', u, viand v'. 


Here 


1 fle fal) + 6sE Gan InN) (17a) 
Ee (&, E515 ay) —, 2p F, (R) (ry) w%-1 
BF BEA 1 ania fst) aah) Tiesto eNO nL I). (17b) 
Yeah 2p, (R) (ay)" 


1 Fa(®) 9-1 (I) = €s Eo Vr OD) (17c) 


: SN a0) ak ge ree oie 
Ni ee Os AI) 2P F(R) py 
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Fi) = tole _— (2pR)2t-2er22WlP| Py iaZW/p) ie (17d) 
Perth) 


pa (a2), (17e) 


a=fine structure constant. 


L 4 A 
al)... (k, k,) etc. and go) (K,; xy) etc. are shown in Table II. 


Table II 


S(x,) is the sign of xy. 


Gs 9) even; even | even ; odd | odd; odd 
ath) ays xy) Brut kt (2%, ty) S(xy) Buval — xs%v) Bet et (—%,— xy) Burk (—% — xy) Bunt kt (—% — ty, 
at) ’ Nun (a= ty) Boat et (%,— xy) S06.) Beis) Bat (39%) sale ries te 
= |—egr SI Spey Bay = 
qi) lest Sty Brunk ty — ky) Brent at = Xoty ) Es! Brawl as Xy) Buvt kt (=x — ty) Esl O(Xy ~ iP 
a2) £39 (xy) Bunk —xky)Duvt el (%)— xy) \—es Burn —%, xy) But nt (xx) —€5%y) Suvk( to hy) 
| X Burt kt (Xsxy) 
gP) (xy5 29) fon, fn, (9) fin, fa, (0) fa, fa,” 
ge) (xy3 cy) | fa, Ofr,” Fn, (@)f-2, (0) Jn, Ofx, (7) 
g'ND (x3 xy) | Hs, (*)f-x, (7) Tn, (x) fr, () Sry (3 ay (7) 
G2) (xy5 29) | Sn, fay”) Son, (x) fn, (9) Fa, Ofna,” 


§4. L,, VM, and JW, 


Usually, in the calculation of the correction factor for (decay, we assume that the 
nuclear charge is concentrated in the centre of the nucleus. That is, we use for ¥% the 
solution of the Dirac equation in the pure Coulomb field. Moreover, to facilitate the cal- 
culation, the lepton part of the transition matrix element is evaluated at R. Since the 
potential for the electron is not pure Coulombian because of the charge distribution over 
the nuclear volume, the current procedure is not strictly correct. Rose and Holmes” and 
Malcolm™ have calculated the corrections introduced by this effect of the finite size of the 
nucleus in (?-decay, and discussed its energy dependence. But they have evaluated the cor- 
rection at the nuclear radius and not investigated the 7-dependence. In such a treatment, 
the effect of the nuclear size appears mainly in the normalization factor of the radial wave 
function inside the nucleus, which is determined by the continuity of the inside and the 
oueside wave functions. On the other hand, the -dependence of this correction has been 
considered first by Yamada” and. recently by Nataf®”. But they have not considered the 
energy dependence of the normalization factor precisely. It is desirable to consider this 


finite size effect making no approximation to the normalization factor and not evaluating 


the lepton wave functions at the nuclear radius. In the following we shall try to calculate 


such a correction by means of the method of Rose and Holmes”. 


We write following them, 
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SrM=HfE7), GBN=rgK~), 
ROK),  G.O=7h0), 
D7) =f), I.) =71h.07); 
4,=[14+U?+2U cos (6—8) }z¥2 2, 
GAD =D) (DD) R/S. 
fir), G(r) + the regular radial wave functions for the pure Coulomb field", 
F.(%), 9.(7) + the irregular radial wave functions for the pure Coulomb field, 


Fr), GY (7): the regular solutions multiplied by x for the potential [’;(7) appro- 
priate to the charge distribution inside the nucleus, with arbitrary 


normalization, 
OMG) ©: the phase at infinity for the regular and irregular solutions, 
and further 
D,=©,(R)/%(R), Dr =G(R)/F,(R) and DP =GP(R)/FE(K), 


In the following we shall omit suffix x, when no confusion will occur. 


When 7 <R, 
@(r) = {(D—D) /(D—D®)} BR) BP M/E (A) *4, (18a) 


and 
PW) ={0/D-1/D)/G/D®-1/D)} G(R) (GE G/B (A)) 4. (8b) 
D, D and D® can be evaluated by the iterational methods”. The series for the 
ratio % (7) /BO(R) and G(r) /G(R) can be obtained by expanding 6%). or © 


(7) as a power series of (r—k). 
SO (vr) BO (R) a. (r-R)"= 1/2) (FOLK) _p (V—R)", (19a) 
G® (7) /G9 (R)=VB,(r—BY"= V3 /1) (GLY G) owe HR)”. 9b) 


Rae (G@") means the w-th derivative of F@(7) (GO (r)) concerning 7. One can 
obtain 4, and B, by the successive differentiation of the differential equations for % ® (7) 
and @(r). (See Appendix A.) 

Substituting (19a,b) into (17a,b,c), we obtain 


2p F(R) (4) "La (Eps) = Dame R)"(y—R)”, (20a) 


27 


2p'F, (R) (xy) **' My (E805 29) = Mam (4 — KY” (y=h)*, (20b) 


nim 


2p°F, (R) a* ty" Ny (E603 £9) = DNanm (¥— KY" (eb), (20c) 
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where 
QinmaeX? %2(R) Ann Aum &s € V-7G_4(R) Ban Bam 
BAS i sdee CO nae 
Ce eee) Vane ieee ees) Paes (21a) 
Mocnm=X-2%-2,(R) Acuna Aum +& Ev Vn G(R) Ban Bam 
OG, Pee Meson coy SN Gat spare pe my 
4 (X 2 Aina Anum —bba Vs Ban Bum) Me (21b) 
fat >, arian rma Lyk C9 1 BS 0 Re = 
— E,6.X4 Vin Ba (R) G(R) ArmBan 
a (VOY S Alb, Cee As Ae 
(Mian ¥ bad +A Ba, 5 26.6) Mint egy ag (21c) 


=A(D—D) /(D—D®), V=4(1/D—1/D) (1/D©—1/D).. (2) 


As for J etc., see the Appendix 2 

If all the lepton wave functions are evaluated at r=’, (20a, b,c) become Vx, Wrxoo 
and Nyoo, respectively. If we further neglect the effect of the nuclear size (=Y=1), 
(20a) etc. give 


2p LGR) Le (Ge Basi) — Sam craven 
= (R) +88 O2(R) 
2h) fora &.6. ae1, 
21, for &€& =—1, 


and so on. Namely, Z,(&&,; «) etc. reduce to the customarily used Z*, d/+ and 


§S 5. Correction factor 


The correction factor C’ is defined by 
1 ® : 
eying ee gy Disaeae (22) 
We expand {/) (k,; ay) etc. in powers of + and y (cf. Table II and Appendix C’): 
Gyr (K,; XY) mh arr NM a NS LE TAC (23) 
By virtue of (16) and (23), C is 
C= (An'/p'gF (R)) + {(2/4+1/2/'+1)} Da" AAS A/ (2+ 1) FP 


sshavel 
tjmn 
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x [a (x, Ky) 7 g BlEss/a,) 


ss'uvyl Ls sx anm 79 


x OS daira le CRS, ae Unss/n )tjri ia) * 


SUV s/uv/ 


ae gi? (k, Ky) Y Wt his 87K.) 


ss/uves Mss/4~ unm tj 
x ar Re at le (/, i ek tte) * 
$A 6) Pxnsan Rammer 
x“ Sead ee (Ih) STi Sia ae (GA) * 
HAY (6) Patra egal 
Ce OFC er ane 7 2) (24) 


where 


SGI) =| C-RYP Siw SS (25) 


Suv 


(24) is the most general form of the correction factor which we have requested. For 
the applications to experimental results, @‘J),,, etc. can be obtained by refering to the Tables 
99)93) 26 ) 


rst, Cle palin, 2ete. and Gey etc. should be 
J) 


of Racah or the 7Z-coefficients 


calculated by the methods given in the Appendix. lies (J, /')’s are to be considered as 


parameters. As we have not evaluated the lepton wave functions at the nuclear radius, the 
number of parameters have considerably increased. The approximation to evaluate the lepton 
part at the nuclear radius is only permissible when the main terms of these are 7-inde- 
pendent. But, if large cancellations occur between main terms, the small 7-dependent terms 
might be important. In such cases, this approximation should be discarded even if that 
might make the number of the unknown parameters increase. By the same reason, in 
such cases, the effect of the finite size of the nucleus might play an important role in the 
explanation of the B-spectra and should be taken into account. Discussions on S32 (/, /”) 


and the application of (24) to the experimental results shall be given in the following 


papers. 
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Appendix A 


In eqs. (19a, b), 
A, = bal. (Al) 


GO (r) and G™ (7) satisfy the following differential equations 


Ol (7) =er 1% (r) — (W-1—V® (7)) G9), 
ae) ( (a2) 
GO (7) = (W41-V@ (VY) FW” —Kr 7G (r). 
From these equations, we obtain immediately 
(é)/ Wes ; 
A 8 Se ag (A3a) 
: ( oe jhe R ( R ) 
rey OA Oka a aL\ 1  <% 
oe ao, me te feiss R wey) 


for arbitrary charge distribution inside the nucleus. 


Differentiating eqs. (A2) with respect to 7, A,, and /,, are given as: 


XG) a5 Fy, - 
re ( ey =< E we) (IV 1 + “2 (+ 1 +8 


—(W-1 —*2)p°| A 25h oe 


rN Se) = BSED (rasa tz Yrs 2 


A,» and &,,, for arbitrary 2 can be obtained by successive differentiation of eqs. (A2). 


A ppeniic B 
In general, 
a Bn (R) +466_%.(R) = (2pR)?*! (16 W) 1, (R) 
x[ (a+) (S,(pR) + WT, ( pR)} 
—(a—6) {T,(pR) + WS, (pR)}}. (B1) 


and 


aS» (R) G_, (R) — 68, (R) G, (R) = (2pR)?2 (1 — W*)"? (8 W) F(R) 


x | a0) i(aZ/p) Ry +iaZIV/p) 2 pR)} 


+ (at+b)i«T { (y¥+71aZIV/p) eC pR)} | : (B2) 
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where 
F(R) =4 (2p) 28 en2219| '(y 4 ia ZW /f) [2/227 +1), (B3a) 
Sn pR) = (PR) (7 +iaZW/f) 
—W( pR) (y—iaZW/p)} iaZ/p , (B3b) 


T,.( PR) = (PR) G+iaZW/p) + Kh (PR) —-iaZW/f) 
+2|2( pR) G+iaZIV/p) 
h(pR) =e"? F (7 +1+iaZW/p, 2741; 2ipk), (B3d) 
RiX}, FX} are the real and imaginary part of Y. 


2 (B3c) 


From | (21ayeb, cys and (Bi; 2), 78°; 7" etc. ate given “by 


I? = (2pR)"*\(16 WW) F(R) {Sx( PR) + WT (PR)}; (B4a) 
Lj = — (2pR)*™ (16 W)~ F(R) {Tx( PR) + WS, (PR)}, (B4b) 
m= (2pR)?"*\(16 W)~! F(R) {Sen (PR) + WT (PR)} (B4c) 
mO = — (2pR)"*\(16W) 7 F(R) {Tn (OR) + WS_, (PR)}, (B4d) 
P= — (2pR)2*\(8IV) 7 F(R) «pI {7 +idZW/p)?(pR)}, (Bde) 
n® = — (2pR)2 (81) F(R) aZR {7 +iaZW/p)# (pR)}. (B4f) 


In order to apply to the experimental results, it is necessary to calculate the explicit forms 
of (21a, b, c), namely, those of (B4a-f). The factor cS(pR)+dT(pR) (with cav= 
W or 1) which appears in (B4a-d) and the factor (y+1aZW/p) kh’ (pR) in (Bae, f) 
are 


SLA TI ae er ee et adfe ee) fe a 


mes a2), (y—20°2°—2 


aL” 
2nd 2p p ) 


4+ dW {2K + (27 +1) «+ 2} |) 


+ eee | oa? Bo |= Gere A) 
@r+1)°7+1) P 
9 9 9 aye 
Aye) (47-2074 2) 


+a Ky 41° G40) 


2 


+( ire O2) (8 pAb LG 1) + (47 +3) (« (+1) +2) ) on’ 


(B5a) 
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(7+ iaZ 5 ER) 


ewe + 2 _{_(arti)aZY +i(y—-@ 2" LAR) 
ene ea p ‘A 


od POA Lh 
— —_*______} (74-1) 417 (7 + 2D) — (47 +3) PL 
CersNi Yi CD) SN A Se 


WV 
tiaZ— 57° Par pei ieee rorer) ya ? | | oR? 


Pett i ONES (B5b) 


By Appendices 4 and 4, we can obtain the explicit forms Of Ron as Utkwae aNd ieee 


Appendix C 


The neutrino radial wave function /,,(g”) is given by 


fry (Qr) = V7q/27 Sica yen (Q”) 


=,/ 74 ™q s) (eat by Oh Ninn. )41/242m Cc 
= =.( oa SA ‘ al 
27 m= m0 '(m+1)0(m+l-x, mE 2 ) pa 
Therefore, 
T, (94) Fa (G9) 
=7( GEASS: ul (-* yDyicr, ie we ae, 1 - 
2 I'(2(—«,') +3/2) ['(¢ (—«,") +3/2) 
1 q 1 Go / 
ie ite eee) F yp oes | 
| L(—2,/) 43/2 4 L(—n,") +3/2 i " a 
Namely, 
Qxn, = 7 be i N+l (mn N+ (C3a) 
Pek Pech lye (J(—kK, HY 4.3/2) 2 
¢(N%«,) =1(—x,'), 9 (NX«,) =l(—xK,"), (C3b) 
oy =), (C3c) 
bry *v) =O'X*,) = 6 Xn) = 0, (C3d) 
BCS a eee es in ae g Bee) 1 q 


Teeny, Wr Sa MN TONNE TY iy We hon? 
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The relation between the many-particle and the single-particle matrix element is calculated in the 


Jj coupling scheme, 


$1. Introduction 


In the previous paper’*, the correction factor for the transitions forbidden to any degree 
has been obtained. This correction factor contains the unknown parameters {2 (/,/’). In 
the present paper, the transition probability for many-nucleon configuration is reduced to 
that of the single-nucleon by making use of the 77 coupling model. By this reduction, all 
the ambiguities of $%?(/,/’) on the ground of the nuclear configuration are removed, 
except those from the unknown weights of the configuration mixing, and the only remaining 
ambiguity is that of the single nucleon wave function. 

For the allowed transition, such a reduction has been given by Talmi” with isotopic 
spin formalism. For the two nucleon configuration, Brysk” and Rose and Osborn” have 
given this reduction. In this paper we have not restricted the number of the nucleons 
present and the degree of forbiddenness. 


§ 2. Calculation 


As the 77 coupling shell model seems to be a good approximation for heavy nuclei, 
we shall adopt this model in this calculation. For heavy nuclei the total isotopic spin 
quantum number cannot be a good quantum number by virtue of the Coulomb field. 
Therefore, the total isotopic spin quantum number shall not be used in the following. 

We shall consider the transition of a neutron with angular momentum 7, and in the 
shell (VV) to a proton with angular momentum /;, and in the shell (7). The shell 
(P) is not saturated in the initial state. The numbers of the nucleons in the shell GP) 
(shell (A’)) in the initial and the final states shall be denoted by fp’ and p (x and w), 


and the spins by /; and /, (/{ and Jy). The initial and the final state wave functions 
are given by 


PQA GE) Te, GH) IuJm J J'M’), (la) 
PalGhs. Gn/JyJnm Jd JM). (1b) 
The coupling of /, and /y (/;) and _/%) gives /~(/p). The coupling of the spins of 


* This will be referred to as I, 
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all the nucleons except those in the shell (/”?) and (/V) gives a resultant spin /x( Jey 
The spin of the final (initial) nucleus (/’) consists of /p and /,, (/’ and /, Ta) aa) 
is the magnetic quantum number of the final (initial) nucleus. a@ and a’ stand for the 


additional quantum numbers necessary to define the states. 
The transition matrix element | Hat is the matrix element of the linear combination 
of the tensors of degree #(I. 12, 13) : 
LY het he oye fi 
sp x Y Wer v) (o,, a ) Os. (2) 
For the sake of simplicity, we write this linear combination as follows : 


Da oe eae m=Uu, U—I1, --:, —U, 


sup 
where A", is the mth component of the tensor and operates on the pth nucleon. 5 
specifies the sort of the operator for f—decay (I. Table I). The parity of this tensor is 
determined by v and w (I. 5,6, 10). 


If the wave functions (1a) and (1b) are antisymmetrical in the protons and the 


neutrons separately, the matrix element of the operator (3) between these states is? 


[d2= (MGB) Jo, GD Ten IME Aianl GP) Si FOIA ITOT MO 
= {(N+1)Z}2D (a G2) Tm GD Sel Jo} FM | Avie 
xal{(GE) Tb GTI) Th I'M) 

where WV and Z are the numbers of the neutrons and the protons in the final nucleus. 


We shall define the reduced matrix element J7(/7/x./r ia) BRR ae Jad Lay h esis! 


the reduced single-nucleon matrix element [7r|Asu| Jw] as follows : 
[ tate (Jf | Mom) MT rn JoJe Ts 13 SEDSTHT > ———O) 
(jp| Anal Ju) = (Prt fy\ Mp My— Mp My) [Fr| Anal Jz] - (5b) 
We have omitted the suffix p for the sake of simplicity. As the nucleon transforms from 


the shell (V) to the shell (P), /x does not change : 
yf R =/ h : 


Making use of Racah’s method”, we can obtain the following relation between 
M ‘wil yh x rl p/ 3 &3 tt pS. x rn) rJ 0) and [ Jp | Aes Tri : 
M CL. pl: x: ra nl 5 U5 vs ey, n/’ wh J ») 
=(—) Jp—Jet —Jet/r—se [ (V-+1) Zy? 
x YY (ase) Jr {le? GE) Jr trSe) (a Gi) Saini 2 GaSe) 


sun a4) af! 

x [(27e+1) 2S p41) 2fot1) (2Je+¥) Qrt1) 2/'+Y) | 
ST eJele 

x WSS Jt3 Tat 4S nJuJ x ¢ (Fe|Asurl Jnl - (6) 
Sr tt Jp 


1/2 
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References on the Racah and the 97—-coefhicients are given in I. 
Special case (i): Jr=0. In this case, 
Jr=/ ? pelo 
and the initial and the final states are: 
O(a’ (GP )T rs Gu) Sul’), (1a’) 
Y (al (2) Jp, (Gx) Jr J™). (1b’) 
(6) becomes as follows : 
MM Vi kak 2 Tele) 
= (72 Jp+/—//+u—jp [(V+ 1)Z]}'” 
x SW a GPR) / ae CHE Sela ee” in wil eee 


suv a!) g(1)/ 
x [(2Jp+1) (2Je4+1) (2) y+) (2/41) J” 
I rJeJ P 
x4 I Ix J xf [Jp|Asunl 7x] + (7) 
Jute Ss 
Special case (it); two-nucleon configuration. Tf an odd-odd nucleus with odd 
neutron in jy and an odd proton in 7, and total angular momentum /’ undergoes a f— 


decay to the state / of the configuration 7, and /;, in the daughter nucleus, the initial 
and the final states are : 


O(a! jrjyJ'M), (1a’’) 
V(ajpjpJM). (1b”’) 


In this case, 
Je=Je>, Jr=0, Jo=Jr, Sn=Se 


ES 0 5) Jy=Jy ? Jr=in > Jr =Jp ? 
and (6) becomes : 


M jeje] ty feiy Td) 
= (—1)4eJetJ—" (N41) Z}* (2741) (27.4) 
x WS! JrJ Jp 3 Te ut) [op Algal : (8) 


§ 3. Further remarks 


From (I. 12) we get 


[Jr] Ave Jal foe Chee 


(LR th eo) vtme (KK, KK’) (9) 


where R,,., (Kk, KA’) is Raun (Key J J") of (I. 13a, b) for single nucleon transition. A= + 
(/+%) for /=L44. From (6) and (9) we obtain 
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\ide= s A[ (M41) Z P28 (—1) SPS PT tS So tpt tila) $M 


suv a) «(1)! 


Nae Ge) 1)12 Soci g OS i 
(2/+ 1) Gy —/, wale — MM’ sy) 


Been eer Ry ry) (Ce rn): Ji Jud ae (Je) Jw 

x (2Je+1) (2S +1) 2 fp +1) (2741) (2 Se +1) (271 +1)” 
Jr Jp Se 

XW ToS" Tes Je) 4ST w jv Tut Raw (0, Kp Ky). (10) 
Jo u So 


As to the transition probability, or the correction factor, the phase factor of (10) 
is irrelevant*. Therefore, we can obtain the transition probability of /—decay in terms of 


single nucleon transition matrix elements by substituting /,2(~) RG), (KK, Ap Ky) for 


AsRsuv (ek, JJ’) in (1. 14), where 
Bw) =[(N+I) ZT SY (IB) See GED TA n 0) ("GES 9] 0d A 


x a! (7H) J) (272 +1) (2741) (27e +1) (2J p41) (2S +1) (2/' +1) J 
Ir Je VE 
XW oI! Jos Sn) 3 In Jv Txt (11) 
Jp u Sr 
As for the correction factor, we should put /, 4 (z) ak PAn) i place or Aye) 
in (1.24). Here §%?(K, Ky) is S*2(//") of (I. 25) for single nucleon transition. 
In this paper we have considered only the transition between the pure states (1a) 


and (1b). If there is a configuration mixing’ in these states, (11) or (12) should be 
replaced by a linear combination of 4 or &. The coefficients of the linear combination 


is determined by the mixing ratio. 
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The energy spectrum of gamma tays from iron when bombarded by 14-Mev neutrons is calculated 
on the basis of the compound nucleus formalism. The cross sections for various competing processes 
are found to be considerably dependent upon the magnitude of temperature. We have assumed three 
values of a, the quantity closely related to temperature. Although they are based upon the experimen- 
tal evidences of different sources, none of them is found to be able to account for the experimental 
energy spectrum. There seems to remain a difficulty in the statistical theory pointed out by Cohen. 


§ 1. Introduction 


In the previous paper”, cited as I, we have investigated the yield of gamma rays 
excited by fast neutrons, aiming at the study of the mass number dependence of nuclear 
temperature. We were able to show that the statistical theory could account for the over- 
all behaviour of the gamma ray yields for various nuclei, provided that the empirical values 
of temperatures as well as compound nucleus formation cross sections were assumed. 
Although this result may be thought to support the statistical description of nuclear reactions, 
the material” we employed is not always suitable to our purpose by several reasons. Firstly, 
the energy of incident neutrons was not monochromatic, but had a broad width around 
10 Mev. Secondly, the number of gamma quanta was not directly counted, but was 
observed with a counter whose efficiency is assumed to be proportional to the energy of 
gamma-rays. Thirdly, we were only concerned with the over-all A-dependence, but ignored 
the detailed properties of individual nuclei, except for three cases where the detailed pro- 
perties would be exhibited. These drawbacks are forced by the shortage of material availa- 
ble in those days, while our analysis seemed enough to prove the essential correctness of 
the statistical theory. 

Recent experiments with a monochromatic beam have facilitated one to make a closer 
examination of the - statistical theory by observing the energy spectrum of emitted 
neutrons.” The nuclear temperature thus obtained shows the A-dependence similiar to 


that obtained by Blatt and Weisskopf,” as employed in I, but its absolute magnitude is 
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greatly different, depending upon the method to be based on. The difference in the ab- 
solute magnitude of temperature is so great that it seems worth while to examine this point 
on a little different basis, mamely on the analysis of the gamma-ray spectrum from iron 
excited by neutrons of nearly monochromatic energy 14 Mev." Such a study is intended 
to make up the drawbacks mentioned above in reference to our previous work. 

The method we used is essentially the same as that in I. We are concerned only 
with the most abundant isotope of iron, “Fe (93%), and calculate the energy spectrum 
of gamma rays by assuming three values of temperatures, i. e., those adopted by Blatt and 
Weisskopf,” by Gugelot® and by Graves and Rosen”. Since the temperature depends upon 
the excitation energy, we rather use, as before, constant @ appearing in the level density 
formula (I. 2), The interpolation of Blatt and Weisskopf’s @ values gives us for ‘Fe 


Zl aWiev-.. (1) 
On the other hand, Gugolot obtained 
a=4.75 Mev! (II) 


by observing the energy spectrum of neutrons from iron bombarded by protons of 16 Mev, 


while Graves and Rosen obtained 


a=24.5 Mev! (III) 


by observing the energy spectrum of neutrons excited by neutrons of 14 Mev. Since the 
condition in the last one is exactly the same as that we refer to, one might expect that the 
third choice of @ should give such a spectrum of gamma rays as to be in good agreement 
with the experiment so long as @ were really an energy independent constant. This is the 
case, as will be shown below, in the shape of the energy spectrum, but the absolute in- 
tensity calculated is too large. Further unsatisfactory points are observed, for example, in 
the (7; ?) cross section. This shows the inconsistency of the statistical theory as far as 
our analysis is uncritically adopted. We may, however, say that the inconsistency is due 
to the energy dependence of a, as can be expected in the nuclear model different from the 
Fermi-gas. Observing the above three values of a, one can see the considerable energy 
dependence of a, which looks somewhat queer. Leaving out the discussions on the energy 
dependence to the forthcoming paper, we concentrate ourselves to the point whether the 
values of a obtained from the different sources can account for the energy spectrum of 


gamma-rays from iron itradiated by 14 Mev neutrons. 


§ 2. Outline of calculations 


Our method of calculations is essentially the same as that in the previous paper I, 
except the following point. Since we were to do with the integrated yield of gamma rays 


in I, we took only two steps of evaporations into account and further took the average 


excitation energy for intermediate nuclei as in (I.8). In the present case such appoxima- 


tions are not permissible but the detailed distribution of excitation energies in each inter- 


mediate nucleus has to be taken into account, because we ate concerned with the energy 
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spectrum of gamma rays. hind be 
; For this purpose we define the branching probability P,;(4), which is the probability 


of emitting particle 7 from the intermediate nucleus left after the emission of particle z by 
Py 2) =F (E—Si3)/2 P(E Sex) (1) 


where / is the excitation energy of the intermediate residual nucleus and .S;, is the separa- 
tion energy of particle 7 from it. Quantity F, is proportional to the partial width for 
disintegration with emission of ¢ and is defined by (1.5; 6). If a compound nucleus 


excited by /, 


~eL 


can evaporate two particles, the probability for having emission of z then 7 


is given by 
Jil 2S ; (2) 
Js is given, if ¢ is a particle, by 
Eex-Si-Sij . 
pee eo) (€) we (E.,— S,— €) Pi (E..— Si— €) de 5 (3) 
h- 0 
when 7 is a gamma ray, 
5 Hex-84 
ee aa ( Se <a] ey (He ©) Py Ee ade (4) 
Jue 4 hhc hic ) fem ri ies \ 


Notations adopted here are the same as in I and of usual meaning. 


Thus we can obtain the cross section o(/; 7, 7) of (/; 7, 7’) reaction by 


ol; i, J)=o0 (Ses/ > Sam) (5) 
tm 

To obtain the gamma ray energy spectrum to be compared with experimental one, 
we must take into account that the number of gamma quanta excited from nucleus can be 
one or more before it is left in the ground state. This is performed by iterating the 
procedure above. The time of iteration, namely the number of emitted gamma quanta, 
is found to depend strongly upon the temperature or a. The lower the temperature of the 
excited nucleus is, the more the number of gamma rays thus emitted becomes. In fact, 
the residual nucleus after the reemission of a neutron can emit about 3~5 gamma quanta 
in case (I), while it emits 6~8 gamma quanta in case (III). Since all these gamma 
rays are integrated, the total cross section obtained from Fig. 3 should be much larger 
than the inelastic total cross section in a usual sense, namely, 1.4 barns. 

A particular attention has to be paid to the low lying excited states of "Fe. They 


are the leveles of excitation energies 0.845, 2.66, 2.98 Mev. etc. As the actual level 


density decreases rapidly near the ground state with decreasing excitation energy contrary to 
the level density formula we employed, gamma ray transitions to levels lower than 2 Mev, 
except to the ground state, are cut off in the (723 , 7) reaction. This cut off does little 
influence on the high energy portion of the calculated spectrum, but rather on the cascades 
of gamma rays between low lying levels. This is because the high energy portion is due 
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mainly to the contribution of the first gamma rays from the residual nucleus to be left 
at the levels of excitation energies of about several Mev after re-emitting a neutron. With- 
out this cut off, the gamma ray yield should increase about by factor 2 in the low 
energy portion. 

In order to catry out our calculations, we have to consider: (i) the determination 
of separation energies; (ii) the determination of the cross section for the formation of a 
compound nucleus; (iii) the determination of level densities; (iv) the evaluation of in- 
tegrals / and /. 

Since our calculation refers to the case where 14-Mev neutrons bombard “Fe nuclei, 
the compound nucleus is "Fe and its excitation energy is 14Mev+S,. The emission of 
a, d, and ¢ etc. may be of negligible probability, so that we may take account only of 1, 
yoand 7. 

(i) Separation energies: The observation of (7; 7) reactions gives us 7.6 Mev 
and 7.3 Mev for S,, and S,, respectively”. %-decay data show that the ground state of 
*6MIn is lower than that of "Fe by 3.5 Mev. From this value we obtain 11.1 Mev for 
S, and 10.8 Mev for S,,,. These values satisfy the relation S,+5S,,=S,,+S),, as it should 
be. .S,, is obtained ftom (7; 7) reactions as 11.2 Mev.’ 

(ii) Cross sections for the formation of a compound nucleus: It is necessary to 
know the cross section o, for neutron and proton in calculating integrals 7 and /. For 
neutrons the formula of o, has been given by Feshbach and Weisskopf.” With this 
formula we obtain o, of 1.4 barns for incident 1 
14-Meyv neutron in good agreement with experi- 


mental one”. For protons calculated values of 


o, have been listed by Blatt and Weisskopf"” 
for Z larger than 10. We simply used the 
values interpolated from the table referred above. 
The value of o, in our case is shown in Fig 1 


and’ Fig 2. 


& 
te 
Bry 
eo) 
1.5 10-2 
1.0 
0.5) 
—% 
10 Me ee 0 
Neutron Energy in Mev Proton Energy in Mev 
Fig 1. Cross section for the formation of Fig 2. Cross section for the formation of 
compound nucleus by neutrons, vs. neu- compound nucleus by protons, vs. pro- 


tron energy for Fe. ton energy for Fe. 
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(iii) Level densities: As mentioned above, we employ the level density w(£) given 
by 
w(H)=cexp(2 Valk ) (6) 


with 
4 Coven-even a 2Ceven-oad = Cyda-oda- (7) 


Here a is assumed to be constant with a small change in mass number in the course of 
evapoation. Calculation is performed in three cases of a, namely (I), (II) and (III). 
(iv) Evaluation of F and_/: They are evaluated in each step of evaporation by 


numerical integrations. 


§ 3. Results and disscussions 


Calculated cross scetions are shown in Table 1. 


Table 1. Cross section in barn 


Rie (1) Blatt-Weisskopf (II) Gugelot | (III) Graves and Rosen 
1.7 Mev 4.74 Mev 24.5 Mev 

GE 0.93 1.18 1.24 
GR 0.40 0.20 <10-3 
Nn; 2, p 0.001 <10-° <10-3 
701s Dis, f 0.07 0.01 <10-5 
23 p, 1 0.003 <105 <0 
n3 ps Pp <1073 <10-5 <10-3 
Tony. 0.002 0.004 0.05 
N37, He <@1 0k: 0.006 0.11 
3% D <10> <1033 <1053 


It is remarkable that in case (III) o(7; 2”) and {o(7; f) are small, whereas 
o(73; 7) is considerable. This is because the radiation width increases more rapidly than 
other particle widths with increasing @. In other words, the increase of a, that is to 
correspond to the decrease of temperature, results in the fractional decrease of particle 
energies greater than that of gamma ray energies. Hence the gamma ray emission predo- 
minates far over the particle emission, because of the steeper energy dependence of the 
former process. The choice of @ can be checked by comparing the calculated a(n; p) 
with experiments. Cohen" has obtained the (1; ~) cross section of 18.5 mb from the 
bombardment of iron by Be-/ neutrons. This lies near the case (II). In order to make 
a(2; p) the order of the experimental value, the magnitude of a must lie near Gugelot’s 
a. 

Calculated gamma ray spectrum in each case is shown in Fig 3. In Case (I) the average 
energy of gamma rays is larger than the observed one. It is seen from this that the small 
magnitude of a makes the nuclear temperature too high. In Case (II) and Case (III), 


the shapes of the gamma-say spectrum are in rough agreement with the experimental result 
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but the absolute yield of gamma Sra ae 
rays is larger by factor 2. Since 
the residual energy after the emis- 


sion of two neutrons is considered 


Se ees een See 


to be small, the absolute yield of 


gamma rays is approximately pro- 


(do /dg) in barns/Mev 


portional to the (7; ~, 7) cross 


section. In these cases, o(73 7, 


7) may be larger than the actual I. 
cross section. This discrepancy 
pethaps comes from that the 
formula of /, gives the larger 


di aie 


magnitude than the actual radia- 
tion width”. The modification Espa ‘ 
of the magnitude of /“, will, how- 
ever, alter the shape of gamma 
ray spectra, too. 0.1 


Thus from the above con- 


siderations it may be concluded f 
that the magnitude of a may be 
larger at high excitation energies 
than that deduced for low ener- 
gies in Case (I). If @ is the 
magnitude of B-W’s at 1 Mev 


excitation energy and is the order 0.01 


i 


LCT Ee Ce ee ON 
of Graves and Rosen’s at approx- Gamma Ray Energy in Mev 


imately 10~14 Mev excitation Fig 3. Calculated gamma ray energy spectra from iron 
energy, however, the nuclear tem- excited by 14 Mev neutrons in the following three 
cases : 

(I) Blatt and Weisskopf, 

(II) Gugelot, 
pointed out by Cohen". Such a (iin eGifebesrand) Rosen. 


queer tendency that the temperature Dushed-line shows the experimental spectrum obtained 
by Scherrer et. al. Vertical rods indicate the discrete 


perature has to become lower with 


increasing excitation energy as 


increases with decreasing excitation 
spectrum identified by them. 
energy can be seen also from the 


detailed spectrum shapes shown in Fig 3. 
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The subtraction of the divergences are carried out in the generalized Tamm-Dancoff equations 
derived in the previous paper (Part I). The essence of the method is the extension of Fubini’s 
procedure to the arbitrarily higher order approximation. That is, first, we construct the formal solutions 
which satisfy the equations in question; they contain the infinities and accordingly are quite meaningless. 
Then, we separate the infinities (including the overlapping divergences) individually at each stage of 
the construction of these formal solutions. The forms of the nucleon propagation function or the vertex 
parts which have been made convergent by this method depend on the configurations to which they 
refer. However, this seems to be inevitable for the present approximation method, i. e. the reduction 


of the infinite set of coupled integral equations to the finite one. 


§ 1. Introduction 


In the previous paper (Part I),” we have proposed the generalized Tamm-Dancoff 
equations. The next problem is how to subtract the divergences from them. Fubini? has 
already given the answer to this problem in the approximation where the meson number (in 
our sense) is restricted within two. However, since the generalized T-D equations reduce 
to the essentially single equation in this order of approximation and the procedure of Fubini 


rests on this specially simple circumstance, it is not applicable directly to the higher order 


approximations. 
That is, in this order of approximation, the starting equations are eqs. (19), (20) 


and (21) of Part I with 
K( pi— Psp hs, Roy R;, > Po ky) =0. 


Substituting eq. (I. (21)) into eq. (I. (20)) and performing the subtraction of the  self- 
energy type divergence caused by this substitution, we get the following equations : 


K( Pi > Po he) 7 (27) | ak Sy (A) rete Pi his ke > Pikow) ? (1) 


K( py» kt 3 Lo k,*) =0 (A yy) 0 (Ea) Jun Sr (f.) 4, (hi) 
+9 (27) pay. (pd 1sta4e (Ay) K( pi+ hy} Po By) 
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+ 9° (27) 4 Sz! (Pp) Se(hy) fl Uh oS @( Py— he) 7st aK (Pit hy — Ro 


kX > Pw k,*) ? (2) 


where S,/(/,) is the same as that of Fubini (see also § 3). However, the latter equation 
(2) can be solved (apart from the infinities contained) for K( p,, 44% 3 fy» &o*) without 
the knowledge of the form of the function A’( f,; 7), 4,") because of the fact that the con- 
servation of 4-momenta holds here (c.f. the paper of Fubini). But, in the next higher 
order approximation, our equations become coupled integral equations for A(/,; Py &o), 
K( py hss Poy Ro) and K(f, ky o3 Py &), and the simple circumstance such as described 
above no longer exists for this case, i.e. the equations for K( py, #13 Por %,) and 
K (Pu hy os Dy &) ate essentially coupled ones. Accordingly, the method of Fubini is 
not applicable directly to higher order approximations. Moreover, he has mentioned nothing 
concerning with the subtraction of the overlapping divergences. 

The main purpose of this paper is to show how to extend Fubini’s procedure to 
any higher order approximations. The outline of the method is as follows : 

Analogously to the method of Fubini, we find the method for constructing the formal 
solutions which satisfy the generalized T-D equations in any higher order approximation. 
These solutions contain the various types of infinities and therefore they are meaningless for 
themselves. Then we perform the subtraction of those divergences at each stage of const- 
ructing the solutions. In this connection, it should be noted that the quantities appearing 
in our formal solutions generally contain the overlapping divergences in a very complicated 
form. In this paper, it will also be shown that the convergent parts of them can be con- 
sistently defined by the help of the method of Chiba” and Tanaka and Ito.” 

For clearness, first, we investigate the nature of those formal solutions by the help of 
Feynman-Dyson diagrams (§ 2). Second, we show the method for constructing those 
solutions in the analytic form (§ 3), and finally perform the subtraction of the divergences 
($4). For simplicity, these are all investigated in the approximation where the meson 
“number” is restricted within three. Section 5 will be devoted to the consideration con- 


cerning the case of arbitrarily higher order approximation.” 


§ 2. Consideration with the Feynman-Dyson diagrams 


For simplicity, we shall consider the pion-nucleon scattering problem in the approxi- 
mation where the meson “ number ” is restricted within three. Because we trace the events 
along the nucleon line, we shall draw the nucleon line as a straight line from the 
“initial” stage (below) to the “ final” stage (above). Hence the word “‘ meson number 
at a certain stage’ in this article means the number of meson lines which intersect the 
straight line drawn perpendicularly to the nuclon line at the corresponding stage. As ex- 


plained in Part I, we keep the order of vertices along the nucleon line as (1) ,6,, €o 


! aa 
€,(4), and omit the factor (7 !)— 


in the defining equations of the Feynman kernels 
(eqs. (7), (8) and (9) in Part 1). Therefore, we do not distinguish between the 
diagrams which can be transformed to each other by only changing the name of vertices. 
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Now, suppose that all the diagrams that contribute to the pion-nucleon scattering pro- 
cess are drawn out. It should be possible to classify these diagrams into 3 kinds as follows : 
a) the diagrams that do not possess any intermediate stages of meson number 
(aye ah 
b) the diagrams which neither pass any intermediate stages of meson number 0 nor 
belong to the class a). 
c) all the diagrams except those belonging to the classes a) or b). 
The assembly of all diagrams belonging to the class a) will represent the whole of the pro- 
cesses in which the meson number varies as 


2 > 
or 1—>2—>3-— 2-— (any times of 2>3->2)—>1. (3) 


In accordance with the notation of § 3, we shall call the whole of these processes as the 
G.-process and the assembly of the diagrams belonging to class a) as the G,diagram. In 
other words, the G,-diagram can be constructed by the following procedure. First, suppose 
that all the 2-meson scattering diagrams that have no intermediate stage of meson number 
0 or 1. We shall name the process corresponding to the assembly of these diagrams as 
R.-process. Next, close the open end of one meson line to the nucleon line at each of 
the “‘ initial”? and “final” stages in those diagrams (dotted line in Fig. 1). Then the 


assembly of all the diagrams thus constructed is the G,diagram. 


. 
. , 


Fig. 1 Go-diagram 


If we had succeded in solving the equation for the /.-process, it would be very easy to con- 
struct the analytic expression of the function which represents the G,process, i.e. the 
process corresponding to the class a). 

As regards the diagrams of the class b), we redivide these into the subclasses b,), b;), 
weeeee ,b,), «+++, where the subclass b,) consists of all diagrams that possess 77 intermediate 
stages of meson number 1. It is obvious that we can regard the diagrams of subclass b,), 
as a whole, as consisting of two Gxparts connected by one nucleon and one meson lines 
(cf. Fig. 2). Similarly, we can summarize the diagrams b,) into one entity consisting of 
three G,-parts, and the diagrams b,) into that of consisting four G,-parts, and so on. 
Accordingly, if we sum up all the diagrams belonging to the classes a) and b), we shall 
get the whole of the diagrams which represent any times of repetition of the G,process 
(Fig. 3). We shall call these diagrams belonging to a) or b), as a whole, as A,-diagram 


and the corresponding process as the R,-process. In other words, the R,-diagram corres- 
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Fig. 2 The diagrams belonging to the class b,) 


ponds to the solution of an integral equation which has the G,-function (the function 
which represents the G.-process) as its kernel, i. e. symbolically 


Ri=Got GoR:- 


Fig. 3. The A’)-process 


Finally, if we divide each diagram belonging to the class c) into two parts at the 
“ast” of the intermediate stages of 0 meson and sum up all of these diagrams analo- 
gously to the above cases, it will be found that all the diagrams of class c), as a whole, 
can be constructed by connecting adequately the Apart and the part corresponding to the 
Feynman kernel A(/,+%,3 2), 4). The existence of the unknown function K (Poth 
Py &) does not cause any difficulty for solving the equations because of the 4-momentum 
conservation. (The momentum of a final nucleon in A(; /,, %,) has always a constant 
value P=/f,+4;, cf. the work of Fubini.) 

Thus, if we had succeeded in solving the R,-and J-equations, it would be not difficult 
to construct the formal solutions of the equations considered here. Moreover, it should be 
noted that the A’-equation is quite divergence-free and equation can be made to be also 
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divergence-free provided only that the subtraction of divergences are carried out in its 
kernel G,. 
§ 3. The formal solutions of the generalized T-D equations 


In this section, we shall construct the formal solutions of the generalized 7-) equa- 
tions in the approximation where the meson number is restricted within three. In this 
order of approximation, the generalized 7-D equations are eqs. (19), (20), (21) and 
(22’) of Part I. Substituting eq. (I.22’) into eq. (1.21) and performing the subtraction 
of the self-energy type divergences caused by that substitution, we get the following 
equations : 


KD: to bX) =ISe( P16) MK Pky bits ty Be), (4) 
K (Drs bi 5 Pus o®) =8(Pr— Py) 9 le? — hy) Sp Py) de A) 
+ 9Sr( pitted (ly) K( Dy bss Py ba) 
+9SeD)1a56| dlsK Ph bP s by bi), (5) 
and 
K (Dah py he) =9Se (Pr) rstede (hy) K( Dy by bs py bd) 
+95 e (Dd ratr de (be) KC Pt hoy 85 Poy hee) 
+9°S,/ ( p;) rts Bk, Sx( Py — ks) fsta4 (hy) KD, + By — 2a, Be’s 3" § Do By?) 
+9°Se! (Pr) 14 | dhs Sr Piha) Tote ln) KD ha hey 8s BES Po 
(6) 


Sr (fi) ==[ gl 21) Sr); (7) 
0 (hy — hy) =0 (hy —%y) 902 


where 


and A,(p,) is the finite part of A(f,), 
A(p;) =1 =—9'S7(A,) on ARS (Pi) 7st 4 p(X) : (8) 


We have rewritten here g(27)~° of Part I as 9. 
The procedure to construct the solutions of these simultaneous integral equations (4), 
(5) and (6) would be obvious by the considerations of the preceding section. First, one 


must solve the /.-equation : 
Rol Pr» iO Ref > Po» Rs, Ry?) =0(P, — py) SIG As (f,) 4, (25) 
x [B (ey hy) B (by BP) +3 (Ey — hE) 9 (Eo — hs] 
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8 Lo > SD 6 
=~ Coe ( p:) call ARS »( Pi ®) ] sted (43) Ri( prt hy —, he's age Pw ks", ky) 


+9 Sy (fi) ryte| aRS »( pi—*) 1s7a4r (ho) Ro( Ait bah, hye, KE s Po» &s'2 k,°) : 
(9) 


Performing the subtraction of the self-energy type divergences caused by the processes cor- 
responding to the diagram of Fig. 4 (e), we have taken S,’( ;) instead of S,(p;,) for the 


“last”? nucleon propagators 


in the right-hand side of P, & a roe Re Roe es Br a f, | 
eq. (9). This is in ac ef Fe 
cordance to the similar cir- 

cumstance in eq. (6). The | 
terms of the right-hand side | 


of eq. (9) correspond to 
the diagrams of Fig. 4 (a), 


OO GU ere ais ton pane sd 18 amar: oR ae SY 
cially it should be remem- 
bered that the kernel of this 
integral equation is the same 


as that of eq. (6). 


(ov) (b) (ce) Clo een 


Fig. 4 The correspondence between the diagrams and the terms 
in the right-hand side of eq. (9). 


If we assume that the solution of eq. (9) has been found, our next task is to construct 
the G,-function by enclosing each one of the “ initial’? and “ final’? meson lines of FR, to 


the nucleon line (Fig. 1). 


Go( Pry es Pw Ks") = Sal pdrars| dhs} ak, 
x Ret P — He, &y", ke > Di Rukh. #) Tstal dp (2s) de? (10) 
Taking into account that this function G, is to be used as the kernel of the R,-equation 


in the next stage, the last factor [4,(4,)]~' in eq. (10) must be inserted to avoid 
overcounting the meson lines in A. Finally, we have to solve the R,-equation (Fig. 3). 


R ( Py» k,? 3 Po hs") — Gi(p1, ke 3 Pw Ry") 
at far. | ARG ( py hy 5 po, R°) Ry ( Px B dy, hs). (11) 


It should be noted that the diagrams corresponding to the A’,-function have not the nucleon 
and meson lines of their intial stages ( /,,/5"). 


Now, if we had solved the X,-and 7,-equations, the solutions of our starting integral 
equations (4), (5) and (6) were to be constructed from these functions Rs and Pet 
considered in the preceding section. In fact, the solutions are given as follows : 


K(p, > Po ky) =[4(A,) = 231 (21) | -9S2C2,) 
x (7s720 ( Pi ~Po— 4p) Sx Po) dy (ky) +A; ( p; > Po ke) |] ? (12) 
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K( Pw Ries Po ky) =0(p, aPe) 0( 2," — &)') Sr( Pi) 4, (4) 
PING Din By Po» ky’) Sy CP) 47(%) Joe PD tee) Pere Press Des ne) 


+| apA,* CP; he s Dp) rp: Po ®)s (13) 

and 

K( Pr ki, kf 3 Py» hy) =9\dpulltlRal pr ky, hep > P» 1B We Bs) 
x Tstal Ie (hz) | K( pot bay Bs" 5 Py &); (@e8) 
where 

zd, (A, > Pw ky) aca dk Ry (A: es Py» AS) Sp( Pi) 4, (Ay) > (15) 
A,* (py 41° 3 P) =0| dk Ry (py &;° ; p—, &) Ap(R) Sp( p—k) TsTp > (16) 

and 


Day ( pi) ey" Sank pi) rite| dpdk dk ok, (A, shi dae sues ee) 4, (4o) Se(P) 1 5€3- (17) 


That this set of functions is actually the solution can easily be confirmed by substituting 
this into the starting equations. It is possible to deduce the expression (12) for K(,; 
Py ko) from eqs. (4) and (13) by algebraic procedure only, if we take into account that 
the 4-momentum in 7, always conserves. 

In the purely mathematical language, this method can also be described as follows : 
First, we assume the form of K(,, 2,722; p,, &)°) to be given by eq. (14), where A, 
is the function to be determined later. Next, we substitute this A( 7, 2,%, Lo’ 3 Dy &y°) 
into the right-hand side of eq. (6). Then, if we take into account that the first two 


terms of eq. (6) can be rewritten as 
Gon ( Di) (70.49 (2;) K( 21+ Ai fess Pos he) as sts4 ep (hy) K( pit hy &y*, Por & ) | 
=s\ Apylp ahh ( A == 2s) SF ( pi) 4, (4) 4 (2) [0 (Ke ks)) 0 (£.$—k,°) 
+ 0(4r—2£,°) 0 (48 — 25") ] 7575 [Se (As) 710 Dot 2a Ps) K (pay 4s" 5 By» &y°), (18) 
it will be found to be sufficient that A, is the function which satisfies eq. (9). Finally, 
substituting TDi fhe oe Pinky) ol (14 )e auto eq, (5), we get the following equation 
for K( Paks she hy): 
EC Pw» Ry” 3 Do Ris) =0 ( Pi 0s) 0 (n=, ) Sr ( ps) 4p (44) 
+957 p;) 7sta4 pe (A) K( pi +2, 3 Do %) 
+| AP ARG o( Py Ries Dos Re DK ( Prsks' 3 Po» ho)» (19) 


where G, is the function given by eq. (10). Eq. (19) differs from the equation studied 
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by Fubini by only the form of its kernel G,, and its solution can be written down accord- 
ing to the Fubini’s procedure. Thus we get the equation (13) as the solution of (19). 
It should need no words as regards the solution of A( 7,3 fy &)- 


§ 4. Subtraction of the divergences 


In the preceding section, we have got the formal solutions of our equations. The 
next task is to subtract the divergences from these solutions according to the program 
described previously, so as to get significant results. However, the infinities related to 
self-energies and vertex parts are mixed up in our formalism (especially in G,) in a very 
complicated manner, and therefore it is necessary to classify these infinities according to 
their types so as to be able to perform the usual subtraction techniques. 

For example, let us consider the infinities in G,. The reason why the function G, 
contains infinities in spite of the fact that G, is constructed from the quite divergence- 
free quantity X,, lies in the 4,-and / integrations in eq. (10). Moreover, that the in- 
finities of various types are contained in G, in a mixed form is due to that A, itself 
corresponds to the assembly of the various Feynman-Dyson diagrams. Therefore, to clas- 
sify these infinities according to their types, it is convenient to make use of the nature of 
the /.-equation. 

For convenience, we shall adopt the rule of matrix product in the following. Then, 
the X.-equation (10) can be written as follows, 


Ral Pu bis Es Poy bak, be) =A Dy bE Pip hi8) deb) OLA) 
+ AC pry hes Pyy Bs") Ae (hy) 0 (A —2,°) 
+B 2 Re A fae) ite Leuk > Een tus tay ae) 
+B 2,2 3 po f) Rol Dey Reprere erty sea ls (20) 
where 
A( Py Bs Pu» 3") = Sp (pi) de (he) 9 (Pi — Py) (he® hs"), (21) 
BCD kets ay MB) =B°Se! (DY 13S 0 Pr-O) totrde hy) O( Py + 4o— Py), (22) 
and BC py, hs pay h°) RoC Py &%, & 3—), for example, means 


Sf Ar akB Dy bs Py BVRa Py bs BS). 

Now, the “ renormalization ” procedure is usually performed by considering certain 
parts of the various diagrams as the radiative corrections inserted at the vertices or the 
propagators of their skeletons. Therefore, also in our case, it would be natural to classify 
the Gydiagrams according to the type of skeleton, i.e. according to whether they are the 
corrections to the propagator (self-energy type), or the vertex where the meson &,” (or he) 
is produced (or annihilated), or of other types. At any rate, the history of the meson £,* 
or 4," would be one of keys for the desired classification of Gy. 
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If we, first, pay attention to the vertex where the “final” meson eis produced, 


all of the Rydiagrams could be divided into three kinds, that is, (1) the diagrams where 
the meson 4, is identical with the meson /,", (2) the diagrams where /,° is identical with 
k,° and (3) others. According to this classification of the X,-diagrams, we put 

Reo py Ay°, be? 5 Pos Bs" k,°) =O( pr, he Dor Fa’) Ap (4,) 0 (2° —&,*) 

“+O (Dr ke ; Pw &3") 4p (h,) 0 (eho) + (Py is ea § Pos ets) 22) 
where S is the quantity which contains neither the factor 0) (4,°—£,") nor 0(4,°—2,°), 
and therefore corresponds to the kind (3) of the above classification. Substituting this 
expression (23) into the A,-equation (20) and equating the terms which contain the 
factor 0(£,°—£,") or 0(4,*—2%,°) or the remaining terms, respectively, we get the equa- 


tions for Q and Q! or S. The resulting equations for Q and (” are identical and of the 
following form, 


Op, ke > Py ha?) = A( Pr ae > Pw k,°) 


+B(p, Be > Po kK) OCs, ay Po hi) : (24) 


This is easily understood by the symmetry of 7, with respect to £, and %,°. From the 
above equation for Q, it is obvious that the quantity Q represents the one-meson  scat- 
tering process where the meson number varies as 1—>2—+1->2—1—:--:—>1—2-—>1. The 


equation for S is as follows : 
Spy Bits BPs Pap Bs®, hey?) 
=B (py Bis Psy MVOC Pa B 5 Por hs?) Ae (ho) 0 he’ — 2&5) 
+B py hs Po» BY) O( pay Rs Dy» hs") 4p (ho) 0 (ha® — &,°) 
+B py bo 3 Psy BY) S( Pay his & 5 Pos ho") 44°) 
+B pr hi? s Psy BY) S( Pay hols Bs Poy Bak ha’) « (25) 


Finally, paying attention to the vertex at which the meson /,* is produced and taking 
into account that the scattering process where the meson number varies as 1—>2—>1—2-—>1 


---1->2->1 is represented by Q, we put S as follows : 
S( Peover esl ee ha) 
=O( py hes Day MLS er (ps) [de 2) I 
XB py By i Pa 2") T (po B23 Dos B's ha’) (26) 
Taking into account that 
EP, > Pnk )O Paks Pu”) 
=O py bs pw [Se Pd (be OI IB ba 5 fr UY Se (A) de Ls 
(27) 
it follows from eqs. (5) and (26) that 
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Oph? s Po MSH (PIT [42 OV'B( po Ms pub!” 
PEL (Dit ee he Los feos he) —A( py Bl” 3 Dos h,®) Ap(hy) 8 (Re — £3") 
—A( py fs Py ho) 49( 4s) O(ks —k,?) 
—B py hss Pay B®) T paghl®, Hs. Pup Baksh?) 
—B py Bs Py BVT (Dy, BI” Bes pry Bskhi)]=0 - (28) 


Therefore, it is found to be sufficient that we take 7 as XX, itself. Thus we have get an 
alternative equation for /’, in the following form. 
Ro( Py hy’, hee’ 3 Dyy Ra's k,°) =O( Py he? Py» hy) Ap( hy) 0 (Ay? — hs") 
oe OC pi he? ; Pw hs") 4 (h;) 0 (2° — k,’) +O Dp, cans Px» k*) 
x (Sy C2) [4,(4) eee ee > Pr i) AG we eq Pow ete h,°) : 
(29) 
The above derivation of eq. (29) is useful to explain the meaning of such a 

modification of /,-equation. However, there is an alternative method for the derivation 
of eq. (29), and the latter is more simple and convenient especially for the application to 


the higher order approximations. That is, if we take into account eq. (2), it will be 
found that eq. (29) can also be written as follows, 


R( py ky", kp > Pos Rs", k,) =O(/,, aE Px #*) LS," (Ps) A [4-(2) ie 
* {Ro Pas Ar > 23 Dos &s"> k,°) 
— BC pay BES fay RY) Ral pay beh, B* § Pray Baty ed}. (30) 


Such a relationship as eq. (30) is the one due to the nature of QO, and generally holds 
for any function 7. That is, from the fact that the quantity O which is the solution of 
eq. (24) also satisfies the equation 


Opry he > Pw h,°) =A (Ars kf 3 Po Ri) a O( Pr ho 3 Ps ke) 
x[ Se’) 7 [4a (4) 7B (pas 5 Dy 2°) Se (py) 4r(2,); (31) 
it follows that 
Teal Pr» ky’, T$ rev) = O( DP» ke > Ps» k*) [Sy (Ps) ag [4,(2) ip 
x {F( Ps hk," kK, veal) 

—B( pr, BS Po k*) Fe ( Px» hy, fens a) (32) 
for any function /. If we notice that the divergences appearing in |¢%R.(p,—h», by, ho s+) 
in the defining equation (10) of G, is entirely due to the term A(f,, /,°3 p, 2°) 
Ry ( Py 4%, &° 3+++) in the right-hand side of Ryequation (20), and that the second term 


in { } in eq. (30) corresponds to the former, it would be understood that the modifica- 
tion (29) or (30) of R, is useful for the desired classification of Go 
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Now, the original R,equation (20) can also be written’ as 
Des Piensa he =A (DAs Dh.) 474.) 0 Es —Z,") 
+A (py, ho" $ By, 2a?) Mp (Fy) 0 (2° — 2,7) 
TRC Dy 41", ho" 5 Dar 5", ALS & (A:) * [47 (4) 7 
X BC PDs 25 Poy ha?) Sx’ (Py) Se Bs) 
+ RoC Pa brs Bos Dar Mh) Se! (p.) 7 [de (2) 


x BD: ke > Po» k,*) ee ( ay) 4» (2;) > (33) 
by the same reason as that of eq. (27) or (31), ie. 
BC py ky 3s D, MV ACD, Bs Py &") (34) 


=A py his 2, R)[Se (2) [de (2) BOD, Poy Bs) Se! (fy) de (As) - 


If we apply a procedure similar to that used in the above derivation of eq. (29) from 


eq. (20), we can easily derive the following equation for A, from eq. (33). 
Re Po 21°, Bes Pos hs") BP) =Q( Po B17 5 Py 0°) 4 (he) 0 (Re? — 2°) 
+ OC Pr he? s Dos ha) Ae (hs) OR —2) + Rol Pa his bo" Pay BI, B) 
x [Sx (ps) (42) 17 4 2 BC Dey Bs pa Bs") rhs) O( Pa 3 Por &°)- 
(35) 
Substituting eq. (35) into eq. (29), we get 
Ro Pu Brey Bos Por Bs) ha) =Q( hiv he? 3 Pos 4°) Ae (hi) 8 RP —&s) 
+ OC pr BPs Day Bs )[ Se (Ps) 1" Obs 217 5 Dor 2°) +O Pv BoP 5 Par #) 
x [Se (ps) 7 [42 (2) Bb B:° 3 Dv hs) O( Pv Bs Pw ba?) Se 4s) 
+O( pi bP s Py B) [Se (ps) [4e() J" B Pa 1 3 Po 2) 
x Re poy Bl, Bs dsp RI, Bl) [Sel (5) 7 de) [42 O17 
x BC pss 2” 3 Doo Bs") de hs) O( Por 2B” $ Pry Ba?) (36) 


The important fact is that, in 
such a form of A.-equation as 
(36), the variables in question, 
ky and #, appear only in the 
function Q. The meanings of the 
terms in the right-hand side of eq. 
(36) are very obvious. (c. f. Fig. 


2) , ‘ Fig. 5 The correspondence between the terms in eq. (36) 
With the capression (36) and the diagrams. (Dotted lines show the corresponding 


for R, and the defining equation terms of Gy) 
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(10) of G,, the classification of the infinities in G, can be accomplished as follows ; 


C= G,@ ae GG” ae G,” te G.”, (37) 
where 


Ge (py Bs Py &) =P Sr(P:) Ve Ais Po) OE — 45)» (38) 
CLD bs Pb) =PSe Pd | dpe P14 Por ESe! CT" 
x [bp (ls) 1AM (Pos bi? 5 Pods (39) 
Cr? (Py 2s fry b2) =I'Sr (Py) Sele) dpa Ae Drs Poo #) 


x [Fe (h) str Se ( Psa) 1s7ebe™ (Pst hi han Bs Po)» (40) 


and 


Go (Dis bi? Poy Ba?) =H"Sp( fr) ACs) \dpadpydhd dhl dee” 


XA, prs DP» &)[4e(2) ste Se Po 2) rstao( Pot M1 — 2, Bs Py ERA 


x (be LT pete Se( Pa— he) rare (Pat hy — kl", RO 5 pr), (41) 
with 
Ae A15 Ps) =t550) HO (Phy hE 5 Py 9), (42) 
As (Py 5 pi) =| dhO Py Bs Pho LOT (43) 
and 
TAs A) =7et6| dladhO (Ak bs Py—hy bP) Tas (44) 


For the subtraction of the divergences in G,, it is obviously sufficient that we perform the 
subtraction procedure only for the quantities 1, 1,* and S',. These contain the divergen- 
ces of the so-called overlapping type, and the treatments of them are complicated. How- 
ever, Chiba” and Tanaka-Ito” have given a method for obtaining reasonable convergent 
parts of such quantities as given by eqs. (42)—(44). For example, let us consider the 
quantity 1,( ,; p,, #°). This obeys the following integral equation : 


/ dot, Pis 2D» h*) =F,To oe ( p») 4,(4) 0 ( ee wt oa hk) 
+Ae( prs Po BY) [Se (ps) 1" (de)? BC Py B™ 5 Py ) Se! (pe) 4p (2). 
(45) 


Now, if we construct the finite quantity 1, ( pis Py R) by 
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Ase Drs Px B)=AP( 2,5 Po» BY) +AN P13 Po MY [Se( pdb (deh) 
x (BC py ie > Pos eT) Saha che > Pr» ae?) lpstarmp0 } OCs ae ees h*) ’ 
(46) 
with the solution 4,” of the integral equation 
aT, 3 Pr» ke) =7,Teop ( ps) 4,(%) } ( Ps a iets] as ADC? > Par Ri) 
x [Sy ( ps) \” [4y(2’) ts 1B ps es 3 Px» Ke) = ( Pw be > Pv» 0) } path! =p? 
x Sy (p;) 4e(Z); (47) 
then this 4,,, according to Tanaka and Ito”, is just identical with the convergent part of 
the quantity 4, derived by applying the procedure of Salam” to the perturbational expansion 


(iteration) of eq. (45). In eqs. (46) and (47), /” is the 4-momentum which satisfies 


the relation 
(2°)*+77°=0. (48) 


The convergent part of /,* can also be constructed by the similar procedure. The authors 
quoted above have also shown the possibility of the subtraction equivalent to Salam’s 
method as to the quantity >',. In this case, it is convenient to rewrite eq. (44) as 
follows: First, consider the Q-equation which can be written symbolically as (24). If 
both sides of this equation are multiplied by O( f, 2’; py, ho") [Se (pi) VL 4e(.) 1, it 
follows that 


Op, Hes 2 PLS (P17 (4b) 170 Ds Bes Do %°) 
=O(P, Bs Dy B2) HOD, Bs Dy Be) Se CA) 1" [45 (4) 17 
xB py kes Po BO ty Bs Py BE)- (49) 
Therefore, eq. (44) can be rewritten as follows : 
die( P13 Po) 
=| dpdk A,( p,; p, &)[Sx (p)]" (4h) 17 As" (2, Bs Po) 


— | dpdpldkdht A As ESE OY OT 


x BC p, Rs pk) A (2 Rs Do). (50) 
Then, according to Chiba”, the reasonable convergent part of >}, is obtained by applying 
the usual subtraction technique to the quantity >},’ defined as 


dhe (A135 Po) =I apd Age P15 Pr BY Se CP) [de (A) J Ace* CP, Bs Po) 


= dpiff dhl! Ag Ars A PSE DY" eT 


x Bp, Bs p', BY) Ac® (P's R™s Po) + (51) 
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Thus, using the procedure of Chiba and Tanaka-Ito, we have got the convergent part of 
the kernel G,. Finally, it should be noted that the effect of the subtraction of the 
divergence in G, is merely to replace eq. (19) by 

K( py bis Pu ®o) =0(P1—Dy) 9 (Ay"— ha) Sp! (fi) Sr (41) 


ISy. ¢ pi) sted r(4y) K( A+ ie Pa Ry) 


TF | Up ARG o¢ ( Pr» ky > Px» Rs") K( PD» k* 3 Pw ky) ’ (52) 

where 
= Gaw ae Go ae Goo, (53) 
Sr! (4) =[1- 9 SOA) Sie (dl *S2 (A); (54) 


ORG e Dy) =0 (P1—Pv) Dive ( 21) ) 


and Go, Goo, Goo are the kernels which are obtained by replacing /,, 1,* and the 
“final” S,(~,) in (39), (40) and (41) by A,,, 4,,* and S,'’(7,), respectively. 

As regards the subtraction of divergences after this stage, there occur no more new 
difficulties and divergences can all be subtracted by a similar or more simple procedure as 


above. Thus, we have succeeded, at least in principle, in deriving a convergent and significant 


« 


result in the approximation where the meson “ number” is restricted within three. 


S$ 5. Higher order approximations 


In this section, we shall consider briefly the possibility of extending the subtraction 
procedure investigated so far to higher order approximations. 

For example, let us consider the next order of approximation, i.e. the approximation 
where the meson number is restricted within 4. In this case, eqs. (4) and (5) are kept 


unchanged. However, we must take 
K( pi &y*, be? 5 Por Bo) =9S¥( Pd) Psta4 (hy) K(f, +A hes Poy B®) 
+ 9S 9( 21) 75794 who) K (P+ hey 21" 3 Por &o°) 
+-9Sp( fy) rte dk Kp) By bith Be, bes feo 2), (55) 
and 
KC pry B®, bet, es" 5 Pos ho) =[9Se' (Pi) Pst de (Ly) K(p, + by Boy Bs? 3 Poy B®) 
PSH (A)rse0| dhsSr PA) rated) 


x K( Pith, ~~ Ray ke, R;", hes Po ke) | 
+ terms with 4,* and /,! interchanged | 


+ [terms with /,% and £," interchanged | , (56) 


On the Renormalization in Tamm-Dancoff Approximation, IT 599 


instead of eq. (6). But, formal solutions of these equations can easily be obtained by 
a procedure similar to that of § 3. In fact, if we put 


LP ig hy , hes hs Po ky) = : g | Apothak' ak" 


eae Gy Nee ALO Di ah, kk) Vd 
x [4, (X") la [4,(4) ie K( Pp» Ris ho > Po Ry) (57) 


it is easily found that the quantity 7, represents the 3-meson scattering process where the 


meson number varies as 3 > 4 > 3 > 4—>3-—>.--- 5354-33. 
Pel ee 2. ke bl, el") 
= Sy (py) Se (hi) 4 (ho) Ae (hs) 0 ( Pi Po) DY 8 (22 2") 9 (RP RY) 0 (Ry 2) 
PDP. 3 Pas Fa) Rak Pu he Fn'n Fas Des Bn Be) 
to patie: Puike) Ril pphip hd: Be sDos ikl, BOY 
NR ete ke RCP a his he, eas Poko ee Ns (58) 


where the summation in the first term is taken over all the permutations of /,°, /,° and #,". 
The factor 1/2 in the right-hand side of eq. (57) corresponds to the fact that the mesons 
k* and #’" in the intermediate stage can not be distinguished. With this expression 


(57) for K( pis bi bay bas Py bo) eq» (55) can be written as 
K (py Bey os Pup be) =9 Se Dy) retad (hk Kp hy bE s Poy hy) 
+ 9Se( Pi tstede ho) K( pit hey bi Pip Be) 
+ Gy (Py BS hE 5 Pp BY RY) K Pan BBR” 5 Day he) (59) 
where 


A 1B pecs 
Gi(Py Av, be 3 Do he, kl) = 7 Sr( Adtes| ak lh" 


x R,(2,—#s Ve kee, Rak $ pr—k"" Re, yee ey) Gees Ed) ibe (sey ee 
(60) 


After this stage, the procedure for constructing the formal solutions is quite analogous to 
that of § 3, because the difference between eqs. (6) and (59) is only the form of their 
kernels. Thus, it would easily be concluded that we can, at least in principle, construct 
the formal solutions of the generalized T-D equations in any desired order of approxima- 
tion only by solving several number of single (non-coupled) integral equations. 

As regards the subtraction of the divergences, it would be suficient only to consider 
briefly the kernel G;. Analogously to the classification of G, in § 4, we first rewrite the 
R,-equation by the first method of § 4 as follows : 


R;( his Ry, Reg, ks; Po» teak, hl!) =Rs( Pr aE Be Press hk”) 
x Ap(h,) Oh, 2— 2) + Rol par bos Bs s Por BY B) de Ay) (eae) 
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+ Rol Py bP, hal 5 Pay HI, BY) Ap (h,) 3 (EE — 2) 
4 LR Do bE hts poy bis be 1Sx (2) [bed 1 4 a) 
2 


x BC Poy ky’; Pa hg) R;( pa has Rss hee > Po ae Re, R'*) ’ (61) 


where 2, is the function appearing in § 3, i.e. the solution of eq. (9). This equation 
can be derived by noticing the vertex at which the meson /," is produced, the method 
being quite analogous to that used when we have derived the modified A-equation (29). 
With this modification (61) of the FR, equation, we can easily derive the equation for X., 
analogous to eq. (36) for /,. By substituting the equation for /,, thus derived, into eq. 
(60), it is easily seen that the problem of defining the convergent part of G, can be 
reduced to that of defining the convergent part of |dh,Ro(P\—Ayy oy hy 5 +1) OF jak, R, 
x (3 Po—h, &, hy) which can easily be solved by the technique described in § 4. 

For the modification of J,-equation it is also possible and more simple to apply the 
second method explained in § 4. Taking into account that the source of the divergences 
in {d&, in the defining equation (60) of G, is the last term in the right-hand side of 
the 7,-equation (58), and thus applying the rule (32) with /,* instead of /," to the 
quantity 7, we get the following equation for A, : 


Ry ( Pry hit, aby hak + Poy hh, hl%, BI) 
=[SOC py hss Poy MYO (hy*— RY) 8 (he) Jb (4) Sp (ho) 
+ OC Pir hs" 3 Pay R") (Sy! (Po) |" [42 H") 
x {B( py hits Py hi) Ry fay bahy Rl, hey? 5 Prog hy Rl, BI) 
+B Puy hes Pay hee) Ral Py byt, RU, hese s poy bY, BY, BPYS, (62) 


where the summation (¥!) in the first term is taken over all permutations of /*, £’” and 4//4. 
In this form of 7., it would easily be understood that \ th, Ry (~1— hay By Roy Ba 3 °°) 
can be made convergent provided only that {d@/,Q(~,—ky hy3 +++) is made convergent. 
The divergences caused by the integration with respect to 4” in the defining equation (60) 
of G, can also be separated by the similar procedure with the /,-equation corresponding 
to the equation (33) for 2. 

Thus we see that the convergent contribution of G, can, at least in principle, be defined. 
In the approximation where the meson number is restricted within 4, it is necessary after 
this stage to construct the solution A’, of the integral equation which has G, (made 
convergent by the above procedure) as its kernel, and moreover to construct the kernel ee 
by enclosing one of the meson lines at each of the initial and final stages of A, Again, 
this kernel G, would contain the overlapping divergences. However, this would also be 
made convergent by the procedure explained so far. 


In fact, the source of the overlapping 
divergences in (d/,R,( p,—/,, h,, & 


03s) is only the term (in the Requation) which 
contains the kernel shown in Fig. 6 (one term of G,), and 


therefore our method is 
directly applicable also to this case. 
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4 Re Thus far, we have considered the case where the meson 
number is restricted within 4. However, our method is directly 
applicable to any higher approximation and the significant con- 
vergent solution of our formalism can, at least in principle, be 
derived. The remaining question is only whether our method of 
defining the convergent contribution can be interpreted as the 


: eS 
‘renormalization ”’ procedure or not. 


Fig. 6 
§ 6. Discussion and conclusion 


In this and the previous papers, we have shown that, by extending the notion of 
meson number, it is possible to formulate a covariant generalization of the Tamm-Dancoff 
equations for one-nucleon problem (though in the approximation where the nucleon closed 
loops are entirely omitted) and that it is also possible, at least in principle, to define the 
convergent solution of those generalized T-D equations. 

Now, it should be noted that, in such an approximation as the T-D method (gene- 
ralized or not), it is probably impossible to eliminate all divergences only by changing the 
scales of the mass and the coupling constant as in the case of the perturbational treatment.” 
Usual renormalization technique is intimately related to the perturbation expansion, and 
it would be very difficult to apply it directly to other expansion methods, except very 
special cases. For example, if one wishes to eliminate the divergences, in the present 
formalism, by the method analogous to that of the perturbational treatment, the renormalized 
coupling constant would depend on the configuration of that stage at which it appears. 
This is easily realized by the example shown in Fig. 7. In the approximation where the 
meson number is restricted within three, there is no correction to the vertex of Fig. 7 (a) 
and therefore the coupling constant 
Ja is unchanged (except the change 
by the contribution from the self- 
enetgy type diagrams.). However, 
in the same approximation, the 3. 3, 
process shown in Fig. 7 (c) com 
tributes as the correction to the 
vertex g, shown in Fig. 7 (b), 
and for the vertex g, of Fig. 7 (a) Cb) 

(d) there are more complicated Fig. 7 


(d) 


corrections. Thus, after the “ re- 

normalization”, the modified coupling constants 7’,, 7’, and g’, are all different. 
However, these “ renormalized ”’ coupling constants would become identical with each 

other as we proceed to infinitely higher order approximation, and, in this limit, our subtrac- 

tion technique would give the correct result. In other words, what we want in such an 

approximate theory is the approximation in a certain sense to the correct answer of the 


problem in question. Therefore, supposing that we borrow a certain contribution to g, or 
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: : Bp TN ‘ : : 
g, from the higher order configurations, we put Ya =Ys =Ya- The circumstance is quite 


similar as for the “renormalized” nucleon mass terms. This is a justification for merely 


omitting the various divergences in our theory. At any rate, the convergent result derived 


by the procedure of this paper would have the significance as the approximation to the 
correct result, corresponding to a certain restriction of meson number, and the important 


one is not ’ but the convergent part of our formal solution. 
Concluding this paper, the author wishes to thank to Professors K. Nakabayasi and 


I. Sato for their kind encouragement. A part of this work was studied at the Research 
Institute for Fundamental Physics (Kyoto) where the author was also indebted very much 
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A formalism where Hamiltonian is generally diagonalised is given and the relation of this formalism 
to the Tamm-Dancoff equation is studied. The Tamm-Dancoff equation in which the energy of the 
system appearing in the denominator of the equation is climinated, can be obtained from the solution 
of a differential equation. In this energy-eliminated Tamm-Danco¥ equation, the subtraction of closed 


loops is possible. Furthermore, some applications are given. 


$1. Introduction 


The recent development of the meson theory has made it clear that the coupling 
constant between nucleon and meson is not weak enough to be treated by the perturbation 
method. So several methods other than the simple perturbation have been proposed. 
One of them is the Tamm-Dancoff? method. This gives comparatively good agreement 
with the experimental data concerning the pion-nucleon scattering”. This method is also 
applied to the calculation of nuclear force. Sawada” noticed that we get not usual but 
imaginary (non-hermitic) potential of Lamb shift if we calculate the potential by the 
Tamm-Dancoff method. Furthermore, he** noticed that this is due to the fact that the 
normalisation of the Tamm-Dancoff amplitude is different from that of the original state 
vector, indicating that the transformation connecting the former with the latter state is not 
is unitary. If we renormalise (this term is used here in a different sense from the usual 
quantum electrodynamics) the amplitude we can get the usual hermitic potential as expected. 
We shall show in Chap. 3, that this procedure is equivalent to a unitary transformation. 
First, in Chap. 2, we shall set up the formalism that will make Hamiltonian diagonal. 
In Chap. 4, we shall investigate the relation of this method to the adiabatic theorem, and 
in Chap. 5, we shall treat briefly the relation of the Bethe-Salpeter wave function and 
the Tamm-Dancoff amplitude. Lastly inChap. 6, we shall give several applications of the 


method proposed. 
§2. Diagonalisation of Hamiltonian 


We start from the following eigen-value problem : 


HE =E. (1) 


* Now, University of Rochester. 


+k The same thing is noticed by Professor Feldman, also. D. Feldman, 4-th Rochester Conference. 
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Although in the following discussion it does not matter what representation we use, we 
assume that all operators are those of the time independent representation. 

We classify all the eigen-vector of the free Hamiltonian //, into two classes {%,} 
and {@,\; how to classify is dependent on the nature of the problem. For example, in the 
problem of the calculation of the nuclear force, {%,} is to be taken as a set of all the 
eigen-vectors which have two nucleons, no meson and no pair, and !P,} as a set of all the 
eigen-vectors other than the above mentioned. 


Now, let us introduce the projection operator 7, which has the following properties : 
7?,=, (for all %, belonging to the first class), 
70,=0 (for all @, belonging to the second _ 2) 
9 satisfies the relations : 
y=y, (1—7)*=(—y), 9(—y) =0, 
[Ay 7|=9.- 
Y can be expanded by the complete set {¥,,} and {¥,}. 
P= >) anPnt+ 3) AP. (4) 


a 


Let us put 
f=77 = Fe pe 
aN aT Ae 4 
Then the equation (1) is written as ; 
9 Ga+9 HP =LP;, 
(l1—y) 7 ¥,+ 1-7) i one * 
or in the matrix notation, 
nHy = nH—n) \/ By v, 
(le-7) fine (L== 9) Beene ee ay ‘e 


ans matrix of the left hand of (7) is hermitic and so it can be diagonalised by a certain 
unitary transformation™. 


Ps P! ra ah yl. 
=f 1 = 1 12 1 
( T, ) ( “0 ( EP Tes ( ah (8) 
where (/,, are operators which have the following form. 


On= 0 x'n, OC.=70 ;7 (1—7) 
Oy=(1—2) 0 y!7, Un= (1-7) Uy! (1—7) (8)’ 


* Similar transformation is proposed i 

posed by Dr. Tani. See, S. Tani, Prog. Theor. Ph 
and also used by Professor Feldman for the calculation of nuclear force: D rs Id , Dae aoe 
ete : D. Feldman, Phys. Rev. 93 (1954), 
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From the unitarity of U, 
U+U=1. (9) 
U,, can be expressed as 
U,,= (1+ A* A) es Go= (1+ AA*) 7S, 
(10) 
O.,=AU,,, Oy9= —A* Oo. 
Here A is an arbitrary operator, which has the following form in the case of (8’): 
A=(1—7) A’y. (11) 
S, or S, is an arbitrary operator which is unitary in the respective subspace : 
Si=751'7, So= (1 =7)) eee), 
| (12) 
ST S;=7, SJ S,= (1-7). 


In above equations, all operators with prime are arbitrary operators. In order that the 


matrix of the left hand of (7) is diagonalised, we must have 


(1—7) (1+[H, A]— AHA) 7=0, (13) 
or 

(1—7) (1— A) H(14+ A)n=0. (13)’ 
Then we get 

Ui 1+A*)H1+A) 0,8 =F, . 

Us (=A) HOA) Go = ee oe 


If we use (13’) and notice (8’), (10), (11) and (12), these can be rewritten as follows. 


GA G+ A) C,H L£T | és 
15 
Om' H(1—A*) OP f =EE  : 


or 


rit (1+ AY) HU) = BY, 
(15)' 


O22 (1—A)H(Usz) TP I=L4E 


Here U7! (or Uoz') means the inverse operator of (/,, (or (/o) in the respective subspace 


where it is defined, namely in the matrix notation it is to be interpreted as 


Gaia) 


a <0) 


J=14+A (16) 


If we define the operator 


and S,/ and S,/ as the unit operators in (12), we have the following equations from (14), 


C1S,)eandieCl 51), 
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ST ETAL el ap a ae 
Ty TT) 0 BE a7) 
C727 BCT tHe], ie eee 
Here we defined (Q) for an arbitrary operator Q as 
(QO) = Oneagonaa=10n + (1L—) Q(1—7). (18) 


Of course, it is unnecessary to include in (17) the second term of the right hand of 
(18) by (11) and (5), but this definition will prove more convenient later. / defined 
here corresponds to / of Sawada et al.” as will be shown in the next chapter. (17) 
are thus equivalent to theirs. As is clear from (14) or (15), 7 / and ¥,! are independent 
of each other. Especially the case /,’==0 is interesting, because the Tamm-Dancoff 
method is an example of this case, as will be shown in Chap. 3. Then, we have from (8) 


LUE ENG ll 
} (19) 


T= U0) AV, 
so that from (16) 
P=/P, (20) 
and (15) or (17) becomes 
(Hf) T.=Ae 2 (21) 
We notice that (1) follows from (20), (21) and (13). 
Thus, the Hamiltonian is diagonalised into two parts. If we want to diagonalise 
these further into smaller parts, we have only to repeat the similar procedure. The re- 


maining problem is to solve (13) and obtain 1. This is generally difficult, because (13) 


is non-linear with respect to 4. A few examples for which (13) is solved are given in 


Chap. 6. 


§ 3. Tamm-Dancoff equation 


We divide //7 into the free and interaction parts 


Y—H,+9fh. (22) 
According to Sawada et al.” we get the following equation from the second equation of 
(6). 
a il il 
? = a alyetey GO») Aes (23) 
ne ee pre) 


Here we su ose that there rt not an in i ent rtic e rp th u (a n 
are 10) Pp i 1 9 


(23) by tbs outgoing wave condition, namely / in the energy denominator has a vanishingly 
small positive imaginary part. By (23) and the first equation of (6), we have 
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ieee 1 [eee (24) 
Bae as, (1—y) A, 
This is the formal Tamm-Dancoff equation. 
Now let us define the operator 4 which has the form (11) and is independent of 
£, by the following equation : 
PW =AYP,, (25) 


or 
1 


: il 
195 agri 


z 01 =») APs (26) 


AY = = 
EH, 


0 


A can be determined uniquely, because all js which satisfy (24) are supposed to make 
a complete set in the subspace under consideration. We will prove that 4 defined here 
has the same property as 4 defined in Chap. 2; namely it satisfies (13). For that purpose, 
let us define / again by (16). Then, from (1) and (5), 


Ts (25)" 
JE = a Te (26)’ 
Lad Boar (1-7) i 
Then (24) becomes 
(H,+ 9 A/)) i= (AY HEF. (27) 


(25), (25’) and (27) correspond to (19), (20) and (21), respectively. Now we show 
A defined here satisfies (13). Since all %,’s make a complete set in the subspace, (13) 
is equivalent to 
(1—7) (HJ — AH) ¥,=0. 
From (1), (25’) and (27) 
HU = HIP (HI) = ESE 8) BAD, 
AH/¥ ,=A\H/)¥,=LAP;. 


Therefore 
(1—1) (HJ—AHJ) ¥,=0. 


So, it is known that the formula in Chap. 2 holds good here. 
Furthermore, we renormalise ¥,* : 
P= (1+ fe) Ne ae OyF (28) 
Here S, and U,, are defined by (12) and (10). (28) corresponds to (19). Then, 
from (25) and (28), 


* his renormalisation factor is a generalization of Zo, that is the renormalisation constant in non- 


covariant formalisn, and has the meaning of the probability of the initial state. See, G. F, Chew, Phys. 
Rey, 94 (1954), 1748. T. D. Lee, Phys. Rev. 99 (1954), 1329, 
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(ER) =(¥,, A+ AtAP,) =(F 71, Fy). 


So, it follows that Y,! is the renormalised te age and from (25) and (28), 


is UE! U,,, —A*U 
PUI te or Made lla) 


Although the above equation holds good whatever (5 is, it is put equal to the operator 
defined by (10) and (12) so that (/ may be Geitey pa equivalent to one defined in 
Chap. 2. When we compare this result with (8), we have ,’)==0. This is due to 
the fact that in Chap. 2 we made only the unitary transformation for the Hamiltonian, 
while here we used the relation between /, and /, by considering the boundary condition 
that there are not any incident particles in the subspace 7. In fact, when (25) holds, 
we get from (8) 


vo, =Us? i+ O73 F 5-= Ups (— AV + Fo) =0. 
If we put S, to unit in (28) then (27) becomes 
TDD TT Oa BE (17) 


This is the second equation of (17). The effective Tamm-Dancoff Hamiltonian which is 
the term of the left hand of (27) is not hermitic, generally. This is due to the fact 
that the transformation which connects Y with ¥, is not unitary. But the operators in 
the left hand of (17) are hermitic, because the transformation connecting Y with V,/ is 
unitary as has been shown above. So the renormalisation of the Tamm-Dancoff amplitude 
is necessary. The examples which show this are given in Chap. 6. 


It is to be stressed that A satisfying (13) is not necessarily equivalent to the 
corresponding 4 in the Tamm-Dancoff method. For that 4 must satisfy (26). 


§4. Time independent formulation and adiabatic theorem 


First, let us notice that from (11) and (3), 


(1—7)A,jy=AH,A=0. 


OU 


Thus, (13) can be rewritten as 


@ —7) (GH, + Wer A|\+q| tds; A|—qgAH,A)n=0, (29) 
or 

A—») GM,/+[A,/|-9/(A,J))n=0. (29) 
Now, i 


introducing the interaction representation for an arbitrary time independent operator Q 


O(?) =exp (i,t) O exp (—ifyp) (30) 
and noticing (3), (11) and (29’), we get 


ad 
- SO= A=”) (9 OO -VO(AO/@ 1 7. (31) 
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Furthermore, we consider the next equation : 
PAL Foe 3 : E 
Cs V4) =(92,) V0) —9VO(ALOVO)), (32) 


which was introduced by H. Tanaka" for the first time. 
From (32), l(t) has the solution of the following form : 


V(t) =1+ (non-diagonal) =1+7V(¢) (1—7) + (1-7) V(4) 7. (33) 
Then, the solution of (31) is given by 


9.) =a + 7) Va) 7, 
or (34) 
A(t)=(1—y) VA) a 
as is ascertained by the following relations in combination with (33) and (34): 
I()9=VOn, . 
| (35) 
A—n)/@ = (1-7) V(). 
So, defining ’ as 
V=V(0), (36) 
we obtain 
J=1+ (—y) Vy, 
a (34)’ 


A= (1—7) Vy. 


We can thus find A by solving the differential equation (32). The initial condition 
may well be arbitary, and one choice of them corresponds to the Tamm-Dancoff method, 


To obtain it, we replace the coupling constant g by 


mexp.(er) ™ ee 0)s 
Then from (26), we have 


A(—c«)=0 (36) 
or 
/J(—o) =1, | (38) 
V(—oco) =1. ; 


With the initial condition (38), ”7(/) is uniquely determined by (32). This solu- 
tion is the one corresponding to the Tamm-Dancoff equation. To give more rigorous 
proof, it is only necessary that 4 corresponding to this solution satisfies (26). Of course, 
we take the case /,/==0 in Chap. 2. First, we notice that all /’s in the equations of 
Chap. 2 can be replaced by I’’s as a consequence of (35). Then, from (1) and (20), 


(B= y= 9s) (VE) =o. 


610 S. Okubo 


Let us notice from (21) or (27) 
ga—n) HVE =gH VE WAVE =9 VE — (Eh) TP 
and we have 
(E-Hy-9 1-2) HV) P= (E-A,)P 


Let @ be an arbitrary vector which satisfies 


(B= FT) 00. 
Then, we have 
J®,=VE = a= (E,+ 9). 
sate ie pS 
So, 
(1h et : = 9 (1) HE 
Ea ee 
Ns a coe ee 


1 
Le ee 


From the construction of [7 (see (32) and (38) and notice that y is replaced by 4 exp €¢,) 
(V—1), contains only the outgoing wave, so that @ must be zero. Then this gives 
(26). Thus, it is proved that the choice of [7 which is the solution of (32) under the 
initial condition (38) corresponds to the Tamm-Dancoff method. 


Tanaka” proved the following relation holds in the limit when € tends to zero: 
HV=VAAV »: (39) 
So, (1) holds good, considering (20) and (21), when / there is replaced by V7. But 


it was not clear in his formalism that Y, is the Tamm-Dancoff amplitude and the formalism 
has the close connection with the Tamm-Dancoff method. 


Furthermore, let us define (/(¢) according to him, as follows : 
UG) =VO)U,(), 
? “a (40) 
T1(0) =Plexp(—t) atg(,@V)). 
Then (/(f) satisfies 


idU (t) /at=GH,(t)U (2d), 
Cee 1; 


(41) 


So, (/(¢) is the usual transformation function which transforms the Heisenberg operators 
to the interaction representation, 
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From (33) and (40), 
U1) =(U()) 
U4) =VO)(U@)) 
V(t) =U) (U@))™. (42)’ 


If we restrict the projection operator 7 to that for a pure state Y, which is an eigen- 
state of //,, then YW, is a numerical multiple of %,. 
Then, as shown by Tanaka”, we get 


(42) 


or 


T=V0,=cV0,=clU (0) 9. (43) 


This is the adiabatic theorem obtained by Ferretti and Gell-Mann and Low.” (25’) is 

the generalisation of (43), when / is replaced by 7. It is worth-while to note that U, 

represents the wave matrix for the Hamiltonian (27) as known from the form (40) of 

U,. So, if we consider the scattering problem, /, is obtained from a free state 7: 
Y= C7,(0) 2 

and 


C= V0 ,=V (0) U, (0) P=U (0) M. 


This is equivalent to (43) except the numerical factor. The difference is due to the fact 
that YP is not normalised to unity. 

The result of Cini and Fubini? is obtained by neglecting the second term of the 
right hand of (32) and solving it under a proper boundary condition. 

Lastly, let us consider the problem of the nuclear force up to the fourth order in the 
coupling constant g. The projection operator 7 is that which selects only two nucleon, no 
pair and no meson states, and we assume that the interaction Hamiltonian is linear with 
respect to the meson creation and anihilation operator. Then the energy-eliminated Tamm- 


Dancoff equation is obtained by solving (32) and using (21), 


ey Onl la) al Ail), a (rl Lael AIBA Ir), 
nd ee eee) (are 
4 gt Sl Hila) (ol) ) 4 VAP) (BF) ) (44) 


C2 o/s) Ce, 2 hy) (fo ees) 


This, also is applicable to the one nucleon problem. Here the summation symbols 
are dropped for brevity and lattin indices mean the states in which only two nucleons exist 
and Greek indices the other states, and the energy denominators have a vanishingly small 
negative imaginary part. (44) is equivalent to the usual Tamm-Dancoffequation in which 


E jis eliminated, as is shown below. The Tamm-Dancoff equation up to the fourth order 


is given by 


((nlAh la) (al Fm) gs Male) aXee| HIBBING) 9 


Gia ay Fe (H.— E) (F,—E) (E,—E) 


(45) 


* Tt is worthy to notice that this derivation given here has not to do with the perturbation methed. 
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From (45), ; 
(Ef \2,= 0 (as 
So, / in the denominator of the second term of (45) can be replaced by £&,, in this 
approximation, and then this term gives the second term of (44). The first term of (45) 
is rewritten as follows: 
(lA Ja) (a 27,172) } Qn es (2| /7, ja) (al £7] 77) ) (E-E\as 
ome (ao) (Le fe) 


sali 
The second term of the above equation is iterated by using (45) and then the energy E 
is replaced by £ 


m and we get (44). 

Thus, it is known that the approximation of the usual Tamm-Dancoff method is different 
from the approximation made in the energy-eliminated Tamm-Dancoff equation (27). For 
example, the second order usual Tamm-Dancoff equation involves a part of the higher 
order terms of (27) in the coupling constant. One merit of the energy-eliminated Tamm- 
Dancoff equation is that it makes possible to subtract the disconnected loops in contrast to 
the usual Tamm-Dancoff equation, since the energy denominator there does not contain / any 
more. In fact, we can see it from (44) in the second order of 7. In the fourth order, the 
sum of all the graphes of type (a) in Fig. 1 is cancelled by the sum of type (b) which 


are the third term of (44) and arise from the elimination of / in the denominator of 


the second order graph. So, remaining closed loops are of the type (c) and are absorbed in 
fi in the left hand of (44). 


\ hy 
‘. 
i i. ' 
é ; 
ie AN i Ee bs 
\ 
4 \ 
i] / \ 
Hy 
‘ \ mae 
! 
t 


et al. 
SRA a icicle , 
(by) J 


(c) 
Fig. 1. 


Generally, this is proven as follows: From (27) and (42’), the interaction part in the 
energy-eliminated Tamm-Dancoff equation is given by 
i H,U(0))<U@))~. 


Since the closed loops which are contained in CU cancel* each other, 


consider the loops which are produced by contraction of //, and VU. 
ing part is 


we have only to 
Then the correspond- 


(HO) 2 (170 yey ae (OT) tev 


* Here, we use the method of the Feynman dia 


ty gram instead of the diagram of Tamm-Dancof method. 
This is possible, because U is the usual transformation ; a 


function, 
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and so 
Mek U) ‘ U7) i =e | Connected Part | ai eh On eae: loop * 


Therefore the remaining disconnected loops are only of the type (c) in Fig. 1, and they can 
be subtracted. 

Next, let us consider the energy-eliminated renormalised Tamm-Dancoff equation up to 
the fourth order. If we put the solution of (32) in the following form : 


VS14+9V,4+9V,49Ve4+---+ 
Then, (17) is given by 
{A+ 9°/2° ((HV,) + VitM)) +9'/2> KEV) + (Va A)) 
+9°/8-((ViAVs), (AV) —( Vy) } PHBE. (46) 


Here the higher order than the fourth are omitted. If we put 


Fie=1/2-((AVi) + (Vy A)), 
Fe canis Kavarna 
we obtain 
n|\ Ho eee | H, i » 
(lin) = 2 (a tha) (el zm] + | 
(n| H,|m) =—1/2-( (n| |e) (| AIP) Fl Gl) ) 
x| a u 
(£,—£,,—1¢) (A,—E,,—1¢) (Ap — An 2) 
+ — | aa —_ | 
(By E, +i) (Ej— By ie) (BE, 48): 
$1/2-( (nla) (al FIZ) AB) Ble In)) 
| il 
x . ~ . ~ « 
(4A,—F,—2€) (Z,—£,—2¢) (=F, —7€) 
ve _1 a 
(E,— E+ ie) (E,—F, + ie) (E,— En +26) 
ie 2E,— (Ent Em) _ |. (47) 


4 (B,—B,—i6) (E.— E—i¢) (y—En—i®) (A F718) 


It is easy to calculate the nuclear force from these equations. (47) can be used for the 
problem of the meson-nucleon scattering. In that case /7, of (46’) gives of the effective 
Hamiltonian of the second order, and this is equivalent to the result obtained by Sawada’. 
If we neglect the nucleon recoil, we can solve exactly the problem of the meson-nucleon 


scattering, as shown by him®. The reason is that the matrix element of //, has the 


energy denominators such as the initial or final minus intermediate and is different from 


the energy denominator of the Tamm-Dancoff equation, as is seen from (47). 
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$5. Bethe-Salpeter wave function and Tamm-Dancoff amplitude 


Usually, the relation between Bethe-Salpeter wave function” and the Tamm-Dancoff amplitude 
is obtained by using the Bethe-Salpeter equation”. Here, we seek the relation by using not 
the equation but the definition of the wave function direcly. For the two body problem, 


the wave function” is given by 


a(x, 9) = (Fo TG) P2097) ¥)- (48) 
Here, 7 represents Wick’s chronological ordering operator”, and %, and Y are true 
vacuum and two body states, respectively. g is the Heisenberg operator defined at 


t=0. In the system of the center of gravity (which simply means the state where the 
total momentum is null) Z(1, y) must have the form 
14, 9) =f (4—p) exp {—tE (4, +-9,/2) }- (49) 


Here £ represents the total energy of the system minus the energy of true vacuum. 
Hereafter, we put the energy of vacuum equal to zero by subtracting this energy from the 
original Hamiltonian. Thus, £ represents just the total energy of the system and the inter- 
action Hamiltonian is given by 

ffi = 9 Hs Ley tics ° (50) 
Dya25)) ands (35), 

vajv.=V,, 


where , is the Tamm-Dancoff amplitude 
V, =| a(K) O(K, —K) aK. (51) 


?(K, —X) is the eigen-vector of //, that each particle has the momentum AK and — At 
respectively. (48) becomes 
£045) = (Fo, TP) b2(9)) V0) ¥,). (48)’ 


by From (51) and (48’), we can represent 7 by a series expansion in y in terms of 
a(&X). Here we consider only up to the second order in y. From (32), within this 
order, we have 


V0) =U(0) +2) aH) VO) +09). 
So, omitting the numerical factor, 


1% 9) = (Py TU (+0, — 00) $4 (2) doy) ¥) 
+ (Oy TI ))i | dO V(O)E) 0G). 


HW EEE : ' 
ere ¢/,(7) is the operator of the interaction representation defined in ¢=0, and @. is 
? 0 


the free vacu C i 
2B um state and U(+ 00, —oo) is the usual S-matrix and the method used 
to obtain the above equation is due to Gell-Mann and Low.” 
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£69) = (Oy TH) $C) [144 | aA VO)IED) 


re! 


The second term can be calculated by the usual Feynman graphical method. First, let us 
consider the contribution from the first term ; 
eke i) = aul AE uu (Kk) u® (— KK) exp2 K(X — VY) —72 (44+) | 
= = _ sé 3 e 
x [a K) +| dK’ (K, —K\i | a7" VK Kya]... (53) 
Here 
(ak + Pm) u(K) =A yu(K). 


In order that 7‘ (7,7) has the form (49), it is necessary to replace 4}, by #/2 in the 
exponential of (53). In the lowest order y’, to do so is right, because a (IL) satisfies, 


by (45), 
(E—2E x + 0(92)) a(K) =0. (54) 


To replace Ey by “/2 is legitimate up to the second order in g. This is shown as 


follows. Within the second order in gy, we notice that the following equation holds : 
a) 
ere enh i| dt H! (t) V(t) )] 


=i +if ay" (1) Vd) ) exp (—i(H, + (A'V)) 2). 


This results also from the fact that UU, of (40) is the wave matrix of the Hamiltonian 
(H'V). So, operating this equation on ¥, and observing (27) and (35), we get 


exp (—iE x (4+) (4K) +| RICK [aer@ VW) K!, —K) a K’)| 
=exp{ des, = Gy) Via (K) +| aK’ (K, —K| if aH () V()) |, —K) aK’). 
In order to show the correspondence to Levy’s results”, we expand f of (49) 
f(z z we aI AKA, expliK(X— ¥)— ikl —3)] Se (BALK by). 


(27) 
(55) 


The contribution from 7 


The meaning of suffices in 7% is found in the reference (9). 


is given by 
0 
A? (K, bj) =3(b) [a K) + | aK, — Ki] dd QVO) | — KK 
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or within this order, 


9 [ r Ke — K|H,|a) (a|H,| kK’, — K’) ft 
Orie) Oe _@ | dK'd. CB, — #77, eae COGN be 
AY, &o) (4)| aK) Z| On na RESO TS Ces 


By (54), we can replace 2E, by £ in the second order. 


K, —K\ /f,\a\al | K', —K") K) | 


ACK, &,)=90(&) E (K) =- oe \ PFE RS yea 


i—2 Ex 
(56) 


By the counter part of (50), the closed loop graph is cancelled as was seen in the pre- 
ceding chapter, and so the right hand of (56) has no term corresponding to this graph. 
From (45), we know that (56) is zero in the case of the bound state. 

The second term of (52) is calculated by the usual Feynman-Dyson graphical method. 
Here, we omit the self-energy graph for brevity and the closed loop graph need not be 


taken into consideration, because the counter term of (50) cancels it. 


A® (K, hy) = ze nah = sf- &P 
(27) |A;( 4) +h, | (1; (h) — Key Ril J Op —k, 


x 1D (K, K+ P) PS (—K, —K—P)ayn(K+P), (57) 
where 
P's CK, K’) = (wt UK), Ou,UK)), 
AR B22 CI 


In the case of the ps-ps meson theory, O is /37,. We used (54) and replaced “(A +P) 
in the denominator by 4/2. So 


A(K, &,) =A" (K, &,) + A° CK, &): (58) 


A” is zero for the bound state. This, also results from the Bethe-Salpeter equation. 
The equation is given by’ 


Ud ee \P a Bee Aer le TE em \ i Pdp, 
(27)*[A, HK) + 4] (A,X) — 4) ] #7) wB—p! 


x PP CK, K+P) PP (—K, —K—P) Ay(K+P, hy +p,).(59) 


Inserting (58) in (59), and observing that A“ in the left hand of (59) is cancelled 


by the right hand term which appears from the insertion of A"). We get within the 
second order the following equation : 


A™ = 0, (60) 
This is the Tamm-Dancoff equation for the bound state. 
For the scattering problem, by (56), 


SAMO) (%,) 0 (A— A,) ae 
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so that in the right hand of (59), the term 0(%,))(KK—K,) must be added. In the 
case of bound state, by (60) and (58), we have 
ACK 2.) = AK, &) (61) 


which can be obtained by inserting A” in A of the right hand of (59). Thus these 
procedures are self-consistent. (57) and (61) are different from the equation (35) of 
Levy, who inserted —2/1(K)a(K)|1°(K) —2,7|- hand of (59). 


$6. Examples 
(Ex. 1) Lévy-Klein Method 
Let us consider the second order nuclear force as an example that shows the necessity 
of the renormalisation of the Tamm-Dancoff amplitude. In the non-relativistic approxima- 


tion of ps-meson theory, the Tamm-Dancoff equation is given by (45) as follows : 


Bue a(P)= 1 disa%g o,(P—P')o,(P—P’) (t17) a(P’)a°P' 
) ~ (20) 2M Pp? Pp? 
o(P—P)| E Cee Pa P’)| 
2 Qt (62) 
P ip Here we take the center of mass system. Let us expand the denominator 


of (62) as follows : 


Sd 1 . 
a 2 z 
| (es A gees am 
{ 2M 2M 
ee, EERE 
Fig. 2 isha 1 1+ 2M 2M c 
OCP ") w(P— P’) 


In the Lévy-Klein"” procedure to obtain the nuclear force, one makes use of the approxima- 


tion 


g 2 |B 
Rogsidviat is pe (63) 


and iterate (62) for eliminating / from the right hand of (62). Transforming to the 


coordinate space, we have 


(E+= a(X) =[V,CX) + F(X) V(X) Ja(X) (64) 
Bice . 
VAX) =—T a) nt) | (6, P) (6.P) ee _exp PX) a°P, 
(65) 
pias aall (<4) ee x.) { (3,P) (6.P) cp eP x) DP. 


V. is the usual second order potential and IV, is the difference of the potential of 
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Taketani, Machida and Onuma from that of Brueckner-Watson.” But the approximation 
(63) has little meaning. In fact, if we do not make use of (63) and eliminate / from 
the right hand of (62) by the iteration, we get, within the approximation that the higher 
order terms than (/4/J7)” are neglected, 
(E+ 4/M)a(X) =[V,(X) + V(X) V(X) + 1/2M-.4V,(X) 
+1/M-aV,/aX -0/dX ja(X). (66) 
Thus we have two extra potentials not contained in (64). Especially, the last term of 


(66) is a velocity-dependent non-hermitic potential. The reason why such a non-hermitic 


potential appeared is due to the fact 
(Vv, ) =| TAX at Xe aX 


Now let us put 
a’ (X) =|1— V(X) +self-energy term]! aX). 


a’(X) satisfies, within the approximation considered, 
(FY, F) =| a’* (X) al (X) axe 
Then (66) becomes 
(E+ 4/M)a' (X) = (V(X) +1/2-V,CX) ¥,(X) +1/2-V,(X) VCX)) a’ (X) 
=(V; CY) 45 V,(X) V(X) )a’ (Xx). 
This agrees with (64). Thus the Leévy-Klein procedure is justified. The result obtained 


here can be more easily obtained from (47). 

If we don’t expand the denominator of the first equation of (17) in the power series 
in /, we have a potential which is different from the one by perturbation and has the 
character that is intermediate between the one obtained by Taketani, Machida and Onuma, and 
the one by Brueckner and Watson. This is being studied by Sato and Sawada." 

(Ex. 2) Pauli Approximation for Dirac Equation 


Let us consider the Dirac equation as the second example. 

(aP+ 8n—eV) p= Ey. (67) 
When we eliminate the small component, we have ' 
(1/2m-P*+m—eV+e/4n?+ (6, Bx P) +¢/4m?-div K—¢/4m'°i- E- P))$,=E¢,, 

(68) 

where 

= —grad V 
and the higher order terms than 1/7” are neglected. The last term of the left hand of 
(63) is non-hermitic. The reason is the fact that the transformation connecting ¢/ with 
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¢. is not unitary, as is clear from 


(Pp) = (Pi0s) + (P-$_) = (H.¢,). 
If we put 


; ¢,= (1—P?/8m°*) ¢ - (69) 
then, 


(YP) = (¢¢) 
and we have for (68) 


| P+ m—eV + £4(6, Bx P) + © div B) ¢= Eg. (70) 


2m 8770" 


The non-hermitic term thus disappears. This result is identical to that obtained by the 
Foldy-Wouthouysen transformation"? .* 


(Ex. 3) Dirac Equation as Example of Chap. 2 


First, take the free Dirac equation. 


(aP+ 8m) p=Ly. (71) 


We take » as the projection operator which picks up the large component only. From 
(11), we put 


0) 
Ve P) 0 
Then (13) or (13’) is satisfied if the following relation holds : 
1—2mf—p f°=0 
or 


| Fe ia /e (72) 
If we take the upper sign, and equate S, and S, of (12) to unity, we get 


A= ‘Yip. (72) 


A 


U=N (Vp +m? +m) /2V f+ nF —B(aP) /p-N (VP + 12 — mM) /2V P+ We. 
This is equivalent to the Foldy-Wouthouysen transformation.” 
Next, we consider the case that there is a potential : 
(aP+Pm—eV)f=Ly¢. 
(13) is satisfied, up to the order 1/7’, by 
. 0) O-. 
bes (. (74) 


0) 
21 


Then the effective Hamiltonian is obtained by (17) and is identical with (70). 


* Recently, Case applied a similar transformation in the case of #-formalism. In this case, the situa- 
tion is almost the same as stated here. See, K. M. Case, Phys. Rev. 95 (1954), 1323. 
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(Ex. 4) Brett Equation 


H=a,(P,+ €,4,) + 0,(P.+ Ae) + By + Bate V—9 


where 


P=hi—15—Teer Se 


(75) 


Now, we take 7 as the operator which picks up the large-large component. Then from 


(11), A has the following form : 


Op 0..0 20 
A000 
A= 
Ae Owos0 
Mon0 220,20 


The matrix means the Kronecker’s product of two matrices. 
of 1/7, and 1/772,, 


(76) 


Then up to the second order 


Sd,(P.+ €,4,5) (77) 


i , = 1 a \ 
A,= G,(P,+ €,4,) + wea (0, h,) ap 50; P+ €,4)3) 9) 
25 4m 4712, 72y 
1 4 
PEN. ee ae 0,(P,+€,A,) S$ > 
4715 (712, + 770) 
1 Z 
A,= 0; CE 64a) cts Sour) its : 
27, 471, 471,115 
1 : 
o,(F ot € Ao) > ’ 
472, (772, + 1y) 
Ay eo hn Patek ae Bees & 
2 (11, + Mo) 4772 ,1y Thad ae sad, 
where 


K=—grad lV, 


S= —€,€,/2r+ (6,65) — €€,/2r*- (6,0) (ar). | 


From (17), the effective Hamiltonian is given by 


| 


(78) 


= (m1, + mM.— V+ S?/2 (m,+ m)) +[1/2m,: {6 CP, + €,4,)}° 


+2/8m,+|6,(P,+ €,4,), 0, H,|+ (122) ] 
+1/4i,2+ 


+hermitic conjugate term] . 


This is identical with the result obtained b 
rewrite (17) explicitly, we have 


6, (P,+ €,4,)o,(P,+ €,4,)S+4, (Pi + €,A,) SG, (P.+ €,A4o) 


(79) 


y the renormalised Pauli approximation. If we 
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=m, + y— lat ehh (A,P,;) + S (0,H1,) + ee *AY 


2m, My 2m, 2, 


div HY, salar (d,, Ei, x (P, BiG 14,)) 
W 


My 


ee, 
+ St (6,, PX (Pr+ &4,)) + (1 2 2)] 
271,15 a 


Satake ee SSAC * +0477) (P+ €,A;) (Pot €2:49); 


21,14 7? aa 


eco LS: 3 
Se =| (5,05) — =F (o,r) (o) | 
471M, ¥ Ae 
ce ee, 3)-— IM (or tey, 0,P) (O.” 
Li poet SE -) | : Ss 2) 4 1 ) 4 26 le (80) 
4 (2, + mo) L a , 


The most parts agree with the results of Bethe and Breit.'"’ The only difference is that 
the non-hermitic terms there are replaced by the Darwin terms. In this method, it is 
not necessary to distinguish the case 7z,=7, from the case 7/2, *< 7/,, as is the case in 


the method of Chraplyvy.’” 
(Ex. 5) Neutral Scalar Meson 


H=a*at+ g(ata*). [a, gaia (81) 


We take 7 as the operator which picks up the no meson state : 


an=0, Hd Oe 
Now, we put 
A=f(a*)n. (82) 
According to (11), however, 
Oat (83) 
and noticing that 
n (af) n= (df /da*),=const.=c. (84) 
Then (13) or (29) is satisfied by 
(a* +9) daf/da* +9 (a*—c) A+f) =0. (85) 
The solution of (85) is given by 
f=exp[—ga*+9 (9 +0) log (y+ a*/g) |—1. (86) 


This satisfies (83) and (84), letting c undetermined. Unless c is equal to —g, g=0 
is a singular point of f, and it is not clear what this means. If we put c to —(/, we get 


f =exp(—ga*) —1. (87) 
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If we take S,=7 and choose S, properly in (12), we can get 
U=exp 9 (a—a"). 


This is the usual transformation which diagonalise (76) most simply. 


The author wishes to express his thanks to Professor T. Yamanouchi for his kind 
guidance and to Dr. K. Sawada for his valuable discussions and suggestions and to S| 
S. Tani for the many notices to my paper. He is also indebted to ‘‘ Yukawa-Yomiuri 


Fellowship ” for the financial aid. 
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The deviations of magnetic moments of odd nuclei from the Schmidt lines are calculated by taking 
into account the effect of departure from the single-particle model in nuclear states caused by configu- 
ration mixing. The calculations are based upon the simple perturbation theory and the values of the 
deviations are estimated by adopting the two-body interaction strengths and integrals which are determined 
from the empirical data on pairing energies. The general trend as well as the fluctuation of the 
deviations of magnetic moments from the Schmidt lines are accounted for fairly well. 


§ 1. Introduction 


It is well known that many properties of nuclei can be interpreted quite successfully, 


1),2) 


although qualitatively, by the shell model with strong spin-orbit interaction. There are, 


however, accumulating evidences for the mixed configurations in nuclear states. The 
empirically-found smooth variations of the first excited states of even-even nuclei and beta- 
transitions with anomalous // values have been discussed on the basis of configurational 


0 The absence of the symmetry between particles 


) 


mixing in somewhat qualitative manner. 
and holes in a subshell has also been counted as an evidence for the mixed configuration.” 

On the other hand, it is often convenient in the analysis of nuclear properties based 
upon the shell model to take into account the so-called pairing energy which is derived as 


) 


a consequence of the short-range attractive forces between nucleons.’ It is, however, ex- 


pected that the different configurations should inevitably become intermingled with those 
predicted by the shell model to a certain extent under such short-range attractive forces.” 
The short-range force may usually give rise to much more configuration interaction in 
comparison with the long-range force, as can readily be seen. 

Therefore, it seems probable that some properties of nuclei can deviate from those 
given by the single particle shell model (SPM) without the configuration mixing. Here, 
we consider the effect of the configuration mixing upon the magnetic moments of odd 
nuclei. Blin-Stoyle attempted the application of the configuration mixing to the magnetic 
moments of spin 1/2 nuclei under special assumptions,” while we treat those of odd nuclei 
in more general case. 

The observed values of magnetic moments of odd-neutron and odd-proton nuclei are 


divided into two groups corresponding to the Schmidt lines of the SPM, with a very few 


* The preliminary report of this work was published as a letter to the editor of this journal 11 (1954), 509. 
** Now at Palmer Physical Laboratory, Princeton University. 
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exceptions. Therefore, it can be taken for granted that the configurations of the Srcune 
states of odd nuclei can be described by the SPM fairly accurately. The small amplitudes 
of different configurations which are mixed in, then, will cause the deviations of magnetic 
moments from the Schmidt limits. If this holds, most of the deviation will be proportional 
to the coefficients of mixing of those configurations and we may neglect the effects quadratic 
in their coefficients of mixing, on the assumption that all the coefficients of these configu- 
rations are small. Thus it is sufficient to exploit only such configurations that have non- 
vanishing matrix elements of the magnetic moment operator with the configuration predicted 
by the SPM. The configurations which contribute to the deviation from the Schmidt lines 
by their mixing, differ in a single orbit from that of SPM, since the magnetic moment 
operator is of the single-particle type, and the different orbits must have the same orbital 
angular momentum since the operator is composed of spin and orbital angular momenta. 
The coefficients of mixing of these configurations can be calculated from the short-range 
attractive force which was used in estimating the pairing energy in the shell model. We 
assume, for simplicity, that the radial dependence of the interaction is of d—function type 


as the limit of short-range. 


§ 2. Deviation of magnetic moments from the Schmidt lines 


The magnetic moments of odd-proton and odd-neutron nuclei with 7” configurations 
(p=odd) and with spin 7 are, as is well known, equal to the single particle values (the 


Schmidt limits) : 
Pp=TIit Gs— 9) /(2+1)}, s=l41/2 (1) 


where ,=5.585 and — 3.826 and y,=1 and 0 (n.m.) for proton and neutron, respec- 
tively. There are, however, several configurations which can be mixed in the configuration 
predicted by the shell model and give rise to the deviation of magnetic moments from the 
Schmidt lines. In such nuclei, there exist besides several numbers of orbits which are 
occupied by even numbers of nucleons so as to make the total angular momentum zero in 
each orbit, some of these orbits being not necessarily closed. First of all, we estimate the 
effects of excitation of the even group caused by the interaction with odd numbers of 
nucleons in the outermost orbit. 

We consider the type of configuration mixing in which a single nucleon in one orbit 


of the even group is coupled to another orbit, and we represent the zeroth-order state of the 
nucleus schematically as 


Yi (0) 722 (0) 7?(f) jm), 


. 1 
where the last 7 and 7 denote the total angular momentum and its s—component of this 


system, and nucleons in 7,=/,4+1/2 and Jo=l,—1/2 are like nucleons and ~, and 7, are 


even numbers (O<7 < 27,41). Usually, 1.=0 if n,<27,+1 (unfilld) and Ny=27,+1 
(closed) if 7,>0. A sequence of excited states 


PUPP A) IE Ge) (D7? (s) jm) 
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can be mixed with the above state, where / is restricted by the relation | 7,—/,|< 7 < 7; +/o 
However, it is easy to see that only the state with 7=1 contributes to the magnetic moment 
linearly in the coefficient of mixing because of the vector property of the magnetic moment 


operator. Hence, the mixed configuration which is interested in, is expressed as 


FFP OPO)? (T) Ju) +P (PP DIP (Fo) |) 7?) 7m), (2) 


where @ is the coefficient of mixing to be determined in the following, the magnitude of 
which is usually found to be of the order 0.1. We can neglect the reduction of the 
amplitude of the first term in (2), assuming that all the coefficients of mixing of the 
configurations, including those not contributing to the magnetic moment, are small, and we 
neglect also all the contributions to the magnetic moment which are quadratic in the 
coefficients of mixing. 

The expectation value of the magnetic moment operator for the state represented by 
the first term in (2) with 7=/ gives, of course, the Schmidt limit (1), while the main 
correction caused by the addition of the second term is obtained by the cross term between 
the first and second terms in (2) with #=7. Thus the deviation of magnetic moment 


from the Schmidt limits is given by 


dp=2a( 7" (0) 770) 7? (Ny Sele G73" GIs? Ds)- (3) 


This expression can easily be reduced by the standard method for the problem involving 


angular momenta”’) to a simple formula : 
Opp=2a[n,(2fo+1—m) / (2fo+1) J? [74/3 G+) 244)" G.—-%)» (4) 


where J, —G,= 4-585 or —3.826 (n.m.) according to whether the exciting nucleon is 
proton or neutron. In the derivation of (4) from (3), we used the following values of 


the coefficients of fractional parentage®) for the simple cases in J—J coupling. 
C7207) 7 0770) 10 (5a) 
and 
C7*(0) lt 7) = 2s4+1—2) (+1) 2741)" (Sb) 
The phases of these coefficients do not affect the final results, since the same coefficients 


will appear in the expression of a. 
On the other hand, the coefficient of mixing a can be estimated by the perturbation 
theory. If we put the zeroth-order energy difference between the second and the first 


configurations in (2) JZ, it is given by 
a=— (72 (0) 770) 7?) jm | Bi Vel Le Ase" Ga) 1) 7? 7) 7) /4E, (6) 
where V/,, is the interaction between the 7th and #-th nucleons. The calculation of (6) 


is tedious for the general interaction, but the results become much simpler if we employ 


the short-range interaction of d—function type: 


Ving=(V2C1 —G6;-0,) /4+ V.(3+6,-6,) /4] 0(%;—1x) 0(cosw—1) [157 ix (7) 
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Table I 


by aa mixing Ag rie i) 7mt! Go) DI? Ii) where Nn=Atl; 12 and fo=4—-1/2 
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Deviation of magnetic moments of nuclei whose state is VP (0) 757 (O) 7? (Jj), 


: fgeticsioPires from 
Nucleus J dp) Ve (2J.+1—%) /(272+1)] dein number oF 
' hey 3 (U4 2) 4; (Bx V,1)/AEX4.585 protons 
odd pai a eae) (2/7,+1) 1/2-(V,—V1) //AE X 3.826 neutrons 
ge ace: ‘fp 1) 4; (—V, 1) |4EX 4.585 protons 
a's (2/+1) (27, +1) ae (Y,—? mUIeeS x 3.826 | neutrons 
; ¢+2)4 (1/2: Best ~) 1/4E x 4.585 protons 
odd Sine (2143) (24,41) © | (-V, ise < 3.826 neutrons 
neutron -1)h Sie (V,-V, +) AED X 4.585 protons 
|—1/2 ee (2) et} (QE 1). \(-V, 1) /4E> < 3.826 poe er ee 8 


 —————————— 


where w is the angle between the radii vectors of the two nucleons and 7, and /, are 
When (7) 


the interaction strengths in the singlet and triplet states of the two nucleons. 


is employed as the internucleonic interaction, a is given by (cf. Appendix A) 
a= —[ 1, (2 fet 1 —m) /(2fo+1) "+ [34/7 G+ 1) (24,41) }" 

(—V,1)/AE 

1/2+ (Vi V,) 1/AB 

The values in the ehtly bracket in (8) must be chosen in such a way that the even 


numbers of nucleons in the orbits 7, and 7, are like or unlike nucleons with those in the 


outermost orbit 7. And / is the simplest integral reduced from the generalized Slater 
integrals in virtue of the d—function interaction 


x [1+ (—1) S82 741) /2]-1/4 x (8) 


co 


[=- 7 |) RO Rp) rar . (9) 


0 


Inserting the coefhicient of mixing a@ given by (8) into (4), we get the deviations of 


magnetic moments from the Schmidt lines due to the mixing of the configuration represented 


by the second term in (2). The results for the deviation dy for each two groups (j7=/ 


+1/2) of the odd-proton and odd-neutron nuclei are given in Table I 


There are also other modes of configuration mixing in odd nuclei. If the outermost 


orbit of the odd-nucleons is 7=/—1/2, the like nucleons in the orbit Ji=l4+1/2 can be 


excited into the outermost orbit. This mode of excitation is merely the case in which To 


coincides with 7 in the above-mentioned type of excitation. 
in somewhat different way as 


PA"(0) 7? (7) jm) se 


However, the state is characterized 


BBs PR AIP J) jm), (f=l=1 /2) (10) 


ee aa y are the coefficients of mixing and the states J?’'(/) represent those of seniority- 


two” and /=2, 4,---, 27-1. The deviations of the magnetic moments of the nuclei 
with 7” configuration and with spin /(7=/—1/2) by such configuration mixing represented 
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as (10), is obtained in a formula similar to those of the corresponding cases in Table I 


(c. f. Appendix B), 


her! (eay ; 
du=n—! ———_ + — ee 6 — WA Ih dk =f— 

Pathe ibaa (Is) (~ VL) /(4E), (G=l—1/2) GY) 
where 7 usually equals 27;+1 (i.e., closed) and (J//) is the average value of the zeroth- 
order energy differences between each of the second and the first configuration in (10). 
We also used in the derivation of (11), the formulae for the coefficients of fractional 


part entages 


CPD NF J) HZ C72) / OF) 274, (J=2, 4, 27-1) 12) 
where the phase factors of these coefficients do not give any influence on the results (11). 
When the outermost orbit of the odd-nucleon is 7=/—1/2, the deviation of magnetic 
moment from the Schmidt limit is given by the sum of the values which can be obtained 
by both Table I and eq. (11). 

If the outermost orbit of the odd-nucleon is /=/+1/2 and the number of nucleons 
(say £) in this orbit is larger than unity, there are also other modes of mixing of configu- 
rations. A single nucleon in this orbit can be excited into the orbit 7,=/—1/2 of the 


like nucleon. Therefore, the mixed configuration can be represented as 
LP (7? jm) + Dae CPS) jigm), (gHl+1/2, p> 1) (13) 


where 7, are the coefficients of mixing and the states 7”-'(_/) are also seniority-two. The 
result for the additional deviation of magnetic moment of the nucleus with 7” configuration 


and spin 7(7/=/+1/2, p> 1) by the configuration mixing given by (13), is obtained as 


pobre Lede, Gast isan2)ouge boo sent 495 boa? 9 
Ope (p=1) FIRM REDO Via CA Lge pal + 7 28 ped) Kel) 


where (4/2) stands for the similar meaning as before. This formula also resembles those 
of the corresponding cases in Table I. It must be noted that the integrals / in eqs. (11) 


and (14) contain relevant wave functions to each case. 


§ 3. Qualitative discussion on the theoretical expression of 04 


First of all, we note that the signs of theoretical values of Of given by Table I eqs. 
(11) and (14) are in accord with those of the empirical deviations of magnetic moments 
from the Schmidt lines. The interaction between nucleons can be taken to be attractive 
in view of the pairing energy and it seems a plausible assumption that the attractive force 


in the triplet state is stronger than that in the singlet state. Therefore, the interaction 
Hence, by taking into account the 


strengths |7, and |’, are negative and || > |V, 
values of y,—g, for proton or neutron, it is easily seen from Table I and eqs. (11) and 
(14) that the theoretical values of the deviation of odd-proton or odd-neutron nuclei have 
empirical data, i. e., O42 <0 for odd-proton nuclei with 


proper signs for each case to fit the 
j=l+1/2 and for odd-neutron nuclei with j=/—1/2, and 0 >0 for odd-proton nuclei 


628 A. Arima and H. Horie 


with 7=/—1/2 and for odd-neutron nuclei with j=/+1/2. Thus, we can account for 
the empirical fact that the observed values of magnetic moments lie between the Schmidt 
lines with a very few exceptions among very light nuclei. 

Respecting this empirical fact, the individual particle model"? does not provide 
satisfactory assurance, since the calculated values based upon it do not necessarily lie between 
the Schmidt lines. It seems necessary for the validity of this model to prove that the 
calculated values of magnetic moments of the ground states always lie between the Schmidt 
lines. On the other hand, the deformed core model gives the outward deviation from the 
Schmidt lines for nuclei with large 7=/—1/2 values in both weak and strong coupling 
limits.'2" This contradicts with the empirical data and it is not likely that the desirable 
tendency will be obtained in the intermediate coupling without resorting to configuration 
mixing. 

For both odd-proton and odd-neutron nuclei with /,). as the outermost orbit, the 
deviation of the magnetic moments given by Table I and eq. (11) vanishes. The observed 
values of magnetic moments for these nuclei deviate in a less degree than those with other 
outermost orbits. This trend is more conspicuous in odd-proton (1/2—) nuclei than in 
odd-neutron (1/2—) nuclei. Small deviations of magnetic moments of these nuclei might 
be accounted for by the second order effects which are neglected throughout this paper. 

‘If we can further assume the ratio of the interaction strengths in the triplet and 
singlet states of the two nucleons to be 1.5 or so in accordance with the experimental data 
of two-nucleon system at low energy, we get at once from Table I that the contributions 
to the deviations are smaller by one-fourth than those from the like nucleons under the 
same condition. Hence, if we could completely neglect the contributions from the unlike 
nucleons, we should have the deviations of magnetic moments proportional to the correspond- 
ing value of y,—, to the odd-proton and odd-neutron nuclei from Table I and eqs. (11) 
and (14). Thus, the ratio of the deviations of odd-proton (7) nuclei to the odd-neutron 
(V’) nuclei, Z=N’, would be given by 


|Ou, | /|Oty| 4.585 /3.826=1.20 . 


‘This approximate rule was pointed out by de-Shalit'? as the evidence against the quenching 
theory of nuclear magnetic moments.'”"':' Some of the observed ratios of this quantity 
have the values near 1.20, but there are large fluctuations around these values. It shows 


that the complete neglect of the contributions from the unlike nucleon is not a good approxi- 
mation. 


$4. Comparison with the experimental data 


(a) Determination of the parameters 


We shall compare the theoretical values of the deviations of magnetic moments of 


odd nuclei from the single particle Schmidt limits with the experimental values. To do 


this, we must fix the values of parameters appearing in Table I and eqs. (11) and (14). 
First of all, we assume that the interactions between nucleons are attractive and the attractive 
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force in the triplet state is stronger than that in the singlet state of the two nucleons, in 
the ratio 


[Y]=1.5|V| 


as was assumed in the preceding section. The integral / which was used in various 
meaning in each case of Table I and eqs. (11) and (14), depends upon the quantum 
numbers of the wave functions involved in it. | However, we shall ignore the dependence 
upon these quantum numbers to avoid complexities, and take into account only its dependence 
upon the mass numbers of nuclei, though, in some cases, the former dependence will be 
referred to in detailed analysis of the experimental data. The values of / which are 
averaged in this way, can be estimated in terms of the experimental data on pairing energy 
of equivalent nucleons. It is carried out in an analogous way to the earlier estimation by 
M. G. Mayer” and gives similar values 


V,[=—25/A Mev, 


where A is the mass number of the nucleons. It agrees with the value adopted by Pryce 
in the analysis of energy levels of fairly heavy nuclei (A~200).") The dependence upon 
the mass number reflects the assumption that the interaction strength between two nucleons 
is constant with respect to the mass number of nuclei. 

The other quantity, the values of which must be estimated, is the energy difference 
between the unperturbed ground and excited configurations. For example, in the case of 
Table I, JE consists of two parts: one is the energy difference of single-particle levels 7; 
and /,, and the other is approximately the difference of the pairing energy of 7, and the 
energy of 7; 7 configuration. It is not easy to calculate the latter energy differences in 
each case, but it is likely they have the tendency to increase 4/. Hence, we adopt as 
AE somewhat enlarged values of energy differences of single-particle levels 7, and 7. These 
orbits have the same orbital angular momentum /, as mentioned before so that the energy 
difference corresponds to the doublet splitting due to the spin-orbit interaction. We put 
this to be nearly proportional to (2/,+ 1) and A~?, and the proportionality constant is 
determined so as to fit 44=5Mev for Ol, Z,=2.'9 The values which are employed for 
the actual calculations of the deviations of magnetic moments are fixed as is shown in 
Table II irrespective of the mass number A. Those values adupted may seem to be too 
large in view of the empirical data on isomeric levels, but it is probable that those levels 


are not the single-particle levels but appear as the results of many body effects and our 


Table II. Energy difference 4/ adopted by our calculations (Mev) 


1d5)2—1d3/2 5) 2d5/2—2a3/2 3/2 
1fzjo—1fs/2 3 Li j2—149/2 
2p3/2—2f1/2 3/2 2 fij2a—2fo)2 
199/2—197/2 5/2 1213/2—Lanyj2 


ee 
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values of 4/: include partly the differences between pairing energy in 7, and the energy 
of 7, 7» configuration. The average values of energy difference (J/) are also assumed to 


be the same as J/ in Table II, for the sake of simplicity. 


(b) Analysis of the magnetic moments of odd nuclei 


Adopting the parameter values determined as above, we attempt a somewhat detailed 
analysis of the magnetic moments of odd nuclei on the basis of our theoretical consideration. 
Since our assumptions may not hold well for very light nuclei, the analysis will not be 
carried out for nuclei up to d=16. Furthermore, our calculations concern only the odd 
nuclei in normal coupling, so that we can say nothing about nuclei such as Na™’, Mn” etc. 
in abnormal coupling.” 

The empirical data of the magnetic moments are based upon Klinkenberg’” and some 
data which appeared after that compilation are added following Murakawa and Kamei.” 
The nucleon configurations are determined following the table of Klinkenberg unless otherwise 
stated. Some attempts are also made of the determination of the configurations of odd 
nucleons while the configurations of even nucleons in odd-nuclei do not seriously affect the 
results of the calculated values as was noted in the preceding section. 

The tables for the comparison between the calculated and experimental values are 
divided according to spin and parity of the odd-nuclei. In each table, the proton- and 
neutron-configurations show only those which affect the calculated values of magnetic 
moments including the deviations caused by the configuration mixing. For the sake of 
simplicity, 7," configurations (7;=/,+1/2) are dropped in these entries of configurations 
when the 7,=/,—1/2 orbits of the like nucleon are further occupied. 


(i) (1/2+) nuclei 


Table III. Magnetic moments of (1/2+) nuclei 


SS renee 
odd-proton nuclei (/5,,=2.79) 


nucleus /-configuration | N-configuration Meal Hexp 
9 . 2 ike eA A 
oF S1/2 (5/2)? 2.66 2.63 
ip be (d5/2)® — syyo (d5/2)® 1.36 Tels 
20 ig : , 
g1 11798 (Ar1j2)* syypo (213/2)!* (fsjo)4 1.44 1.61 
205 2 . 
gill | (anja)? sje (413/2) 14 (Psjo)4 1.45 1.63 
odd-neutron nuclei (asp=—1.91) Pr 
S22 dp jo } R = : iowa ; ail 
4 i (4% /2)' (d52)® sie —0.54 —0.56 
oa. (go/2)® (g7/2)® (ds2)8 sto —0 49 —0.59 
x 8 ropa ; 
se 15 (gn/2) (d5/2)® sie —0.77 —0.62 
s 5 pratt ; 
et (g9/2) (a5)2)® iyo —0.73 —0.92 
soon!" (go/2) 1 (d5/2)®  (Airj2)? sie —0.50 
Vs (45)2)? iyo co ahh: 
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soni!” (goj2) 1 (d5)2)® (Arij2)4 sie —0.28 ; 
2, (dsj2)” (Zaa/2)* sije “995 —1.05 
4 S1/2 —1.62 

se Tel? (g7)2)* (d5/2)® (Arr/2)® sie —0.04 
9 (a5/2)? (Anry2)4 1/2 “vn —0.74 
” (2/2)? S1/2 ssl) 

pee (97/2)* (a5/2)8 (Aarj2)8 sry2 —0.03 
” (d3/2)?  (Arr1/2)® sie a | —0.89 
” (A711 /2)4 sie 1.24] 

sane!"9 (gzi2)4 (ds5j2)® (Art /2) 19 s1i9 +0.14 
” (a43/2)%  (Arty2)® sij2 —0.46 —0.78 
” (Au1/2)® sie —1.10 


EE 


The calculated values for odd-proton nuclei show good agreement with the experimental 
values. It is shown that the deviation for F' can be explained by (d5,2)” neutron-configu- 
ration and it does not seem necessary from this viewpoint to change it to s’ configuration. 
For TI, we adopt the neutron-configuration as (Cis) (Psyo)* instead of (21/2) (Pus) 
while this assignment may be supported by the positive quadrupole moment of Hg" since 
the positive value suggests its neutron-configuration as (23/2) (Psy) es 

Except for Si’, there occurs serious problem concerning the order of neutron levels 
hy jg atid 2d). £0The choice of the zeroth-order configurations has large effects on the 


Lee iies 


results as can be seen from the table. For example, the experimental value of Sn 
almost at the middle of the two calculated values based upon two different zeroth-order 
configurations. This suggests that the zeroth-order configurations in these nuclei may be 
essentially mixed configurations. The similar situation will often appear in other groups 
of nuclei of this analysis. 

The values obtained by the deformed core model taking into account the configuration 
2) ,24) 


mixing, show fairly good agreements for these nuclei.' However, the agreement becomes 


worse for higher spin nuclei, especially for Bt 


(ii) (1/2—) nuclei 


Table IV. Magnetic moments of (1/2—) nuclei 


odd-proton nuclei (45)= —0.26) odd-neutron nuclei (45,= +0.64) 
a, eee ee Ss suis ag 

nucleus flexp nucleus [exp 
7N5 —0.28 ere 0.70 
ag Xt © —0.14 3y0e!7 ODS 

ggRh' —0.10 qorb'1 0.5 
gAgi? —0.11 pgPt!® 0.61 
gpAg? —0.13 origi? 0.50 
oP b207 0.59 

\\ 


pe) sts) hee 
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(iii) (3/2—) nuclei 


Table V. Magnetic moments of (3/2—) nuclei 


odd-proton nuclei (4;,=3.79) 


nucleus P-configuration | NV-configuration | Heal . Hexp ; 

cus! (F712)® p32 (psj2)4 (fo/2)? 2.17 2.23 

ggCu® (f712)® — psj2 (fs/2)4 (fs/2)4 2.30 2.38 

31Ga" (Fr12)® (p3/2)8 (3/2) 4 1.58 2.02 

3,Ga"! (/712)8 (p3/2)3 — 1.82 2.56 

33s? (fs/2)? (ps/2)8 (99/2)? | rae 
(g9j2)* (ps2) ” 1.62 

gsbr’9 (fs/2)4 (ps72)* (99/2)4 o 211 
(99/2) (fol2)? (Ps/2)8 ” 2.06 

35Br (f512)4 (A3/2)8 (99/2)® au 2.27 
(goj2)* (5/2)? (73/2)8 ” 1.91 

37Rb*? (Ps/2)% (g9/2)8 2.79 253 

odd-neutron nuclei (;,=—1.91) 

o4Cr°8 ‘ (f7/2)4 (Fij2)8 — pave —0.49 —0.47 

ogFe*? (Fi/2)® (fi2)® = (f/2)8 +0.4 ~0 

ogNi® (F7/2)8 (fore)? (ps2)3 | = 0.03 ~0 

gol ig”? (21/2)? (413/2)!* (psy2)8 —0.51 —0.56 


If we adopt (fs2)* proton-configuration for Ga isotopes, the magnitudes of the 
calculated deviations are larger than the observed values, though the relative values of 
deviations are given correctly ; on the contrary, the magnitudes become smaller than the 
observed values if we adopt (f5).)” fy configuration. The observed values lie almost in 
the middle of these two alternatives. However, positive values of quadrupole moments of 
Ga isotopes may suggest that the (/,).)° configuration is predominant in these nuclei. 

The magnetic moment of As” lies in the so-called forbidden zone while we can barely 
obtain the close value by employing (9)? ( psjo)* configuration. The configuration is 
not supported by other empirical evidences but the calculated values of Br isotopes based 
on the similar configuration provides fairly good agreement. 

The neutron-configuration of Hg” are assumed as (Z13;2)"° (Pyo)* in view of its posi- 
tive quadrupole moment.*” , 

We cannot interpret by our theoretical considerations such a large deviation of Os'*® 
that gives rise to displacement of the moment from the lower branch to almost the upper 
branch of the Schmidt lines. Even if we can employ the neutron configuration (f;)»)° 
(2132) (Pay)® instead of (f52)® (djq,0)! (Psi2)*, we get only du¢=2.11 in place of its 
observed value 0/,.,=2.61 n. m. 


(iv) (3/2+) nuclei 
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Table VI. 


Magnetic moments of (3/2+) nuclei 
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odd-proton nuclei (#,,=0.12) 


oe be BSE Seaton | /V-configuration 83) =i : 
17C 185 a@3)2 (d3)2)* 0.46 0.65 0.82 
1787 d3/2 = 0.42 0.57 0.68 
tok? (d3)2)° _ 0.12 0.12 0.39 
oK2! (d3)2)8 (fz/2)2 0.15 0.15 0.22 
yy ke)9) (Aii/2)9 (as/2)8 (2143/2) 8 0.44 0.29 0.17 
le! CD LOR CADE (413/2)8 0.44 0.29 0.17 
ygAu!? (atj2)'? (a3/2)8 (2413/2) ? 0.43 0.28 0.14 

odd-neutron nuclei (#;,=1.15) a ae 
199°8 (a5/6)° a3/9 0.79 0.61 0.64 
+S (ds)2)® (ds)9)3 1.07 1.03 1.00 
5gXe}5) (g7/2)4 (Aiij2)'* 3/2 0.48 0.70 0.70 
oq Ba*%5 (9x2) (hi1)9) 2 (dsj2)3 0.74 0.94 0.83 
=qBa'7 (g1p2)® (h11)2)*2 (daj2)3 0.77 0.95 0.94 


Oo 


Although the calculated values of S isotopes show very good agreement with the 
experimental values, the magnetic moments of K isotopes cannot be clearly explained by 
our calculation. Therefore, we are forced to expect the interpretation of these relatively 
small deviations for the second-order effects which are ignored throughout this work. 

For Ir isotopes, we adopt proton-configuration (/, »)'” (dsj2)® in view of their positive 
quadrupole moments. The smallness of their deviation of magnetic moments can also be 


accounted for by this configuration since the large contribution from the excitation of 5)» 
proton becomes vanishing. This configuration assignment is consistent with that of Au” 


which has similar magnetic and quadrupole moments. 

We shall attempt to investigate the effects of the dependence of the integral / upon 
the quantum numbets of wave functions involved in it. Since the configurations of these 
puclei are rather definitely determined, this group is suitable for the present purpose. If 


it is possible to make use of the oscillator wave functions, we have the following values of 


ratios of the integrals approximately : 
T(id, 1d) :[(Q2d, 2@) : 1 (2d, 1g): [(2q, 1f) =31 220729". 8. 


Adopting /(2d, 2d) as the standard of magnitude and inserting these values of ratios, 
we obtain py, in the above table. These modifications give good agreement essentially for 
odd-neutron nuclei. 


(v) (5/2+) nuclei 
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Table VII. Magnetic moment of (5/2 +) nuclei 


odd-proton nuclei (45,)= 4.79) 


nucleus P-configuration Wosgpheucation “| Heal pt Hexp 
ART (d5)2)® (d5)2)° 3.38 3.64 
3AL? 5/2 a ‘ : 3 36 
519b'*4 (qo/2) 9 dora (d5;2)® (A 12)® 3.49 i 
53127 (gij2)? 52 (d5j2)® (2 1/2) 3° 3.69 2.81 
(99/2) 10 (d5/2)* | ” 3.04 
55s! (g72)4 — dy2 | a Sa } 3.48 
(97/2) 2 (5/2) 3 | ” a De 
(gzj2)®  (d5/2)8 ” 3.95 
gg6u5) (d5)2)° (Ainj2)* (F7/2)% 3.7 3.6 
sRel®5 (Aue) * (d5/2)° (z13/2)4 3.19 3.17 
»sRel8? (A192) 3? (a5/2)® | (z13/2)® 3.17 3.20 
odd-neutron nuclei (#;,=—1.91) 
> 0" 7 — 5/2 — 1.9} —1.89 
wMeg* (d5/2)4 (d5/2)® —0.65 —0.86 
4020) <= (gaj2)!9  dsy2 —0.8 —1.3 
goMo% (go/2)2 (99/2) 9 (ad5/2)8 hae 0.91 
” (g7/2)" — a5ye2 —1.08 
goMo%? (g9/2)* (99/2) 10 (d5;2)5 + oy —0.93 
” (97/2)? (a5;2)8 —0.65/ 
agPd)05 (g9/2)° (g7j2)4  (d5/2)5 —0.45 —0.57 
cd" (asj2)® (ga) (mi)! (dsp) | 0.7 0.7 


The problem concerning the order of dj. and gz). orbit occurs for several nuclei in 
this group. For I'”’, the negative quadrupole moment suggests (d3).)' configuration 
while better agreement is obtained for the magnetic moments by (d,).)* configuration. On 
the other hand, very small value of quadrupole moment of Pr’ suggests (d;)»)* configura- 
tion which gives better agreement for magnetic moment. However, it seems natural to 
consider that the zeroth-order configurations for nuclei in this group are essentially mixed 
configurations and more thorough investigation of their magnetic and quadrupole moments 
is needed. 

The calculated value for Eu" shows good agreement with the experimental value, 
while, for Eu'*, the calculated value based upon the similar configuration is almost the 


same as for Eu"™!'. This contradicts seriously with the experiment, so that the configuration 


assignment by Moszkowski and Townes?” might be necessary. 


ate . . . . . . . 
For O', the deviation vanishes in our approximation. This corresponds to the very 


small deviation of the observed value from the Schmidt limit. 


(vi) (5/2—) nuclei 
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Table VIII. Magnetic moments of (5/2—) nuclei 


nucleus Beceok guration “lds icont etretion ie pcal : [exp bla 
37Rb85 (Psj2)4 (fop2)® (go/2)* | = jaa 135 j 
; ‘ ; > gern CT ey ae melas (igsis7y } ; “Srl Aa: mine 
30Zn®" (fij2)® (ps/2)? (A3/2)4 (fo/2)® 0.81 0 88 


Except Yb’, the calculated values are in good agreement with the experimental values. 
Because Yb’ has a large quadrupole moment, its proton-configuration was assigned as 
(Frj2)°s12( for) 0’ ~ by ~Moszkowski and Townes. However, there remains the question 
whether this configuration is more favored in energetical consideration than any other 
configurations. 


(vii) (7/2—) nuclei 


Table IX. Magnetic moments of (7/2—) nuclei 


odd-proton nuclei (4;,=5-79) 


nucleus P-configuration /V-configuration pcal [exp 

oiSc File (Fui2)4 5.62 | 475 
(43/2)? (F712) ” 4.74 

93 Vt (f7/2)* (77/2)* 5.02 5.15 

9700" (f1j2)" (psj2)? Cfr12)8 4.1 4.6 

o7Co*? (Fi/2)7 ( psj2)4 (F7/2)8 4.10 4.65 


odd-neutron nuclei (4s5,= —1.91) 


apa es (fr}2)8 = 1,44 —1.31 

oo Tit9 (f7/2)* (fuj2)" —0.58 —1.10 

god (d5]2)* (Anuj)? 7/2 —0.84 —1.0 

go Ndi45 (d5/2)* (Aoj2)? — Fay2 = pal 0.65 
» (/3)2)3% (fas2)* — 0.64 

«oSm}7 (d52)4 (49j2)? Fai a =| —0.76 
» (Ajo)? (Fa72)8 — 0.60 

«g5m'49 (d5/2)4 (492)4 — Fr/2 paral 0.64 
” (492)? (frs2)® —0.81! 


: S 1 45 
By the usual assignment of proton-configuration Cte) GUESC~ ewe have too small 
deviation for its magnetic moment. This contradicts with the observed value. If we could 


employ (dy2) ~ (fryo)* configuration in stead of (f4/2)', the calculated value would show 


1 ; ighment is 
very good agreement with the observed value. We wonder whether such assign 


636 A. Arima and H. Horie 


energetically plausible and the so-called stabilization effect can make this configuration 
favorable.” 

The calculated value of deviations for Co isotopes are too large. Similar situation 
holds for Ti’ in the odd-neutron group. It might be a general trend that somewhat larger 
values of deviations are obtained for such nuclei that many (odd) nucleons occupy the 
outermost orbit, for instance (7/2)’ or (9/2)°. This might be revealed by more satisfactory 
estimation of the average value of energy difference (J) than ours. 

For Nd" and Sm isotopes, there is a competition between /;)2 and /4j. neutron levels. 
Better agreements are obtained by the configuration assignment (/;,.)* in place of ( f)2)'. 

(viii) (7/2+) nuclei 


Table X. Magnetic moments of (7/2+) nuclei 


odd-proton nuclei (5 ,,=1.72) 


nucleus configuration /V-configuration peal Hexp 
519b!?4 97/2 (d5j2)® (Arie) ® 2.46 2.55 

s31!?9 (gz/2)° (d5)2)®  (An1j2)!* 2.34 
(d5/2)* 97/2 » 2a 2.62 

9 (11/2)! (d3/2)* 2.69 

5sCsi8s (g7}2)° (Ann)/2)"* (43/2)? 2.10 
(45/2)? (gij2)8 9 zal 2.58 

(d5/2)4 gre ” 2.75 

aaCs'86 (gzj2)® (A11)2) 2.05 
(45/2)* (gij2)8 ” 2 2.72 

(45/2) gre ” 2.68 

5pCs'37 (gz/2)® (tj)? 2.04 
(45/2)? (gzj2)8 r 2 2.84 

(a5)2)4 gre ” 2.67 
p7Lals# (grj2)? (Aii/2) * 1.88 2.78 

(45/2)* (g7}2)5 » I : 

7iLul75 (4j2)® (Arijp2)® (gzjo)7 (f5/2)4 2.4 2.9 

mTa'l (5j2)® Cary) (gzy2)? (sie)? 2.6 
(A11/2)* (as72)? (goj2)? » 2.3 a1 

(Anje)® (gzj2)? 55 20 


a 


For these nuclei, the competition between (3). and dy) proton-levels occurs. The 


calculated vy: i 2 
d value shows good agreement with the observed value for Sb'%* where the com- 


etition does 129 : ; . ; 
P not matter. Por I™ the (dj) G72 configuration gives better agreement with 


: : : 
the experiment than (Yzj2)" configuration gives, but it seems likely that the zeroth-order 


. ; 
onfiguration of this nucleus is essentially mixed. For remaining nuclei of this group, we 


aren obtain good agreement between calculated and experimental values. 
arge values of quadrupole mom 8 Lal 
4 ent o U 181 ‘es 
eine es Pt : La™ Lu’ and Ta'*!, we may anticipate some rela- 
etween the deviation of magnetic moment and the mag 
as was pointed out by other authors,!°)») 


In view of very 


nitude of quadrupole moment 
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(ix) (9/2—) nuclei 


Table XI. Magnetic moments of (9/2+) nuclei 


odd-proton nuclei (1;,,=6.79) 


> nucleus er ston ak aise: ; V-configuration Wigat | yeas 
aNb* 99/2 (972)? 6.60) 616 
(Ps/2)4 (g9/2)8 ” SHA 
ag c% (g9/2)* (97/2) ° 6.45 ) 5.68 
(P3/2)4 (g9/2)° » 5.61) 
join 38 (go/2)° (d5/2) ® 5.62 5.49 
agin 45 » (Ar1J2)" (ds2)® 5.59 5.50 
odd-neutron nuclei (y.,—= —1.91) 
ager (fsj2)4 (p3y2)4 (go/2)* —0.83 —0.97 
gore! (Pa/2)4 (99/2) —0.68 —1.09 


In view of the competition between (yj. and /;/2 proton-levels which is well known 
in the isomeric transitions, we calculate the magnetic moments of Nb” and Tc” based upon 
two alternatives. The observed value for Nb” is just the average of the values calculated 
for two configurations. For Tc”, the calculated value based upon (/9/2)° configuration shows 
better agreement with the experimental value. 

The larger calculated deviation for Kr** and Sr*’ than their observed values may be 
due to the crude estimate of (J//) as was mentioned for Co isotopes and Ti® in (7/2—) 
nuclei. However, the situation is somewhat complex, since the calculated values of In 
isotopes show fairly good agreement with the experimental values in spite of their Gra 
configurations. It is desirable to investigate more thoroughly the problem of competition 


between levels and the estimate of (4/). 


(x) (9/2—) nuclei 


Table XII. Magnetic moment of (9/2—) nuclei 


odd-proton nuclei (15 ,,=2.62) 


nucleus P-configuration | /V-configuration | Meal | exp 


eles (Aaxj2) 2 Aaya | (13/9) 4 | 3.43 | 4.08 


The calculated deviation of the magnetic moment of Bi2® is somewhat small, but it 


gh to fit the observed value if we put the doublet splittings 4/(/”) 


will become large enou 


and 4E(i) to be about 1.5 Mev. 
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§ 4, Conclusion 


The coefficients of admixture @ were estimated in a course of evaluation of magneti 
moments and their values were found to be of the order of 0.1. Both the reduction o 
the amplitude of the unperturbed configuration and the second-order effect on the magneti 
moments can usually be negligible. However, there can be so many mixing configuration 
which do not contribute to the magnetic moments linearly in the coefficients of mixing 
that they might give rise to additional deviation of the moment to those which we hav 
discussed. Therefore, it is desirable to take into account the second-order effects for th 
more detailed analysis of empirical data. The small deviations of (1 /2—) nuclei and th 
small differences of deviations of some isotopes will be interpreted as the second-order effects 
For the differences of isotopes with the same spin, the small variation of mixing in th 
zeroth-order configuration may also play an important role. 

There are some nuclei for which the magnetic moments lie at the middle of tw 
values calculated for two different zeroth-order configurations. The fact may be taken a 
a evidence of the essential configurational mixing discussed by other authors.*)”” 

In order to improve the accuracy of the calculated values, there is another problen 
which have not been fully worked out. It is the detailed estimation of the energy dif 
ferences of the zeroth-order configurations which have been treated very simply. Thi 
question concerns the analysis of empirical data accumulated by the study of beta and isomeri 
transitions, and it is very important in the nuclear spectroscopy in the medium and heavy 
nuclei. 

It is a very simple but remarkable result of this work that even the large deviatiot 
of magnetic moments from the Schmidt lines can be accounted for by the small admixtur 
of excited configurations. In spite of rather simplified assumptions, the calculated value 
based upon our theoretical consideration show fairly good agreement with the experimenta 
values of magnetic moments of odd-nuclei. Furthermore, the determination of the para 
meters in the formulae has been very crude, but the results represent sufficiently the actua 
variations in the empirical data. 

The authors wish to express their sincere thanks to Professors T. Yamanouchi an 
S. Nakamura for their kind interests and valuable discussions on this work. One of th 
authors (A. Arima) is indebted to the Yomiuri Yukawa Fellowship for the financial aid 


Appendix A, Derivation of eq. (8) 


The interaction given by (7) can be written in another form 
Vy=[V,4+ V,(0,-4,) ] O(r;—13) 0 (cosw—1) /747; (Al) 
where V»=(V,+31,)/4 and V,=(Vi— I’,)/4. Expanding the angular part of th 


interaction into spherical harmonics, we obtain 
7 .—y'\ SS HE Tt dey pra , - (aks anh; 
I aj Ca ( ) Vie 0, in ? 4) (t," af tn i) ? (A2) 


when 
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te = OW —/42/.(224-1) |" 6 (eg) OCG), (A3a) 
bee eNO COG), (r=k, k+1) (A3b) 
and 
Uz (Vey 15) = (2k +1) /2-0(15—15) [ra 75. 
On the othér hand, it is easy to see that 


C71 (0) 727(0) 7? 7) gm p>» ell iowa ial ce ol LA? 7) 772) 


= [1 (e+ IT PCFPOL IE A) AO) (Arti) 7?) Jt | Veg | A F2 QD) 7?) 77) 

“(FP (0) Josol} 72°" Jo) (AS) 
where (7170{|772-"(7,) 7:0) and (737(0) fofo|}73?*"7>) are the coefficients of fractional 
parentages, the values of which are given by (5a) and (5b), respectively. The matrix 
element of the right-hand side in (A5) is easy to calculate if the exchange between 
nucleons in orbits 7,7, and 7 can be ignored. By (A2) and RII (38), 

(A110) 7? (7) ft | 3 Via | Aso) 7”) 7) 
ele Js20 eee Cito ie str sy 7) 

[(27+1) (2741) 1? (2241) J0(7, 1), (A6) 
where / is the integral defined in (9), and the use is made of the fact «+/+/7=even 
due to the non-vanishing of (|| #%*'” || 7). Since & must also be even by the similar 
argument, « must be odd, i.e., «=1. Therefore, making use of RII (44b) and analogous 
equation to RIII (69a), we get 

(Af: (0) 7?(7) Je | BVA) I?) 7”) 
= [3 (2741) 2A+1) FD 2441) Gerry») GI AULA vA ACV) 
k 


“The summation over / can be carried out by means of similar method as was employed by 
de-Shalit”” and (A7) is given as 
[3L,/ L447 G41 FP at (Haz 41) /2}/2- Vil - (A8) 

Collecting these equations, we obtain the matrix element (A5) when the exchange of 
nucleons between /;, 7. and j-orbits is ignored. This corresponds to the case where the 
nucleons in 7, and 7, are not identical with ones in 7, in eq. (8). It becomes necessary 
to take into account the exchange when the nucleons in j; and 7, are identical with ones 
in 7 and the derivation is somewhat complicated. However, the procedure in RII sec. 5 


with slight modification makes the calculations easy, and we obtain another result in eq. (8). 


Appendix B. Derivation of eqs. (11) and (14) 


The deviation of magnetic moment from the Schmidt limits due to the configurational 


mixing (10) is given by 
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dn= DBO) PC) IA Deel GI" DID (A9) 
J 


where 7=/—1/2 and 7,=/+1/2. This can be reduced by RII (28), RII (44a, b), (5) 
and (12) to 


du=[n (27—p) / (27-1) }'?- [2704+ 1) /3 G+) (2241) YG —H) 
9928 C7ag ly) ee ea a (A10) 
J 
where the last factor represents the transformation matrix between two coupling schemes of 
three angular momenta /;, 7 and 7 to form resultant 7. The admixture /’s are determined 


from the two-body interaction of d—function type by means of perturbation theory. The 


matrix elements 
(7200) 7? (gl SV al Fiat Ao 9) (All) 


must be expressed in terms of (/,7/’ M’|I’\o|77/' 4’) with complicated coefficients, 
where /’ are the allowed angular momenta of 7° and /; /-configurations. For the 0—function 
interaction (7), the matrix elements are given by 


Gi}! M1 Kal 77 PAL) =( AA) G41) Tn A ay 9) 
“(77 %—%|77/'0) V,T/[2(27+1) | (A12) 


for arbitrary 7, and 7 where, of course, proper parity consideration must be paid. There- 
fore, (A11) will include only the combination of the interaction strengths |”,= /7,—31". 
Thus, it is necessary to calculate only the coefficient of either 1% or 1”, of (All). It 
is easy to obtain the coefficient of |’, since the similar relation as RIII (69a) can be ap- 


plicable. The result of this procedure is given by 
CH" (0) 7? (7) je| Vg | 72" (2) 7?" CJ) fm) = (— 1) **4 [22 (27—p) / (27-1) |” 
(27+1) V1/2- (As A—V| 7,770) (77% —% | 7770) /(274+1)". (A133) 


If, further, the average value of J// over / is employed, the summation with respect 


to / in (A10) can be carried out, / being the allowed angular momenta of 7” and 
J; J-configurations. 


S224 YP AID IT Fv ITD I) AS Y—% | A770) G7 —% | 770) 


=~ (l-1) /2-[3/277+1) (2 7+1) (2/4) (A14) 
Thus, collecting these formulae, we get eqre(it)* 
The derivation of eq. (14) is almost similar as that of eq: (i4)e 


1) 
2) 
3) 
4) 
5) 
6) 
7) 
8) 


9) 
10) 
11) 
12) 
13) 
14) 
15) 
16) 
17) 
18) 
19) 
20) 
21) 
22) 
23) 
24) 
25) 
26) 
27) 
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The difference between the ordinary method of renormalization of Dyson and that of the present 
authors developed in the previous paper is emphasized. In order to clarify this difference, the renor- 
malization of the ‘two-electron Green-function is investigated. The proof of the finiteness of the renor- 


malized Green-function seems to be given in quite a brief way. It is the essential point in this proof 


that there is no ambiguity in the order of integration appearing in course of calculation of Green- 
functions, 


Introduction 


In our previous paper’? the renormalization of one-body Green-function” was investigat- 
ed by using a method slightly different from the usual one.*?®® 


into account the so-called ‘‘d-divergence”’, the transformation 


That is, in place of taking 


GZ. G’, G=G’, P=) fee e=1y V Z,+e! (a) 


was introduced, where the primed and unprimed quantities stand for renormalized and un- 

renormalized ones, respectively. In this transformation, the last one, the renormalization 

of the elementary charge, is characteristic of our theory and 7, appearing in this charge 
renormalization plays the part for 7, arising from the “ b-divergences ”’. 

In order to make clear the situation, let us consider, as an example, a 

/\ graph of the type of electron self-energy. In the ordinary Dyson-Feynman 

method, the expression corresponding to this graph contains in general overlap- 

ping integrals, and since sub-integrals contained in this expression do not uni- 

formly converge, the result that will be obtained depends essentially on the 

\?/ order of integration. To integrate the multiple integrals symmetrically with 

: respect to both vertex parts a@ and @ gives rise to the “ b-divergence””. (Fig. I) 


Fig. 1. Thus the expression 5}* corresponding to the electron self-energy can be written as 
SH) =ZUALB rth, +m) +CW)}, (b) 


where A and Z are divergent constants and C(/) is the finite part. 


On the other hand, in Schwinger’s theory of Green-functions »)* has the expression 


U* (h) =ie? ("4G LL) Gy, (ZL) PY (RL, bdi=ie2y*"GB,T", ——(e) 
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where the vertex parts @ and & are treated in quite an asymmetrical way. In this expres- 
sion, G, % and /’, of course, contain in themselves much complicated multiple integrals. 
From the view-point of the theory of Green-functions, however, these integrations should 
have been performed before the last integration with respect to / is done. Thus the order 
of integration is automatically determined and there occur no overlapping integrals in this 
theory. From these situations, it comes out to be unnecessary to take into account the 
“< d-divergences.”” Accordingly, in order to eliminate all the divergences (except the 
divergences® of the perturbation expansion) within the frame work of the theory of Green- 


functions, it seems indispensable to introduce the renormalization of charge constant 


e=1/V Ze, 
instead of taking account of “ d-divergence”. In fact (c) is rewritten as 
yi*=7 1/Z,-¢/? 7* GC Oy, PPH1/Z,- a”. (d) 
Under the assumption that G’, G! and ["” were already proved to be finite, the integral 
SV* =7e/7(G RDO WOE” &—4 lal 
has the nature similar to the integral 
te" (SpR-L) Dr D Ou, 7 
and the result after integration is 
SV*(k) =A+ Bh, 7 +m) +C()- 


From the argument stated up to now, one can easily conjecture that the renormalization of 


plays the part for the effect of ‘“d-divergence”’. 


C15 


Fig. I Fig. Il, Fig. III 


To clarify in more detail the difference between the ordinary method of renormaliza- 


tion and ours, let us consider another example, i.e. the two-electron problem. (Fig. IL, 
II,) In the Dyson theory, any matrix element of S including all the radiation effects is given 
by replacing respectively G, @ and J’ with all S;,’s, 
element corresponding to the irreducible Dyson-graph. 
corresponding to Fig. II, is given by 


24 GI'* GI” GB,, ©, GI GF" G, 


D,’s and 7’s appearing in the matrix 


For example, the matrix element 
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which after the renormalization turns out to be 
Ze {eiG'l eG! LS | Oe OB MT Od ad Oe ' 


In general, any matrix element corresponding to a graph having 7 open electron polygons 
comes to have Z,” as a factor after the renormalization has been carried out, because the 
expression ¢, /’* G ,, corresponding to Fig. HI is invariant under the transformation of 
renormalization. 

On the other hand, in Schwinger’s theory all the 7’s appearing in the irreducible 
graph are not always replaced with I"’s, but some of the vertex parts are treated in quite 
an asymmetrical way. The matrix elements corresponding to Fig. I, and Fig. II, have 


such expressions as 
a er ean ef/Ze-Ze Gir’ G' FP’ G! G,./ Sve GIG’ PG’, 


respectively, after the renormalization. From this fact one can easily see that the part of 
the two electron Green-function corresponding to the disconnected Dyson-graph and that 
corresponding to connected graphs can not be renormalized in a unified way, but rather 
should be treated separately. 

In the present paper it will be shown how to renormalize many-electron Green-functions 
by dealing with the simplest case, i.e. the two-electron Green-function’’. In our proof of 
the finiteness of Green-functions, it will be the essential point that there is no ambiguity 
in the order of integration. 


$1. Preliminary considerations 
The Green-function of two-electron problem is given by 


Ca NC ee a a G (¥,4,') G (tor!) —G (4,45) G (xor,') + (G (4, 1)G(% 2) 


KCL 25cm ee Salrae, 
where 


K(CI1 ¥23 %' £2) =|rU, Ve 12)G" (12; x'4,')d1 a2 
=—2e, ier 1; 2) G9) 2G" Gy yae) didaetie2) 


—ie'"|G (¥, 1)0/¢,0/, (11) « K (ly; x4) a1. 


In these equations G, (3, and /’ are the unrenormalized functions in one-electron problem 
whose definitions were given in § 4 of U. S. I.. 
two-electron problem.” 


By substituting (1-1) into (1-2), it reads as 


T is the proper interaction kernel in 


PEE Ca Lo) me — ies T(x, 1; 2) Gy (4, 2) {GC (4,4,') G (1x) 


= G (4,44) G (1 x,/)} 21 a2 
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—iet|I™ (x, 1; 2) By, (x, 2)G (x, 3) G14) 


K (34; x, x) a@1 a2 a3 a4 


—ie\G (41) 0/2,07* (4) -K xg x47) a1. (1-3) 


y / BS i 
x) Xo 


Fig. 1-1 Graphical representation of (1-2) 


ye) Pa o 
x, Xo cay Xo! 


By using the iteration method, (1-1) is easily solved in a form as 


CS CHO beeen 


n=0 


where 


Gx G=G(1 1')G(2 2‘) —G(Q1 2’)G(2 1’). 


The graphical representation is given in Fig. 1-2. 
Now it will happen that this graph is divided by broken lines, as shown in 


Fig. 1-3, into several pieces with actual electron- and photon-lines in both ends. However, 
the case where electron pairs are created (c.f. Fig. 1.5) will be excluded from our consi- 


deration if the incident energy is not enough to create actual pairs, and the case where 


a5 es 


Fig. 1-4 Fig. 1-5 


Fig. 1-2 Fig. 1-3 


left out of our arguments by virtue of the 


actual photon-lines appear (c.f. Fig. 1-4) can be 
-4 can be obtained by differentia- 


fact that the quantity corresponding to the graph Fig. 1 
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ting undivisible G” with respect to /,, provided that undivisible G” is finite. Thus G” 
is given by a sum of integrals whose integrands consist of several factors corresponding to 
undivisible pieces of graphs with two actual electron-lines and actual photon-lines in both 
ends. Since these integrations should be carried out over the limited domain where the 
energy and momentum of each connection-line satisfy the condition for actual particles, GU 
is finite if undivisible G’’ is finite. In order to restrict our problem only to undivisible 
graphs, or in other words, to the case where no displaced poles appear in course of calcula- 
tion of G’”’, let us take € and /, the well-known imaginary parts of mass of electrons and 
photons, sufficiently large compared with the incident energies and momenta. 
For the sake of convenience, we define a term “bridge”. From 
A B the structure of Eq. (1-2) we can express G’’ as a functional of G, 
®%, 7 and J’. Thus G” is a sum of contributions corresponding to 
Se Feynman-Dyson graphs as shown in Fig. 1.6, where full and dotted 
. 2 lines correspond to G’s and (S’s respectively. Now one can easily see 
that any graph of the type of Fig. 1.6 can be divided into right and 
i left parts by cutting only photon-lines which connect both parts. Let 
us choose a special way of division where the number of cut lines 
- is minimum among the possible ways of cutting. Furthermore, if there 
are several ways having minimal number of cut photon-lines, we take a 
particular way where the boundary between both parts of the graph is 
nearest to the open electron-polygon 4. In this special case of division, the part contain- 


ing A-open-polygon is called the “ left-graph ”, the other the “right-graph”’, and _ finally 


2) 6) 


Fig. 1-6 


the cut photon-lines are called the “‘ bridges 


§2. Renormalization of G” 


In this section we shall prove the finiteness of G’’. In order to do this, let us perform 
the following transformation : 
Caza (t= 2.) 1c ely Va-e,!, of == aw is S=6' fs Iga Ta A=) 7a, etc., 
(2-1) 
in the same way as U.S.I., and 
K=6k, (2-2) 


where & is a constant to be determined later. 
Now let us postulate that G’”’ satisfies an equation of the same form as that of G” 


and define it as follows : 
GM=G XG G'G' KE (2-3) 


then we can easily see that (’”” will be finite if K’ be finite, because all the primed quan- 
tities of one-body problem were proved to be finite in U.S.I.. Therefore, we shall show 
the finiteness of A’. 


By using (2-1) and (2-2), (1-3) becomes 
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Kl=—— 4," LS! Gl x G! ie!" PB,,! G'G'K! —ie"7"G! —°__ kl. 


(2-4) 
Here, we expand K’ 
Kia ysuK!; (a5) 
w= 
where X;,’ is all the contributions from the w-bridge-graphs. 
Substituting (2-5) into (2-4), we have the equations ; 
2 2 v On : ‘“ 
apie jet Oe, Gs G7" 7" anys —Ky (2-6), 
1 
and 
Yi 
eS re TE SayG' GK! ier" G'— Teel (2-6). 
2 67,! 2 


FY: 
Me eR fOr iL, 2, 
ey ‘d),/ we 
where 0“/0/' stands for the functional differentiation of the “ right-graph” only and 0”/0/’ 
that of the remaining part, so that 0”/0/’ adds a bridge to this graph, but 0”/0/’ does 
not. 


In the first place, we show that (3-5) has the following solution 


K/=—iel” PP? Sy! GIXG Be 
Proof: Substituting with (2-7) into the second term of the right hand side in (2-6),, 
we have 
BZ 
= 12," get (x4 Der rcay GY (1 95 ee eo) 


OF! (1) 
= —4e,'"7"G' (x, 1) UE a aaa 2513) Og 34) Le (440;.4) 


ad)” (x) 
x G! (2 x») G’(5 x',) |4+[the same term in which x, is exchanged for ,/ | 
ers D peo 2) 
Ch ee ee, 
GHG: (4,51) ol aT! (2, RG yea ode (4) (Cr) 


x I(x! 5; 4)G" Sal) +17] 


0G~'(12) { 0G, 136" 0G (12) 
wivan G! (2%,) )— VN Cia ONET 
e, Of, (4) ea ue) é, 0 o (4) 


x G! (2%) I? (x,! 5; 4G" (Sad) +17] 


=e,!17" ee ae GB) NG 1) 


0 OG! (£;%2) Wn < 0G” '42) © 

= 4—e,""7" + 1¢,/?S)\*' (4,3) G (31) ——-— G' (2%) 

OT Tn) ef eA) ¢y'0Jq'(4) j 
SUEY SAG a) + [5] 
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: 0G (2x2) 
+, 12 0 "(x i —ie,! ; 
=| SRC eS BUG 


xT (2! 5; 4)G are) +1 | 
Sear G! 2%») P'9(x/53 4G" (Sx/) +L] 
= —10,A'*(x, 2; 3)G',6(34).G! (244) 1 (ay 5; 4) Gaz) +I Zs). 
Therefore, the right-hand side of (2-6), is 
R.H.S.= —i,e2{1/b-7* +A} PO, G' x G’. 


Putting bt=a, we get 


RASS — eel ONS ee hy, Q.E.D. 
Since [”, G/ and G’ are finite, (2-7) is evidently finite. 
In the second place, we consider (2-6),. Here we expand 4;,’ in powers of ¢,’; 
Kies Phe Fae (2-8) 
m=0 


Substituting (2-8) into (2-6), and comparing both sides of (2-6)., we get the following 


equations : 


NA 
Kass, m= iO G'G' Ky!) m—t7” (G'——_K,!) m for m=0,1, (2:9) 
+ abs ey Ay 
and 
2 , 7 . ‘ OL Z , 0” m 
Kasim= —t(7*l"O',.,G'G'K,!) «—tx" (G4! rig , Dd Vout STAC Eyre n idee 
en é; WY . 
for 7 = 2. (2-10) 


Now we shall prove the finiteness of A’ by means of the mathematical induction with 
assumption of the convergence of series in coupling constant. 


Let us assume 
K’ nm ate finite for 7=0 and 1, (2-11) 


then in the right-hand side of (2-9), the first term is finite on account of this assump- 
tion, and the second term is also finite, because its graph is given by such one as Fig. 
2-1, thus K’,,,,,, for m=O and 1 are finite. Furthermore let us assume 
Kea for ae 0 
and (2-12) 
Kasse for m—2>2 = 0 are finite. 


In the right-hand side of (2-10), the first and second terms are finite by virtue of (2202) 
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Fig 2em Fig. 2-2 Fig. 2-3 

from the same reason as that in the above argument. In dealing with the third term, 
however, some attention should be paid, because this term contains such graphs as Fig. 
2:2 and 2-3 which might cause new divergences. Thus we should investigate only the 
cases Fig. 2-2 and 2-3, since these are only graphs having possibilities to cause divergences. 

As already emphasized in the introduction, the order of momentum integration in 
(2-10) is determined beforehand from the view-point of the theory of Green-function. As 
an example, let us consider the integral corresponding to Fig, 3-2. This is written as 


oxo G' (r—)D F (2, 9,7, 1) a, (2-13) 


where F(/. 9,7, ?) =|o" (2) G’ (p—k) G' ( p—k—-1) G' (p—r—h) dh. 


By using Feynman’s method of parameter integration, it can be proved that / is 
O(l-?**) (1>a@>0) for sufficiently large 7. (c.f. Appendix A). Thus it is easily seen 
that (2-13) converges. Similar consideration is also possible in the case of Fig. 2-3. In 
this way we have finished the proof of the finiteness of A’, since Aj’ is already got in 


a form being free from divergences. 
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Appendix A 
We shall prove that /(fgr/) in (2-13) depends on / in a form of /-***(1>a 


>0) for sufficiently large 7. As a first step, let us evaluate an integral corresponding to 
a gtaph which is given by replacing G’, @’ and /” in Fig. 2-2 with S,, 1, and’ 7 
respectively. This integral is written as 

ary ob RI I OO a3 BE A rh 2 a 
fl port) =const.| (Q—-k—Ditn® (p—-ke+ne (g—hPtm BLP 


x pS tte ee 0 (1) 
(pror-—khyt+k 
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Using the well-known method of parameter integration, we can transform (1) into a linear 


combination of the following expressions ; 


(—P?+ 4)? 4 (Pedy 


i | (iy ies PoP SE yt tod) 1 (0; 0; Onts 2 (953 iP, aig OP ot 05:Py) | 


x 232" Walebae (2) 

where P,=—(1—0)144+2,4+4A, 

4d=(1—u)f—2(1—a4)/-p+B 

—P?+4=(1—u)ul?+2(—a)ul-A+C 

An= (9-2) 2-9. IE— (P=) 29 

B=p +l + (G@—pP)sut (Fn —7) yet (p—r)uxye 

C=— (uA+p)°?+B, 
after carrying out the momentum integration. Now it must be remarked that 7, can be 


replaced with 2/, since contributions from displaced poles can be left from our consideration. 
Dividing the domain of z-integration as 


—2—¢ j=2t+¢ (1-7 -2+¢ “j-7-2-«@ 
tht h+l+l=| +|' +\" +{" +’ 


0 j-2-@ y- 2+ Jv 4-7-2-a I-l —2-@, 


we can get the following /dependences approximately 


h~ | eas ay dz [™- ‘thes sg) ha @ fetes ~O(a™ *7) 


n~| a yet Be OEE ee Olan) 


2 


h~|- (1—72) Zz du ~O(| (1—2) ie ee yan 


a 
(w(1—u)/°)™ x (2m) ~ ) (J-2ta—ntan—amy 


u=l—2 +e 


° 


By. 


1~| 2 lx dy de (1-*)*(I" Bat eens a aL 
aye Ue) 4) OH) 


1~| o 4 ee dy de (2 tS) 2072) (rng) mt) (Lat Sr ha) 
(ae ¢ 
where 777= 3, u=0,1,2,3 or m=2 and xm=0,1. Thus we get 


Sl) ~O (78), 


Oo get the conclusion in N i 1 / 
I S Poy heh also nec y ‘ ‘ 
te ‘i ; > essary to assume that G 9 (S and y have 
h fo owing functiona forms with respect to k 5 
ee 
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1 
Bd) ~9.)—1 
ko + 


9 


(4 

P's L) ~ 952) Ty; 
where ¢;’s are O(#°/) for large / and /, and are assumed to be well-behaved functions” 
(c.f. Appendix B). (For example, it is one of the sufficient conditions for @,s that ¢’s 
have no poles at least in the upper (or lower) half-plane of £,.) This assumption seems 


to be reasonable because it can be considered that the procedure of renormalization does not 


change radically the nature of quantities if they are renormalizable. 


Appendix B 


In this appendix we shall show that G’(“), @/(£) and /”(Z,/) are respectively 
O(k"), O(k*) and O(4°, 7°) for sufficiently large £ and /. 


Let us consider an integral of the following form ; 
HAP) =|E.O CAD Me OK Dibba Bah, 


where /,(%) is a product of ’ and G’ depending only on %, £,:--k, and is O(47") for 
large &. G, H and K are assumed to have also the nature similar to that of /. For 
example, we can easily see that / represents respectively 
i) the irreducible electron-self-energy part when r+s=3, m=1 and /,=KX,=1, 
ii) the irreducible photon-self-energy part when 7+s=2, u=1 and /7,=X,,=1, and 
iti) the irreducible vertex part when 74+5+/+u=4n. 

Now we shall restrict our consideration only to /,-dependence of /, because psdepen- 
dence can be similarly treated. After the transformation of all the energy variables from 
real to imaginary ones, let us introduce a system of 4 -dimensional polar coordinates in the 


Euclidian /-space. Then / can be written as 


va a G, H, K, R™*' aR dQ, 


where 2 represents angular variables. Divide the domain of /-integration as 


face clara: (ake yl +e) ' 


hthrhth+h=| + + + 
0 


? 
min(X,m,72) J maxc(A,m,p2) pi ay (ite) 


where @ is a positive constant being possible to be chosen as arbitrarily small. Then the 


py-dependence of each integral is approximately given as 
Moone © x {[R gee es x j (FH) eee aQr~ (Pies a) 
TE 0 ce me (max (A, mM, ps) ) = x ) (F/T) R~dX,m,p2 a~ O pie) 
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Te~ Pp ARO aoe com aah VP) pe oe ~ ee 


=mar(A,m.p2) 


A ae a ha x pt? , ( (FG HKR’***#**) ge AQ~O (peo 
I~ ae let el ek ara x“ ( (PCH Re) ets Ga~ OF p=" 


R=pr 


Here two points must be noted. One is the finiteness of 2-integration for a fixed R. 


The other is that the contribution from the upper limit in /, can be neglected because it 


should be cancelled out by the contribution from the renormalization-term. Since the in- 
finitesimal constant a@ does not play role in the discussion of divergences of any integral, 


we can get the following conclusion 
View O ( te a whe ai ; 


This is just the one we wish to prove. 
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By modifying the usual shell model treatment, so as to take into account the correlation of the 
position coordinates of the constituent particles, the binding energy and other properties of the lower 
energy levels of Li® are calculated. Using two body central and tensor interactions, the parameters of 
which are adjusted to the low energy two body data, fairly good agreement with experiment is obtained 
for the binding energy. However, the splitting between the second excited and the ground. states is 
far too small, because of the large cancellation of the tensor S-D interference terms, and this is reflected 
in the too large value of the magnetic moment of the ground state. The quadrupole moment is very 
small in agreement with experiment, although it might be considered as an incidental agreement. 


§ 1. Introduction 


The primary purpose of this paper is to investigate whether two particle interactions, 
which are consistent with two body problems, are sufficient to give the binding energy of 
Li® and properties of its lower levels, such as level order and spacings of these levels, and 
the magnetic moment and the quadrupole moment of the ground state, etc. However, 
since a great many papers have been published on the same subjects, it would be instruc- 
tive first to give a brief summary of these works. 

Feenberg and Wigner’ have given general expressions for central force matrix elements 
a the L-S coupling approximation for all states which occur in the 1) shell nuclei, by 
assuming only Majorana and Heisenberg type exchange forces. Feenberg and Phillips” 
have generalized their calculation so as to include also Wigner and Bartlett type central 
forces. The results given in these two papers are similar, and it is found that, if the 
central force with dominant Majorana force is used and if the depth parameters are 
normalized in such a way as to give correct binding energies of He’ and O", then the 
binding energies of other 17 shell nuclei are also obtained in fair agreement with experiments. 
It is also found that the mass difference of Li® and He’, which is equivalent to the level 
spacing of the second excited and the ground states of Li®,\ is correctly given. However, 


if we make use of depth parameters consistent with two body problems, the binding energies 
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are considerably smaller than the experimental values. 

Kurath®” has performed similar calculations for the 1/ shell nuclei in the 7-7 coupling 
shell model. His result is quite similar in its essence to the L-S coupling result. _ However, 
there are some cases, in which j-/ coupling gives correct results, while L-S coupling does 
not, and vice versa. Especially, for the ground state spin of Li", 7-7 coupling approxima- 
tion gives /=3, while L-S coupling approximation gives _/=1 in agreement with experiment. 
As regards the ground state of B", theoretical values are the same as in the case of Li’, 
while the experimental values give /=3; so the 7-7 coupling approximation is better in this 


case. 
In order to overcome these inconsistencies, Zeldes’) has performed calculations by 


the intermediate coupling approximation, and showed that both ground state spins of Li 
and B™ could be explained by using a common value for the parameter a/K, the ratio 
of the strength of the spin-orbit interaction and central interactions. 

In an elaborate review article, Inglis has given a more thorough discussion about the 
level structures of all 1/ shell nulei in the intermediate coupling approximation, and arrived 
at a conclusion similar to Zeldes. However, it should be noted that in the case of Li® the 
value of a/A had to be taken smaller than the average value in other nuclei, consistent 
with the fact that L-S coupling approximation is more appropriate than +7 coupling one, 
in this case. The necessity of the intermediate coupling approximation which, in the 7-7 
coupling terminology, is equivalent to the configuration interaction between 1/3). and 1f,/. 
shells has already been pointed out by Horie and Yoshida" and applied to explain magnetic 
and quadrupole moments of several nuclei, including Li®. By actually solving secular 
equations, similar calculations have recently been carried out by Tauber and Wu” and by 
Schulten.* 

A powerful method in constructing the wave functions for a system consisting of 
many particles in equivalent orbits and the evaluation of various matrix elements has been 
investigated by Racah”, and applied extensively to atomic spectroscopy. This work has 
been extended to nuclear shell structure by Jahn" and Jahn and Wieringen' in the L-S 
coupling approximation, and by Flowers and Edmonds” in the /-/ coupling approximation. 

The result of Jahn and Wieringen'” has been used by Elliot™), and the matrix ele- 
ments of non-central forces, i.e., the tensor force and the two-particle spin-orbit force, in 


the 1/ shell configuration were calculated, and applied especially to the investigation of the 


properties of lower energy levels of Li, Li’ and B". It was possible to fit the several 


data of these nuclei if the condition imposed by the value of the magnetic moment of Li® 
is relaxed, by taking into account the contribution of the exchange moment. However, so 
long as the depth parameters of the interaction of particles are taken from the two. body 
data, both the binding energy and the splitting between lower energy levels are considerably 
smaller than the experimental values, and Elliot thus concluded the importance of coneewes 


tion interactions. imi i i 
teractions. Similar calculation have been done by Komoda and Sasaki" and by 


Ishidzu and Obi". 


. ' 16) . . . . 
Feingold" has made an_ interesting calculation, taking into account the configuration 


interacti i i 
nteraction by some specific procedure and using only tensor forces as non-central interactions. 
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His result for the splitting of the 'S, and “S, states of Li® was in much better agreement 
with experiment than those obtained by the second order perturbation theoretic calculation. 
However, the splitting he has obtained is almost half the experimental value and also 
quadrupole moment is several times larger than the experimental value. 

Recent discoveries of new technique of integration have made it possible to calculate 
easily the binding energies of light nuclei. Indeed, Pease and Feshbach"? and Irving") have 
calculated the binding energies of H* and He’, respectively, and they found that the 
phenomenological potentials consistent with the two body data, i.e., the sum of central and 
tensor forces were sufficient to account for the experimental binding energies. It would be 
interesting, therefore, to investigate, whether the same conclusion could be reached for 
heavier nuclei than He‘ or not. To our regret, He® and Li® which come next to He’ 
have no bound states, and so in order to investigate the nature of their level structures, 
we must treat the scattering problem which needs tedious numerical calculations.” In this 
paper, therefore, we would make calculations of the binding energy and other properties of 
Ds 

A method which has been used by one of the present authors (T.T.) for the 
calculation of neutron-He’ scattering’ is extended in this paper so as to treat the six body 
problem. In this calculation, we consider the wave functions to be constructed as vectors 
which constitute the basis of symmetric group, and so they are specified by appropriate 
partition numbers. Such methods making use of the irreducible representations of the 
symmetric group to construct the wave functions have been used by several authors. 
Villars” applied it to the calculation of the magnetic moment of H’, Verde” to the 
calculation of the neutron-deuteron scattering, Trainor to the calculation of the level 
structure of He! and Gamba et al. to the general discussion of the selection rules of 
nuclear reactions. 

Our method which will be explained in § 2 may be considered as an extension of 
these works. However, for the actual construction of wave functions the technique developed 
by Jahn and Wieringen™ is most powerful, and used extensively in our paper. As for 
the spatial part of our wave functions, we make some deviation from the shell model 
individual particle treatment”, and the actual form used in our calculation is very similar to 
that used by Irving’. This form of wave function is very convenient for applying to 
bound state problems, because it permits one to perform any integration analytically, so long 
as we assume Yukawa or exponential radial dependence for the two body potentials. 

In §3 through $6, we calculate matrix elements of central, tensor and Coulomb 
interactions, kinetic energy, magnetic and quadrupole moments. Numerical results are shown 


in § 7, and some discussion of the results are given in § 8. 


§2. Construction of the wave functions 


In constructing our wave functions,. we start from the stand point of L-S coupling 


scheme. However, as is mentioned in the introduction, we do not follow the conventional 


shell model treatment, and so the terminology ‘“‘L-S coupling . scheme ” has somewhat 
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different meaning from the usual one. It is used here only to mean that the charge-spin 
functions of the six particles span some space of the irreducible representations of the 
unitary group U, in four dimensions, while the spatial wave functions span that of the 
irreducible representations which are adjoint to the former. 

The structure of the functions which span an irreducible space of the representation 
of a unitary group can be specified by a partition [4], as was found by Young. As is 
shown by Weyl” this partition also specifies the irreducible representation of the symmetric 
group on the elements which constitute the tensor space, to which the unitary transforma- 
tion is operated. On the other hand, Yamanouchi” found a very convenient method for 
obtaining standard orthogonal representations of symmetric group, and his method was 
extensively used by Jahn and Wieringen™) for the calculation of the coefficients of fractional 
parentage. This method will also be used in this paper. 

In the usual shell model, the lowest configuration for Li’ is believed to be (15)* (1) — 
The symmetry character of the spatial wave functions constructed from this configuration 
can be specified by two kinds of partitions, ie., [42] and [411]. When these irreducible 
representations are decomposed into the irreducible representations of the three dimensional 
rotation group, they contain S and D states, and P state, respectively. We will limit 
our calculation to these two partitions. Then, as is easily seen from the Table 3 of 
reference 11, this means that we are limiting our calculation to the following states ; 
"8S, ™D, "S, *D, "P and “P, where the first and the second superscripts mean the charge 
and the spin multiplicities, respectively. 

The degrees of the irreducible representations of the symmetric group for 7 elements 
corresponding to the partition [AJ=[A,, A:+-,2,,,°+:5 44] cam be calculated by using the 
formulae 


Mery satt sl) lees Aes 28st hy By) fh ldaleac he Woche 


A (1) 
Tin = 4m + RM (m=1, 2,425 k), D(hy, Ity,*+*, Itz) = /1 (4;—4%)), 
i<j 


given by Weyl”, and in our case this gives nine and ten degrees for [42] and [411], 
respectively. | 


Because our calculation in the following are very similar for these two partitions, we 
will show the details of the calculation for [42], and for [411] we show only the results. 


If we write the nine spatial functions which span the representation space [42] as ¢,, doy-**y 


g, and the corresponding charge-spin functions which span the representation space [42], 
ee is adjoint to [42] as ¢,, W.,---, Y, then the totally antisymmetrized wave function 
is clearly given by 


1h te aa 
F =1/V9N > Beh (2) 


where 1/~ \V is the normalization factor. 


Although these normalization factors can differ 
from. state to state 


cae , it is shown in App. B that they are all equal, and we will not dis- 
criminate them in the following. 
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Pie Pas 


Table I. 


Standard orthogonal Yamanouchi representation 
for partition [42]. ~ 
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To obtain the explicit form of the functions ¢,’s and 4',’s, we specify them, as 
mentioned above, as functions of appropriate Yamanouchi symbols. As the meaning of 
the Yamanouchi symbols and the method of constructing corresponding orthogonal irreducible 
representations have been quoted and summarized by Jahn and Wieringen"’, we will not 


dare to repeat them. The explicit form of the representation for partition [42] are shown 


in Table I. Clearly, corresponding standard representations for [42] are obtained from those 
of the Table I, merely by changing the sign of all the elements of the matrices. How- 
ever, as we are using same set of the Yamanouchi symbols, as those used by Jahn and 
Wieringen, our 4f;’s are nothing but their charge-spin functions "(7 7"5---7"))’s, and so they 
can immediately be written down, by using the coefficients of fractional parentage, prepared 


in Table 3 of their paper. Explicitly, they are given as follow, 


ee oan 
O21 1 Ef (LEI) 41 1522, 15), 


me SE ea q 2 eS 
Ge 21 211). == SPA | (2111); 13, 22, 13)|—1/ 1 5 | Gael 
; ae eri 
— “ 37/5) (2111); 34,22, 13), (3a) 


(Rm — Ve eas ———_ 
@, (122111) =—1/ “10| (2111), 13,'22, 13]+1/ ¥10[ (2111), 31, 22, 13] 
‘ —— Ft 5 ae a na 
—1/¥ 5[(2111), 13, 24, 13]+ “3/5[ (2111), 33, 24, 13], 
t LE ee oy A ee 
th,(112211) =1/¥ 20[ (2211), 11, 22, 13]— “3/20[ (2211), 33, 22, 13] 


Dear es cee Pe FS 
+ V3/10[ (2211), 33, 24, 13]+1/¥v 2[ (2211), 15, 24, 13], 


h hd h b . / : ~— Inne Flas 4 i 

#; and 4’, are obtained from ¢, by replacing (2111) by (1211) and (1121), respectively, 
h, i peeeree ‘i j ~~ Tm ee ; ' 

7, and 4, are obtained from 4/, by replacing (2111) by (1211) and (1121), respectively, 
and 4g is obtained from ¢/, by replacing (2211) by (2121 Ne (3b) 


Faia 
In these equation, e.g., | (2111), 13, 22, 13] means a charge-spin function for six particles, 


which is constructed from a charge singlet, spin triplet function of the first four particles, 


Pia 
characterized by the Yamanouchi symbol (2111), by adding the charge and spin functions 
of the fifth particle, vectorially, so as to make up a charge and spin doublet state, and 
then adding the charge and spin functions of the sixth particle, finally making up a charge 
singlet and spin triplet state. The meaning of other functions may be read off similarly. 
So far the construction of our wave functions has no difference from the usual shell 


nk t abe 
odel treatment. Here we will make an essential deviation from it, in connection with 


the construction of the spatial parts of the functions. 


I 
n the usual shell model treatment, the spatial parts of the wave functions, correspond- 


ing ‘3 the configuration (1s)4(1)° can be thought of as linear combination of : the 
functions such as 


SOM CDI) ICN IOs) I %e) D1 (1m, Vrg| LM) Vin) Ma CAy (4) 


mime. 
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im (7%) etc, are spherical harmonics of order one, while /’s and g’s are radial wave 
functions of the particles in the 1/ and 1s orbits, respectively. It is usual to assume that 


2 ? . . 
J’s and g’s to be the zero node oscillator functions, and so to use (4) in the form 


where J 


LM) a (7) ee. (%>) 5) (5) 


6 
r12exp| —4 Sr] >) Cm,lm, 
Coal Mim. 
apart froma constant factor. In this treatment, all the coordinates of the constituent 
particles are measured from an assumed center of mass, which is different from the correct 
center of mass #R= (7,+7,+---+7;) /6. 

Although, such a treatment may be permissible for heavier nuclei, its validity is very 
doubtful for lighter nuclei such as Li®. Therefore we will first modify the expression (5), 
by rewriting 7) Vy, (7%) a8 Yomi (9";), Le, as a solid harmonics*, where the vector 7", is to 
be measured from the center of mass FR, defined above. 

The exponential factor in (5), which is frequently used in the shell model calculation 
to make the evaluation of the matrix elements easy, will not be appropriate, especially in 
light nuclei, because of its Gaussian dependence at large distance. The radial dependence 
should be exponential, so long as we consider a negative energy solution of the Schrédinger 
equation with short range potential. Therefore, the second modification of (5) we make, 


is to replace the exponential factor of (5) as follow, 


6 ; (ier j 
exp [<4 2174] —> exp > i4/ 2 7a «); (6) 


This sort of replacement is suggested from the work of Irving’, on the calculation of the 
binding energy .of He’, and is stressed, by him to be very appropriate, both from the 
theoretical point of view, and for easier computation. This replacement has also an 
advantage of taking into consideration the correlation ‘of the positions of the constituent 
particles. , 

Our final task in this section is to write down explicit forms of ¢,’s. According to 
the preceding discussion, they are linear combinations of Z;;'s where /,; is defined by 

— 


pan Veale ) (7) 


4<j=1 


Lg= SS Umlm|£ND Vim) Von, (4) exp Ie ae 


7» 77 5 
oped) 


The Yamanouchi symbol for d, suggests, that it may be generated from /, by operat- 
ing to it a Young's symmetrization operator PN, where, by writing a position exchange 


operator between particles 2 and 7 as lene 


N=(1—-P2) A—P), (8a) 


7 ‘ 
7 


and 


P=\sum of all possible permutations among piemiberd Prom niu to 419% CLS PM) 2 8b) 


Taking into account the fact that, e.g., Z;, is totally symmetric among the particles from 


* Throughout in this paper, symbols Y7m( ), whose arguments are written by Italic and Gothic letters, 


mean surface and solid harmonic:, respectively. 
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first to fourth particles, and symmetric between fifth and sixth particles, the result can be 


obtained in a rather simple form 
d, (221111) =1/V 240 [12Zg+2 (Lyot Last List Lent Log + Lea) 
— 3 (Igy + Lng + Ley + Las + Lyg+ Log+ Leg + Las) | (9) 


The other ¢,’s may be obtained in a similar manner. However, as the results are not 
mutually orthogonal if obtained in this way, it is better to use the standard orthogonal 


representations, given in Table I. 


For example, if we operate /.{? on ¢,, then we get 


PO$,= —1/4-6,+ (15/4) -1/12[2 (Ly t+ Ly t+ Les) —2 (Lys + Los + Les) 
+ (Li3+ L05+ Lo3) —3 (Lig + Log + Log) — 3 L434 9 Lag]: (10) 

Comparison with the standard representation for P,, in Table I shows that it is given by 

go(212111) =1/12[2(Ly54+ Ly3+ Lo.) —2 (Ly + Lug + Ly) + (Ly534+ Tag + La) 

| ELS @ Mit] cig fay ec ne SY be (11) 
Similarly ¢, is obtained by operating 7? on ¢,, and comparing the result with Table I, 
and so on. We summarize the results in the following. 

(211211) =1/V72 [2Ly— (Ly Log) + (Lrg + Ley) —2Ly + (L,;+ Le) —2Ley 

—3(Ly,+ Ly) +6255], 

@, (211121) =1/24 [ (Zig + Lig t+ Ly) — (Lg + Leg + Le;) —3 (Lig— Len) |; 

@y(122111) —=1/'18 [ (Lig+ Lig Log) — (Lrg t+ Log Low) — (Ls + Long + Lon) te Baal 

@, (121211) =1/6[2/,.— (Lyy+ Lea) + (Lyqt Ly) —2Ly + 4 Lg —2 (Ly + Les) 


(12) 
@. (121121) =1/ val g | (L,3+ Lj4—2L,5) er (Log + Loog— 2Lo5) | 
@, (112211) =1/ 12 [2Ly9— (Lyg+ Log t+ Lyy+ Lou) +2Ly4], 
dy (112121) =1/2 | (L,,— La) 7 (Lea— Loy) |. 


The results for the partition [411], namely "P and ™P states, as well as for 'S and 
“D states are given in App. A. 


§ 3. Evaluation of the matrix elemeat for central force potentials 


We write the central interaction potentials as 


0 
oS ee (13) 
where ae 


Vip = (0+ MPP + OPO + hPL) f, (743). 


(14) 
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The expectation value //, of I’, is given by using the wave function (2), as 
B= (8 |Vo|P) = (P| >} VP|P). (15) 
t<j= 


As is clear from its construction, Y is totally antisymmetric between exchange of any 
pair of the particles, and |’, is totally symmetric, so that the whole expression of (15) is 
totally symmetric. Therefore it can be written as 


F,=15 (8 |VE\P) 
=15/9N( 3} $l Pi? | 3} b,)- (16) 
t= j=l 


For the evaluation of (16), it is easier first to perform the sum over charge-spin 


variables, and the result can conveniently be expressed in a matrix form as 
E,=15/9N (b,*, bo*s--5 by" fos) (WL+mPO+O6PO+hPS) | 
_ (17) 
bs 
in which we take fc (7) =V- exp [—so/7'e]/ (’so/%e)- Here, of course 1, PS, P& and 
PS are square matrices with nine rows and columns, and are given explicitly in Table IL. 
How they are obtained will be explained as follows. 
We first rewrite (16) in the form 


9 9 
L.= 15/9NV( a O:P:| Se (55) (w+ mP? + OPS + hP$) | 2 3) 
t=1 j=1 


=15/9V 3? bi (B;| Fe (a0) 105) (18) 


x [ew (Y;|1 95) +m (fi| Ps |P5) +4(9;|/ a |Ps) +h(b;| Ps? |P) i 

then it is easy to see that the matrix elements of the matrices in Table II are nothing 
but the elements in the square brackets of (18), and so their meaning is clear. For 
Wigner force, from the ortho-normality of ¢,’s, it is clear that the corresponding matrix 
is a unit matrix. Next the ?{ in Table II is just the same as the 2, in= Table I: 
The reason is as follows. If P,{? is operated on a totally antisymmetrized function, it can 
be replaced by — P.O PS. However in our formalism PSP, is the adjoint representa- 
tion of P,%, i.e., its matrix elements are just minus those of P,%?. This is the reason why 
((b,| P22 |Y,) coincides with the matrix elements of P? in Table I. 

For the calculation of (;| PO |%3), we use the explicit form of (3) for (ie Seen Le 
we write a term in the righthand side symbolically as 


tT —_ of 
[rears TS ToS» ToS2), (19) 
and S;=2/,+1, then this expression is propotional to |/,/,/,), where 


Lhl) = 32 (Lamhe, |ort2) (Lemke | Ls) COTS Ne it eestor (20) 
1fols 177119, sh” s 


f 
mimo m 
“a card 
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Table -II. 


Charge-spin matrices for central forces for [42]. 


1 Pon 


56 


b=—/2/3 


Here yj); is a spin function constructed from the spin functions of the first through 
5 . 5) ; 5 . a ? : 
fourth particles, while ised Woy are spin functions of the fifth and sixth particles, respec- 


tively. The operation of / on (20) results in 


PLE bl.) => 
k 


c=—/2/5 


56 


oo) A (28-1) (Ole) Tete, 23%s3lk)| Akl), (21) 


where IV(abcd; ef) is the Racah coefficient.” 


Therefore, the results of operation of P{ on (19) is written down, as 


—“ 
foe Carrs TiS) LoS, T5531 


On the Binding Energy and Properties of Lower Energy Levels of Li® 663 


ee) ee ere 1) (21,+ 1)? Wd, 4 3 j. ; 1h) 


OE "7 : 
x | (Ha%sor1) plndy Lytk1 yl 55s]. (22) 


From this formula the matrix elements of (18) for the Bartlett force are easily derived 


using the fact that the charge-spin functions for first to fourth particles are orthogonal, so 


long as they have different value of S,, Z7;, and of Yamanouchi symbol Cy 
Moreover, it should be noted that the charge states constructed adding fifth and sixth 
particles to those of preceding four particles must be the same in order to obtain non- 
vanishing matrix elements. The calculation for the Heisenberg force is similar. 

As we have obtained the expression (17), the remainder of our calculation is a matter 
of matrix multiplication. The calculation is elementary but rather lengthy, because each d, 
itself contains many terms. However, the symmetry property of /,,, mentioned just after 
(8), limits the number of the independent matrix elements only to twelve, and abbreviating 


(Lisl Fe se) [Zirgr) as Ve(y|2’7’), the result is given by 


E,=V,/N (w { (56|56) +6 (12/12) + (12|34) —6 (12|13) +8(15|15) —6(15|25) 
—2(15|16) +4 (15|26) +2(12|56) —4(15|56) ~12(12|15) +8 (12)35)} 
+m {(56|56) +6(12|12) + (12|34) —6 (12|13) —2(15|15) +4 (15|25) 
+8(15!16) —6 (15|26) + 2(12|56) —4(15|56) +12(12|15).+8(12|35)} 
+64 (56|56) + (12/34) +4 (15|15) —2(15|25) —4(15|16) +6(15|26) (23) 
+2(12|56) —4(15|56) —4 (12|35)} 
+h{— (56|56) — (12|34) +4 (15|15) —6(15|25) —4(15|16) 
+2(15|26) —2(12|56) +4 (15/56) + 4(12|35)} |. 


The evaluation of the matrix elements needs some long calculation. It is illustrated 
in App. B, and the results are summarized in Table B-I. By using this Table, it is 
seen that all the matrix elements can be expressed by four independent integrals /,, /., /;, 
and /,, defined by (B-11), of App. B, and we can rewrite (23) as follows. (Since 


from here on, the results are different for "S and D, we will write them separately.) 

E, (88) =V,/ N{w {46/3L,—11/21,+ 7/31, + 3/1613} 

4m {46/31,—11/21,—13/32,+ 3/1614} 

+6{10/32,—5/2L.+5/31,+ 3/161,3 

+ h{—10/3/,4+5/21,+ 11/37,—3/16/,} |, (24) 
E,(@D) =V,/N (w {92/151,+ 5fo+ 10/31,+ 3/401,} 

+ (92/151, +5[,— 10/31, + 3/40L,} 

+6 44/31,—L+8/31,+ 3/40L} 

4h{—4/31, + 1,4 8/31,— 3/4013} | - (25) 
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In App. B (B-11), values for I,/N, etc. are given. Therefore we obtain the final 
results for /,, 
B.C8S) =V,(5/96) (20 BA ts) (Bo5 ete ls fe eaege 014) 
[co (164/154 +784/45B + 224/15C) +m (164/15 A— 1456/4558 + 224/15C) 
+6(4/3A4+112/9B+ 224/15C) + h(—4/3A+1232/458—224/15C) ], 
(26) 
E,(°D) =V,(5/96) (2V 3.41) 9 (3050-+:017/204e---014) 
[zw (152/15A + 224/9B +448/75C) +m (152/15A —224/9B + 448/75C) 
+h(—8/15A + 896/455—448/75C) +5(+8/15A+ 896/458 + 448/75C) |, 


(27) 
whete 
: 1 
4=[O-r yt), B=f ayy, 
e 0 
i 
el (1—y") °° (yy +0) “¥dy, (28) 
0 
with EOE AES G33) 


Although it is possible to integrate 4, B, and C analytically, it is very tedious calculation, 
and we find it better to evaluate them numerically, and so leave them in the integral 
form of (28). 

The results for “S and “'D states are obtained from above formulae by exchanging 
6 and /, as is easily seen from (A-5) of App. A. 

Similar calculations for "P and “P states, which belong to partition [411], are 
performed, and the following results are obtained. 


EP) = £, ®P) 
=V./N|w {(56|56) + 8(15|15) —6(15|25) +4 (15|56) —2(15|16) 
+6(12|12) —6(12]13) —12(12|15)} 
+ m{— (56|56) —2(15|15) —4(15|56) +8 (15|16) —6 (15126) 
+6 (12|12) —6(12|13) —12(12|16)} 
+ (6+4) {— (56|56) +4 (15|15) —6 (15|25) —4 (15|56) 

—4(15|16) +6(15|26)} ] (30) 
= (V,/N) [w(122,+4/,) +m (121,—4/,) + (6+4) (144/25/,—22/251/,) | 
= V7.(5/96) (2V 32 4,) (3050-017) /(204er0014) 

[cv (48/5A+448/15B) +m (48/5 A—448/158) 
+ (6+h) (576/125A— 2464/3758) |. 
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§ 4. Tensor and Coulomb forces 


In this section we calculate the matrix elements of the tensor and the Coulomb 
interactions. We assume the tensor interaction potential to be given by 


6 

ig, ae 7 (t) 

es 
t<j=1 


? : (31) 
where, neglecting any exchange character other than Wigner 


VP = Silt G 7) ? (32) 


and 
Si5=L3 (G4- Tig) (85 +1s5) /ri5]— (Fi F5) (33) 


is the usual tensor operator. The matrix element for (31) is given, as in (16) (again 
for partition |42]), by 


B= (15/9) (33 dah | V| 3 bah) G4) 


In evaluating (34), it is again convenient first to perform summation over charge-spin 
variables, and express it in a matrix form, such as in (17). In this case, as (31) does 
not contain any operator for charge varibles, the ortho-normality for charge functions are 
evident. Therfore it is only necessary to calculate matrix elements concerning ordinary 
spin states. 

It is convenient to rewrite (33) as 


= V6-47/5 47/5 5) (—) *Y2_-n (55) (mim |2apo%c% , (35) 


mm! 


where Y,_,(7:;) is a surface harmonics of order two. Then using the notation defined 


in (20), the matrix element now in concern is written down as follows, 


Lb/h!) = 6-4/5 (Slo 13) (173) 2a )*Y2-4 (wv) 


56 


M1.) (L125 |lo te) ~=— (36 
3 12 


1 (—) tmnt 5. (L970, 3 170, |C7%0) (Loamyg ne 


» (Ly rad kre," \Lol 1706!) (131 1,| 2) (4 —10,42,/"|1— m5) (3 mm, 4m, ''|1—mg) 


where (1/2||G/|1/ 2)=¥ 6. The second summation in (36) is easily evaluated by 
using Racah’s formula”’, and formulae given, e.g., by Jahn and Hope”’, and (36) now 


becomes 


(L,lel5| Soo 


Ll) =2V6-4n/5 S3(—) "Voy we) (Lyell me |2— 
we 


q (ea) atte emt (Of p 1) (21, + 1) W041 ; Aly) 7 (lehle!d 5 ; WAR vi Na (37) 
where y is the function defined in reference 25, and in our case it is 
4 UALR lds, V1, 2) =3[ (24,41) 24) + (—) 4” Det) 


x Wolf 21 5 12) WO Ball 5 Ll) W (lol lox 5 23) - (38) 
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Using this result and the explicit form of charge-spin wave functions given in (3), 


we obtain, for /%, of (34), the following expression, 


is) 67 * * otf s 
£,=— ally Gib db, ) +5 by ) ae hed os d, 
av c db, (39) 


éy| 


where 
F=3(—)"1(S— MSM 2=P) 
x (SMLM JM) (S'MILM| JM) 
xf (20) Yop (@). (40) 


In F we have replaced /, and /,’ by more 
appropriate notations S and S’. The nine 
row and nine column matrix 7 is given in 
Table III. 

Now we write the matrix element of /, 
between states /,; and Lj, defined in (7) 


as (7j|F\2’7’). Then the result of matrix a=4/2/15 
multiplication of (39) is obtained in the Table III 
following short form Charge-spin matrix for tensor force for [42]. 


L,= (1/N) V6x/5[ —4 (56|F|56) —8 (15|F'|25) —8 (15|F|26) —4 (12|F 56) 
—4(56|F|12) +8(15|F|56) +8(56|F|15) |. (41) 


It should be noted that there are only seven terms, while in (23) there have been twelve 
terms. This comes from the fact that / contains a factor Y_,(c’), and so, to obtain 


non-vanishing value for (i/|/* 


2/7") after integration over @Y,,, at least two of the indices 

?, 7, t’ and 7’ must be 5 or 6, because only vectors 9°, and 2, contain the vector 2. 

The reason that (15|/*|15) and (15|/°|16) do not appear in (41) is that their coefficients 

themselves vanish, incidentally. On the other hand, e.g., (15|/°|56) and (56|F'|15) 

contribute differently to D-S or S-D interference terms, and so they are kept separated. 
The explicit form of the terms which appear in (41), @.g., of (1517/25) mis 


(15|/"|25) =V,3} (—) “2 (192,11,| LM) (1a. 5| L’ M1) (S— MS! M,|2—p) 
Im. Imo 


(S—M,LM| JM) (S'M/L'Mi| JM) | V#,, (0%) Vit, (0°) (42) 


-exp | —242Z'] exp [—w/1,] (v/1) Voy (2) Vimar (1s) Ving (%,) dudvdwasat, 


in which we have taken 


Si) =V, exp [ru/r 17 (56/1) : (43) 
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The integration over angle variables and summation over magnetic quantum numbers are 


similarly performed as in the case of central forces (see App. B), and we show only the 
results, 


(15) 27|25) = 7,(—)**7(1/6) (5 /6z) (2641) O0/'4+1) WOAL12- 12) 


SCS LL t/a) le 
(15|F'|26) = — (15|F|25), 


[ (15|/|56) + (56|F'|15) J= VL (—)"*7 (1/6 ¥ 22 (27+ 1) (8,082.24 97,2810) 


+ (1/3) V (5/67) (2241) (22' +1) WAL'12; 12) W(SLS'L ; 72) 
‘ {(—) ett (yee | pe (44) 


[(12| | 56) + (56|F| 12) ]=Vi1/6 V2" QF 41) (—) "(61,084 0+ 91,9110) Li 


(56|F'|56) =V[ { (2/3) ¥ (5/67) (2£4+1) (22/4+:1) WAL12;1L) W(SLS'L’ ;/) 
x CS (yen _ (1/3 V 27 (2/+1)) (es). 2 
2420270120) WILL SS’ 32.7) 7,']. 


In these formulae, /,/ and /,’ can be obtained from /, and /, which are defined in (B-11) 
of App. B, respectively, by changing 7, by 7. 
Substituting (44) in (41), we obtain 


£,= (V,/N) [2 3/5 (ie 1) (Ory r0s + 0,29 1) (CAN aes 
—=(9¥ 3 /4) (—)****4*7(1010|0Z) (1010/Z’0) (45) 
P(L0L'0\20) W( LESS! 527) 1,1: 


Using the expression of T{/N and [,{/N, given by (B-21) of App. B, we finally get 
the following results 


E,(°S,;"D,) = V.(7/9V 5) (3050---017/2040---014) (2V 3Ar,)°(B'-4C), 
E,(D, 3 "D,) = — V,(28/45) (325¢++-017/2046---014) (2 S327) °C’, (46a) 
E,(®D,;8D,) = — (W (1212 ; 22) /W(1212 3 12)) £, (DD J CDi Dy). 
ECD, :.°D;) = (W(1212; 32) /W (1212; TAN) Leelee ),,) 

= (2/7) £,(D,;*D)), 


where B’ and C’ ate obtained from 2 and C, which are defined in (B—22) of App. B, 
by changing 7, by %. 
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Similar calculations are performed for “P,;.» states, and the following results are 


obtained, 
EP, ; ™P,) =—V, (14/81) (354-017) /2e4e---014) (2V 347) "B, 
EP, ; ™P,) =— (W(1111 ; 12) /W(1111 ; 02)) 2, PP, 5 *Po) - 
eee 8) 2) A Ps eg) (46b) 
E,(®P, ; *P,) = (W(1111 ; 22) /W (1111 ; 02)) Z, P, ; *P,) = (1/10) £, (70 Pie 
It would be appropriate, here, to evaluate the matrix elements of the Coulomb inter- 


actions, because the calculations are very similar to that of the tensor interactions. 


The expression corresponding to (34) is, again for the partition | 42], 


9 9 
Foon = (15/9 ) os d¢;|\e” | » d:¢;) > (47) 
oi i=l 
where 
Hg = (1/4) (12) (1-2) (2/0). (48) 


The operator (48) is now free from ordinary spin operator, but contain t-spin operators. 
Therefore, for performing sum over charge-spin variables, it is convenient to define a func- 
tion |Z,¢st,), which are composed of z-spin wave functions of the constituent particles, and 


has the similar meaning as the |/,/,/,), defined in (22). Then the matrix element, which 
has similar meaning as (36), is 


(t,tots| HO |Cty'te) = (€/4w) >) (44,4, 


Lofty) (Cod 100, |C772s,) 


+ (Ltt |tq! Mtg!) (La Ite! hag! |ty/ 1104!) YO YO* (1 — 7c — r+ 7) YO yO 


™s mo! Amel 
== (e°/4w) ORT PR es Sats lca ats (— ) ie aig V6 (te + 1) I] "Git il ; 4i,') 


r ] l (by oy 10 | ty! 7125) Osta! © mamma! (49) 


be (=) HOPG (274-1) (hea 8) Cone) W (2,00 31 5 $¢2) W (Rts! te] § bets) 
: (tty! 1 0 | t,1M;) 6 


mbmb! 


ane (=)? tea teal V6 (2to+ 1) (27,1 4- 1) W (tt }1 : 44.) x W (td 14, ; tof) 
9 
WSLLE 5 Bey!) (eg10|t,9n;) (eg10 4/70) J. 


In this formula, only the first and the fourth terms contribute to 7=0 states, while all 
four terms contribute for 7'—1 states. 


Using (3), and the expressions of the charge-spin functions for other states, given in 
App. A, we can obtain matrices which correspond to those of Table II, and we show them 
in Table IV. 

Using Table IV, the calculation of the matrix multi 


7 plication is straightforward, and 
abbreviating (Lij|1/2|Liy) /N by (77 ||? 


7”), we obtain the following results. 
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Table IV 


Charge-spin matrices for Coulomb force. 


BS, BD, 31§, 31H (T.=0) ag. 3p (T.=1) 


a—=2,/2/15 


OPE? (LO) 8P (T,=1) 


b=276/15 
Bose (°S) = Freon CD) = Lae Cy a Fgoai ("D) tM 


= (2/4) [2 (56|]56) +8 (12||12) +2 (12/134) —8 (12/113) +8(15||15) —4 (15]|25) 
+ 4(15||26) +4 (12||56) —8(15]|56) —16.( 12/15) +8 (12/135); (50a) 
GS), Oe Drei 218) -8-[ (1212) — (12]|13) + (15]|15) 
— (15]|25) —2(12|115) +2(12]|35)]. 
For states belonging to partition [411], the results are 


eet (P= bean (ab) 7-0 (c?/4)[2 (56||56) + 8(15||15) —4 (15||25) 
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4 8(15]|56) —4 (15||26) +8 (12||12) —8(12/]13) — 16 (12I|15) ], (50b) 
Foon (®P) p a1= (€°/4)[8 C5115) —8 (15]|25) + 8(12||12) —8 (12||13) — 16 (1215) ]. 
As is easily seen from the definition, (¢7||/’7’) is obtained from (i7\7’7") defined in 
§ 3, by replacing exp|—c/7,|/(w/7.) in the integrand for the spatial integration by 1/7. 
However, in the present case, all four kinds of integrals /,, /., 7, and /,, which appeared 
in § 3, can be expressed by only one integral /7, by the following relations, 
LoH, 1,2°(4/5)H, [,—-(16/15) A, f,— (512/135) 7 (51) 


where 
H= (47) az t* exp [—2AZ | (1/w) a. (52) 
The integration of (52) is easily performed, and we obtain 


H/N= (5 ¥ 32/768) (3¢5¢--+017/204e---014). (53) 


Because of these discussions, it is clear that each matrix element in (50) can be ex- 
pressed as a multiple of /7//V, and we show them in Table V, for S, D and P states, 


separately. 


Table V 
Spatial matrix elements for Coulomb forces. 


(Le j\tse7 |Z ort) (135/A ) = (Ak) (135N/4) 
j a Alar 


S | D P 


(12||12) 116 104 96 if 
(12/|13) —4 —16 4 
(12||34) 20 8 0 
(12||15) —4 —16 oy 
(12||35) 20 8 0 
(15]|15) 96 84 76 
» (151/25) 0 —12 —~20 
(15]|16) 16 4 oF 
(15]|26) 16 4 a #) 
(56]|56) 80 | 70,4 64 
(12|[56) 8 8 + 
(15||56) =16 | ae | e 


= (4z)-*{ “4 exp[—2AZ de 5 H/N = (SV 3 A/3 x 162) (3-5 +++ -17/2-4+-- +14), 


*: This term does not appear in P state. 


Combining (50) and the figures of Table V, we get the following results, 
ree CS) — sey (2S) T =0—= 88/5G, 
Pool ("D) = Bean ("D) a -0=432/25G, 
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Econ OP) = Foon CP) 7 -0= 256/15G, (54) 
ssh ("S) Yea ae Ereout ("D) T= == sala) CP) T=! a 704/45G, 
with 
G= (0/4) (5 V 32/768) (3050-+-017/204e---014). 
$5. Kinetic energy 


The kinetic energy operator is given by 
Heh 2a yards (55) 
t=1 


where JZ is the nucleon mass. As this operator is free from charge-spin operators, its 
expectation value, in the states belonging to the partition [42], is reduced into a simple 


form, as the following equation shows, 


L,= (¥ |; |P) 
= 1/931 dil Fal) 640) 
=1/9N D6 Held) = 0/9) (#/2M) 1413 416) 68) 
By using the symmetry properties of Z,;'s, (56) can easily be rewritten as 
E,=(#/2M)[ (Log) S34 Le) ~2.(Lap\ 5} AdbDggyit? (Die sr Ai|\ Len). (57a) 
Similarly for partition [411] 


B= (8/2MY{ Soul 24 Lon) —2 Lon Sel Z) (57) 


In these equations, e.g., (Ts v7 4,| 75) has the following explicit form 
ot 
Coe Ss A,| Lg) = A/N) ZS (msl ,| LM) (1,/1m,! | LIN) 
4=1 
‘| V¥,, (75) Ving (7) exp [—4Z] (Ss) A,Jexp [—AZ| Ving (1°s) Vimo (0%) Cudvdwdsdt. 
a 
(58) 


The evaluation of this matrix element is illustrated in App. C. We write here, only the 


results, 


E,(°S) = B, C'S) = FE, ("D) = & ("D) = 2, ("P) = EMP) = (2/241) 64". (59) 


§6. Quadrupole and magnetic moments 


In the first part of this section, we evaluate the matrix elements for quadrupole 


moment. As only the quadrupole moment of the ground state is measured, and, so long 
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as we consider only the teneor forces for non-central interactions, the ground state may be 
considered as a mixture of “S, and ™D, states, we evaluate the matrix elements only for 
these states. Moreover it is clear that the S state can have no quadrupole moment, so it is 
only necessary to calculate the D-D matrix element and the S-D interference term. 
The quadrupole moment operator is given by 
5 i] 6 
My=S) HO =30/2) A= 1) Gel—r) = V4A/3 SHA) Yaar). (60) 
$=1 ft i= 


Then its matrix element Q is written as 
Q= (| Hy\P) =1/9N(Z) baal He] SY Ops) =2/3N CS bed 1012 88)- (6) 
i=l j=l = oss 


For the evaluation of (61) it is convenient, as in the preceding sections, first to perform 
sum over charge-spin variables. However, as H® is an one-particle operator, the summa- 
tion is much simpler than in the case of two-particle operators, and we need not use 


;s in the form of (3), but in the following more simplified form, 
A, (227111) =f (21111), 22,5138 ea 2th) Ser 2, 13 
nel == —“~_ pops Pee: 
(122111) =i eV 5 [ (22111) (22943) — 2/4 5224 1h 24, 13), (62) 


GI Vitae nh a et SS ae 
ff, (112214) = 1/- 5\[ (12211) 722, 13|— 27 5) (02211), 24,31 


The meaning of these expresssions is similar to those of (3). Other ¢/,’s can be expressed 
similarly, 

Now we define a t-spin eigen-function |/,/,), which should have similar meaning as 
the |¢,,,), defined below of (48), and calculate the following matrix element 


(lty| FQ | tots!) = (hate| “47/5 Yog (7",) (1—7.) |2,/¢",) 


= Vv 4irss Vg (0%) SD Comtghn|t,,) (Comydin’ |tel ms!) yO" (1 — 7) Ys sn COS? 


mm! ma 


(6) ab . . . . . 
where {,” means the r-spin eigen-function of the sixth particle. The summation in (63) 


can easily be done, and replacing ¢,, /,/, 2, and m,/ by7, 7’, My and M;’, respectively 
we obtain 


(tts |g | dot’) = Vv 4r/5 V9 (15) [Dor + (—) 7+? *' v6 (27-41) W (4.7'41 547) 


-(7'M710| 7M) }. (64) 


As we consider only the ground state of Li®, and this state has 77—= 7” =0, it is 


| x ; 
clear that only the first term of (64) contributes to our calculation. Then the matrix 


corresponding to Table II is now a unit matrix, multiplied by “47/5 Y, (%,), and the 
. . . . . . # : ; 
matrix multiplication is very simple. Writing (1450 |Ziny) / as (i|Q|2'7"). We obtain 


the following expression for Q, 
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Q=2 [2(12|Q|12) —3(12|0)13) + (12|Q]34) — (12|Q|16) 
— (16|Q)12) + (12/036) + (36|0]12) + (16|Q|16) — (16|Q|26)]. (65) 
Here, e.g., (12|Q|12) has the explicit form 
(12|Q|12) = 42/5 3} (12,1 | LIL) (1m,!1m,!|L! M7!) (LM SM, J7) 
(LM! SM,| J7) (66) 
. | V¥,, (1%) Vio (%) Vn 0%,) Yong "1 Vinge (04) exp [—24Z] durdvdwdtds. 
The evaluation of this matrix element is shown in App. D, and the result after 


integration over angle variables and sum over magnetic quantum numbers is given in the 
following form, 


(12|Q|12) =1/v{ [ (4/729) fO,+ (1/81) {1+2(—)"4+ (—)"*” 4 0,28, 


Hat sid 2 (—) (=) Pt) Ore O; (67) 
+ (1/81) {054.09 520714 917,29 71,0071} (84 —u'#") O,] exp [—24Z az, 
where Q,, Q. and Q, are designed in (D—1) and (D~2), together with other Q,’s, which 


ate necessary for our calculation. 


After performing radial integrals and substituting the values of Q,’s, (67) becomes 


(12]Q|12) (=—25~ 5 /(38882") for L=0, L’=2, or for L=2, L/=0, 
Llyrceaaiy fee nery 2" R52) 
Table VI 


Spatial matrix elements for quadrupole moments. 
(L4;|O|Z e747) (6075 M/K) 


en Ds 
(a= SR = a = (Z46|@|Z12) Ane We; 

(Ly2] O|Z12) —10V5 —28 (Zi2|Q|Zs6) —46V 5, —28 
(L52|Q|Z13) 2M SE y (Ly6|Q|Zr2) —10V 5 —28 
(742|2| Zs) 14V 5, 14 (L16|O|Z16) —310V 5 490 
(L42||Z16) 14V5 77 (L46| | £26) —10V5 35 


K=(4n) \ £6 exp[—2AZ ] 3 KM=75] (3222). 


Other matrix elements in (65) can be calculated similarly, and the results are tabulated 
in Table VI. From this table and (65) we obtained the following very simplified final 


results, 
—V/5 / (32), for L=0, L’=2, or for L=2, L’=0. 


2 (69) 
49/(817), for L=L'=2., 
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The second part of this section concerns with the evaluation of the magnetic moment. 
It is, however, very fortunate that we are considering a self-conjugate nucleus, i.e., a nucleus 
in which the number of protons and neutrons are equal, because in such a nucleus no 
tedious calculation is needed, but the g-factor can be obtained, as is shown by Sachs”’, 
only if we know the amplitudes of the substates, in the L-S coupling version, mixed in 
the concerning state, and is given by the following formula. (This is the eq. (8) of 


reference 27.) 


J=1/4 (149 n Ip) +1/4(1—-In—In) SOs L(Z4 1) —S(St DISS +1). 
Ls (70) 
As we are considering only S and D states, if we denote their amplitudes by a and 
3, respectively, i.e., if we take C\,=a, C..=f, with a?+/"?=1, (70) becomes 


G=1/4 (149 n+ Ip) +1/4(1—-In— Ip) (— 0 + 27") 


=0.87990 — 0.56985 /?°. (71) 


§ 7. Numerical calculations and comparison with experiments 


The binding energy of Li® can be calculated by using (26), (27), (46a) and (50a). 
As for the parameters for two body potentials, we first take two kinds of them which are 
used by Irving’? in Tables I and IV of his paper. These values are reproduced in our 
Tables VII and VIII. 

So long as we assume tensor force, exclusively, as non-central forces, the ground 
state can be considered as a mixture of “S and "D states, and to obtain the binding 
energy we must solve a secular equation. As it is tedious to minimize the solution of 
this secular equation against 2, the reciprocal of the nuclear radius, we first determine the 
value of 4 so as to minimize the energy of the pure “S state and using same value of 4 
also for 'D state, solve the secular equation. (In actual cases, it is found that the 
determined so as to minimize the energy of pure ''S state also minimizes that of pure 
"DP state.) 

The binding energy, thus obtained for Irving’s two kinds of parameters, are 12.1 Mev 
and 42.6 Mev, respectively, which are too small and too large, compared with experimental 
value 31.9 Mey. 

To seek for more appropriate parameters, we referred to the work of Feshbach and 
Schwinger*). In Table V of their paper, there are given sixty sets of parameters which fit 
to peuteton data. However, we find that, among these sets, those with 7 (n= (Me/)*,, 
€ being the “birding energy of deuteron) other than 0.275 cannot give reasonable binding 
energy of Li". (The Irving’s set, in our Table IX, is one of these sets with 47=0.275). 
ne ee a os toners i. Me IX, together with the energy pee 
energy of Li", which is fairly ae > the - ate sha eae ed Pi os nie 

perimental value. From this value it is also 


possible to calculate the splitti i 
plitting between the second excited, “'S,, state and the ground 
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state. We obtain a value 0.16 Mev, which is too small compared with experimental 
value, 3.58 Mev. On this point some discussion will be given in the next section. 
The secular equation also gives the amplitude # of ™D, state in the ground state, 
which is defined in § 6. We obtain, for two body parameters of Table IX, f’=0.01426 
and this gives for the magnetic moment of the ground state a value 0.872 n. m., which 
is much larger than the experimental value, 0.821 n. m.. The quadrupole moment can 
also be calculated and it is evaluated to be 0.77 mb. Experimentally only the absolute 


value of this quantity is known, and it is less than 1 mb. Therefore our theoretical result 


may be said to be consistent with experiments. 


Table VII 


Two body parameters Set I. 


Table VIII 
Two body parameters Set II. 


44=1.67;< 10-13 cm 
V ,=46.1 Mev 
V,|Vq=0.54 
zw=1.004 
6=—0.004 


Fa—1.184.<10-'3 cm. 


Fa $4. 5G 1 Op? cm, 
+, =2.121 x 10-!3 em 
V,=54.59 Mev 
V/V. =0.2305 
7vu=0.926 

b=0.074 


a 


Table IX 


Two body parameters Set III, and energy matrices used in the secular equation. 


Pe =1.184 x 10-13 cm 


Pao 2 LO cm 


V',=49.3 Mev 
V,./V..=0.300 
w=1 
6=0 


E238) = —28.6 Mev 

(8D) = —15.9 Mev 

E (88S, 3D) =1.33 Mev 

Binding Energy of Li®=28.7 Mev 


Seen nee 


§ 8. Discussions 


As is shown in the preceding section, we have succeeded in obtaining binding energy 
of Li® in close agreement with experiment, assuming only two body interactions which are 
consistent with low energy two body problems. Although our calculation may seem to be 
drastically different from the ordinary shell model calculations, as is seen from the very 
complicated calculations of matrix elements compared with the case of shell model treatment, 
the main difference is the correlation of the position coordinates of the constituent particles 
taken into account, i.e., there is no essential difference as to the transformation properties 
of the wave functions. It is gratifying that such a slight modification could improve the 
situation fairly well. 

The magnitudes of the matrix elements for the tensor interactions ate also increased 
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compared with shell model calculation. For example /,("D, “D), which is defined in 
(46a) is 5.9 Mev, while the corresponding shell model result, as shown, e.g., by 
Feingold’, is 0.58 Mev. 

It is very unfortunate, however, that the S-D interference term is very small, i.e., the 


same order of magnitude with the shell model result. Its explicit form is, as shown in (46a), 
E,(®S, "D) =V(7/9 V5) (Be50-17/204e---14) (2V 327%)" (B'—4C€"), (72) 
and its numerical value, with our parameters in Table IX, is 
E, (8S, ®D) = —2.52(2V 3 A”) (B!—4C"’) = —2.52 (4.71 5.24) Mev 
= (—11.86 + 13.19) Mev=1.33 Mev. (73) 


showing cancellation, very large compared with the value of each term. Similar cancel- 
lation also occurs in the shell model case; however, it is not so drastic as in our case, as 


is seen from the following numerical relation, which is again given by Feingold’, 
F,(°S, ®D) =—2/v” 5 (M—N) =—2/v 5 (—3.0+ 3.8) Mev, 
= (3.40 — 2.68) Mev=0.72 Mev: (74) 


We have investigated whether tensor interactions with exchange character other than Wigner 
could change such a situation. It is found, however, that all exchange characters give the 
same result, if the nuclear parameters are modified so as to fit the deuteron data. 

Our calculation does not either give reasonable result for the level ordering among 
SD, o.5 states. Although the amount of splitting due to tensor force is sufficiently large, 
as is mentioned above, the ./=2 state comes lowest, while experimentally /=3 state comes 
lowest”. This would perhaps have resulted from the fact that our wave function has 
essentially the same transformation property as the usual shell model wave function, and, 
indeed, our level ordering coincides with the result of Ishidzu and Obi". 

As for the P states, they are found to lie high enough, where no experimental data 
are known, and we will not discuss them in detail. 

The calculated values of the quadrupole moment is in fairly good agreement with 
experiments. This has resulted from the small admixture of 'D, state to the ground state, 
and so is a consequence of the small S-D interference term. Therefore, so long as we 
have not succeeded in obtaining good result for the splitting between the second excited 
and the ground states, we would have to conclude that our good agreement is only an 
incidental one. This is also seen from too large value of the magnetic moment. 

Recently Lyons and Feingold") reported that they had extended Feingold’s former work", 
and succeeded in obtaining reasonable value for the splitting between the "S, and the “'S, 
states, as well as the correct level ordering and splitting among ™D,,, states. As is 
illustrated in reference 16, in the comparison of their result with Dancoff’s® one of 
the second order perturbational calculation, for the doublet splitting in He’, the former can 
give a new matrix element of the tensor interaction which has larger magnitude than the 
latter, with opposite sign. Similar situation might have led the /=3 level to come to 
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the lowest among the “D states. 


Although our method gives reasonable result concerning the central interactions, the 
results become unreasonable as soon as the effect of the tensor interaction concerns. Comparing 
this situation with Feingold’s one, we may conclude that the transformation properties of 
interaction concerns. Comparing our wave function is too simple, although in it the effect 
of the higher configurations, is considered to some extent, if interpreted in the terminology 


of the shell model, by taking into account the correlation of the position coordinates of the 
constituent particles. 


It is mot reported in the note of Lyons and Feingold” whether or not they have 
calculated the binding energy of Li®. If it had become clear that it were impossible to 
obtain the binding energy, by their method, it would be permitted to consider that our 
method and Feingold’s one are mutually complementary. Such investigations will be done 
in near future. 
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Appendix A 


The standard Young-Yamanouchi orthogonal representation corresponding to the 
partition [411] is given by Table A-I. 


The space wave functions are 
d, (321111) =1/V24 [4L gg (List Los + Lost Las) — (Liat Lop + Loe + Lac) |, 
dy (312111) =1/ 360 [15 Ly, +4 (Ly + Lot Lu) —5 (Lit Lop + Lon) 
+ (Lig Leg + Les) —32L45], 
§, (311211) =1/ 180 [10Ly,+ 3 (Ly; + Lo) —2 (Loi t+ £25) 5 Lic + Lou) 
(etn) oh La Lg |, 
$, (311121) =1/ V/60 [5 (—Lyg+ Lon) + 221+ (Lig—Lo5) + Lae t+ La Lo Lo) | 
g, (132111) =1/ 15 [3Lyp+ (Liat Lot Lo) — (Lis t+ Los + L£s5) |, 
dy (131211) =1/V120 [8L5+ 3 (Lis + Lon) Se Ua Lg) Ge a) 
d, (431121) =1/ V40 [4(— List Los) +224 List Ly Lele) |, 
dq (113211) =1/ ¥ 8 [2Ly4+ (Lis + Lox) — (Aiton) |p (A41) 
$y (113121) =1/ ¥ 24 [3 (Loe Lys) + 2212+ (Le La), 


$y)(111321) =1/¥ 3 [—Ly,t Lo + L12]- 
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Table A-I. 
Standard orthogonal Yam 


anouchi representation 
for partition [411]. 
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It should be noted that Z;,, in this case, changes sign when 7 and / are interchanged. 
The charge-spin wave functions must be given separately for "P, and ™P states. For 
SeSp g P y > 


"P state they are 
Ra ee: ges 2 
OO CQIAIL vex |-(4411) 11, 2221 14, 
Lae ge ae 
(312111) —=—-4d V5 | 2111) 413, 22, 11]—1/% 5 (2111), 31,22, 11] 
Pa ~~ 
ey 3/5) (2101), 33, 22; 11], 
a es a . —J eae = Uae 
$9132111) =— 3/10 [ (2111), 13, 22,\11)— “3/10 [ (2111), 31, 22, 11] 
a. yi : 
4/2/75 | (2111),.33, 22, 11], 
ene r~— rw . 
Wt 15201) Jueatl (21 (3211), 13, 22) 11]—1/V 2 [ (3211), 31, 22, 11]. (A-2) 


ie 


r— cr 
(), and gf, are obtained from ¢/, by replacing (2111) by (1211) and (112i); 


respectively. 


a r— a — 
¢), and ¢/, are obtained from 4, by replacing (2111) by C2Ty ands (tt2 1). 


respectively. 
r—~— ——~_ rT, 
i’, and ¢,, are obtained from 4), by replacing (3211) by (3121) and (1321), 
respectively. (A-3) 
From ™P state they are 
EF r— 
Pee2tigh)e-(LLE1), 11,°22, 343) 
i Se eG ps r—~— 
Pegi je=— 1/5 2d val a, 22,.35\.- Lp 5 Wnt tyes, 22ses os 
= r~m F 
= 63/5 (2112) 393, 22,.33), 
@, (132111) =1/ (3 V 30) [ (2111), 13, 22, Bai 1/'(3 30) (2111) ,131, 22, 33] 
Zins eh = f— 
—2/910[ (2111), 33, 22, 33]+ ¥15/9[ (2111), 13, 24, 33 | 
~~ — ee 
+75 /9[ (2111), 33, 24, 33]+ 15/9 [ (2111), 31, 42, 33] 
sw oe LFS 
Bev e5 9 [ (21 Th) os. 42, 33|+ 40/9 [ (2111), 33, 44, a2i, 
i), (113211) =—1/(9 ¥ 2 )[ (3211), 13, 22, 33|+1/9V 2 [(3211), 31, 22, | 
cm — = a 
+1/9 [ (3211), 13, 24, 33]— “10/9 [ (3211), 35, 24, 33] 
ra s—~— ; 
—1/9 [ (3211), 31, 42, 33]-+1/3|(3211), 33; 42, 33] 
aa » oe5 _— 
+ V710/9 [ (3211), 53, 42, 33]+ ¥20/9 [ (3211), 35, 44, 33] 


— 20/9 [ (3211), 53, 44;.33|—1/3[ (3211); 33; 24, 33]. (A-4) 
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Ps; Pu Pos Px and $3; $4) are obtained from ¢y, Y, and $s, respectively, as in (A~3). 


i 26) PS i i iven below ; 
The matrices PS?) and PS), which correspond to Table II in the text, are g ; 


for "P; P@=PH Seat hts 


a=—V6/5 b=—7V6/45 


The charge-spin wave functions for "S and “'D states, which belong to partition [42], 


are obtained from (3) in the text, by interchanging all the charge and spin variables in it. 
Therefore we obtain the following relations. 


Poel toe Ss POT tor, 2S, 


56. 


for "S=P§ for * (A-5) 
PS for *S= PH for *S. 


Appendix B 
In this appendix we illustrate the evaluation of the spatial integral in the central force 


matrix elements, which appeared in § 2, in the text. 


For that purpose, we first take the 
relative coordinates as are shown in Fig. B—I. 


Then defining the position vectors of the 
center of mass by R= (7,+7,4+7%+7,+7,+7,) /6=0, the 
position vectors of the constituent six particles measured from this 
center of mass are given as follow ; 


Y,=t/3—8s/2—uU/2, Yr =t/3—8/2+/2, 
Y,=t/3+8/2—v/2, r,=t/3+8/2+0/2, (B-1) 


Y= —2t/3—w/2, P= —2t/3+w/2. 
Fig. B-I. 
Correspondingly, we obtain e 


6 
Sam 8lt 68 +3 +07 +a"), (B-2) 


which we denote as Z°. The volume element of integration is transformed into 
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av ar,:--dvr,=/ dRdudvdwadsdt, (B-3) 


where /, is the constant factor of the Jacobian. 


In this coordinate system, we can write (Lyo| /. (7%) |Z) as 
(Lisl fein) Lae) (N= (BIN my mg] LM) (1m, rms LM) 
; j Vn (0s) Vas (12) Via 0's) Vimar (8) exp [—22Z ] exp [—av/re] 
-(w/r,) dudw:---dt. (B-4) 


Here we assumed that the central interaction has the Yukawa radial dependence. In this 


equation, we replace 9”, and 1, by the expression of (B-1), then it becomes 


(Ly fe (6) | La) /V= VSN ) (172,1| LAL) (Aim'110'| LZ’ M7) 


‘| exp [—2AZ ] exp | —w/7.] (v/7) 


Le 5 eee) hy 2) Ve (a) = (172) Ves (te) 

- {(1/3) Vie (€) — (1/2) Ving (S) (1/2) Vina (M4) } 

#4173) Vier) — (1/2) Vir S1/2) Vimar (24) } 

3) Va) 17 2) Varnes (3) (1/2) Virsa (U0) 

-dudv:--det. (B-5) 


From this form, the merit of our use of the solid harmonics Y;,,,(#,), instead of the 
surface harmonics Y,,,,(7) will be clear, because it permits us to perform any desired 


coordinate transformations. 
(B-5) can be developed as a linear combination of terms, each containing in~the 


integrand four solid harmonics of order one. Abbreviating, e.g., the term which contain 


Ce kS) YO) Vina S) 08, 2seSys the results of integration over angle variables 


ye 
lm2 Ima! 


dm 
and summation over magnetic quantum numbers, are written down as 


Hitt (/ (47)*) (—)733)(2£,010|10)"(2L. + LOL i LL.) Or 1/0m Myr > 


tiss= sstt= Os] (47) °) O19 4M ,! (B-6) 


tsts=stst= (Ps"/(47)*) 307,08 11,0» 
tsst=stts = (€s°/ (4%)°) (—) “09MM! : 
Omitting the Kronecker-delta symbol, except for 07, 9911,0, (B-5) now becomes 


(Lre| fo (oe) [Z2) /W= Ve // (47) wy [3 3) (Z.010|10)? (22,41) W(1111 5 La) 


- {(1/81) A+ (1/16) (s*+ 2") } + { (1/18) (23° + £0") + (1/8) s°2e"} 


Pai(ly 18) GS 4) (1/8) s727} {(—)”+ 30,0011, 0} | deedv--at. (B-7) 
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' us * A : A 7 
For performing remaining integration, we generalize Irving’s method" and make the 


following transformation of the integral variables, 


w=Rcos0, v=Rsin0,cosI,, uw=Rsin O, sin§, cos 4,, 

s=V1/2 Rsin O, sin 0, sin 6, cos 4,, t= V3/8 Rsin 0, sin 4, sin 0, sin 6,, (B-8) 
then 

dudvkwdsdt=/,R° sin 0, sin? 4, sin 0, ARd0,d0,d0,26,, (B-9) 


where /, is the constant factor of the Jacobian. 
Now using the notation, defined in (B~11) below, we finally obtain 


(Liol fos) |Zis) /N= (./N )[46/27L,—19/187 5] for S-state, 
= (VIN )(8/9) fs for P-state, (B—10) 
= (V./N [92/135 /,+1/9 f,| for D>state. 


Other matrix elements are calculated similarly, and we find that they are all expressed by 
only four independent integrals /,, /,, /, and /, The results are summarized in Table B—I, 


and the explicit form of /,’s are given below ; 


Table B-I 


Spatial matrix elements for central forces. 


(Las|S O50) | 2075 [VM e= (GH) 

S D P 
(12|12) 46/277, —19/18/5 92/135/,+1/9/ 8/95 
(12}13) —8/277,+1/3/9 —16/135/, —2/97/5 
(12/34) 10/277, —5/18/5 20/1357, —1/97/ 0 
(12{15) —2/27/7,+1/18/5 —4/135/,—1/9/o —2/97> 
(12/35) —2/27/,+5/18/. —4/135/7,+1/9/5 0 
(15/15) 4/277, +1/37o+ 5/187. 8/1357, +1/3/.+5/1875 1/3/o+5/18/, 
(15|25) 4/277, —1/97.—1/18/ 8/1357, —1/9/,—1/187, —1/9/,—1/187, 
(15|16) 4/277, +1/3/,—5/18/. 8/1357, +1/3/,—5/18/, 1/3/9—5/1875 
(15|26) 4/277, —-1/97y+1/1875 8/1357, —1/97o+1/18/, —1/9/,+1/18/5 
(56|56) 16/27/, —2/3/4+3/167, 32/135/,+3/40/, 4/97. 
(12|56) 4/277, —1/3/.+1/67, 8/1357, does not appear 
(15|56) —8/277,+1/6 7, —16/135/, | 1/97. 


SE 


[, ea (477) = ra exp [ a 2AZ | exp [ — w/t, |/ (zer/7) az, 


I,= (42) ~*| £°s* exp [—247] exp [—2v/r,]/ (au /r.) de, 


zw" exp | —24Z | exp [—w/r,]/ (zv/r,) dr, 


| 
1 =(42) 5 {1% 
is 


Lea (Ai) = exp [—247| exp | —z/7|/ (2/1) dt, (B~11) 


On the Binding Energy and Properties of Lower Energy Levels of Li 683 


with 
act =J, J. (47) ?v"w'’st-dudvdwdsat. (B12) 


In expressing the further results of the integration of (B—11), it is convenient to do 
so in the form /,//V, because /,’s always appear in this form, and also because /; and /V 
have rather complicated common factors. Therefore it will be appropriate, here, to explain 
the calculation of /V. 


NV is defined, e.g., for S and D states, by 
Noe v= 1/¥ 9 (3 Sthl SS bys) =1/ ¥ 9 S3Gil8.), (B-13) 
and can easily be shown to be reduced to the following simple formula 
Noor v= (L19| Li) —2 (Ly9|Lrs) + Lr2| Za) (B-14) 
where, e.g., 
(Lalla) = >) Gayla LA) Amy le |LM) 


ye 
maimamilmea! 


‘| Ver) VE (7) exp [| — 242 | Varna (1) Vimar (0%) dudv::-dt. (B-15) 
Defining two independent integrals ,/ and ,/ by 
j= (47) “y tiexp[—24Z| daz, ./= (47) | ts exp| —2AZ | ar, (B-16) 
(B—14) becomes 
RAVE OD RT AE (B-17) 
In a similar way we obtain 
No= (Ly Lae) —2 (/-19| Lp) =4/3 ol. (B-18) 


However, actual calculation shows that ,/=4/5,/, and we can easily see that 


Ns=Np=No=N, (B-19) 
where 
N= (16/15) ,/= (16/15) (41) °(3/8)?(“3/8)18!(2V 3a)" (2/2)* Ji Jo/7 9° #17. 
(B—20) 


The relation (B-19) is the reason, why we have not discriminated the normalization 


factors for any states, throughout in this paper. 
From (B-11) and (B-20) we obtain the following expressions 


7,/N={(5/96) (2 JS 3 Ax) 9305 0---017/2040-+- 014} A, L=4l,, 
1,/N= { (5/96) (2¥ 32 y,) 93 050---017/2e4e---014} (112/15) B, (B—21) 
T/N={ (5/96) (2V BAr) P3507 /2040" TA) (3584/45) C, 
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where 
9 Vena ! 1(4 — vy?) *yP 
pa eso ey p=| ON) = C=) I dy (B—22) 
een » (ye) “(y+e) 
with 
e=2V 34r,. (B—23) 


Appendix C 


In this appendix we show the explicit evaluation of (58) in the text. Using the 
coordinate system given by (B-1), and further replacing s and ¢ by 


si'=V2s and t!'= V3/3 t, (C-1) 
we have 

3 A, =2 (dy + dy + d+ d+ Ae), (C2) 
and 

A323 +s eee ee) (C-3) 


Expressing 4,, as a scalar product by 
4,= 31 (JP OVS, (C4) 
and using the relation 
FS £00) Yims (W) = Y4(—)'(L5010|0) (Ln! 10| La Me) Vr, (ul) DIfi(u), (C-5) 
with da 


D4 = (d/du) — (¢/u) and = DU-N= (d/du) + (4+1/u). (C-6) 


we can perform the differentiations. 


If we write, e.g., 


SS} m51 m7, LM) (1m! 1i0,/| LM) ve, (ew) Ven (e) Vimo (W) Yi nor (@) 


Imd Imb6 
exp[— ¥ 322"), (C-7) 


as (qwiw|d,,\@7) and perform differentiation, as in (C-5), and integration over angle 
variables and summation over magnetic quantum numbers, we see that the seven independent 


terms which are necessary in expressing the kinetic energy matrix elements are given in 
the following formulae. 


(ww | d,,|zvz) 
= (wi*/(47)*) (—)'33) (Z,010]10)?(2Z,+ 1) Wl 1 is oe) 
(0/du+2/u) (0/du) exp [—Avw3 Z| 0 


ILE 9 
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(cozo|A,, |cvcv) = (z0?/ (4z)2) 3 (8/B20 +.2/zw) (8/2) zo? exp [—AV 3 Z’], for S state, 
= (w*/ (47)*) (6/25) [2 (A/dw—1/w) (A/dw + 3/w) 
+3(0/dw+4/w) (d/dw—2/w) |-w* exp[—AV 3 Z'], for D state, 
=), for P state, 
(C-8) 
(¢'t'|4,,|zow) = (¢?/ (42)*) 3 (8/dw + 2/w) (8/dzv) w° exp [—AV 3 2} 0,09 10,0 
(t't! | d,)|evzw) = (¢/?20"/ (4)*) 3 (8/00 +2/t') (8/80) exp [AV 3 2} 8,8 11.05 
(ot! || 20t") = (zo°e’ / (47)°)[ (2/3) (0/al' + 3/2) (8/dt!—1/¢') 
+ (1/3) (8/0) (A/at +2/7)|U exp[—AVY 3 2 Orn, 
(wt! | 4,200") = (¢?w/(47)*)[ (2/3) (8/dw + 3/2) (0/de — 1/7) 
+ (1/3) (A/dw) (8/dw+2/w) | w exp [—AV 3.2" Onn, 
(uu|4,,|tt’) = (¢?/ (42)*) 3 (0/dw + 2/w) (A/dz) exp |—A Vv 3 a 97,09 11,0° 


Using these formulae we can summarize the expression of (L5,| >) See 2554), €-S-3h Ota 
state, as 


6 
(Lye| 24 4s| Ls) for S state 
z=l 


= (2/N (42)? | exp[—AV 3 Z']{ (>a (£,010|10)?(2Z,+ 1) W(1111, 0 Z.)) 

- ((1/36)2"% + (1/16) w*) — (1/4) £20" 12 (0/du+2/u) (d/dx)} 

+ (1/12)2” (d/dt' +2/¢') (0/80) e+ (3/16) 20° (9/900 + 2/ww) (0/drw) w* 

+ (334 (£,010|10)?W7(1111, 0L,) (22, +1)} { (1/36) 24 (0/dw + 2/w) (d/dw) 
=f (1/16) wv" (0/dt'+2/2) (d/de’)} (C-9) 
— (1/8) {¢/20? (0/de' +2/2’) (8/dt') +2" (0/dt0 + 2/w) (0/dw) w"} 

— (1/8) {cvs (A/a + 2/w) (0/dw) +" (d/dt’ +2/¢') (d/at') t”} | 

exp [<AM324 at, 
The remaining calculations are tedious, but can be carried through analytically. The 


calculations for (Ly 33 4 s|LZ5g) and (Lie p 4,|Zs,) ate similar, and we obtain the final 


results as given in (59) in the text. 


Appendix D 


The evaluation, e.g., of (66) in the text is rather involved, because in it a solid 


harmonic function of order two, Vo) (2), appears, and so if we rewrite it as 
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Neg eo Y107/3 Sh (sine |20) Vio Ye Me); (D-1) 


mm! 
then there appears quite many terms, which contain six solid harmonics of order one in 


the integrand. 
A typical term, which we abbreviate as sst¢¢f is 


sstttt = V#,, (8) Via (#) Vin CE) Vine (€) Vimar (8) Vimar (6) 4420/5 V107/3 
- (1ty11,|20) (1i2,1m,| LM) (LM SM /M) Am, 1m! | LM) 
-(L/M/ SM; |/M) 
ze VN CS), Vier 8) Shes (Led dane 6) cee Oe tee) Rees ) 
= (s'¢4/(4m)*) (—) M81 ¥ (6/5) 2L41) 22" +1) 2/+1) @/'+1) 
~-W1L12;1L).W(LIL ; S82) VJ/'2, —MM'0) 6, = (—) 78S. 
(D-2) 


By this formula a symbol Q, is defined. 

Other independent terms, which appear in the calculation of matrix elements of (65) 
in the text, are era similarly and summarized in the following formulae, in which 
symbols Q,, Q.,::-, Q, are defined. It should be noted that the order of appearance 
of the eees t, s and w, in these formulae have essential meaning, as is seen, e.g., 
from (D-2). 

i ie Cao aes an OF 

ESsiti==1-S Gh, 

sttstt= (—)~"-"Q,, 


tetttt = (t° /(4m)*) (9/¥ 5) (—)*"™-* S$) (1010| 2,0) (£,010| £,0) (23010|20) 


Lhe 


-V(2L_.+1) (22,41) (2L4+1) (22741) (2741) (27 +1) WALL gL 1L) 
WL 2113 1L) W(LSL'Y' : S2) VCJ7'2, — MM0) 8,1, =#Q,, 
dststt = (t"s"/(4m)*) (—)!-"*™ (3 V2 (2741) /5) VJ/'2, —MM0) 009.9 19,2 
= ig Pa A Pe 
sisti=7"s: PGs 0, 09719 LI2 9 


utwtw =ttwwt= (t*w"/ (42)") 3 v5/2 > S} (1010|Z,0) (4,010) Z,0) 
Ly he 
= (7,010|00) (—) L-l+S—M! 
. ACree® 1) (2L,+ 1) (27+ 1) (2L2'+ 1) (2/+ 1) (2/'+ 1) 


WOM Lys LE.) WALL, 23 1L) W(LSI'LY 5 S2) VJJ'2, —MM"0) Ban) 
=u Qy 


witw =ttwtivt= (¢*w"/(47)*)3V5/2 3 (1010|7,0) (Z,010|Z,0) 


On the Binding Energy and Properties of Lower Energy Levels of Li® 687 


e( £,010100) (==) 70 7ee™ 
=¥ (20,4 1) (22471) 225-1) Cr FY) 2749) C741) 
-W(111L, 3 LL) WALL,2 3 1L') WLI LY" 3 S2) VC fJ'2, —MM"'0) bis 
=1'w"'Q,, 
sstivtqw = sstiwit = sswwtwt = sswttw 
= (s'¢e0"/ (4n)") (—)"*8-™ V6) QL41) QL +1) QF F1) @/'41) 
~-W ALL’ 312) W(LSL/' 3 82) VCJ/'2, — MM"0) 6, =St°w"Q,, 


tetttw =twttiwt = (t4w"/ (47)*)3 V5/2 S$} (1010|7,0) 
Libs 


- (2,010 


FeO CL, G1OT00}( 2) 68 


-V (20,41) (20/#1) (27 +1) (27 +1) 
WAL Igh 212) W( LILY! 5 S2) V2, - MM '0) b1,,=t'w'Q, , 
wrttttw = zvittwe 


= (t1w/(47)*)3¥5/2 3} (1010|Z,0) (Z,010| 7,0) (7,010|00) 
Ls 


OCT OED) (Aly + ead L2L et Wesel) (2/iact Dal )A 
WOL Leln 3 11),W(ALIL'3 12) WLS LY' S82) V2 = M0) Orr 
=ttw'Q., 

tssevwwt =tsswwtw—= (—)"*sPwQ, 

stswut= stswtiv 
= (s*fw?/(47)*) V (2/' +1) /2 VCJ/'2, —MM'0) 
(AH), Dp p= SEW DGD 1,08 11,2 + (D-3) 
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Note added in proof 


1) After this work has been submitted to public 
had already be performed by a Chinese author, as early as in 1950, 


ation, the authors knew that a similar calculation 
although his calculation had been limi- 


ted to the central force only: S. N. King, Chinese Jour. Phys. 7 (1950), 445. 


We wish to thank them for their courtesy in sen 


2) 


Recently similar calculation has also be done by J. Irving and D. S. Schonland (to be published). 
ding us a pre-publication copy of their paper. 
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August 19, 1954 


Two of the present authors (S.T. and K.Y.) 
studied!) the limitation of the solution to the one- 
body problem in the whole scheme of quantized 
fields, when a fermion is interacting with boson fields. 
If one makes use of the results obtained by them, 
it is possible to compute the correction terms for 
the one-body solution coming from the effects of 
yacuum fermions, although it is difficult and yet no 
progress has been made in the direct attack of the 
many-body problem. 

In this note we will report on the one-body solu- 
tion for a fermion interacting with the neutral 
pseudoscalar meson field by ps-coupling, in which a 
generalization of the Foldy transformation”) hitherto 
used is considered. 

The physical meaning of the Foldy transforma- 
tion will be revealed by the following considerations. 
The effective mass of a physical nucleon becomes 
heavier by taking into account the effect of the at- 
tached meson field. In the approximation which deals 
with the meson field variable as a classical quantity, 
the quantum mechanical effects of the meson field 
are disregarded and the Hamiltonian for the system 


under consideration is given by 
Hy=Moz+ oi (oP) +5029 (X), (1) 


where X is the coordinate of the nucleon. 

If we disregard the recoil effects, too, the above 
Hamiltonian can be made diagonal by means of 
the Foldy transformation, and the transformed Hamil- 


tonian is given by 


Up My Up aV WEE E05 
+aUrp3(oP)Up, (2) 


with 


Zz oO “a 
Up=exp| 5 tan(-F- 016%) ) , 


where the second term in (2) is responsible for the 
recoil effects. The original mass JZ becomes the 
effective mass /7Z* by including the attached meson 


fields, i.e. 
MM M*=V M?+ 9296 (X)?. (3) 


Incidentally, the inverse Dyson transformation, which 
was first considered by Sawada and Takagi*) and 
has beed applied to the computation of the effective 
Hamiltonian by Drell and Henley,4) is a good ap- 
proximation to the Foldy transformation, when the 
coupling constant is small, as it has been discussed 
by Akiba and Sawada.®) 

On the other hand, if we do not wish to make 
any approximation we must proceed with the total 
Hamiltonian, in which the energy operator for the 
meson field is included, namely, 


Hy =Tny + Hy (4) 


where //y, is the Hamiltonian for the free meson 


field, 


Hy = 7S de {e+ (76 C))2+ 26D}. () 


If we perform the Foldy transformation which is 
valid in the sense mentioned above, the total Hamil- 


tonian becomes 


OpH1U p= M* 93+ 0,(¢P) 


M M (6) 


a cage (07 b) + (07 b) apa 


M 


M ) 
+n +8 | sor PRP OE 7H j 


9 


M } 
eh pixe yy axe 
+8 i ae? )| 
In this well known result, it is noticeable that the 
time-component of the effective pv-coupling is born 

out of the transformed meson Hamiltonian. 
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Now, it is desirable to obtain the representation 
of the total Hamiltonian, from which a greater part 
of the odd term (associated with the transition of 
the nucleon from a positive energy state into a nega- 
tive energy state and vice versa) is eliminated. In 
such a representation, we can safely adopt the non- 
relativistic approximation for the nucleon and inves- 
tigate the meson-nucleon interaction in the low-energy 
region, although the four-dimensional invariance of 
the transformed Hamiltonian is lost.* It is sensible 
for us to take into account the quantum mechanical 
effects of the meson field but to neglect the recoil 
effects, so that we may go beyond the limit of approxi- 
mation which is set when the Foldy transformation 
is derived. Indeed, the main odd term which is still 
existing after the Foldy transformation, namely the 
time-component of the effective py-coupling, comes 
from the meson Hamiltonian ; on the other hand, the 
recoil effects yield the space-components of the effec- 
tive pv-coupling, which are mainly even terms. 
Hence it is essential to take the meson Hamiltonian 
into account, when we try to reduce the odd term 
still smaller. 

If we neglect the recoil effects, we should try to 
make the following Hamiltonian diagonal by means 
of a suitable transformation 


H=H)+H’ (7) 


where //) is the sum of the nucleon mass and the 


energy of the meson field 
Hy=Mo,+ Hy 


which is diagonal and even (i.e., free from Dirac 
matrices p; or ~»), while /// is the interaction energy 
and is nondiagonal and odd, 


HM’ = gpop(X). 


We assume that it is convenient to make the ‘ Ansatz’ 
of half-arctangent type, and will try to find the transfor- 
mation function including the next correction term to 
the Foldy transformation, which is required by addi- 


tion of //y,. Then we put the transformation func- 
tion into the form 


U=exp( (2/2) -tanG) (8) 


where G should be given by the solution of the 
equation?) 


[M, #G] = —2H’—1/2-{{W/G}G} 
+1/2-[[A’%, (1+ G%)1/2], (1+G62)1/2], (9) 


(curled bracket means to take the anti-commutator) 


Eq. (9) can be solved exactly, irrespective of the 
magnitude of the coupling constant y, up to the 
first order in the expansion into powers of (@/AZ) 
where @ is the average frequency of mesons which 
is relevant to our consideration ; in other words, we 
can find out the solution to eq. (9) in a closed form, 
if we confine ourselves to take those terms only in 


which ictnats) appears at most once. The result 


is written down as 


G=(g/M) p6(X) — (g/242) po (a (X) AD) 
2nanti— brackets 


+3 g/M) {ffx (X) Mo} bh aan --- pf]. 0) 
In the present stage of the development of com- 
putational techniques we can carry out the ordering 
procedure only for those operators, which can be 
expressed as functions of a linear form of creation- 
annihilation operators, i.e., a linear form of ¢ and 
zx. In view of this circumstance, it is sensible to put 
the operator G into the form 


C= hog (X) — Meer (X) (11) 


instead of (10), and to search for the most favorable 
value of A and wz. If it is allowed to approximate 
the effects due to pairs of ¢ by multiplying by the 
vacuum expectation value of these pairs of ¢, then 
the replacement of eq. (10) by eq. (11) may be 
justified. 2 and » should be chosen in such a way 
that the odd terms in the transformed Hamiltonian 
become ineffective as possible. 

It is possible that in the case of charge-symme- 
trical interaction the term which is proportional to 
(t-[@ xz]) in the transformed Hamiltonian has a 
larger effective coupling parameter ; this fact is favoura- 
ble in the discussion of S-wave interaction of nucleon- 
meson system. 

Detailed calculations and the examination of the 
results will be published in our forthcoming paper. 


The failure of the four-dimensional invariance 


cannot be avoided. So long as we resort to the 
Hamiltonian formalism and try to solve a dynamical 
problem, we must introduce a surface normal to the 
three-dimensional surface which we adopt in the four- 
dimensional formulation. 


1) S. Tani and K. Yamazaki, Prog. Theor. Phys. 
12 (1954), 723. 

2) L. L. Poldy, Phys. Rev. 84 (1952), 168. 

3) K. Sawada and S. Takagi, Prog. Theor. Phys. 
4 (1949), 239, 


4) S. D. Drell and E. M. Henley, Phys. Rev. 88 
(1952), 1053. 

5) T. Akiba and K. Sawada, Prog. Theor. Phys. 
12 (1954), 93. 

6) S. Tani, Prog. Theor. Phys. 11 (1954), 190. 
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Among the various decay processes of the unstable 
particles which have recently been observed, there seem 
to exist universally certain interactions which have 
peculiar regularity. As one of such interactions we 
have taken out weak Boson-Fermion interaction (W 
B-F I) in the preceding letter,!) while we may ex- 
pect weak Fermi interaction also to stand the above 
criterion. In order to test the possible universality 
of these interactions, we have studied, in this note, 
their predictions on the possible competition between 
decay and nuclear capture of unstable particles with 
negative charge, when they stop in dense materials. 

First, we shall study the competition due to W 
B-F I, by which a fermion can interact with spin 0 
boson such as z-meson having strong coupling with 
nucleon. Therefore a fermion with negative charge, 
when brought into nuclear Coulomb field, is able to 
“be absorbed by nucleus through the mediation of the 
boson (z-meson) field (see, Fig. 1). Such a study 
is also done assuming interactions in the case where 
unstable particles are known to decay into 7-mesons, 


N / x? N 
i 
7 
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Fig. 1 
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but its precise form of interaction is not well establish- 
ed as in the case of r-meson (see, Fig. 2). Secondly, 
we take account of Fermi interaction by which an 
unstable fermion bound near nucleus is able to decay 
into three lighter ones or is absorbed by nucleus 
(see, Fig. 3) as is familiar to us in the case of p- 
meson. We summarize our analysis as follows: 

(1) Jnteractions We take following four weak 
couplings which cause the decay of unstable patticles. 


(1) W BF I 


H= gaits Ty. a +c.c.* 


where 75/=1 or 75 to make the interaction Lorentz 


invariant. 


(2) Assumed type of interaction among three 
bosons. 


H’=ghbabrdu tcc. 


(3) Interaction of r->3z decay. 


HM’ =r bxbxba tcc. 


(4) Weak Fermi interaction.” 


H’ = g(ba0n) (be Ova) aigcsGs 


The capture process due to the interactions (1), (2) 
and (3) needs another interaction, that is, strong 
interaction between z-meson and nucleon. We assume 
for it the pseudo-scalar type with coupling constant 
G. 

(ID) Mumerical results. Calculated results on 
some :possible reactions are presented in tables. In 
Table 1, the ratio p of capture to decay is given for 
unstable particles with assumed masses in the case 
where these particles come into A-orbit of nuclear 
Coulomb field. Effective nuclear charge 7,7 7°) is 
replaced by that in extremely heavy (A>) nuclei, 
except y-meson case. This procedure is not so far 
from reality in the case of heavy nuclei such as 


* Numerical value of this g is to be referred to A.” 
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Table 1. 


20 nee  ——————————————————— 


recoil energy 


| i oer acu 72+ ZL 2 | interaction | 
Particle | mess (m,) (decay scheme! Scheme | 0-2/4) | interaction | to neutron E(Mev)_ 
| File WA dere 3. | x10 |) r/=75 | 137 
A- 2380 Asari reat NLN 1.2* 10 ; (1) 2 vr: | 
A- | ; | = 2.2«10~ (1) 7s’=1 | ip 
| ” | | 
< 1400. | xan ty + P>Vty 117x107 | (1) 154 
x7 | 1200 D | % 210s e eo (1) | 120 
Et eT x10-2 | 148 
Xa 1400 poe ie ae ae 1.210 ood (2) | vie 
ian | 1200 ” | Pe 1S On (2) | se 
| eee, x 102.G2 
T _ 970 130 irate 1.3 10°.G (3) 
| oa 
robability | 
iy + P> peti 8 
Te 207 Mawr: yy | 0:3°G? (Zeps)4 | (1) 


a 


Table 2.* 


‘ ae : deca scheme 
mass (/7,) y 


particle asbtet+d (77)sec) 
x 1400 xutyty 
x ” ” a 
x 1200 » (1.2+1.5K) X 108 | 
x »” ” ” 
Ae 2380 A N+et+ y 
Le 207 poe tuty 2.8 X< 104 


decay probability capture scheme | 


(3.34+2.9K) x 108} x-+ P>W+y 


(Set +2.9K) s<1LoOr A-= P>N+ N 
| 


capture probability 
(7° /sec) X (ZA) 


1.2 10°{(1+K,)+0.51Ks+0.86K;} 
0.8 < 10°{(1 + K,)+0.38K,+0.93K3} 
0.82 < 10°{(1+K,)+0.46K,+0.89K3} 
0.62 x 10°{(1+K,)+0.32K,+0.95K3} 
2.8 < 10°{(1+K,)+0.14K,+0.99Ks} 


at+cob +d 7 


Fi ae 7 We 
x~+P>N+y 
| 47+ PS -Fy 


5.9:10-92-(Zepp)!{(1+Ky) 
UR ot 


| 
lw-> + FON+N 


nnn nnn eee 


Ag and Br, and is used also for Table 2, Although 
our results in the first table somewhat lose clearness 
due to the appearance of strong-coupling constant 
G which does not always make the perturbation treat- 
ment correct, the capture probabilities other than in the 
case of t-meson seem to be much smaller than that 
of decay, even in heavy nuclei, as far as G2<102. 
With this coupling constant s-meson capture is 
found not to fit the experiment if we use only in- 
teraction (1). The large value p in the case of r-meson 
is mainly caused by the small decay probability which 
is due to small Q-value in decay process. 

In the Table 2, we see the calculated results 
on Fermi interaction. In this table, equating coupl- 
ing constant .” in capture to that in decay, we find 
the capture probability of s-meson is somewhat larger 
than that experimentally given, even if we take ac- 
count of the reduction factor~1/4°) due to Pauli 
principle effective to final neutrons. If we take the 
coupling constants separately in decay and in capture 
to gain the coincidence with the experiment in Te 
mesic case, then we find, in heavy nuclei, the capture 


probabilities of other heavy unstable particles with 


negative charge are of the same order of magnitude as 
those of decay. 

Now, we shall turn our attention to the coupling 
constants of the so-called weak interactions (1) - (4) 
These coupling constants are widely different from each 


other in their values and dimensions. 


numerical 
However, if we introduce 7) having dimension of 
length as another universal constant besides 7 and ¢, 
then we can bring the above coupling constants into 
the same dimension by the multiplication of the ap- 
propriate power of these three constants and we find 
these coupling constants almost coincide with each other 
in order of magnitude if we use 7)=10-!%cm. Full 
account will be published elsewhere in this journal. 
We wish to express our hearty thanks to the 


group of Nagoya and Kanazawa University for their 
helpful discussions. 


* 
Ko= Sv +4807 + 609° +402 +05" = 72+ (10~4e7-0- cm) 2, 


K= (81° — 299? +224" 957) |Ko, 


BY = (2.81.82 — 690534 6£394—2.8; £5) /Ko, 


Ky = (283? + 4g3? + 2g? — 2.9) 23 —4.9094— 205 9542.1 8 

— 659834 684.03 — 2425) Ko, 

eg= (91? —2o2? + 2047 — B53" +204 6 + Og005 + O34 
+294.%5) |Ko. 


1) S. Ogawa, H. Okonogi and S. Oneda, Prog. 
Theor. Phys. i1 (1954), 330, cited as A. 
K. Iwata, S. Ogawa, H. Okonogi, B. Sakita 
and S. Oneda, ibid to be pulished 

2) L. Michel, Proc. Phys. Soc. 83 (1950), 514 
should be referred to. Signs of gy and gs in our 
Table 2 are inversed to those given by him. 

3) J. A. Wheeler, Rev. Mod. Phys. 21 (1949), 133. 
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Recently, Deser, Thirring and Goldberger!) (D. 
T.G.) have proposed a new method of charge renoz- 
malization and treated the meson problems in low 
energy limit with zero external meson mass. Their 
proposal, however, does not seem to be so significant 
as compared with other definitions of mesic charge. 
We shall here treat the same problem with consistent 


use of Dyson’s prescriptions. 


The modified propagation function of the nucleon 
moving in the constant external meson field a; (sym- 
metrical pseudoscalar) can be written as follows (in 


the notations similar to D. T. G.’s): 


* Numericals results in A, page 331,.are erroneous. 
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SI (p, a) =irpo(p*, a) +mf(p*, a2) +iarrs 
X d(p?, a?) + Crp+m) tarys(7p+m) a (2", a*) 
+{erp+m, Zatys}h( p?, a’). (1) 


This form of propagation function is different from 
D.T G.’s, but is required for the correct definition 
of Z;. Also, this form is of the expansion in powers 
of (é7f+) in place of (‘7p+m-+iarys), because 
the renormalization constants should be determined as 
the quantities to be renormalized for the particle which 
is perfectly free. Further, we assume that, in the 
functions ¢(p?, a7), f( 2%, a”), d(P?, a”), a(p?, a?) 
and 4(#*, a”), the mass renormalization is already 
performed for the self-energy insertions, but not for 
the final self-energy divergence. 
The self-mass Yo is given by 


So=m[f(—m2, 0) —¢(—m, 0)]; (2) 


and the renormalization constants 7, and Z, are 
determined by the requirements 


b(P) lim 1/i-0/ax S’—\(f, a) (2) 
=Z, 6 (pf) tarsb(P); (3) 


$(P) lim 1/é-0/0A,, S/"\(A, a) b (2) 


== Logs (P) Ke (P) ? (4) 


where @(/) and ¢(/) are Dirac spinors satisfying 
the free Dirac equations. In the following, we write 


lim g(7, a) =s9(P"), ~ 


a>0 
Using eq. (1), we obtain 
ZA=d(—m), 6) 


Z3=¢(—m) +2m*[f/ (=e) —9/(—m)], (6) 


fim) = [Of (2) [OP71 p24m2os © 


In the limit of a=0, the propagation function (with 
self-mass term subtracted) and the vertex operator 


are given by 
SYA (p) — 3S) =Zo [ev 0C (2") +( (2?) — F(—m*) 
+G(—))], (7) 


Von(f, p) =lim 1/7-0/0ay 5’ (P, @) 
a>v0 


=Z," [ents2 (22) + +) cats 1h +™) ACP”) 
+ {irptmy, tats 42") 1, (8) 


and further, 
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lim 1/é-0/0a4 Msx (Ps 23 @) = — 201422" VP (?”) 


a> 


+m Fp) il (9) 


where G(/"), /("), D(p*), A(p*) and H(f") 
are finite functions defined by 


GP)=Ag”), MP)=Aaf(P), 
D(P)=Z,d(~?), ACP) =AZa(P"); 
HM(fP?)=44(2"); (10) 


and 
G(P2) =Z_ lim Og( 7%, a2) Oa? 
a>0 


Applying the above formalism to the meson-nucleon 
scattering in the limit of vanishing mass and momen- 
tum of external mesons, we obtain the scattering 


amplitude : 
Ty4=E71/r.[ A +2nH(—m*))?/G(—m*) + 
2m? (Fm) —G (—m*))] 
Xp (AGM A¢CAGED, AD 


where 7 and 7 denote the charge states of the inci- 
dent and scattered mesons and 2, the renormalized 
coupling constant. 

In eq. (11) we see that, contrary to the D.T. 
G.’s treatment, the damping factor G'(—/*) originat- 
ed from the virtual nucleon-pair effect is not cancel- 
ed by the vertex contribution 1+2///(—m?). Ex- 
panding the above quantities up to the second-order 
of the coupling constant, we obtain the expression 


Tyi=S?-1fm-[(14+2°/(42)*) /{1+3e"/(4z)2} 
—62/(47)"] GO (DGMOOGMOY (12) 


in exact agreement with the ordinary perturbation 
theory”). 


In the same way, we can treat the photo-produc- 
tion of mesons at threshold and the Compton scat- 
tering in the Thomson limit. We have obtained 
the result that the transition matrices for these proces- 
ses are exactly the same as the second-order pertur- 


bation results, as shown previously by Kroll and 
Ruderman”), 


1) Deser, Thirring and Goldberger, Phys. Rev. 94 
(1954), 711 


2) Brueckner, Gell-Mann and Goldberger, Phys. Rev 
90 (1953), 476: Ashkin, Simon and Marshak, 
Prog. Theor. Phys. 5 (1950), 634. 

3) Kroll and Ruderman, Phys. Rev. 95 (1954), 233 
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In the preceding note!) two of us (C.N.) have 
pointed out that the procedure of renormalization 
given by Deser, Thirring and Goldberger”) is unsa- 
tisfactory in view of the fundamental concept of charge 
renormalization established by Dyson, and that even 
in their formalism one can obtain the reasonable 
results by faithful applications of Dyson’s prescrip- 
tion. Here we shall propose an alternative method 
directly based on the formalism of Schwinger®) rather 
than D.T.G. and on the Lagrangian‘) written in 
terms of the formally renormalized Heisenberg opera- 
tors and the renormalization constants. By the finite 
propagator obtained in this way, one may calculate 
the matrix elements for meson-nucleon scattering, 
threshold photomeson production and Compton 
scattering in the limit of vanishing mass and mo- 
mentum of external mesons. 

We shall start with the following equations of 
the renormalized Heisenberg operators ¢ and ¢; 
containing the observed mass # and charge ¢ and 
the renormalization constants 67, Z, and Zo: 


(70 +m —6m) b=te(Z,/Zo) 75 ti b% &; 
{ha (a, Z) 5 Pe (ac/, 2) }=1/2Z,-74u80 (A —2’), 
(1) 


where the conventional notations are used. The finite 
propagators are defined by 


S(x,7) =1K T(x) G(@’)) >, 
45 (% *”) =A CT ($4) 6j OD) > 
—<bi(*) >< Oj) D}.- (2) 


By using Schwinger’s technique of the functional dif- 
ferentiation, it is easy to obtain the inverse function 
of the nucleon propagator from (1) and (2): 


SA=Z,(i7p+m) —Z.6m4+ Zigrsti<bi > +212; 
Die —ig? 5t4 54551 55 (G3) 


Here we have used the matrix notation. Let us 
confine ourselves to the case of <¢; > —=constant. 
(The removal of the restriction <¢; >=constant 
introduces no essential difficulties but makes the ex- 
pression corresponding to eq. (4) more complicated. 
For our present purposes of discussing the phenomena 
at low-energy limit and the unique determination of 
renormalization constants, it suffices to treat the case 
of constant <¢;>-) If we develop in power 
series of (77/+), one gets the following form 


from Lorentz and charge invariances; 


S=Z, [4 (<b>) teeters bs > 2 (<>") 
+1/2-firptm, B(<Kb>*) tisrsti<bi> 
x F(<b>2)¥4+ Crp +) [CO*< b>”) 
+i7pD(p?,< o>”) Hisrsti<bi>G(,<o>)] 
X p+), (4) 


where we have used the momentum representation. 
The functions 4, Z and # are infinite, while C, 
F and G are finite. Thus the requirement of renor- 
malization is fulfiled with the conditions 


Om=1/Z,-A(0), 
Z,=1—LZ(0). 


For the case of <$;>=0, we obtain the finite pro- 
pagator and vertex operator from (3), (4) and (5), 
that is, 
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S71 (Pp) = Grp +m) + (xp +m) [C(P*, 0) 
+p) (p*, 0)] Grp +m), 
M53 (DP) =cty7s+1/2firp +m, ti15$ #(O) 
+ Crp +m) ty15C (f*, 0) @rp+m). (6) 


One may infer from (6) that C(#?, 0) and D(/,0) 
represent the damping effect in propagator and /(0) 
and G'(#”,0) mean the corrections of vertex operator. 

We can now investigate the scattering of a meson 
with vanishing mass and momentum by a_ nucleon. 
After straightforward calculations we get 


Tye= "$10 (41 OOD, 0G (0) 


[ ee 6274) ) L222) 
1+2m[C(—2,0) +mLP(—m?*,0)] £ 
(7) 


where A(0) = [04(<¢>*)/0<¢>°%] <¢gs =o. This 
has the same form as the preceding results’). If we 
introduce the constant external electromagnetic poten- 
tial a, by D.T.G.‘s gauge transformation, one can 
obtain the three-field propagator whose derivative 
with respect to 7a, gives us the (zero energy) photon 
vertex operator with all corrections of virtual mesons 
but without any correction of virtual photons. With 
these quantities one can show that, in the limit of 
vanishing mass and momentum of external meson, 
all corrections in the matrix element for threshold 
photomeson production are cancelled and the results 
are just in agreement with those given by Kroll and 
Ruderman), For the Compton scattering of a 
photon with zero energy by a nucleon, we can 
obtain the classical Thomson formula without all 
corrections. The detailed reports will be published 


in this journal in near future. 


1) Chiba and Namiki, Prog. Theor. Phys. 12 (1954). 
693. 

2) Deser, Thirring and Goldberger, Phys. Rev. 94 
(1954), 711. 

3) Schwinger, Proc. Nat. Acad. 87 (1951), 452. 

4) Takeda, Prog. Theor. Phys. 7 (1952), 359. 

5) Kroll and Ruderman, Phys. Rev. 95 (1954), 233. 
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Velocity-dependent Potential and 
Gauge Invariance of the First Kind 
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It is known that in quantum mechanics the 
physical situation is invariant under gauge transfor- 
mation of the first kind: g—>qet4. This property 
can be applied to transform ation of a velocity-depen- 
dent potential energy into a velocity-independent one 
and vice versa. We shall restrict ourselves to the 
nonrelativistic Shrédinger equation. 

Let us first examine the one-dimensional case in 
which the potential energy is assumed to be of the 
form /”+// where 7 and J are functions of .v, and 
pf is the momentum. The Schrédinger equation is 
then 


(~2/2m+V4+/p) V=LEY. 
Now, if we write Y=qet4, and choose A such that 
adAldx=—m_//% then satisfies 
(P/2u+h%) p=Ly 
where V7=V—m J?/2+ (4/2) d]/dx 
and the energy eigenvalue “ remains the same. It 
is seen the expression of A is not needed if we are 


only interested in # or |¢|?=| V2. 


However, in the three dimensional case 


(p2|/m+V4I-p)VH=EV (1) 


the velocity-dependent potential energy can be trans- 
formed away only if 7 x J=0. In that case A satis- 


fies the equation 

p?A=—(m[4) 7 -S 
and @ satishes the equation 

(p?/2u+V) p=L£4, 
where 

VI = V— (m2) S2+ G4)/2) pS 
On the other hand, if there exists a A such 
that 
LA+i(pA)2+7(m/ 22) (4F-4A+V) =0 

then the reduced problem has only a velocity-depen- 
dent potential. 


An example is the Schridinger equation for a 
non-relativistic electron in the electromagnetic field : 


[(p—e/cA)?/2m+e¢] V= LY. 


This can be reduced to the form (1) and then to 
the following form 


(p2/2n+eb) $= Lp (2) 


provided that p< 4=0. We see that (2) describes 
an electron in a pure electrostatic field ¢ without an 
external magnetic field which checks with the condi- 
tion imposed on A : H=p x A=0. 

A special case is that in which both /” and / 
are zero. Then our problem reduces to the one 
discussed by Morel-Viard') in which ¥Y and @ are 
called A-correspondent. 


1) Morel-Viard, Comptes Rendus 238 (1954), 992. 
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The Classical Equations of a Point Particle in a Symmetric Meson Field. 


Page 31: 
Page 34: 


Page 35: 
Page 37: 


Page 38: 
Page 39: 


Page 40: 


Page 41: 


Page 43: 
Page 44: 
Page 46: 


Page 47: 


Page 48: 


RaG: MAJUMDAR, University of Delhi, Dethi, 
S! GUPTA, University of Aligarh, Aligarh, 
Sy IXs. TUNE RUANINE University of Delhi, Dethi. 


(Progress of Theoretical Physics, Vol. 12, No. 1, p. 31-48, July 1954) 


The title should read “ The Classical Equations of Motion of a Point Particle in a Charged Sym- 
metric Meson Field.” 

In the equation (10) both a—2/2 and a—4/2 should be replaced by (a—2)/2 and (a—4)/2 
respectively. 

In the equation (15b) the subscript on U'*) (x) should be 4 instead of 4. 

The last term of the equation (30a) should read Gre Sa pi. In the equations (30b) and 
(31b) zea) = instead of S} for the summation. 

In the first sentence of the fourth paragraph read “...... Lagrangian multipliers é’s........ On the 
left hand side of the equation (36a) read Vay Sap? Uq? instead of Vay Shy eae: 

In the equation (35b) «*¥? should be replaced by eyypo. The left hand side of the equation 
(36b) should be read as 7g €yypaVa P94, 

The third term of the third line of the equation (41a) should read 27, 0¥ T,. The second term 


in the first line une pe second term in the fourth line of the equation (42a) should read 


7 i py o pad Fa 9 eB vo id respectively. 


The third and ie. last terms in the fourth line of the equation (42b) should read 27 aZe 2° and 


2 A : 
a 0, Zqd° respectively. 


In the last line of the same equation the factor outside the curly bracket should be %?/2 in place 
of z2/3. In the first term of the third line of the equation (45a) read s"u, instead of 5, 7,. 

In the last term of the first line of the equation (49a) read x? in place of x». 

In the equation (52) read &= (w”—x*)*/2/w instead of = (a?—y) /wo. 

In the equations (59), (62) and (65), o* should be replaced by o. 

In line 20, (1/22) €2 wo (wo? —x2)*/2 should read (1/27) 9? Wo (02 — 2°) */2. 

In the denominator of the last factor of the equation (66) read ae instead of re 
The equation (67) should read as follows : 


At (@?—#)? = zZ Si) i : 
cs Pa (On) * (wp? 2) 


4 2 
6 Wo ie ers aAG 4—= efin 2 es 
Wo” 


In the first equation of (71), 0” should be replaced by 2. The equation (72) should read as 


follows : 


2 Wy 2 
14.4. = g/2 12 (a? — 72) + — 7/4 (on? —72)?2 
ie ese eh eh ACL pre Ea ew Nl Nae 


pe eyenye 2 | nel 
Boot 4A OTRO | y_4 yf? (oh 2) +5 foo 21} 


7 Wo" 


In the numerator of the equation (727) read g/4 instead of 9’. 
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In the meson theory we adopt the cut-off method not only for convenience but also from the 
physical ground, considering the recent success of the application of the method to the analysis of 
the low energy meson processes. From this standpoint, the anomalous magnetic moments of the 
nucleons and the gamma decay of the neutral pions have been reexamined. The results have much 
improved those which have been obtained hitherto. The anomalous magnetic moment of the electron 
is also reexamined for the purpose of comparison of meson theory with quantum electrodynamics. 


§ 1. Introduction* 


As is well known, one cannot make even the qualitative interpretation of various 
meson processes, i. e. nuclear forces, meson-nucleon scattering, magnetic moments, etc., if 
one uses the relativistic perturbation theory and adopts the renormalization technique. On 
the other hand, it has become clear that one can explain them rather well, if one uses 
the static approximation and apply appropriate approximation methods. However, one 
always encounters the divergence difficulties in the latter treatment and is usually obliged 
to adopt the so-called “ cut-off ” method. This fact seems to show that the higher fre- 
quency components of the field should be considerably cut down, while in the usual 
perturbation treatment those components which correspond to energies of the order of or 
higher than the nucleon mass are very appreciable even after the mass and charge renormali- 
zation has been performed. This difficulty is in fact overcome to some extent by taking 
into account higher order radiative interactions and making use of appropriate approximation 
methods (e. g. the Tamm-Dancoff method by Bethe and Dyson"), but, as shown by 
Lehmann”, the order of singularities of the propagation functions is never reduced in the 
exact solution. If this is the case, two difficulties may arise. First, the present meson theory 
is not closed by itself even in the low energy region, since the effects of all the heavy 
particles such as V-particles which interact rather strongly with the nucleon cannot be ignored. 
Secondly, any weak coupling approximations (including the Tamm-Dancoff method) may 
have no region of its applicability, because the interaction of the higher frequency components 
becomes stronger and stronger as one goes to higher order approximations. This situation 


is also justified by direct calculations. These difficulties seem to contradict the success of 


* Considerations described in this section are due to Mr. N. Fukuda, who suggested, with Mr. S. 


Tani, the investigation of the anomalous magnetic moments of the nucleons. Detailed accounts will be 


published in this journal by Mr. N. Fukuda. 


700 S: Goto 


many recent theoretical analyses of the experiments on low energy meson processes. Thus 
one is forced to admit a new assumption that the “ cut-off”? method is necessary not 
only for convenience but also from physical ground. 

Moreover, the interaction between the meson and nucleon fields can be treated as 
rather weak, so far as we adopt the cut-off method. This fact is illustrated by the inves- 
tigation of nuclear forces in which the higher order contributions are effective only in the 
inner “core” and converge rapidly in the outer range”, and also seen in the calculations 
of the Tamm-Dancoff method by which many investigations have been performed restricting 
the virtual meson number up to two”. It has been proved by these investigations that 
one could get reasonable and consistent results by the weak coupling treatment ; only the 
strong interaction in the S-state and the resonance state (7 =3/2, /=3/2) sshould ibe 
treated carefully. Under these circumstances it seems interesting to reexamine the results 
which are obtained in the usual covariant meson theory in the light of the cut-off method. 
In this connection the anomalous magnetic moments of the nucleons and the gamma decay 


of the neutral mesons will be treated. 


The former phenomenon, according to the calculation performed by Case", cannot be 
explained by assuming the pseudoscalar interaction between the meson and nucleon fields 
on account of the large contribution of the nucleon current compared with the meson 
current. This circumstance is due to the concentration of the meson cloud within the range 
of only about the nucleon Compton wave length which is characteristic of the pseudoscalar 
interaction. Although this defect can be removed to some extent by including the higher 
order effects”, the convergence of the perturbation expansion is doubtful in this case, and 
from the above standpoint this problem should be reexamined by using the cut-off method 
of the high frequency parts. Thus the momentum dependence of the magnetic moments of 


the nucleons is analysed in § 2 and the effectiveness of the cut-off method is discussed. 


The gamma decay of the neutral meson cannot be explained by the perturbation 
theory with the value of the coupling constant which is predicted from the analysis of the 
nuclear forces and the pion-nucleon scattering, etc’). and hence this process is also investi- 
gated by the cut-off method in §3. The discrepancies between the theory and experi- 


ments are diminished for both phenomena by using the cut-off method, as expected. 


In § 4, the anomalous magnetic moment of the electron is calculated in the same 
way. As is well-known, we can obtain good agreement with the experiment, if the cut-off 
energy is assumed to be about the electron mass for many phenomena in quantum electro- 
dynamics” and this shows that the high frequency parts of virtual photons do not contribute 
appreciably. The anomalous magnetic moment of the electron had been explained by 
Schwinger”, but the Welton’s model* could not succeed by the cut-off method, while Koba™ 
had pointed out that one can explain this phenomenon by improving the Welton’s model. 
Thus the high frequency parts do not also contribute to this process, and so it is interes- 


ting to compare the features of meson theory and of quantum electrodynamics in this 
connection. 


In §5, the summary and discussion of the results obtained are described. 
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§2. The anomalous magnetic moments of the nucleons 


(i) Adstract of the calculation with the Feynman-Dyson method 
The essential part of the contribution of nucleon current to the magnetic moment, which 


is the process illustrated in Fig. la, is represented by the integral 


Ty =| (ae) H1?G-P2—*) =): AED, 2-1) — 8] 75 
| [Ao k)* +7] (2, hk)? +e] (E+) "3 


Po 
——— _ nucleon 
P2—k 
—mmnrnonrern>=—Ss meson 
Stace k 
Say ye eee external field 
Pi—k 
Py 
(a) 


Lebeegs ah 
If we perform the charge renormalization procedure and retain only the magnetic moments 
of the nucleons, this integral can be expressed, according to Feynman’s method, as 


follows : 


Tie —in"/K- (o-|A Xx Jp)) - Jw, Ap=p;—p,, (2) 


where 
if 28 
y= Tx or eet e 3 
Js fe eae +pe(1—+) ©. 


In this calculation we have put 4,=0 and used the symbol “~ ” in (2), which means 


that we have picked out only the magnetic moment, and this symbol will be frequently 
used henceforth. 

Also, the contribution of meson current in the Fig. 1(b), is represented by the next 
integral : 

ie eK) ni 24) . (4) 
+e) (Ak + | La 4+] 


Te =| (dh) 


which becomes 


Pp 2 O|.A <4) Tu» ©) 
where 
1 DAs o 
Li ppp iis (isp )aume (6) 
Ju J oe + (1-4) 
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The anomalous magnetic moments of the nucleons can be expressed with these /,- and /y 


in tne unit of the Bohr magneton as follows : 


App=1/7- (f7/47) ( at Zs +/n) for proton, 


(7) 
Aig 1fme (f(A) (afar) for neutron, 


in which / is the pseudoscalar coupling constant. The integrals /, and /y can be easily 


obtained by elementary calculations and we have 

DERE eg Ju=0.34. (8) 
If we assume f-/47=15, then (7) becomes 

Biis=0.92 

or | dup/ dry) = 0.13, (9) 

dpy= —3.9 
which contradict violently the experimental results, and this circumstance is due to the fact 
that the contribution of the nucleon current ./y is too large compared with that of the 
meson current /,,. 
(ii) The nucleon current contribution and its momentum dependence 


Now, we analyse the momentum dependence of the virtual meson. We first perform 


the integration with respect to /, and, for this purpose, it is convenient to use the identity 
i(7-h) —e=[ (Ey— hy) A (ie) — (Fig hy) A* (8) | 7 (10) 


where / is the internal momentum-energy of the nucleon, /,= VA"-+-«° and 


At (k) =|4,4 (a-k) +«8|/24, 
(11) 
A- (kt) =|4£,—(a-k) —xB|/24,, 
which are the projection operators to the positive and negative states respectively. Thus 
Iy=| (db) i's E OR D | ich a E De P)| TV 
f+ % Li Cy ky - LntPo LiPo 
ely td god Seg (12) 
where 
[t+ = | (ab) 1 M7 (7A) *AC D) i475 
( Eom a) ( ED —py) (& 5 hy’) 
P=fi—#, G=pr.—k, €.= VIE +. 


etc., (13) 


When we perform the %, integration, we have to remember that the small negative imagi- 
nary mass must be added to the mass in the denominator of the propagation function, 


and that the contour for / y» is such as to surround the lower half of the complex plane. 
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Thus, we obtain 


Txt inl ancl wih Nr: A) A* (DP) tars (14 
&,(E, ib Ep) CE, —K-+&,) ) 


In the same way 


Ty = inate PA (Din AAD) rvs (15) 
ic ACES (E, +«+6&,) 
eS | eRe oT A) A“ (DP) nis | a Eas ae 1 | (16) 
€,(2,+£,) Ej,—Kt+é&, &+«+6, 
madi od 


Each integral repressents the contribution from the next time-ordered diagrams : 


ay * eae Sy 


(++) (==) (+ —2@) (+ —6) (= + @) (= spl) 
iow 
The contributions from the processes corresponding to [are equal to those from 7, 
because both diagrams can be obtained by the “time inversion” from each other. Hence 
we can write 
ly=te +l ye —2 a - (17) 
We illustrate the calculation of /{*, as an example, in order to obtain the magnetic 
moment from it. The numerator of /},* (14) is, putting A,=0, 
PsA Oi AM DW) —4 @D (@- AM (Dio (18) 
where 
At (p) =7,4* (p)7s=[4t (a-P) —«B/2E,, 
A- (p) =1:4- (p) 15=[4p— (4D) +8124. 
For the magnetic moment, only the linear terms with respect to p, and ps, do contribute. 
Hence in this approximation we may put 


(a-p,)$(p)=0, $(p:) (4-P.) =, 
(19) 
ta (Pp) =¥ (P,) ’ ¢) (P») Vi (D2); 


and thus 
['t+~—[Z,— (ak) —«](a-A)[Z,— (4:8) — 0 //4 44, 
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~|(4,—«) (a- A) (ak) + (E,,—«) (a-k) (a- A) |/4/, 4, - 


The last modification is due to the facts that the terms proportional to (a-A) and 
(a-k) (a-A)(a-k) do not contribute to the magnetic moment, but they do to the 
charge renormalization and the higher moments. 

Expanding into power series with respect to p, and j, and retaining only the 


zeroth power and first power, we obtain 
['*+~[2(4,—«) (A-h) + (L,—2«) (Dp, +92k) (A-k) /Z (20) 
+1(6-[AXxk]) (p,—D,k)/F,\/4F, 
in which we made use of the identity 
(a-a) (a-b) =(a-b) +7(6-[aXb)). 


However, since we must finally perform the angular integrations of k- vector in [’** and 


since the relation 
| d2,(k+e) (ltd) = (42/3) -2(e-d) 


does hold for arbitrary vectors © and Ud, we may write the above /’**, after carrying 


out the angular integrations, as follows :"” 


['++~[2(E,—«) (A-k) +2 (4, —2«) (A-p, +p.) 342 
—i (6-[A X4p])/34,)/4E£,, dAp=p.—p,. 
But 
(A-p,+p.) =| (a-p,+p,) (a-A) + (a- A) (a-p,+p.) |/2 
~|(a-p,—P,) (a- A) + (a- A) (a-p,—p,) |/2 
=i(o-|A xX d4p)) 


because of the Lorentz condition, (A-4)) =0, and the relations (19). On account of 
these modifications we obtain finally 


['**~| (4,—«) (A-k) —ixk’(o-[A X 4p)) /34,\/2E,. (21) 
Accordingly, (14) becomes 


Txt =nl dh - ~ Lys = 
&,(4,—K+&,) (4,—«+6&,) 


ao | dhe 4a—") (A-k) -ixk? (6 -[A x dp]) /3 EZ] 
: Ekg (Lg—K+&,) (L,—K+&,) 


> pa In the denominator in 


onl i i i 
y the magnetic moment and performing the angular integrations, we obtain finally 


[y* ~—in"/«- (6-[AX dp)) 2] ae (22) 


where 
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en DR Vi : bd 
T= | fede | - Peaspeese: 
3 - Waa he ( f ) ih = 22) 
L,=f,—K«+6,. 
By similar calculations, we also obtain the following results: 


dita —1T"/ K+ (o-| A SA) Se 


fy =+m/«(6-[AXx4p]) J**+/*”), (24) 
where 5 
=e. Det | [Ee é aoe 
ry ==«| fs |Z | 
aN ee are ee ai met 
A Sa kA : eyNeeed 
= — P| gio = : LE =e 
Ja \ ee | (2-1) + : lL (25) 
epeoeice se i : 3KL, | 
===—| de EA =|, 
Ja \" Se Ca 
Le=hy,+AK+E,. 
Thus we obtain from (17), (22) and (24), the result 
Ipc —in/u-(o-[AX dp) LJ +J-- +24). (26) 
If we compare it with (2), we obtain 
Wey ee 2 (fo 3 2). (27) 


In the integrand of the integrals /‘* etc., the momentum distribution of the virtual 
mesons is plotted in Fig. 3a. As is expected, the high frequency parts of the virtual 
mesons contribute very much even after we have performed the charge renormalization. The 
results of numerical integrations of the integrals /** etc. without and with the cut-off 
procedure at the nucleon mass, i. €. Aynax=, are shown in Table I. Thus nucleon pair 


formation processes are more diminished than the no-pair process with the cut-off method. 


—— 


0.10 


0.20 


0.05 
0.10 


b 
(a) (b) 


Figs 2 
Writing AVEC OPACIOF F(h/K)’s are plotted as functions of %, for Figs. 3, 5 and 6, 
¢ 0 
provided that « is replaced by for Fig. 6. 
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Table I 
. ax | aa | as yoo henge | JM | Ju" Vara 
eehoue the i a 0.47 0.069 1 0.078 0.081 | 2 ale ‘s ae : | — (2 0.22 
; i ae the Mey of ‘ ; | 0.19 0.066 0.014 | 0.038 | 0.016 | 0.22 | 0.15 0.074 


(iii) The meson current contribution and the magnetic moments of the nncleons | 

By making use of the identity (10), the calculation of the integral Pw expec g 
(4) is entirely analogous to that of the nucleon current in the preceeding spite 
(ii). Then we can separate the Feynman diagram, Fig. 1b, into the processes of Fig. 4, 
i.e., the no-pair (+) and pair (—) processes. 


Fig. 4 


Transforming the integration variable to /=/,—2’ and rewriting 4%’ as %, we obtain 
the following results : 


ry Fe +I» 
Ty = 7"/2«-(6-|AXAp)) Jy, (28) 
[y = 7 /2K-(0-[AX 4p)) -Jiz, 


= fA 1 oo at 2 
oe + K | ap ; } oo ae +. | ; 
uma EON Ee aes ( Rees ) 


in which 


} (29) 
Z FS k Lea fat 2a 
Ja=* |e", (2-6 |. 
Maes On Fei | nee ( ie =) 
Thus we can write, comparing with (5), 
JSu=/u +/ a - (30) 


The momentum distributions of the virtual mesons are plotted in Fig. 3b, and we encounter 
the same circumstance as in the case of nucleon current. 
the high frequency virtual mesons is again large : 
values listed in Table I, 


Namely, the contribution from 
this may be also seen from the numerical 
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As shown in (8) and (9), the discrepancy between theory and experiment is very 
oe when we use the exact values of /, and Ju. However, when we use the values 
with the cut-off at « which are given in Table I, then the anomalous magnetic moments 
of the nucleons (7) become 


Ap7=—0,61 


or | 4p, /dpy| = 0.32, (31) 
4dpy=—1.9 


assuming /-/47—=15. Thus the result is much better than (9), although the proton moment 
is yet too small. Of course the excellent agreement for the neutron moment must not be 
taken seriously. In either case it is remarkable that the pair formation processes are 


very much damped when we adopt the cut-off method. 


§ 3. The gamma decay of the neutral pions 


We cannot obtain agreement of the theory with experiments for this process by assuming 
the value of the coupling constant as f°/47=10~15, which is determined so as to explain 
the phenomena of nuclear forces and meson nucleon scattering. Thus we reexamine this 
process by the cut-off method. 

As is well known, this process is represented by a closed loop of the nucleon line in 
the Feynman diagram so that it is necessary to produce a nucleon pair at any vertex 
point. Thus we do not seperate the processes, a procedure which has been taken in the 
preceding calculations of the nucleon magnetic moments. At first sight, if we adopt the 
cut-off method for this process, one may say that it does not correspond to cut-off the 
high frequency parts of the virtual mesons. We consider, however, that it is adequate 
to suppress the pair formation of the nucleons and so, in this connection, the cut-off pro- 
cedure makes sense. 

Now, when we first perform the “ spur ” calculation, the diagonal sum, which comes 


from the closed loop of the nucleon line, then the essential integral for the internal lines 


becomes as follows : 


(dk) & 


ee ae 
((p—2)? +e] Q—e ree +e] 
in which g is the momentum-energy of the neutral meson and / is that of the emitted 
photon. This integral can be easily performed by the Feynman method and it becomes 
Wes heels: (33) 
in the approximation in which the contributions of the order (/¢/«)” ot higher are 


negicted. This corresponds to the life-time 7 of the neutral meson, with a=c"/47, 


Lic= (a?/167") (f°/47) (u/K)> op (34) 


which is equal to r=4.2107" sec. with f/4r= rs, 
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In order to see the momentum distribution of the virtual nucleon, we must first 
perform the /, integration in (32). But in the approximation in which the contributions 


of the order (/#/«)* or higher are neglected, we can put /=g=O in (320, et 


J(RFE)* 
Then we can easily perform the /;,-integration and angular integrations of Fe resulting in 
[= ST Lie fe (35) 
in which 
fae | ae e/ Ee. (36) 


We can easily ascertain /,=1/3 by elementary integration so that (35) agrees with 
(33). 

The integrand of /, is plotted in Fig. 5 and the high frequency parts are effective 
in this process too. The value of /, is shown in Table II with the cut-off procedure, in 
which the life-time is also tabulated for the corresponding values of /,. Thus the dis- 


crepancy above mentioned is much improved also in this process. 


Table II 
0.20 
Aymax x x | x/2 
- 
Jo 1/3 1/6%2 | 1/15v5 
0.10 | 
i 
Tisec) E210 34 Oe 3:2 10 =e 
| 
| 
a 
0 K 2K 


w 
a 


Fig. 5 


» 


S 4. The anomalous magnetic moment of the electron 


As was desctibed in introduction, this famous phenomenon had already been explained 
as well as other phenomena in the quantum electrodynamics. We adopted this process 
for the comparison of the meson theory with the quantum electrodynamics in order to 
see how the higher frequency parts of the virtual fields behave. Of course we know by 
many investigations that we can obtain good agreement by the cut-off method at about the 
electron mass yz in the quantum electrodynamics. 

We may think of many reasons why the different behavior of the high frequency 


part in the meson theory and the quantum electrodynamics exists: (a) the difference i 


the type of the i i i i ; 
yp he interactions, i. e. 7, and yp3 (b) the meson mass is finite contrary to 


n 
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the zero mass of the photon; and (c) the nucleon structure is more complicate than the 
electron and so we may not be able to explain all the characters of the nucleon only by 
the meson theory, etc. Of course these would all be related with one another. But we 
do not consider (c) in this paper, since this is a very difficult problem and would be solved 
only by future investigations. Thus we attempt to examine the features of the higher 
frequency parts owing to the circumstances (a) and (b). 

We want to make here a remark with respect to (a). The 7, matrix is the “odd” 
interaction’ and so the nucleon pair formation is essential for this interaction. Thus 
we may expect that the high frequency parts would play an important role in this case 
and in fact we have shown in the preceding sections that this is true. This may, however, 
not be explained only by the reason of the “odd” interaction, since 7, involves the odd 
mattix as its space component and this component should have the same character as the 
meson nucleon interaction. Thus it will be worth-while to reexamine the feature of the 
high frequency parts in quantum electrodynamics from this point too. 

Since the calculation of this process is the same as for the nucleons except that the 
photon is a neutral particle, we describe here only the results. The essential part of this 


phenomenon is represented by the following integral : 


P22 \ (We Tv LG:2 pak) SMT DANG: Peck) = -m\ 7, ; 37 
: K pe) se || (2:—2). 4-47 | se 


which, by the Feynman technique, equals 


[,.~it/m- (o-|AX4p)), (38) 


so that the anomalous magnetic moment of the electron, in the unit of the Bohr magneton, 


turns out to be du,=a/27. If we put, in (38), 
[,~in’/m- (oA xX 4p)) J (39) 
then / must, of course, be equal to one and dy,= (a/27) WP 
Now, for convenience we separate (37) into two parts, namely, 
Lea (40) 


correponding to the time- and the space-components in the summation of 7, in /,. Then 
J in (39) becomes 


=f fe (41) 
and by the Feynman method we can easily ascertain that 
(fle 3 25 5/2". 
In the same way as for the nucleons, we obtain the following results : 
ee ee tS), (42) 
i= | a a | Em) + lh | 


9 


oh 
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(43) 


e-em +e], 
eae! a Ti Fis & 
Th el a eae -|- he eee 
ee freer 2 Cnet Sas): (44) 
2) sail ve ie =) ve Re ane ea Mie 1 (E+m)|, 
m ae M, & 3 
2) = — =i ak A(E—2) E e eee sd ae (E—m) | : 
m BS _M, E 5) (45) 
s > : E 2m (1? +m’) 
® =—_@ \ tk fm l. | Uh od m+— }} ———_——— iE 
ite Oe) ae E WM, ( 3 )} E 


@ b 5 Ve 2m (/27+ m0") 
@) == — | paul |e\4 Ee (on | — es 2] : 
in I VAL g E vat 3 ) E 


a 
where 


E=Vk+n?, M=E+h-—m, Mo=E+k+m. 


(The indices of 7 are same as in the diagrams of Fig. 2.) The integrands of these / 
are plotted in Fig. 6 and _/ values are listed in Table III. 


Fig. 6 Full lines correspond to /‘*), dotted 
lines to /(). /(#)__ and /(®4_, are too 
small to be plotted in this scale. 
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Table III 

| (t) ( | ( vull Dye | 

Penge) ov ery | FES ool Ug SINE ek Nl cae fe eh on ee a ge 
Be aes —— se pasty bee selhip 
without 
Winey 24.514) 30:94)=00078| 0:23) 0.041 2:5 0h 150,78 | 0.69 1.03 0.26 
with cut- HS: 
i oe | —o95 | —0.72 |= 9.0066 | —0.099 | —0.013 2.20.40: "0134 0.95 0.17 

| 1 } 


Thus in the quantum electrodynamics, as expected, we see that the high frequency 
parts are damped in itself. This damping is, however, due to two reasons: First, the 
low frequency part is very large compared with the high frequency part and the latter 
does not play an essential role. Second, the high frequency parts cancel each other, 
especially in the space component. The first circumstance is due to the zero photon mass apart 
from the smallness of the high frequency part itself, because when we attribute the mass 
A to the photon in the propagation function as (4°+2#) instead of £°,* we can see easily 
that the momentum distributions of Fig. 6 do not start from a finite value at /=0, but from 
zero. In this sense we may conclude that the zero photon mass is essential in the 
quantum electrodynamics contrary to the meson theory. The second is due to characteristic 
behavior of the 7, interaction in spite of the odd matrix involved. In this respect 7, 
and 7,-interactions are essentially different, while we cannot consider any plausible explana- 
tions for this. 

It is interesting to speak here of the Welton’s model. He had treated the electron 
as the classical particle although the electromagnetic field is fluctuating in quantum manner 
and so his investigation of the anomalous magnetic moment corresponds to inclusion of the 
no-pair processes only ; he had only calculated /\?, and /%, with the cut-off at 7'. Then 
we obtain just dy,-=—(a/27) as seen from Table LI. 


§5. Summary and discussion 


We have started from the standpoint that the cut-off method has the physical meaning 
which is more than for convenience, as discussed in the introduction, and have calculated the 
anomalous magnetic moments of the nucleons and the gamma decay of the neutral meson. In 
order to compare the meson theory with the quantum electrodynamics, we have also 
calculated the anomalous magnetic moment of the electron. It has become clear in this 
way that the cut-off procedure has much improved the former theoretical results in the 
phenomena relating to the mesons. Of course, we cannot expect quantitative agreements 
because of the uncertainties in these calculations: the maximum momentum /nax; higher 


order contributions and the effects of the other existing fields etc. We must rather put 


* Stricktly speaking, we might assume the vector meson theory for the finite photon mass- However, 
it is the purpose of this investigation only to see the effect of the zero photon mass and so we adopt this 


procedure for convenience. 
+ We are indebted to Prof. Z. Koba for his helpful discussions in these points. 
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emphasis on qualitative aspects. If the existence of the cut-off momentum had to be 


expected in the theory itself, the value of the #,,,, would be much smaller Baa meson 
theory than in the quantum electrodynamics, because the large radiative reactions a to 
be expected in the meson theory on account of the peculiar character of the coupling. 
From the considerations described in the introduction one might conclude that the nature 
of the cut-off should be found in a complete unified theory of elementary oarticles in 
future, rather than in the usual covariant renormalization theory. 

In conclusion I wish to express my cordial thanks to Messrs. N. Fukuda, K. Sawada, 
S. Tani and D. Ito for their valuable discussions. Especially Mr. N. Fukuda’s considera- 
tions as to the present status of meson theory has promoted me to examine the cut-off 
method. I should like also to express my hearty thanks to Messrs. K. Hasegawa and S. 
Matsuyama, who had also performed the same calculation of the magnetic moments of 


the nucleons, for their permission to publish this paper independently. 
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General formulae for the angular distribution of photo-reactions are obtained in a similar way to 
the case of particle reactions. Expressions thus obtained are more convenient in practical use than that 


obtained by Simon. 


$1. Introduction 


The general expression for the differential cross section in terms of the reaction matrix 
was obtained by Blatt and Biedenharn’’ for the reaction in which photons are not involved 
as participants. In their method all summations over magnetic quantum numbers are per- 
formed and the final expression contains Racah coefficients or associated coefficients which 
are now tabulated”. These formulae are, however, not applicable to the processes in which 
photons take part because the photon is different from other particles in two respects. 
Firstly, by virtue of the gauge condition, a photon has only two degrees of freedom, 
whereas its spin is unity, that is, the photon field should be transversal. Secondly, in 
particle reactions, the matrix element of a reaction matrix is usually specified by the 
channel spin which is the vector addition of the spins of target (residual) and incident 
(outgoing) particles and by the relative or(ital angular momentum. On the other hand, in 
photo-reactions, the matrix element is specified by the /o/a/ angular momentum and the 
parity of a photon, that is, we speak of electric or magnetic radiation with multipole order 
ip 

Simon”) obtained the differential cross section and the polarization distribution for photo- 
reactions by performing a suitable transformation on the formulae for ‘‘ particle ”’ reactions. 
His results, however, contain some errors’) and further they are not always convenient for 
practical applications. We derived the differential cross section for photo-reactions cata 
by decomposing the incident plane wave of a photon into multipoles. The resulting for- 


: ' ; : 
mulae seem to be more convenient than Simon’s which ate shown to become equivalent to 


ours after suitable corrections. 


$2. General expression for the photo-reaction 


The reaction treated in this paper 1s of the type 
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a+X—-YV+4, (1) 


where a or & is either a photon or a particle other than photons, and ” and J)’ are target 
and residual systems, respectively. Accordingly, to fix our problem, we call a and @ reaction 
particles and VV and VY nuclei, the first two being the particles on which observations are 
made. In this section, we derive the differential cross section for the particle 4 emerging 
at an angle #/ to the direction of the incident particle a. All quantities are measured in 
the center of mass system. 

A system composed of a photon and a nucleus is described by the intrinsic spin / of 
the nucleus, the fofa/ angular momentum Z and the parity 7, of the photon, and channel 
index a which defines the energy state of the nucleus. On the other hand, a system that 
contains a particle is usually described by the channel spin s, the ordzta/ angular momentum 
J, and the channel index a, which, in this case, defines the type of the reaction particle as 
well as the energy state of the nucleus. Such quantum numbers that refer to the final 
system will be primed. 

We now consider the case where the incident particle is a photon and the outgoing 
one is a particle. The reverse process of this and the scattering of a photon can be 
treated in the same way. The wave function that describes a photon is taken to be the 
vector potential A. This choice stems from the standpoint of quantized field theory and 
is found to be convenient for practical use. To write down the differential cross section 
in terms of reaction matrices whose matrix elements are specified by angular momenta and 
parities, we have first to decompose the incident wave into partial waves of suitable transfor- 
mation characters, that is, into multipole radiations. The eigenfunction which corresponds 
to the orbital angular momentum /, and total angular momentum / of the photon has the 
asymptotic form 

mr) = S101 my,—m,m,\l1 L myz) as (2) | exp | +72(4r—72 1/2) |, (2) 

m5 


where ’" is the spin wave function of the photon. }7”"(2) is the normalized spherical har- 


monics with the phase relation defined by Condon and Shortley”’, Ci Jo mM, Ms| 7’ Jo Je) 
is the Clebsch-Gordan coefficient, and / is the wave number of the photon in the center of 


. ” + . . 
mass system. Since ’ is transversal by itself but other two are not, we must construct 


a transversal wave by taking a suitable linear combination of the two nontransversal ones. 


This is carried out by Goertzel") and Blatt and Weisskopf’. Then, the multipole radiation 
can be expressed in the following compact form 


Lp 


Aly = — V2S\(L1—11 | Lilo) d(d, pyit-?-P gma, (3) 


where / is a quantum number that distinguishes electric and magnetic radiations. The electric 
2”-pole radiation corresponding to A has total angular momentum / and parity (—)'*", while 
the magnetic 2’-pole one has the same angular momentum but parity (—)”. The parity ae 
of the nucleus due to the emission or the absorption of a photon is opposite to the parity of 
the radiation concerned because the interaction Hamiltonian is either epA or pocurlaA. We 


define f by 7,=(—)?*”, thus ? 


=1 and 0 represent the electric and magnetic radiations, 
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respectively. Accordingly, 0(/, 1) and O(/, 0) specify 7 as /=Z+1 and /=Z, respectively. 
This definition of multipole radiations (3) is identical to that of Simon for P=0 but differs 
by a phase factor 7 for /=1. With this choice of the phase, the reaction matrix element for 
the photo-reaction is proportional to the multipole moment Q or JM derived by Blatt and 
Weisskopf’, with a real proportional factor. 

The total angular momentum / of the entire system is composed of the intrinsic spin 
[ of the nucleus and the total angular momentum / of the photon. The eigenfunction 
that corresponds to / and its s-component J/ is written asymptotically as 

DFS = LIM — 1, wah h Tf DD eA a (4) 
aT 

Now we are prepared to decompose the incident plane wave of a photon into multi- 

poles. The incident wave with left or right circular polarization on the target system with 


spin state 7""s is given by Fexp(ehz) 77 7", (m= +1), which is expanded as follows : 
Fexp(thz) x" 777 


eemlijne CO 
HE 132 (2/4+1)7 10 m|Z1 Lm) (Llhinm,|LI JM) (OU — O75 |. 


Ry i=0 Ly 


=F 


= 1 (n/2) Qi? (241)? (om)? (Lilian, LIM) [ORS — Ons” |] (5) 
LI ,p 


kr I 


in which @%* is obtained by replacing AP in a (4) Vy. é7*), In the calculation of 
(5), use has been made of the orthonormality of the Clebsch-Gordan coefficients and the 
symmetry relations among them”. 

To describe the process which leads to a “ particle” emission, it is necessary to define 
the eigenfunction in the channel spin formalism. The eigenfunction with total angular 


momentum /, %-component thereof JZ, orbital angular momentum /, and channel spin s is 


defined by 
PX) —S)(lsM—m, m,\ls7M ) yuem, (£2) ys exp[ +2(4r—7//2) |, (6) 


m 
s 


where ers is the channel spin wave function. Then, the most general wave function of 


the entire system with definite / and MV, is represented asymptotically by a linear com- 


bination over L, p, 2 and s of the wave functions 


bain JI) =~ ie Sel Attn Oi) + Bile O°Ti9h (7) 
Vo 

as (JM) ae ye gl TAO + Da Va”), (7') 
FalUa)-* 


in which /, represents the internal wave function of the nucleus, ¢. the product of those 


of the particle and the nucleus, and v, is the velocity of the reaction particle in channel 


a. When the incident particle is a photon and the energy state of the target system is 
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specified by a, the amplitudes of the incoming wave are given, comparing (S) and =(7)5 


by 


ad Oren 2 (8) 
JM =0. (8’) 


als 


BI}, and Di" are determined from Ady, with the reaction matrix : 


Bivirgl pane Cal Lips aiep Vist Data Or7,, 0 Oye \ 2 Agro. (9) 
ails? i =A (as! ’ alp 3 J7) Asie. (9’) 
alp 


5 . . = — ee ay eT Nea es a 
where 7 is the parity of the entire system, 7=7,7~=(—)’ y=, Ty(—)°. 
The asymptotic wave function in the region of the configuration space corresponding to 
i 1 
channel (a’, s’) can be written analogous to BB", 


eR i/e 7 ee 
c ) exp (Aq Var) 


Cred CoH s’) =th, (- Sal Jats!m. erom nll 2) ie 3 (10) 


Ver Ver 


ce 


where the “reaction amplitude” Qarsr,7; am;m iS given by 


TEM -amym (2) == S51 ge F te (rr /2)'7 (2054-1)? (mm)? (Liem) LIM) (11) 


Tip 


bal / 
xX C's! mg |l's' 7M) R Gy 's -alps fn) Fe te 
The differential cross section for the process a,—a’ can be written as 


do : >5 |Qatsrm, sft am 7m (2) |? ad. (12) 


os 
ey aGi We hes s! m 1mm 


6 ela — 


The sum over all magnetic quantum numbers is geometrical in character since the reaction 
matrix, which alone bears the dynamical nature of the system, is independent of the magne- 


tic quantum numbers. This summation will be done in the next section along the same 
line as BB. 


§ 3. Reduction of the differential cross section 


As g is linear in ¥%’, c’o is bilinear in it, but we can develop the product of two 


spherical harmonics by single Y's. After this reduction is performed, do is reduced to 


BT sie 1 24 gat La-pi+ pat! —lal 
2(2/-+1) hi, Fifatrarvs 
x[(2L, +1) (2£,4+1) (24,/+1) (24! +1) / (2241) 7? (13) 


x R*(1) R(2) (2,'2,/00|4,/L'L0) SY (—)*' (m)™ "8 (Lilimm,|L107,M) 


m gf ™ 7 m 


X (Lol |Ly1],M) (1's! ping L's 7, M) (00's! f’ 11051 | Do! s! JM) 
% (Le = L/L Z0) (74a Vee ee 
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In the magnetic i i 
g sum, the independent variables are m= -1, mm, and mm,,. The sum over 


m, and ,, can be performed with the same technique as BB and we get 


< 


te = t Sie he 
ee ee RO) RG) 


x (2/7, +1) (2/4.4+1)[ (22,41) (22,41) (22,'+1) (24'+1) |” 


x GZ! 4! 00/4" 1) LO) WL! J, bs! Jo3 LY WL, J, L003 FL) (14) 
Se Pate ESET (yyy Pt 88 LL — min| Lio 0)Pz(cos 0) al. 


Since (L,L,m—m|L,L,L0) = (—)*!2-" (L,L,—mm|L,£,L0), the sum over 72 is trivial 
and the final result is 


Mj = d Se) RF) R(2) 
ee (lye aed 


x Zo Fat tame) (27,11) (22,41) (24,41) (2/441) |” 
x (L,/,1—1|L,7,20) (GIES) 
BAe lL) Zi lade Jens LY Ee; keos 8) ae, 
with the restriction 
Pitpot L,+ L,— L=even. (15) 
The sum is over J; J» L, Lop, Py Ly! L's! and L. The restriction (15’) is fulfilled auto- 


matically if we consider the parity selection rule imposed on A*(1)A(2) and Z, since 
this rule implies p,+ 22+ LA Lo+L/ +4! =even and //+/,'+ L=even. 

Simon’s result for the corresponding process contains an extra factor f(g; 92 g *) by 
virtue of which the interference term between electric and magnetic radiations disappears. 
His argument for the necessity of this factor, however, is hard to understand (cf. the 
paragraphs preceding eq. (6-5) of his paper).* In Appendix I, we will show that our 


result (15) is equal to the following expression 


1 B(e tal | 1/2 L-Ii+La 

16 2t¢.=— oR AVRO) (AO Fg-+ 1) Jol) ge 
Bee Spies 12 QRLAA+D Qty I"(-) 

<I} CE ib eig gts 1 40) (Z,1—11|£,1 4,0) 04%, Pi OS DCE Crk mean 

hla (16) 


LAU Lp GAD IW GS EeJas tT DZUST Iss 8 DP, (cos Oe, 


which is identical to Simon’s result after the correction mentioned above, considering the 


* 7%, there is defined not in terms of the total angular momentum of the reaction particle but in terms 


of the spin angular momentum, whereas the multipole expansion of the plane wave means that it is expanded 


by eigenfunctions of the total angular momentum of the photon. The probability amplitude of the state 


with definite multipolarity and parity is not to be confused with that of the spin state. 
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difference of factor 2” in the definition of A(/, M, p)- 

The differential cross section for the process in which the role of photon and the other 
particles is interchanged or both a and & are photons can be obtained in the same way. 
In this case, @'%') of the photon eigenfunction in the final state must be reduced to 


YH! (2) y™71', since the observed quantities in experiments are @ and ¢ rather than /, 4, MV, 
yt 


and #. Then, the summation is over all magnetic quantum numbers and /,’ and /,’. The 
latter can be performed as we did above, to show the equivalence of the revised Simon’s result 
and ours (cf. Appendix I). 

These cross sections are obtained for : 


Photon emission caused by a ‘ particle ” 


Ll+t—s 
Dee LR) 
(2 +1) (2f+1) 45 4 


x [(2L)' +1) (2L: +1) 2/41) (2/241) J” 
ge teent wl Tt Tet A 1 Lal Bal 10) Ws has HAE) (17) 
x2; Lies $5) P,, (cos 0) AQ, 


where 7 is the spin of the incident particle. 
Scattering of photon 


BE ayy EO EF Ae) 
2(2/-+1) 2 4 


Tata 


X[ (22,41) (22,41) (24) +1) (24) +1) 2/,4+1)*(2/2+1)7}” 
oe ap tal— Cab tateac patra Le del = 1 kato) Uley Le k= Ya tat LO 
XW LS Leas PL) WEES, Le Jey TD) Pi (eos 8) dQ, 

with the restriction of the relation (15’). 


The expectation values of a general tensor moment can be obtained by the similar 


method to that used for differential cross sections. The resulting expressions can be shown 


to be identical to those obtained by Simon”, summing over possible orbital angular mo- 
menta of the j-ray, provided that the correction discussed above is taken into account. A 
similar but more general procedure has been performed independently by Kennedy and 


Sharp’. As an example we show the result for the polarization of a particle produced 
by an unpolarized photon, 


Chay = ne pee 
2(2/+1)FL 48 | 


1/2 
| Si)? Se + Jo sa! gia—fitpa-pr 


x R* WR (2)[ (AL, +1) (2Ly41) (2f,+1) (2fo+1) PL Lp — 1] 20) 
RMLs Jeles l L) We! s)' a So 3,1 1) 


KGael S463. 2. 1 sufade 3) ~ 


1/2 
37 __ ly#' (0 0) ae 
rae BkaO) Bis 
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BaerenG,,(/,/, 31; © §13°/, 1,°'s")" is) the function which is defined by Simon”, and 
i’ is the spin of the outgoing particle. 

For the practical application of the formulae, it is desirable to write them in terms 
of such functions of angular momenta which are available in published tables. We have 


no tables of the Clebsch-Gordan coefficient (7, 7, 1—1|Z, 7, 0), but this can be ex- 
pressed by Z-coefficient as follows”. 


piel) a 1), tre 12,1400) = 2 (LiL lols VL) 
for Z,+ Z,+ L=even, (19) 


BAL hI) (i, i) Amt (7 71 112,700) 


=(—)" (2241 2,541 Geet) Tikes dae eo) 


§ 4. Selection rules and symmetry properties 


The selection rules pertinent to the photon is contained in the Clebsch-Gordan coef- 
ficient (7, 7, 1—1|Z, 7, 20) and the selection rule (15’). Thus, if there is the largest 
multipole order /,,,, in the process, the maximum angular complexity of the angular dis- 
tribution is given by 7<2/,,,,. Further, the permissible values of / are restricted by 
L,+/.+L=odd for the interference terms between electric and magnetic radiations and 
L,+l.+ L=even otherwise. 

If the subscripts 1 and 2 are interchanged in eq. (15), (17), or (18), the result- 
ing expressions are restored to their original forms by considering the symmetry properties 
of the Clebsch-Gordan, IV, and Z coefficients,” The element of the reaction matrix is 
always written in the form R*(1)R(2)+R*(2)R(1) and, as go tis ara seerealsa tie 
cross section is manifestly real. 

When the channel spin of the final system is 1/2, there exists an interesting sym- 
metry property which was first clarified by an explicit calculation of Hayakawa, Kawaguchi 
and Minami”, that is, if the matrix elements for electric and magnetic radiations with the 
same /’s and Z’s are interchanged for every / and /, the resulting expression does not 
change at all. To prove this theorem from our general formula (17), it is to be noted 
that 7’ takes only two values /+1/2 in this case and the interchange of /=1 and p=0 
requires that /’=/+1/2 should be replaced by /’=/—1/2 and vice versa to fulfill the 


parity condition. Then, by virtue of the identities 
Z(J—1/2 JJ’ 1/2 J'3 1/2 L)=ZS 41/2 JJ’ 41/27"; 1/2L), — (20) 
Aaa? fff’; 1/21) = Zs f2Jf 41/27 3 Ve D720") 


which are proved in Appendix II, the differential cross section is invariant under the trans- 


formation 


Ralf £1/2 1/2, aL1; Ja) S(—) Ra ¥ 1/2 1/2, alo; Jn), 
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Appendix I, Comparison with Simon’s formula 
Comparing (16) and (15), the following identity is to be proved if they are equt- 


valent to one another. 


ahi |L, 1 L; 0) (1—11f ia) 1,0) 6 (L, 1) 0 (ls fo) | (22, +1) (2/,+1) |” 


x (LL001,510) WL Lies ALY= (1/2) 2 Gl se) a 


Here, the 7-coefficient is rewritten with more familiar quantities according to its defini- 
tion. First, we consider the case $,=/.=0. Then, the left hand side of (A 1) is reduced to, 


using the identity (71—11|7120) =—1/Vv2, 
(1/2)[ (2Z,41) (2£,4+1) }¥?(Z,L,00|L,Z,£0) W(L,L,Lelo3 1L). (2) 
This is expressible as a sum of three Clebsch-Gordan coefficients (BBR (19)). 
(1/2) (—)'** OD (L10m| L,1 Lym) (L,L,m—im|1,L,L0) (ALsn—m\1L,L,0) 
(A3) 


By virtue of the symmetry properties of the Clebsch-Gordan coefficient, the sum over 1 
results in twice the term with 77=1 and we have 


(a) FAL 01 Lat EY) (LL lp EEL 0) Cue 2 reo) (A4) 
== (172)'( "a Ore Ch el 1 ee 0 ie 


Secondly, we prove that the left hand side of (Al) for ~,=f.=1 is equal to that 
for ~,=~,=0. An equivalent form of this equality is 


Sool 11 21750) (ZT — 11 12,0) (2,2,00|7,2,7.0)[ (22,+1) (22,41) }” 


‘ilo 
«WL LeLe 31) 
2 (Z,1—11|Z,1/,0) (7,1—11] Z,1Z,0) (1,2,00]Z, L,£0)[ (2/,+1) (2£,+1) |? 


-W,L,Loly; 1L) (AS) 
= Se 
S41 11]Z,1Z,0) (Z,1—11]Z,14,0) (7,4,00| 74,20) [ (22,+1) (22,41) }” 


»-W(L,Liloly : 1L) =0. 


E 
or the sum over /, or /,, the eq. (18) of BBR should be applied, and then, the sum 


over remaining / is nothing but the orthonormality relati 
. ation of the Clebsch- : 
and (A5) is reduced to Y ebsch-Gordan coefficient 
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(=) L—Ta—La Lie L780) 
ee 111) 7,120) (Ln 0121451) (E21 1\ 1,2, £0) sae 
ey 0), (1011/51), (Lalgl 11,L£,L0)=0.. 


Remembering the identity given just before (A2), we have the desired equality. 

[astly in the case of 7,0, 7,.=1 (or ~,=1, ~,=0) (2,+2,+L=cdd), the sum 
over /,=/,+1 can be extended to include ,=/,, because (/,/,00|7,2,/0) =0 in this 
case. Thus, the calculation is carried out in the same way as that for reducing the left 


hand side of (A5). 
33(£,1—11]Z,12,0) (2,1—11|Z,1 40) (2,2,00| 24,20) [ (22,41) (2441) |” 


la 
YEA MICE SATE 
oe eee T1171 0) (2,101) 417.1) (Ziel — 12120) (A7) 
yO een (i 21 — 1) 157.10). 
This completes the proof. 


Appendix IT. 


Expressing the 7Z-coefficient by the /1-coefficients and using a symmetry property of IV, 


eq. (20) becomes 


VIP (J—-1/2f' —1/2 00| J—1/2J’—1/2 £0) W(J—-1/2 1/2 LJ’ ; Jf’ —1/2) 


=V J+) (S41) J+1/2/'+1/2 00/7 + 1/2’ +1/2 £0) 
WS+1/2 1/2 Ef! s JP +1/2). 
According to eq. (19) of BBR, this is written as 


Lies (J—1/2 1/2.08| J—1/2 1/2 JB) ' B—BIL’ £9) 
“yf 3/2 17/2 0f|7/—1/2 1/20/78) (—)ie-8 


=— V4) (SFOS (Jt 1/2 1/2 08| J+1/2 1/2 7B) 1/8 PLL L0) 


p=+1/2 
CF 41/21/72 OB Ji41621/27'9) (i 


Inserting the explicit form for the Clebsch-Gordan coefficients which contain 1/2, 


(J—1/2 1/2 08| J—1/2 1/278) = ¥ J +1/2)/2/, 


(J+1/2 1/2 0f| J+1/2 1/28) =(—)'"* Y (F41/2) /27 +1). 


We observe that the identity holds. 
The proof of eq. (20’) can be done analogously. 
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In this paper we try to give another demonstration of a theorem concerning a fermion interacting 
with an external field; this theorem, which is first shown by Furry, states that in the treatment of 
the interaction with exzernal fields it is sufficient for one to know the complete set of the solutions 
to the one-body Dirac equation, even when the fermion field is quantized according to the hole theory 
for negative energy states. Our demonstration rests on the examination of the effects which are 
generated by a special type of canonical transformation on the Hamiltonian of the system. 

But the knowledge of the one-body solution is insufficient to predict the results of the hole theory, 
when the fermion is interacting with a quantized boson field. By the further examination of the 
transformation similar to the above, we can find to what extent the one-body solution is efficient in 
the whole scheme of quantized fields. 

Using some techniques of the operator calculus, a way is shown by which we can compute 
exactly, at least formally, the correction terms coming from the effects of the negative energy sea of 
fermions. The effects of the hole-theoretical vacuum may be classified into two kinds; one is due to 
the genuine vacuum polarization which comes into play in our calculation in the form of spur 
expressions (and is represented by closed loops in Feynman diagrams), and the other is due to the 
exclusion principle which acts on the negative energy intermediate states (and plays its role in the 
process represented by connected one-line Feynman diagrams). Formal procedures to compute the 
latter type of corrections to the one-body solution are explained by the example of nucleon field 
interacting with neutral pseudoscalar meson field. 

Four-dimensional aspect of the problem and the invariance to the charge conjugation are also 


considered. 


§ 1. Introduction 


It is well known that the expression of the second order self-energy for a fermion 
interacting with a quantized boson field is different from the hole-theoretical one when we 
calculate with the one body theory; the contribution of a negative energy state is of 
opposite sign in the one-body theory as compared with that in the hole theory. On the 
other hand, it is also well known that both theories give the same result in the calcula- 
tion of the Compton scattering (up to the second order). In view of these situations, 
we may naturally bring forward the following questions ; “ How far can we proceed with 
the one-body theory?” and “Are there any simple relations between the results of both 
theories and can we expect some simple modifications of the one-body-theoretical results which 
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i i fe i ome 
would enable us to predict the hole-theoretical results ?”’. In this note we try to throw s 


light on these questions. 
In this connection it is noticeable that Furry introduced the bound-state representation 


of spinor operators and established") a theorem which states that in the treatment of fermions 
interacting with an exterval field it is sufficient for one to know the complete set of me 
solutions to the (unquantized) one-body Dirac equation in order that one may poesia 
the results of the quantized theory. First we try to prove this theorem from a new point 
of view, i.e. that of canonical transformations performed on the Hamiltonian of the system. 
This way of approach enables us to make some discussions in more general cases than 


those of interaction with external fields. 


§2. The proof of Furry’s theorem 


Our starting point is to examine the results of the canonical transformation performed 
on any field operator, when the transformation function is given by an operator of the 


form 
U=exp | b* (x) A (4) of (4) er}. (1) 


Here ¢ and ¢* is the spinor operator for the fermion and its Hermitian conjugate 


respectively, and their mutual commutation relation is 


a(x), $s (2!) }=8un9(4—2'), (2) 
where the curled bracket means to take the anticommutator*. In eq. (1) the operator 
A(x) (which must be Hermitian) is given by a certain linear combination of Dirac 
matrices, 7,0 ;(7, 7=0, 1, 2, 3; ~,=o,=1), where their respective coefficients are generally 
functions of the coordinate # and the linear momentum —/V of the fermion. In the 
next section we shall consider the cases where these coefficients are functions of quantized 
operators for the boson. It is implied by the transformation of the type (1) that all 
fermions present in the system behave as if they were independently subjected to the change 
of state governed by the same law; this will be explained at the end of the next section. 
To see the difference between the one-body-theory and the hole-theory, it is necessary 
to discriminate the spinor operators for positive energy states from those for negative energy 
states. In the one-body theory the quantization is made in such a way that, irrespective 
of the sign of energy, ¢/-operator annihilates fermions, while ¢*-operator creates them. 


On the other hand, in the hole theory the quantization is made according to 


y— it io t 

Pe=Pretyries oh == tp ' er _ an (3) 
where the operators with dagger are creation operators and the sign + denotes that of 
energy. The commutation relations for component operators are given by 


1a (x), ft s(x’) } = Lf2a( 7s) ap (t==2))s 
{Gre (x) ’ fp (2’) } = 1/2 : a =e) as? eS a") ’ 2 


* All operators are those of the Schroedinger representation, 
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where € is the operator of the sign of energy, i.e., 
&= (Mp,—ip,(op))/V Mp". 6) 


As can be shown easily, in both cases of quantization we have the same transformation 
formulae for the spinor operators by means of eq. (2) ; 


Pee) =i dag) =e Am) eed, (2), 
oh (x) SS (— Cbs CZ) C= pe (a) (CAGES) a < 


Now, in the case of fermions interacting with an external field, the Hamiltonian of 
the system is of the form 


(6) 


= | b* (x) {Mp,—tp, (67) +V (4) } ¢ (4) de. (7) 


(We assume here that the external field is of the same type as the electrostatic potential, 
since other types can be treated similarly.) Then the transformation of the form given 


by eq. (1) changes the Hamiltonian of the system into the form, 
u-HU=| b* (x) ce 4@! Mo,—ip, (60) + V(x) pe4 9 (4) de. (8) 


This result is the consequence of the transformation properties of the spinor operators, 
eq. (6), as well as of the following properties of the operators which appear in the 
original Hamiltonian (7), ¢€.g. ij, © and —iV. These operators are such that every 
matrix element (matrix notations are here concerned with the four spinor indices) is 


commutable with the generating function of the transformation, 
[Bas] oC) AH Ca) as]=0 (9) 
(B: any one of the above mentioned operators). 


It is true that these are not commutable with the density operator b* (x) A(x) f (4) 
itself, but on integration over the volume enclosing the system the result tends to be 
infinitesimally small as the volume becomes infinitely large; and we may put these com- 
mutators zero in the limit. According to the normalization of the system, it is only when 


the commutator with the density of the transformation generator contains a three dimensional 


delta function, i.e. 
OGL), e* ') A“) (2) ]=0 (4—12’) (other factors) , (10) 


that the operator O (1) gets changed after the transformation of the type (1). In the 
case now considered # and ¢* only have this property ; and the transformation formulae 


for them have been given by eq. (6). 
Then we can make the total Hamiltonian of the system diagonal, if we can make 


the operator diagonal which operates on the spinors in eq. (8), namely, 
e- 4 | Mo,—ip, (OV) + V(x)}e*4M=a diagonal operator, (GIS) 


and if at the same time we can have the complete set of state vectors for this operator. 
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The diagonalization of the operator (11) is nothing but the solution of the unquantized 
one-body Dirac equation by means of a canonical transformation. This procedure may be 
regarded in principle as feasible, though the canonical transformation of scattering states is 
not yet fully worked out. So long as there is a one-to-one correspondence of states before 
and after the transformation, we can safely assume that the vacuum fermions in the pre- 
sence of the external field are constituted by those which are in negative energy states 
when the system is free from the external field; and we can easily state the final results 


according to the hole theory. Since the transformed Hamiltonian is of the form 
uHU=| ()* (x) {a diagonal operator} ¢f (4) dr (12) 


where ¢/ and ¢f* are operators given by eq. (3), the ordering of the Hamiltonian in a way 
to fit to the hole theory, i.e. the interchange of ¢/_ and ¢/\, is an easy task. This is 


our demonstration of Furry’s theorem. 


§ 3. The limitation of the one-body solution 


in the scheme of quantized fields 


In this section we will investigate the case of interaction with a quantized boson field ; 
in this case it is no longer sufficient for us only to know the solution to the one-body 
problem. In order to avoid confusions caused by using too much general terms, we 
specialize our considerations to the problem of nucleons interacting with neutral pseudo- 


scalar mesons by pseudoscalar coupling. The Hamiltonian of the system is then given by 


= | (2) {A py ip, (OP) + 99-8 (2) \b (ade + Hay (13) 


where /7y is the Hamiltonian for the free meson field, 


Hy=1/2-( {x°(2) + 06(2))°+ 48 (a) bade, 


d(x) and z(1x) are the meson field operator and its canonical conjugate respectively, and 
y is the coupling constant. 

To find the limitation of the one-body theory, we continue to examine the effects 
which are generated by a canonical transformation with transformation function of the 
form (1). The statements at the beginning of the preceding section (which are accom- 
panied by eqs. (1)—-(6)) are valid also in this section, except that here A(rv) is a 
certain linear combination of Dirac matrices, (0 j, where their respective coefficients are 
generally functions of 6(1) and (12) as well as their derivatives. 

Every operator gets changed by the canonical transformation (1), if its commutator 


with the density of generating function ¢* (1) 4 (x) (4) contains a three-dimensional 


delta function, as shown in eq. (10). In the case discussed in the preceding section 


the operators which have the mentioned property are only ¢/ and ¢*; and, as it was 


discussed there, this fact is the guarantee for the validity of the one-body solution even 


when the fermion field is quantized according to the hole-theory. However, in the treat- 
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ment of interactions with a quantized boson field it is not only ¢ and ¢* but in general 
also g and z that get changed by the transformation (1). The transformation formulae 
for ¢ and 4/* are the same as in eq. (6) ; 6 and 7 are transformed according to 


UB (2)U=>B, (x) /n! 


n=0 


By (a) =| gi (ye OOPBy a (a) A — Ba (2) I (at) ae 


fODy Wis—1, 


(14) 


where A(x) is either d(x) or 7(v), and L,(4)=2 (2). 


The proof for the result (14) is given in the same way as that given to prove eq. (18) 
below*. It is possible that, when 4(%) depends only on d(1), then ¢ remains unchanged 
and the transformation formula for 7 is very much simplified, but the restriction of A (+) 
to this type is not suitable for the general investigation of the dynamical problem given 
by the Hamiltonian (12). The Foldy transformation is one of these restricted types, and 
if we want to investigate the effective Hamiltonian for Ps-Ps theory in the nonrelativistic 
limit more closely than we have been able hitherto, we must treat less simple situations. 

By means of the transformation formulae for basic operators, eqs. (6) and (14), we 


have the transformed Hamiltonian given by 
U at —Vahy, 
+f gC) Le MLM ppt, (OF) 4908 0) + He] 8 — Hy} $ (a) tr 
call p* (x) p* (2’) {e-4 go, (eA MONG (x) tA) lees b (x) ) A) (15) 
4 pHi) (cM T y Ae — FE 4) AO — eA FAO 4 Hy (2) (x) dade 
If the negative energy states are not treated according to the hole-theory, and if we assume 


the case where only one nucleon is present, then those parts of the transformed Hamiltonian 


may be put out of our considerations which contain more than one pair of # and ¢*, 


* Since 
UAB (x) U= (et yt aban oti fexavar) . B(x) 
=--ily*(A-A) vax. B(x), 


we can proceed in the same way as in eq. (18). The exponential operator can be transcribed as 


e-t{y"(A-A) Vax = exp floes” GAA) dg yyy 
> +, 
This equation can be proved by putting A=A-—A in eq. (18). Consequently we have 
ayes 
U-B (x) U=exp (tyes et 4 10) dr B(x) 


which is the transcription of eq. (14) by the notation of operator calculus used in this paper. As for the 


notation, cf. eqs. (18) and (29). 


728 S. Tani and K. Yamazaki 


because they vanish when operated on the state vector for the one-body state. ai is to 
say, in this case we have only to deal with the second term on the right-hand oh of eq. 
(15). Since the operator {¢/* (x) Hy (x) de=Hy\¢* (4) (4) ar is already diagonal, 
we must choose such a suitable operator /1(2) as to reduce the rest to a diagonal operator, 


namely 


e744) Mo,—ip, (OV) +900 (4) + Tu] c'4 =a diagonal operator. (16) 


The choice of (x) to make the left-hand member of eq. (16) diagonal is nothing but 
the solution of the one-body problem by means of a suitable transformation. Consequently, 
if we know the complete set of solutions to the one-body problem, we are able to have 


the transformed Hamiltonian of the form 
O*HU=Hy+ | (f* (x) {a diagonal operator} ¢/ (1) c/v 


+| P* (4) P¥ (4!) feceree cre eee ees h(x!) h(x) de’ dx (17) 


which is useful when the negative energy states are not treated according to the hole-theory. 

The transformation formula for the meson operators (14) or that for the Hamiltonian 
(15) is valid even when the negative energy states are treated according to the hole theory ; 
these formulae are based on the commutator relation (2) for ¢/- and ¢/*-operators as a 
whole and not on those for component operators (4). However, when the hole-theory is 
used, the ordering of fermion operators is incomplete with respect to the negative energy 
component, because the creation operator ¢/' stands on the right-hand side and the annihi- 
lation operator ¢_ stands on the left side. Thus it is necessary for us to perform an 
additional procedure of ordering negative energy components in order that we may proceed 
with the hole-theory. The actual calculation of the hole-theoretical formulae will be given 
in the next section. 

In concluding this section, we shall give a remark which helps us to understand the 
meaning of the canonical transformation considered in this note. It is found that the transfor- 
mation function (1) can be transcribed as follows ; 


> 


etsy" Aipdadx — ese ¥ (a) ; (et A Y) h(x) da 
6 + \o (2) C4 —1) b (a) dx (18) 


ae i Al ‘|| of* (27) (* (x) (ct ae 1) h(x) (gt = 1) h(a’) dx'de + ek, 


dCPrO) . at : : : 
where ¢4“'® is the notation originated by Schwinger” and it means that 


* We must pay attention to the spinor suffixes. 


They must be contracted starting ftom the both ends 
and proceeding one by one inwards, 


as can be seen in the third term of the next expression ; 


CPE MO) =e RM) = 140K MY + (1/2!) bak r* Was Mrspede to. 
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PD — 31 (A /nl) P*Q”, (19) 


n=0 


and this operator has the property that 


de?) /dh= PAP DEO, (20) 


whereas the usual exponential operator has the property that 
de FD /d= PQePO—2P2) PQ. (21) 


The proof of eq. (18) is given by the following procedures. First we introduce a_para- 


meter A and put 
U (A) =eSe FA pax = eV"; F (A) vax, (22) 
By differentiation of the second member with respect to /, we have 
Vieerce il b* Adda -U. (23) 
On the other hand, by differentiation of the third member of (22), we have 
AU [ae = * (x) -U-dl'/dh- (x) ax = b*dF/ada-e~™4bdx-U. (24) 
By comparison of (23) with (24) we obtain the operator differential equation 
aki d=1Ag (25) 
which must be integrated under the initial condition 
F(O) =0. (26) 
After all, /(A=1) is actually (4—1). 


The formula (18) shows that every nucleon present in our system is subjected to 
the change* caused by the transformation function in a manner as if all nucleons were in- 
dependent of each other. When n-nucleons are present the terms 1/7/7!- (be; (e°4—1) o33)” 
(with <n) play the role; and the factorial in the denominator takes into account the 
interchange of 7-nucleons. 

When we treat the interaction with external field this type of transformation function 
is sufficient for our purpose, because all nucleons present in our system are subjected to 
the effect of the external field independently of each other. On the other hand, when 
we treat the interaction with quantized meson field, the situation is less simple; because 
of the zero point fluctuation of meson field all nucleons cannot be independent of each 
other, or in other words, virtual mesons are exchanged among the nucleons and they 
interact with each other. Mathematically this fact is reflected in that the effect of the 
multiple product of the factor (c'4—1) is different from the product of the effects caused 


* The subtraction of 1 can be regarded as the indication of the fact that we should speak of the net 


change of a state caused by the operation of transformation function (1). 
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by a single factor (c'4—1): thus the result of the transformation with most simple 
structure given by (1) is in general complicated as shown by eqs. (14) or CUS) ne 
above discussions are based on the one-body-theoretical ordering of spinor operators. When 
we resort to the hole-theory, further ordering of operators concerning negative energy 
states are necessary. The third term and so forth in (14) and (15) or in the expansion 
of right-hand side of (18) give contributions even when we are concerned with one-nucleon 
states. 

In the next section we will perform the ordering of negative energy components and 


compute expressions which are useful when the hole-theory is applied. 


§ 4. Derivation of formulae in accordance with the hole-theory 


First, we modify the formula (18) of the preceding section in order that it may 
be in accordance with the hole-theory. The desired modification, by which the transforma- 
tion function itself is ordered in accordance with the hole-theory, can be achieved if we 


put the transformation function of the form 


= cilly* Agar) = pif tA ptt, tAgyty_Aytty_Agry) da (27) 
1 , e 
= elvsas¢-tae- Exp J dA SPF, A) pda t [fF (4) pida) - elv-Geteae 
0 


and adopt Fujiwara’s method” to obtain the explicit expressions for /’’s and G’s which 


are functions of A and &.. The result obtained is 

Oa clos gar. ods tedy axe No 3@¢-l] ax. eJy-Ggyax (28) 
where 

G= (e4—1) /[14+1/2- (1—&) (c4—1) ]. 


The proof can be given in the way quite similar to that used in proving the following 


eqs. (30) and so forth; by this reason, we do not give the proof of eq. (28) here. 
(Indeed we can obtain eq. (28) by putting A=0 and A=A in the following eq. (43).) 

Our next task is to modify the transformation formula (14) for the meson operators. 
Again the technique of operator calculus is very useful?. We introduce here an operator 
which multiplies 6 or = by A from the right- or left-hand side, (which is denoted by 


A or A) and regard § or =< (which is denoted by /) as the operand for these new 
operators. Then we may consistently write 


We l BU =f ify Aqraxpify rer . B 


(29) 


--— 
= cisy" (AA) dx « B ; 


since A and A may be regarded as commutable with each other in the course of calcula- 


tion. As the operator d or 7 is free from spinors we have no need to make use of 


an artifice of this kind with regard to spinor operators. 


The ordering of spinor 


operators can be done in a similar way to that used in eq. (28) ; we have only to perform 
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ordering procedures in the exponential expressions. Again, assuming that the result is in 
the form 


<--> 1 
Nie apne eSialre-lte Expl d(C PR Dyde+ (YP P@yldr) (0) 
0 
+ )Y—Gop4ax : 


we can determine the functions G’s and /’’s by adopting Fujiwara’s method. In more 


detail, first we introduce a parameter / and put 
(a) — ptrgxca— Alp 


rN 
= eb wet Exp| AUPE, (4) f+ PF) PL) -€¢- oe, EO) 
0 


f 
Hereafter we shall omit integration over @; the desired answer is given when we put 


4=1. We use the abbreviations 
i(A—AY=%, (1 +8) /2 54. (32) 
By differentiating both sides of eq. (31) with respect to /, we have 


AV/dh= (PF UP] V=[PIUGL +P Uh. +P My +g Uy. ] V 


=| pt Og! 4 mle t (GL Ag, to Bgtyevtows (33) 
5 5 A} g il ¢ 
C 


A 0 L 
+ ebeteystBxp | deb Fi +p Fg) Ph, Bap | die decwstene TV. 
0 


Now the second and the third terms in the last member of (33) become 


PL Fig.t PLS — PFs, GPLtPHGs_Ff, 
and 
a Ib Rp cose 


=$_Rp,.— p_Rs., Gg ctr f'. GS KY. — i. G,s_Ks, GY, 
respectively, where we have put 
a 0 
Re Exp| Tie) FER | dns F). 
0 
Inserting these results into eq. (33) and by comparing the operators of the same type™ 
with each other we have the (matrix) ** differential equations 
Ra; 
| et CA eo F,—Rs,G,=%, 


: (34) 
dG, /dA—F,s,G,+G,s_F,—G,s_Rs,G,=4. 


: 3 : . 
* We here proceed with the same argument and technique as we used in our previous work°). 
+k So we must keep the order of terms in solving these differential equations. 
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We must solve these eqs. under the initial conditions, 
G,(0) =G,(0) =F, (0) =F,(0) =0. 
These equations are reduced to a single equation for G, 
dG ,/dad= (1—G,s_) UA +54G,). (35) 


In the right-hand side member of this equation s_ appears on the left, while s, appears 
on the right; this asymmetry causes trouble in the solution of the differential equation. 
To overcome this difficulty we change the variables in the following way; rewriting eq. 
(35) we have 


—aGy'/dh= (Gy'—s_)U(Gy'+5,). (36) 
Next, if we put 

Cae 12a 8) 1/2 eG (37) 
and 

W-1/2- (s,+s_) =H 
we have 

—dG/di= (G—-1)X(G+1). (38) 
If we put 


G=(1-W)/(A+W) 


eq. (38) can be integrated, since we have 


ge eae a rer 
1+W a@d1i+w Lie. te oe 
or 
aW/dk= —2W XY. 
Hence 


= 28 
Wa —_2™. (39) 


where we have used the initial condition G,(0) =0, ot G0) Seo! Tare wane 


obtain the answer 
2 : / J AU (sy +5_) 471 
G,=G,() =| —1/2- (5,5) $1/2- (5, +5) be J (40) 
: il e ALG +5) ? 
QT 5 
or = (e=1) tet 1)) eke 


from s,+s_=1. 
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And if we put* 
Cet es iA, otha __ eae CT/ (ie Cay. (42) 
C” is found to be given by 
Clae-O4.9t4_ 1 =—C/(14C). (425) 


By comparing the second statements of eq. (42’) with the third one of eq. (42), we 
find that C” means to take the transpose of C. There exists a relation between C and 
C’ which is important in the consideration of the charge conjugation ; this relation is in 


a sense reciprocal to each other. We can write 


yy (la se yee Ge (ls). (43) 
Other terms can be computed by means of (43) and (34), and we find 


Va 
tsa) ol = (Ls Ce l= — (1--C’s,) ae 
¢ 


(44) 
(ia tG) =U +s CS) (S046) 


and 


Exp af Pie reat irr Ct) (i Gas) 


Exp | de(sef) = (145,09 = (4566) 
and finally 
dGfai=(—Gs)N(1+5,.G) =dG,/ah (45) 
Go = =G. 
Lastly if we put 
Exp dep Pip.) =exp 9h 14H.) 
we can easily show (see the proof of eq. (18)-) 


Se URE (Exp| dp i) aa) 
; (46) 
ae 


* To this point we have proceeded formally and the result is eee in a concise form by using 
the notation exp [Al]. So long as we are concerned with the operator A or A themselves, this procedure 


But when we let them operate on the operand it is necessary 
As for further remarks on the 


is permissible. for us to decompose exp [Al] 


into exp [—?A. 4] -exp [2A. A), anticipating the operand put in the middle. 


notation, see the next section. 
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where we have used eq. (44). Similarly 


oh 
Exp| di (fag!) 
JV 


d x ; 
es Exp| au (Sp/,s_) . Exp ( = | ap (CE Fyy_) ) 
0 0 


=C,-exp(—¢t ;G'y_), 


where C, is the vacuum factor coming from contributions of closed loops in the Feynman 


graphs, which is 
Cyaee eet Ol det ts Gn, (48) 
and 


— Giz Cf(1--s.C); (49) 
from (43). 


The final result is written down as 
U U2 — { Cb Ggy_te 4 h@dy e— GET ¢) ey-Gh < Cc, = JE (50) 


where G=G(1), C=C(1) and are defined by eqs. (42), (43) ond (49). Formula 
(14) is a special case of eq. (50) and can be obtained by putting s_=0 in the 
positive energy part e(/+'%¢+) of eq. (50), as is required in the one-body-theory where 
we should put €= +1. 

In concluding this section, we write the transformed Hamiltonian having disregarded 
the spur expressions. This expression can be obtained if we perform further ordering of 


negative energy spinors in the expression (15) of the preceding section. By means of 
the formula (50) we have 


OU HU=A yer | ys je Mp, — ip (oP) | ae 


+\\ op py! ateiatais bi hdx!'dx + ae Rieu 
where the bar means to take the ordered pair of spinor operators, i.e., 


PE Mors =P Madi sty oa! +5— Ps Maga P—aMapi) + - (52) 


By comparing the above equation (51) with eq. (15) of the one-body-theoretical result, 
we see that the effect of the exclusion principle which acts on the intermediate states of 
negative energy is taken into account by the appearance of the factor (1+s_c)™ 
meson energy part and in the both sides of interaction energy. 


interaction energy the boson operator contained in ¢~*4 
and those contained in ¢'4 


in the 
In the calculation of the 
should be placed on the left end 
on the right end, while others contained in Cr. should be 
subjected to all permutations of their order in the manner which will be explained in 
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the next section; but the Dirac matrices should be arranged in the order as written down 
in this equation. In Appendix, we will explain this rule of calculation in more detail 
by an example. 

In the forthcoming paper we will report the detailed calculation by taking A=1/2- 


=] * - ‘ ‘ : 
tan~' (A0,d— 4,7) which is a generalization of the Foldy transformation. 


§ 5. Remark on the application of formulae and 
the four-dimensional aspect 


a) The transformation of the fermion field discussed in this paper is analogous to 
the Bloch-Nordsieck transformation of the boson field. In the latter transformation the 
generating function is a linear function of the boson operator, and the bosons are subjected 
to the change of state independently of each other. Here, for the fermion, the generating 
function is given correspondingly by a bilinear form of the fermion operator. 

The formulae of the preceding sections are applicable to other problems than the 
treatment of the vacuum effects. For example, if we make suitable modifications in them, 
they are useful in the formulation of the Hartree approximation for a many-fermion system. 
For these purposes we have only to redefine the projection operator s, and let s, or s_ 
denote the projection operator to states above or below the Fermi surface respectively. 
The effect of the exclusion principle is represented by the appearance of the factor (1+ Cs_) 7! 
in some parts of the transformed Hamiltonian. 

b) The formulae of Sec. 4, where the hole-theoretical ordering of operators is dis- 
cussed, are exact so far as their formal derivation is concerned. But in the application of 
them some remark is necessary as regards the performance of the operation prescribed by 
these formulae. On the other hand, the formulae of Sec. 3 is unambiguous in their 


application. They are derived on the basis of the commutation relation between ¢ and 
/* as a whole, and only the operators exp (—iA) “exp (iA) or C=exp(—iA) exp (iA) —1 
are contained in them ; since A and A are commutable with themselves and each other, 
we ate sure not to encounter ambiguities. 

However, in Sec. 4 not only C=exp( aA) “exp (iA) —1 but also s_ are contained 
in the formulae. 

It should be noticed that in operating the multiple product of operator s_C, we must 
pay attention to the order of operation of each single operator s_C. For example, in the 


triple operation of s_C, the formal expression is written as 


(s_C)? B=[s_ 4-4-1) PB 
aie (53) 
2=[s_(e74-e4—1) P- (cee Be A=-s_B) rete, 
The Dirac matrices should be arranged in the order written above. However, with respect 
to the boson operators contained in s_C, we must take all permutations of the order of their 
operation. The order of operation will be shown by figures attached to s_C. Here one must 


understand that the expression (53) is used by us in the meaning of the following expression 
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1/311 (s_C)[(S_€) 6-C) + (s-€) (6-OEV4L-€) (6-0) + (6-€) (6-C) 160) 


2 1 3 a 1 2 : 

HC) (LC) GC) GO AG iss. (54) 
The correctness of this statement can be checked, if we remind ourselves that the result 
of the Sec. 3 must be modified so far as the ordering of negative energy spinor is in- 
complete. Here we search for a closed expression in which the ordering of negative energy 


components is complete. 
In the example mentioned above (eqs. (53) and (54)), we start from the fourth 
term of the equation (14) of the preceding section, 


1/3!+ (b* (e7*4e4—1) f)*-B 
=1/31(b*CYo* Chd* CH) -B, (55) 
where 
g=$,t+¢1, P=fi+¢-. 


In this expression the ordering of the positive energy components is finished, but the 
negative energy components ate not yet ordered. In the course of ordering negative energy 
components, a pair of negative energy spinor operator is replaced by the matrix element 
of the matrix s_=(1—€)/2, and we obtain expressions with fewer spinor operators. That 
part which retains a single pair of spinors and does not contain any spur expression turns 
out to be given by 


eligi 2 8 3 2 g 8 5 2 1 
totleg iG) (si C) (Cp C) (6) 1) (se Cs) il Cee ee 
ae e Vee thes : 
+ Cs_Cs.C+-Cs-Cs_C hb 8. (54') 
On the other hand, the corresponding expression obtainable by the formula (43) in Sec. 
4 is 
P*C(s_C)*P-B (53’) 


where the bars mean to take the ordered pair of spinor operators as was shown by eq. 
(52). In this way we have checked our statement. 

c) In the formulae of Sec. 4 the fermion and the anti-fermion are treated in a 
symmetrical way, as they should be. In this connection, it may be interesting to notice 
the following relations between C and C’, From the property of Schwinger exponential 


(19) 


e Li xt) — ef load +X) 


(X’; arbitrary), (56) 


we first notice the fact 


eect en. 
[e? i€ uel =—1 — o~ #* log + 0)¢ _ Z (io?) 


= oO CPN = p-Splog(1+0) (4; OT Hx) 
; f 
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where we have used the relation (43) in Sec. 4. 


Next we find in a similar manner 
Wt Eu4) (4443 <— 44) Spf{s , log(1+ G@)} (445 ds 4") 
e aL of =e s_C =e + -e@ 1—s_¢ 


and we see that when we interchange the creation and annihilation operator while we change 
S4->—54, S_—2—s_, our formula is invariant except for the closed loop factor. Moreover 


our formula is invariant to the change of sign of energy: PLoOd~s, Ps Us, Si Sz 
since 


G : G 
(Go =p, = _' =g! (— G6) ft =¢t ——_ 4, 
wee PL P'.=9 wee 


, Cc e Cc 
uk dey Gata.) (4 tre ees), Oe tes) 
é ( —E = € 2 fi 


Here again eq. (43) has been used. 


d) We want to add some comments about the ordering of spinor operators in the 
four-dimensional case, which was treated in our previous work”. 


The well known transformation function is in the form 
O (ty, ts) =Ep (=| dx @Aw)¢()), 


where x stands for the four dimensional coordinate and all the operators are those of 


interaction representation and satisfy the following commutation relations 


ib, (x), $i (4)} =—2S, 4-2) =K, (4-2), if (4—2'), > 0%, 


ina Gala)i) = 1S (42 = KG (x—x), (4—2'))< 0. 


The ordering of (/(/,, %) proceeds quite in the same way as in Sec. 4 and we get eq. 
(40), where we replace 2 by —A. In place of s,-+-s_=1 in Sec. 4, we must now 
put 5,=—s_=K,, in eq. (40), where the necessary time relations come automatically 
from the time ordering of U/(/,, 4). And putting 


(sp— si) /2— Ka,” GS +5_)/2— 0, 
in eq. (40), we obtain 
G=— {a eles z 
1+ (aK,A 
which is just eq. (A-3) of reference 5. And thus our formula (40) can be used both 
in the three-dimensional case, Where 6. 4-s- = ls and in the four-dimensional case, where 


S,+5_=0. 
If we use the same argument which leads to eq. (46), the positive energy propagation 


part can be rewritten as follows, 


* Our functions differ from the usual notations by a factor 74. 
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a A gry ts Ghy) 
Bp | ie oe (57) 
1+ | d’AkK, 
t2 
In the one-body-theoretical treatment, where {/ (x), ¢*(4’)} =—iS(*—+'), the trans- 
formation function is in the form 
a1 
Ot, to) = Exp (— \ dt Pt Af). (58) 
t2 


We now want to show the fact that in spite of the apparent difference between (57) 
and (58) where A appears in place of ier in (57), the result of ordering of (58) 
AK, 
is obtained by putting K in place of K, in (57). A’ is defined by the following equation, 

Kir) = s-7S (ae site 2 0 
' (59) 
_ 0 <= 0 


By a now familiar computation we obtain 


eehie E 4 
(4; ¢ [Exp(+i itt SA)-1') 


GEG isles 
But from the definition (59) of A(x) we get 


at 1 tt t 
Exp (+i | dtSA) =1+i{ aeSA—" de a! SASA'—.. 
te J ta Jta “ 


t2 
t1 ty ty 
=) —| aKA+ | at | at! KAKA'—.-- 
t2 Jvt2 Jte 


1 


= __ — Rae! 
i+ atKA 
O" (by, fo) =e , 
where 
G'= —{a ‘ A 
1+\adtKA 


Thus in the four-dimensional case, too, we have established the relation between the one-body- 
theory and the hole-theory. 


§ 6. Conclusions 


. In this paper we have examined the results to be obtained by the canonical transfor- 
mation, which is generated by the exponential function of a bilinear form of p* 


It is shown that this type of transformation yields the change of fermion’s stat 
manner as if all fermions were independent of each other 


and ¢. 


és Sines 


B ; 
y means of this type of transformation, another proof has been given to the theorem 
? 
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which is concerned with fermions interacting with an external field and has been first 
established by Furry. (Sec. 2.). 

The transformation formulae have been derived which are useful for one to treat the 
interaction of fermions with the quantized boson field. By the observation of the trans- 
formed Hamiltonian, it is possible to find the efficiency of the one-body solution in the 
whole scheme of quantized fields. (Sec. 3.). 

These formulae are further developed so that they are applicable when the hole-theory 
of the Fermi gas is applied with regard to the states below the Fermi surface. It is possible 
to see how large is the effects of the exclusion principle which is valid for the intermediate 
states below the Fermi surface. (Sec. 4). 

The formulae in accordance with the hole thory have been derived by means of some 
techniques of operator calculus; and the meaning of the formal prescriptions in these 
formulae has been explained. The application to the nucleon interacting with pseudoscalar 
meson field by pseudoscalar coupling will be made in the forthcoming paper. (cf. Ref. 6). 

The symmetry between the fermion and the anti-fermion has been examined. It has 
been shown that the results obtained in this paper can be utilized in the four-dimensional 
consideration of fermion’s propagation in space-time. (Sec. 5). 

The authors wish to express their cordial thanks to Professors H. Yukawa and T. 


Inoue for the discussions and the encouragement given to this wotk. 


Appendix 


In this Appendix we will explain how to make use of the formulae given in Sec. 4. 
As an example, we will continue to consider the nucleon field interacting with Ps-meson 
field by Ps-coupling. Akiba and Sawada” considered the effective Hamiltonian for this 
system which is obtained after the Foldy transformation and the ordering of creation- 
annihilation operators. They have shown that the Dyson transformation used by Drell 
and Henley*) is valid only when the coupling constant is small. As briefly reported te- 
cently in this journal’, the analysis of the one-body problem shows us that the transforma- 


tion function 
T= exp| | b* (x) tan! (10,6 (4) — pot (4)) 2) dx | (A-1) 


is suitable for our purpose. In the derivation of the Foldy transformation the meson 
field is treated classically, but in our new type of transformation the quantum-mechanical 
nature of the meson field is taken into account to a certain extent. 

Now, by this example we will explain how to deal with the factors [1+ Cs_|~' which 
are due to the exclusion principle in negative energy states. 
a) For convenience’ sake we introduce here the following notations ; 


Si) =exp| F tan" Gy) Ht @) |, 


SAG eee exp — Scan" (ip b (2) — pet (2) )| ee) 
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G, =Ab—ipe7, G_ =Adtipn. (A-3) 


The Dirac matrices are represented by the following projection operators, 


+-= (1; +70.) oe. += (0,7) \ ieee 
(A-4) 
Were OR ery ee. _po= (1—~ap,) /2; 
where the multiplication law for these operators is given by 
«8 0s One a6 (a, B, 1s g= ae) (A-5) 
The operator S(x) is expressed in terms of the following abbreviations ; 
epi (OE Sige BN (A-6) 
where we have put 
Pr=V +) /2M,, On=V1/2M,04+M,), (A-7) 
with 
My = V1+G,.G_+2ndud. (A-8) 
The quantity J appears when we take the commutator of G_ with G, 
iG Gl 2Aud, (A-9) 
Then the operator C is expressed in terms of the above quantities as 
C=S7S—1=[,p,P,+_p_P,—i,p_(O,G_) —i_p, (G,0))] 
pei +s oP 7 (0,62) te eG Oden (A-10) 


= vee. SpoN ai bees Doe} 


where we have put 
Sha EOE eee Sa prema. Uy cee 3 nae 
A=f (‘on (O,G ) x (G : Q,) Ls A = Po Py+ (Q,G ‘) ‘ (G:0;) aa 


Z2=P-(QG_.)—(QG_)-P, Z= (G0) P.—P,(G.0,).  (A-11) 


In the following computations the recoil effects are neglected, and we assume that 


Sama ae (A-12) 
b) First we consider that part of the transformed Hamiltonian which has its o 
the energy of the free mesons. 
the Feynman diagrams, the 
Sec. 4; 


. If we disregard the effects coming from closed loops of 
desired expression is written down formally by eq. (50) of 


rigin in 
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Ciel o FAs 


= lexp ({ opt. Got | exp i) ht, g Gy, | exp (-{ ft ; GT _| exp | | b_Gy a Waly 


bese (A-13) 
==) ala +| P*Gw: Hy + ee, 
In the consideration of one-nucleon state, we must deal with the operator 
~ 1 5 = 
gp — 1 Jig — (Csi) SA yt (CsaGs_C) fin (A-14) 


1+Cs_ 


As it has been stated in the text, we must not calculate the second term in the way shown 


by 
2 1 
Cs2Ge IEE 
where the superscript indicates the order of operation of boson operators £6 ENG, he and Z. 


Actually if we calculate in this way, namely if we calculate 


> 


ou 2 zZ 1 1 
(OTE = EOE MY Z [ p ee) 0.2 |-Ay 


= .p,2+(Z-Hy) +_p_X: (XH) (A-15) 


gap _2(X- Hy) isp eX (Z>Ay); 


the result is not Hermitian and unsymmetrical with respect to the sign of energy (i.e. with 
respect to the interchange of ._<-—>_/’,)- In order to find the way to get rid of this 
defect, we go back to the formulae given in Sec. 3. There the corresponding part of 


the transformed Hamiltonian is given by 


UH yU=exp|| $5 (S'S) 9-H 
= Hy t |p" (S"'HyS—Ha) (A-16) 


+ ail gis{ f'* (S'S! — Hu) P'S 


=| GUST S11) ONG 


After the ordering of the negative energy components appearing in the third term we have 


1 Ysgt| (S71) op (SH S— Hn) 08S) wx (Su S— Ha) oP) Fo 
2; 
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a= [Piaf (S) op (SA S— Fis) 53 (S) ux — (S'HyS— Hy) 69a} $0 (S-) x3 
3) 
' 
+ $1.54 »” }$' 5 (s-) oa] 


=—+[{ (tS), (s_C-Hi) 1e(S) ar— Pi s_C A) sh pts (A-17) 
2 


+ bhal (S71) ap (CH ys_) po (S$t) p— (C- As_$") 5} | 
= — gt (S51) s_C-Hu ft +. C- Hus (S7IS— DP}, 
2 


except for the spur expressions. (Here we have written down only those parts antes = 
responsible for the transition from the vacuum state into a state where only one pair is 
present ; other terms are similar to these.) In eq. (A-17) the boson operators con- 
tained in C operates on /7y first, but the Dirac matrices contained in it should be ar- 
ranged in the order formally shown by the last statement. This shows us that we must 


calculate 


(/2(CsSG He PORCH): (A-18) 


Indeed the result is symmetrical and Hermitian. The third term in eq. (A-14) can be 
examined in a similar way and we find the prescription stated in the text (Sec. 5). 
Namely, in the higher order products of (s_, the Dirac matrices should be arranged in 
the order shown by the formula, while as regards to the meson operators, the order of 
operation should be symmetrized and all sets of its permutation should be taken into account. 


Consequently we should calculate 
1/(1+-Cs_)-CHy=C+ Hy— Cs_C: Hy + Cs_Cs_C: Hy —*+, (A-14) 


which is formally equal to 


1 
—— gles Syoiee p-X+i, Qe =1" p,Z |*Ay 
apt 9 1 pokey DONG? 4 
Ti a Rea *'¢ 
=] .7,(. Sy : /, NHileg 
E ie cereal AX (A-19) 
iia ye yates Z Sef Bice ees Z | 
' ( ee { (2 ee) tidus 


faithfully keeping the following rule that the following replacements should be made in (A-19): 


1 , ets 
oes —XV)"Z—> v1 re n-t se, he 
OS Ga aN hd? rarer (GO 41 8) 
ees eee 
Spa ANY (A: 20) 
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es ee SoS eG) 82> Ass Ss uued eos 
1+. n=0 2 n=0%t=0 j=07-+1 ta+7+1 
Ae BEAT BGA Olan da GW Atey SACD ahem 
ilk @o 
2 
PepaitaOee(t--7 ert 1) (0 4+-7-+ 1) 


CSB SGU AAS OA eo 


This replacement can be achieved by means of the following artifice: in place of (A-19) 
we calculate 


. bbohe . e 
| «(4 al dx'| jecaaee |Z a ge a Ay, bs) 
ZIG BOS Ap egyX ly Lay x It+ayX 114+4X (A-21) 


X : = 
sg i ec Pag)“ etch 


In (A-21) the boson operators operate on /7y in the order from right to left. Actually 
the result of the w-time operation of XY on //y, i.e. the expression formally represented 
by X"-Hy, can be computed systematically as functions of 7, and we can get the answer 
in a closed form. 

c) Next we will consider that part of the transformed Hamiltonian which has its 
origin in the meson-nucleon interaction energy. 


Here we must deal with 
U-'D* ob hU = (P*S~') ($2) ap (UO) (SH) - (A=22) 


Our first task is to obtain the expression in which formally the exclusion principle in the 
negative energy intermediate states are taken into account. We will restrict our considera- 
tions to the term which is responsible for the transition from the vacuum state into the 
state where only one nucleon pair is present. Other terms can be dealt with similarly. 


Now the desired term should be derived from the expression 
1 PFS") OY (SP) a)o 
= (1 (Gt Hh) Sm ppa( At Gi Gpt) (1—PLG@7_) -B} LSP} ado (A: 23) 
in which U~'6U/ is computed by the formula (50) of Sec. 4 up to the second order. No 


other terms give contributions, since they contribute only to processes in which more 
fermions play their role. Here \, denotes the vacuum state and ), the one-pair state. 


The term (A-23) can be transformed as follows, 
4 { P'S" bad e! —$'G7p_) ‘ o} { Spt} o y 
4 ({p_ S709} of (GLP) A— Yt G7G_) -BEISPE} ado 


ar t wo or. pt 
=K GSH 8), Sev») 


(A- 24) 


ah (S —"P2) ha (o', Gs_) Af Tae i é)ss SS) Pn 
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=p S pes (SS ees a8) 9 — Gt Gs_Say p65, (reer d) yt, 


where use is made of the following relation, ),. representing the vacuum state and ),, the 


state where only one anti-nucleon is present, 
nT 1b (SP) o= 1 (A — PL G7$-) -B} ISP te) on 
== 01 ((¢— fin (GOs -9) im) (Spt ‘ 0 =o1 (d( Spt ) a PG ypbSos [35) Pah (A x 25) 


= (S(1—s_G) bf) =(S nore dy!) . 


Thus we have 
1 —s <— 


14 (*S~'po) 7 OU (SP) « = 9i( Spo oF Opt 
i (A-26) 


= Ham (GPa) 8 (GG oe), Ouse 


from which the result given in the text eq. (51) is obtained. 
Then we go back to the formula of Sec. 3 to find the way of dealing with the 
multiple products of s_C. By the formula (14) of Sec. 3 we have to calculate 


1( (P* S71) a (exp [P* 5 C]-9) (SH) a)o 
= 1 (P*S7"00) a {G+ $* (S~'9S— 9) b 


1 */—1 ee / / 4 —1 5% / 
shits Pak a tarkcs OS’ —9) f/ S— gp! (S''4.S’— 6) bh (A+27) 


raed } (SP) a)o - 


We will examine the third term of the expansion of (A-27). It can be transformed as 


2 \ (ESS (is ») a bs { nM Lee (C -0) Br ps — (C-0) Brad bol igts (S$!) ae 


| 


1 + 
3 pages (S ") yt (b_a', at f' aP—s) ar (ght S~* ps) 1Y-a_s} 


x Wisk (C-9) ar I pe— (C:¢) pyOke? ft pts (S) ree ys 


I 


1 SI a Qi | + + — 
2 {Hie (2) val Say (C9) srSpe— (C-4) s19a61(S) xp 


x [ (s_) po (s_) nis aS) ag (@e9) 5p | 


eat Oe fig) val ” IG 
xX | (s_) ps (S_) a Piy oie) 8s (S_) ni] 
+ (YS pe), | 99 GON y. 


x [ (s_) pa (59 ape + (Gea ps (s_) col celt 
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=1/2+ {gh (C-4) (sS~pSs_) CHL +. Ph, (C$) (-Cs_S“Ip,S) pt 
+9 C(s_ i Pe oe )(C-¢) PL +¢'.Cs_(C- Mos "0: Sit (A: 28) 
+, (S“p,Ss_Cs-) (C-§) gt +g, (SY Ss-) (C9) s_ CP} 


Other terms contain a spur expression and are discarded. This result shows us that we 


should calculate according to the following rule 


1/2-P'[ (CB) s-jros-C+ Cs_ jas (C8) + (C8) 5-C5-§ 


4 C5_(CB) spat Pos Co (C8) + frs_ (C8) ca ue (A-29) 
where we have put 
P= S05, (A-30) 


and boson operators contained in it should be put on the both ends. The Dirac matrices 
should be arranged in the order written formally, while as regards the boson operators 
contained in C, the permutation of their order should be made. This result is equivalent 
to that obtained from the third term of (A-26) if we obey the rule stated earlier. Thus 


we have checked our statements made in the text, “The boson operator contained in 


So or oe should stand on the left- or right-hand ends respectively.” 
Consequently we should calculate 


| COEIP.+PLG.Q)) BO EEO) 


C7 1 1 Ee ee al = 1 
=| at. Se A Ss Vi, a 
2Jo 1+4X 1+4X Tee eX, 
eae 1 
il + aX it + x xX 


+ PP OG) (QE))| ax 


>< arg eat : 1 Ga 1 
Dy ane Ga Us A |: 
Cree), O)) |e ne |S 


— 9] GB) PA POC IM aah 7 (A:31) 


| ie 

—ip-[—C(G.Q0%, (Oe) oy 
£ (PP, (OG) (QG-)) - + |8 

+i P+ |- «Ge O)P+P,(0,G- ios na eee 


ea) 6.0) nt 4b, 
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in the place of the formal expression 


1 a, es 1 
pe Se 050.9 
1+ Cs_ “a 1+s_C 
={{1- pe re |e P+ -p_P,—t,p-(O,G_) 1p Gay 
oa =| Bl cour. i eis xX 


——— 


x (eS HPH\ LP tp Py bese (O,G-) +1_p,(G.Q,)] 
. z 


LS Macs ed a 
x[1— pg tie. LEX | 


=|{(OAG)?, PEP (GeO. 


~(GB)PAP OG ))( 0A em )2+-0(5) (A: 32) 


mr Aaah AGaes Ik) 


+ (PP (OG) (O,G-))( 0. 


+f -— 


1 ge: 
LHe a 
. 1 
+ PP (6.8) (G.8)) (pA t-te Se) S 


In eq. (A-31) the boson operators operate in the order from the right- to the left-hand 
side. 
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In the general expression of the correction factor, there appear the integrals which contain the pro- 
duct of the nucleon wave functions. In this paper these integrals are expressed in terms of the radial 
integrals, by making use of the // coupling model, and their non-relativistic approximation is discussed. 


S 1. Introduction 


In the first paper')* of this series, a general expression of the correction factor is 
obtained. This correction factor contains the integrals V2 (/,/")» which correspond to the 
nuclear matrix elements in the usual formalism but differ from these in having the part of 


the lepton part in them. In the second paper” **, the integral Ser(s, J’) for the many 
nucleon configuration is reduced to that of the single nucleon transition Bee Ke) eee 


the present paper we have calculated the angular part of Gab CK, kK’). As the result of 


this calculation, there remains nothing unknown in the correction factor, except the products 


of the coupling constants and the radial integrals in YQ, (A, A”) and the mixing ratio of 
the configuration as is mentioned in II. Unfortunately, at present, we have no sufhcient 
information on the nuclear structure, so that the radial integrals can not be calculated. 


In the third section the non-relativistic approximation is discussed. 


§ 2. Relativistic treatment of 2 (K, K’) 


The general expression of the correction factor is given by (I. 24). This expression 
. 0 % . . . 
contains the unknown parameters Sie Osha me aS mentioned in I, these parameters 
reduce to the nuclear matrix elements, when the lepton part is evaluated at the nuclear 


radius. If we can calculate these parameters completely, and are able to determine the 


coupling constants, there remains no ambiguity any more. 
The coupling constants should be determined experimentally. On the other hand, the 
parameters Eve! Cfa/)' are to be calculated theoretically when we know the nuclear structure 


completely. To our regret, however, at present the sufficient information on the nuclear 


structure has been obtained neither theoretically nor experimentally, and we have to make 


* This will be referred to as I 
** This will be referred to as I. 
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i ters. In the following, we 
some assumptions on nuclear model to calculate these parame g; 


shall assume the 77 coupling model. . 
As is shown in II, the parameter Ce? (of, /) . torethe stdany nucleon configuration can 


ae aie Ses = 1 
be reduced to that of the single nucleon transition, \¥0)(A, A’)*; where K or X’ 
=+ (Jp om wt1/2) for Jp or w=le o wl /2. Therefore, in the most part of this paper, 


we shall confine ourselves to the single nucleon transition. 
Ya (K, K’) is defined as follows**: 


Far K, K) =| (r—R) °°? Dy (Ki K’) ary (1) 


with 


oo 
5 
—~ suv 


(K, K") = (2b+1) 7"? (1/2 Y 2) 11/2) (Ki Qa.xY_,, (GMA) — (2a) 


U 
for odd w, and 
Ti» (K, K’) =—1(2k+1) 777 (1/2||F,,(0) ||1/2) (Kile, X Some (Go, 9°) ||’) (2b) 
for even w. The reduced matrix element is given by 
{¥*OuxX Vie (6, Y) PdQ= (Jy u7p|ne'm—m'm) (K\|Qe, xX hee (o, TNR); 
(3) 
where / and Y are the initial neutron and the final proton wave function, respectively, *** 


In an arbitrary central field the proton wave function is 


—ik’, Vier 
= | : (4) 
Ge Ur 


The neutron wave function has the same form with /*¥,((%X,) in place of  E( G7 cee 


and (7% are the radial wave functions, and the angular parts are 
Ax=>\ (Cx 1/2 7p|m— TTm) aie ACO b ere (5) 
= 


Inserting (4) in to (3), this can be written as follows : 
(P*Qox Fg, ) Pd 


ba e Oh (Ye ee oS 1) Liv) —EGR ER (Ye 7 (6, 7) yh) (6a) 


u(kn) 
{ for odd w, 


S(GE (GUL Tey, War gins following, for the sake of convenience, to distinguish proton and neutron 
we shall use prime for neutron and no prime for proton. The exceptions are JP, IN, lp and ly. As 7 or Z is 


used in I to represent the total and the orbital angular momentum of electron, we use Jp etc. instead of 7 
etc.. 


** Cf. (I. 25). We use the same notations as in I and II. 
Ho aed idee 
Note that the integration is only over the direction, and not extended over the whole volume. 
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= FRE (Yk FP ho” (GV) 1) +ECk Oh Lis Fs" GV) Le (6b) 
for even w. 


By making use of Racah’s method*, the matrix element of Y-"," (6, ”) can be 
ED 
written as 


Ae 
(Les TG Y) Lx 
= (1) rine (27,41)? BIZ alld) Se selm!m— mlm) Bae KK), (7) 


where 
By, KK’) =[ (2lp +1) (2ly+ 1) C27e4+1) (27y+1) (2u+1) (2041) /27}” 
«(5 Sa (s) 
1/21/2 & 
From (3), (6) and (7), the reduced matrix elements are : 
(K100,.X FY _.,.(G PIA) 


/ a 1)’P print? ptyti/2 C74)? AY, II3) 
| x [FE OX Ba (—KK) +6,GRFX By (Ki— K’)| for odd w, (8a) 
(—1)settytte’ (272+1) ? AIlF alld) 


MPEP Bi — KK’) —&, CECT an (K,K’)| for even w. (8b) 


where Zp==/p(K) and not /p(—X). 
From (2), (3) and (8), we have for odd w 
., (KK!) = (—1) fetinttot | (28+) (2 FoF YT? 1/21F 2) Il1/2)" 
x [FR GS Bian (— KK) +& Ca FEB (KK) | (9a) 
and for even 
(KR) = (= 1) Petit ete] (22-1) (2 fr + 41) 77? (1/2I|F.(9) 11/2)" 
X[(P x Fe Pun (—k,—K’) Ore Gv Digg tee OO) de (9b) 


See: 


The transition probability amplitude j Hitz for single nucleon transition can be written 
from (I. 12, 13) and (8) as follows : 


{ Hide = (Hy A tt pt otaese 


x2 sy L: ey, aya ( x bay ne Hes) (e+ 1) G/2 Ball /2)° 


xf fatn, B oe —K,—Ky) +E§ a Bum (ts xy) } 


* As to the references on this method, see I. 
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x {FR GS, Bysg(—KK) +6, GEER Bim (Ki KY} ar 


oat, ui $e a )( Jp Jv )(2k-+1)- 1/2 ile ‘2 || Y . Hiya 


afl fh eae, m —m' m'—m 
XJ {fe 8%, Bue 1) 5 Safa, Bare —K,) 
x) FRER Bux(—K, —K) —& Ce CR Bunk BY 7 dr]. (10) 


Here s and s mean odd and even operator, respectively. 
Inserting (9a, b) into (1), we get 
i) for odd w 


Fe (K, KY) = (— 1) Petit et (224-1) (2 fe +1) 7" /2ii Pall 1/2)° 
[Bs (— Ky K) M2" (K, KY) +6; Bue (K— KY) BY (K, K)), (11a) 
and ii) for even 
Ba (K, KY) = (—1) tetiat ee] 2244) (7p 1)" (1/2 Fall 1/2) 
X [Bune (—K.— K") © (K, K) —&, Bay (K, K) D™ (K, RB]. (11b) 


MO? K, A), BK, K"), © (KK) and D*(K, K") are defined by 


Mer Kk Ky =| Ca Rr Fe Gk a, (12a) 
6% (K, K) =) 7—R)* 2" Ge FR, adr, (12b) 
6 (K, KY) =((r—R) 49? FLEX, dr, (12c) 
DK KY =$ VR) OR CR, dr. ee 


When we substitute (11a, b) for | a2 (A, A’) in the correction factor (I. 24), the phase 
factor 


(—1)iptint?p (13) 
drops out. Therefore, \\%(/, /’) in (I. 24) is to be replaced by 
(= 1) Bw) (2441) (2p +1) 1” (1/21 Yl] /2)2°R2 LK, KY, (14) 


where /(2) is the ratio of Y%( J, /’) to Yad (ie A’) given by (II. 11). Rel (7G Ry 


is given by sh 
Ren KK") = Bay (—K, KYU (K, K) +, Bing (A) 37" CR). (15a) 


for odd w, 


and for even w 


Oe ON se F han ke 7I\ (Sab (77 JP > 
Kal K, KY) = — Bay (—K, —K) C8 (KK ) + EBay ( KK’) D*° (KK). (156) 
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By performing this replacement, the correction factor (I. 24) becomes as follows : 


C= wus ee That eee SMaleAl Ad ; (—1)""" : 
PGF, (XR) (27 +1) (27p+1) Le eye 3 (2u+1)°(2k+ Wile (2k'+1)'” 


xB (u) (1/2\|Yall1/2)?a/2i1 Yall /2) 
me [erssPronn (x, Ky) P isstx Vea oe 
v 
ReSea erae Ke 7) Srna) 2 (CK) * 
is Diataneh (K, Ky) Pa ssrn, Whe. bee oe 


x SN) +741 (K, kK’) Qa Mele) +5t4 (K. K’) K 


(M1) HES 
Se AUssturvt (Kk, Ky) P wiss! fe a Oey 
5 (N18s/5 i 7) » r j r = 
SK FRE Mase, 481K RT) Seren Naeel,) 4541 KK) * 
(Na) X Joss! 
at Ussturat (k, Ky) Prasslx, Lf epee Oa ms) 


x Gass ase’, ) +i+1 Che ia) Geant Nare +j+1 (K, kK’) * (16) 


Suu 


ig tae : 
(—1)'*” is 1(or—1) when the even-odd characters of w and w! are the same (or different) ."’ 
In this formula, 2(7) connects the matrix element for the many-nuleon configuration to 
that of the single-nucleon. av,,, etc. are the geometrical factors for the leptons. Gxnm 
Mynm and Nynm are the electron radial parts, and the factors G xssrn, Oye ate vthes neu: 
trino radial parts. The factors Re (K, K’) are the nucleon parameters. 

In I we have taken the factors 4%>(/,/’) as unknown parameters. In (16) we 
consider the integrals Ri. (K, A”), or er CKGeR is 3a); CK, A panda a” 


(K, A’), as the parameters. As is seen from (12), to evaluate these parameters we must 


know the nuclear radial wave functions. But these wave functions are not known as yet, 


and we have left these integrals as unknown. 


The integrals 87,2 (4, A”) depend on w and v. But the integrals 2(*(A, A”) ete. 


Suv 


are independent of 7 and wv. . Accordingly, by the use of 1° (K, K’) etc. in place of 
Rx? (Kk, K’) the total number of the parameters are reduced. This reduction facilitates 


Suv 


the comparison of the theoretical curve with the experimentally obtained spectrum. 
As the angular parts are already calculated in this paper, we shall be able to deter- 


mine the coupling constants when the radial wave functions are known. Or inversely, 


when we know the coupling constants, nuclear configuration and the radial wave functions 


of the nucleon, the half-life and the spectrum shape can be predicted from (16) 


By taking the non-relativistic approximation Rose and Osborn” have obtained the rela- 


tion between the various radial parts of the nuclear matrix elements. The analogous pro- 


cedure may be applicable to our calculation. But as will be seen in the next section, if 


we want to discuss in more detail, such a procedure leads to complexity. Therefore, we 
prefer to treat the nucleon telativistically, though the reduction of the number of the para- 


meters is not sufficient. When there are many parameters to be determined in the correction 
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factor, the determination may be done by the method of least squares’. 
Although % (A, A’) and B%’ (4A, K’) are of the same order, ©*’ (A, A”) is usual- 
ly of the order of 1/J7° and can be neglected as compared with D*’ (A, y 4a 
§ 3. Non-relativistic approximation 
The Hamiltonian of the nucleon field coupled to the lepton field is 
H=Hyt+H,+ Ay (17) 
where 
Hy=—BM+GytOvn (18a) 
is the nucleon Hamiltonian, and 
H,=6,+O, (18b) 


is the interaction Hamiltonian while /7, is the lepton Hamiltonian. G and © are the even 
and the odd operators: 


aon Ve) =( V; oa): (19a) 


0 
Oy=—aP+1(0)=—aP+( ve ie ), (19b) 
S,= So. X vo (6, r) L,(r) 
| BOF srr) 0 


0 & LANGA (6, 1) ) (19c) 


u(kr) 


8 


=>, 
& 


O,= Mae; x pice (o, r) Z5(7) 


8 


ey 0 Lr) FN (G, 1) 
TOW petiole er ) Se? 
ey and 1’(0) are the even and the odd potentials. Z.(7)) and Z;(7) are the lepton 
radial parts multiplied by certain factors* : | 
L,(r) —— (== 1) I Tere ae (Be Ly) =¥* (1 foi 7 ali/2)( 7 ae iL ) 
EA eA a fl ae 
x ee 8x, Big (—k, Ky) =, Sila, Bu (Kk, —«,) |Q, (20a) 
Lg) = (1) PAO) (26-4 1)-¥2(1/21 | Se 
v t hors 11 7 Av. 
/2NFall1/ a, —fy eae) 
Xt S a, Bui (—K, —=i,) gears Su Ex, le (x, ry) |Q. (20b) 


TUCHE(La7an by: s(s) is used to specify the even (odd) character of W, (ws) 
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Rose and Osborn” have considered the many-nucleon Hamiltonian, and taken as the 
potential the sum of the two-nucleon potentials. In this paper, however, for the sake of 
simplicity we assume the single particle model. The Hamiltonian (18a) is the one nucleon 
Hamiltonian, and the potentials (ec) and V(0) are the nuclear potential for one nucleon. 
The mutual interaction between two nucleons may be treated as the perturbation, and the 
state with the mutual interaction can be constructed by the superposition of the states 
determined by the Hamiltonian (18a). 

When we eliminate the odd operators of the order lower than 1/J7° by repeated ap- 
plication of a canonical transformation”, the following expression for the transformed 
Hamiltonian, approximate to the order 1//7”, is obtained : 


H'y= —BM+ E y— (8/2M) Ox + 1/4") Oy Sy Oy— 1/8I)[Em Ov] 


and (21a) 
Hi =E,— (8/2M)[(Ox, Onli t+ 1/4) (On Sy Ont On Sy Ont Ov Sy Os) 
— (1/8M) (Sx, (Os, OxlilitlSn, Ole) (21b) 


where [A, B],=AB+LA. The terms quadratic in the nucleon-lepton coupling constants 
are neglected. 


By setting S=—1 in (21), we obtain the non-relativistic Hamiltonian. From (19) 
and (21), the explicit forms are : 
Hy=M+V, : (22a) 
+ (1/2M) | P?— (U,4+ 0.) 6P+iU]! or/r+U {045 (22b) 
+0 /4I) [VV P10! — Vr P/rt (VV) ole x Prt Vi/@r) 
+ V7" /2 (220) 


— (Vi—V.) U,+ 0) OP +71) (GV)! — Va + (U,V)! + U1!) /2\or/r], (224) 


and 
y= >i Ades Ls es (23a) 
set AM) § (1-8) U0 oL., You — A—-&/2) PU; Te erly poy 6 Bg 2 
= (=Sy DCA Kl wes EAL CPL, 7 ../2 (23b) 
Me PO CP Elan 7 glk] 2 yt oes Fi nf 24) (23c) 
ya 20) | CeO) Ls FO xe (23d) 
“3 SOP Lg ay Cal a OE (23e) 


By 210 Gn at 1-252) O Wy VU f2—U V2) Lie PA 2 (238) 
Ae, Ga V,/2) Le 4 em OP +85 LY in PV, 
Gg P(V,—Vi/2) Lz Vw + ViGPLs Yin/ 25) (23g) 
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with the assumptions that the |’; and U, (<=1, 2) are the functions of only and 
[d,-Va\=04 |S; iO (24) 
In the above expression the following abbreviations are used : 


Yo= Fe, (8, 1), 


u (ke) 
] =adV,far; C=d fae 


If we assume the /3-decay of RaE as 0->0 (yes) transition, and want to explain its 
spectrum by the linear combination (7, P)", the potential (0) is important”. But 
recently the spin of RaE was determined by Smith" as 1, and we have no immediate need 
of this potential, There is, however, no evidence that this potential does not exist, and 
so we have retained them. Konopinski’s spin-orbit term’ corresponds to (22e) and 
(22g). To explain both the spin-orbit energy and the RaE |?-spectrum Konopinski has 
assumed that these terms are large. His argument is based on the assumption of the spin 0 
for RaE, and as the result of Smith’s experiment the support from /3-spectrum has 


vanished. But from the consideration on the spin-orbit energy, these terms might be 


large. 
: The matrix element of /7; is the sum of the integrals of the following four types : 
(Bae LE) UC) Zant 1) Rar Y's ae, (24a) 
§ (Ra 1) "uP (P) onto (7) Rien 1% dey (24b) 
IB 0) *007) You Pw (1) 2! x 1 de, (24c) 
(Rae 1) U7) CPO(1) ZowGPw(r) R' x 1's de, (24d) 


4) M : i = ; ‘ 
where /t x Y'% and aN xs yw are the eigenfunctions of //’,, for the final and the initial 
states. 


By the same method with § 2, these integrals are expressed as ; 


(Rx HE) *U(1) Yat (1) Rie 6 de 


(a \ iy tt ptm ator Te Jw dd wa) : 
(—1) t*tptm; a aes ) (1/2 Yall /2) Ban AER?) 
a Rku(r) w(r) Rea? adr, (25a) 


SR ye) UD) OP2 (1) Yantv (1) Ri a 1 dz 


4 Mm ~My My—Mp (/all Zi\\1/2) (1/2 7 1\\1/2) 


” rrr} a) R 
X Crm (KK Cp — 1) (RUC) } (0/Or— (Lp — 1) /r)v(r)w(r) Rei? dr 


+ Cron ( AK" Ly +1) | RRL) | B/Br+ Un +2) [ro (rw (7) Ble irae), 
(25b) 
( (Rey *u(r) Ya B- Pov (r) BR pp yt 


x Vi AT 


Beta-Ray Speetra, [IT fay) 
alias pdt oh 7 et Tp Wh Ht (6); / (6) 
ae Mp See ity— Mp )a/ai 7 \\1/2) (1/2\| 77 l11/2) 
X [Cr (KRly— 1) § REu(r) § (8/8r+ Cyt) (Nw) Rat? adr 
Cage dy 1) j Rin (7) } (0/dr—Ly/r) wu (7) Rie a ar}, (25c) 
j (KR x vn) *u ()oPvY ,,0Pw (r) Fels Vu at 


=(—1)tatteme( Je Je Vey fay Qil|1/2) (0/2 Yall4/2) 


Mp —My My—M, 
x [Dune KE lp —Uly—1) § REx(r) | (0/8r— (Cp—1) [rN vr) (8/ar+ Cy+1) /7) 
xw(r) Rei? dr 
+ Drop KR Up + Uly— 1) § P(r) | (0/8 + Up +2) /r) vr) (0/ar+ Cv+1)/7) 
Xw(r) Rei? dr 
+ Duy (KK Ip — Uy+1) § PRU (Y) | (0/8r— Ule—1) /r) v7) (8/8r—Ey/7) 
Xr) Ra? dr 
+ Daan (Kp + Uy + 1) | Ri) § /Or+ Cn+2)/N 2%) (8/r—=ly/7) 
xw(r) Rei? dr). (25d) 
Cr(KK'P) and D,,,(KK’PR) are defined as follows : 


Qjrt 0) Biv V) Gly +1) Blt V) Gut) Get ]" 
3 4 


Can KEP) = 2} 


: Tie P 2 
Fee et tiel [ea | ae Nee 
x (2P+ 1)( / | Spee pret Wael 2ee 

0 00 M O00) 44 t/a p : an: 


2(2ir$2) Bin t1) Cle +1) lat1) Qutt) Gott) 1" 
3 Z 


Di KK'PR) = af 


i 
x (2P+1)( 9 5G )WO/2 Lr les 1/27) QR+( Foo 


, eae Be 
WAL 2 Lita > L/2 R)( eae ) Tp Ju tb } 
Diol) 2ee 
/1', contains too many terms, and moreover it is very difficult to obtain the relations 
between the radial integrals of (25)* from /7; ¥. But when there is no odd potential and 
the terms of the order higher than (1//7 )? are discarded, the same treatment with Rose 
and Osborn”) can be performed. In this case (22) and (23) become as follows : 


* Cf. eg. (29) of the reference 3), 
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Hi=M+V,4+-P?/2M , (26) 
H; = Mae é, L, Doe (27a) 
+303/2M (—oPLa Fisw—Er La Y iP). (27b) 


Suu 


The matrix element of /7;’ for single nucleon transition is given by virtue of (25a, 


brec)a and. (Ipe7a, 1b). 
(02207 Cas 


ane 2 1yigttpinptitstitiote: 7 &e a ) ere Jy 2 ) 
= Oak LEN Pase (ae py P+, ( Mp —My My— Mp 
x (2241)7?(1/2|| Fall 1/2) "Boaz KK’) 

X[Bae(—K, «,) Sear RE, ome 


=e Dain (Kk, —K,) (7 ar R* Stn, Fels, 


S173 /2] (7 Jw a Naz ay “uw * 
pee ae Mp — My My—Mp Nes — fy, on) 
X (2241)? 1/2] Fill1/2) (1/2 Y el]. /2)? 
x[(—1) Fytip-l y—mptiti tlte | 


X 1 Cuz (KKTp—1) Baz (Ke, —K,) f° dr RE@B/Ar—(lp—-1) (Nf f% Rn 
+ (or ONG: (KK Tp eX 1) Be (kK, Ky) jr ark x(0/or— (/p = 1) fx jes fake K's 

+ Cw (AKC +1) Buse (=e — 0) §7? dr RE(B/Or+ (lp +2) (Nf fe Rl 
FES Ck KEL +1) Buca (ey ey) SP dr RE(@O/Or+ Ip +2) /N ge, ox Ra! 


oe (— 1) Daytmpt gt] A240 +1 cE 
X (Cui (BK y—1) Buse (—", —0,) Sd REFS, (8/8r+ Uyt1) [YR mn 
Tee Couik (AK Ly — 1) Be (x, Ky) es WR oy fx (0/or+ (ly-+ it) /r) Le! x 
+ Cui KR +1) Buse —«, —W,) |r? de REL £2 (8/Ar—Ly/r) Rig 


+E :Coit Ks 1) Buia ts 0) (7° dr Riga gt (8/8¢—In/r) Rl. (28) 
The correction factor can be obtained by making use of the method of I and the 


di . : : 
fferential equations for the lepton radial wave functions. But as may be expected from 


(28), this treatment is very complicated, and at present we shall no more meddle with 


this approximation, 
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§ 4, Concluding remarks 


The correction factor (I. 24) serves to examine whether Fermi theory can explain the 
experimental results or not, or to see what kind of the linear combination of the interac- 
tions is profitable. This correction factor does not depend on any particular nuclear model. 

If the 77 coupling model is a good approximation, the ambiguity of the parameters 
of the correction factor is much reduced by the results of II and HI. Or inversely, if 
the experimental results can be explained with the correction factor (I. 24) by adjusting 
the parameters suitably, and on the other hand when these parameters are reduced to the 
integrals 21%°(A, A”) etc. by the method of II and III, the values of these integrals are 
unreasonable, this unreasonableness can be a criticism of the 77 coupling model. 


The application of our argument to the experimental results is now in progress. 


Acknowledgments 
The author takes pleasure in expressing his appreciation to Professor Seitaro Nakamura 
for his encouragement and interest, as well as to Mr. Susumu Okubo for fruitful discus- 


sions. 


References 


1) H. Takebe, Prog. Theor. Phys. 12 (1954), 561. 

2) H. Takebe, Prog. Theor. Phys. 12 (1954), 574. 

3) M. E. Rose and R. K. Osborn, Phys. Rev. 93 (1954), 1326. 
4) A. M. Smith, Phil. Mag. 43 (1952), 915. 


5) L. I. Foldy and S. A. Wouthuysen, Phys. Rev. 78 (1950), 29. 

6) S. Tani, Prog. Theor. Phys. 6 (1951), 267. 

7) A. G. Petschek and R. E. Marshak, Phys. Rev. 85 (1952), 689. 

8) M. Ruderman, Phys. Rev. 89 (1953), 1227. 

9) H. Takebe, Prog. Theor. Phys. 10 (1953), 673. 

10) K. Smith, Glasgow meeting (1954); private communication from Dr. M. Umezawa. 
11) E. J. Konopinski, Phys. Rey. 94 (1954), 492. 


758 


Progress of Theroetical Physics, Vol. 12, No. 6, December 1954 


Kinematical Investigation of the S-matrix 


Masaaki KAWAGUCHI 


Research Institute for Fundamental Physics, Kyoto University 


(Received September 16, 1954) 


A general method is proposed to investigate the kinematical properties of the S-matrix in a covariant 
manner, independent of the method of approximation and the type of interaction. The S-matrix is 
separated into a definite number of independent duses, i. e., the kinematical parts and their dynamical 
coefficients. The number and types of such kinematical bases are obtained for one fermion problems 
and boson decay processes. As an application we can derive some absolute selection rules for three 
body decays. For example, a spin 0 particle cannot decay into three photons, any two of which making 
an angle of 120° with each other. The same result holds for the decay of a spin 1 particle into three 
identical spin 0 particles. Some of our results are useful for analysing the decay of t-meson. 


$1. Introduction 


The kinematical investigation of the S-matrix based on the mere assumptions of 1) 
Lorentz invariance, ii) conservation laws, iii) current field equations and supplementary con- 
ditions for the external lines, has given important results to meson theory. We pay our at- 
tention firstly to the absolute selection rules discussed by Yang') and Peaslee’’ which have 
served in determining the type of pion, and secondly to the work of Wolfenstein and 
Ashkin" to find out the most general form of the transition matrix elements of nucleon- 
nucleon scattering in a nonrelativistic way. The arguments on these problems are purely 
kinematical in a three dimensional version, but are not systematic. 


It is the aim of this paper to observe the kinematical properties of the S-matrix in 


a covariant manner from a general point of view. Our method is an extension of our 


’ . Sie : Re 
previous work’’* which has been used for the radiative processes. That is, a transition 


matrix element is expanded into a definite number of independent bases constructed by the 


four-momenta of participating particles and the 7-matrices. The combination of these bases 


are irrelevant to the detailed type of interaction and the method of approximation. We 


explain how to get the combination and the number of the bases by taking the examples 
of one fermion problem. The argument in 


observation in the fourth order c 
(§ 2) 
The result of § 2 


§ 2 is a generalization of the interesting 
alculation of the photomeson production by Koba et al.” 


is applied to boson decay processes. In our previous paper” we 
have reformulated the absolute selection rules for radiative processes in a covariant manner. 


* M. Kawaguchi and N. Mugibayashi., Prog. Theor. Phys. 8 (1952), 212, referred to as I. 
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We have given, for instance, the four dimensional version of Yang’s'’) proof that a meson 
of spin 1 cannot decay into two photons. The characteristic of our method consists essen- 
tially in inquiring whether or not we can construct the transition matrix element satisfying 
all the invariance properties and the conditions imposed on. Thus, if the number of inde- 
pendent bases of a process is zero this process is absolutely forbidden, and otherwise we 
must say this process is of absolutely forbidden. Although our method does not give any 
new result, it seems worth while to ascertain that some decay modes are not absolutely forbid- 
den and our description is preferable for this purpose. (§3). 

Finally the absolute selection rules for three body decays are discussed in more detail. 
It is found that a scalar or pseudoscalar particle cannot decay into three photons, any two of 
which making an angle of 120° with each other in the centre of mass system. The same 
selection rule holds for the decay of a spin 1 particle into three identical spin 0 particles. 
Further if a vector (pseudovector) particle decays into two identical and one unlike pseudos- 
calar (scalar) particles the like particles cannot have momenta of the same magnitude. This 
is found to be useful for specifying the type of the z-meson"”’’ and the recent experimental 
data show that the <-meson would be unlikely to be a vector particle. It is also noted that 
there is a definite relation between the direction of the polarization of the parent particle 


and the decay plane. (S 4) 


$2. Base expansion of the S-matrix 


We use throughout this paper the momentum representation for practical purpose. A 
transition matrix element JZ is specified by an operator part 7 and a cnumber coefficient 


k, 
M= Ry. (2-1) 


Flere y-1s a product of free field operators or unquantized external fields. The c-number 


part A is expanded in terms of kinematical bases (1, 7,,) and their dynamical coefficients 


Clm * 


R = SiG (A, i) ° (w 4 Zz} 
lm 


Here 7.,’s have the same transformation property as 7. They are built of available four- 
momenta and 7-matrices and are independent of one another. A/s are, on the other hand, 
four dimensional scalar quantities containing 7-matrices. A,=1 always, and if there is 
no external fermion line 1,==0 for / 3= 1, while if there are fermion lines 4, is a product of 
any number of factors (7k,), (7h) ,...where K,, Ky,..-are external Fee USNS There- 
fore A, plays no role in a boson-boson transition. Each 4, does not contain two or more 
identical factors and further the order of different factors in individual /, is unimportant. 
And moreover, the order of A, and 7, is inessential for our consideration even if they are 


non-commutative. The dynamical coefficients Ci's are scalar quantities not containing /- 
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matrix. The summation is to be taken over all independent bases*. 

We apply this expansion theorem to the following two cases: there are besides two 
external fermion lines** satisfying the Dirac equation either i) 7 spin O particles, or ii) 
p photons. Denoting the number of independent 77,,’s and A's by Nz and Wy respectively, 
the total number of independent bases is V= N,X Na. Both examples i) and ii) are 
typical in getting the number and the form of the bases. In fact the former example 
leads us to the way of finding /V, and the latter, on the other hand, is the best example 
of getting V,. These examples suggest the method to obtain the bases in more general 
cases. 

The knowledge on the bases certainly simplifies practical calculations. For example, if 
we want to obtain the differential cross section from a matrix element, one has only to 
calculate at most 1/2 V(V+1) traces to take summation over all possible spin states. 
Furthermore, each base has a definite physical meaning, so that the interpretation of it will 


* We shall illustrate this cumbersome circumstance by an example of the Compton scattering in its lowest 
order of perturbation, where current notations are used. Then the matrix element is, apart from uninteresting 


factors, given by 


JMT=e* b(p) “ fy (k’) Tres (kh, hk’, DP; iO Py = ib (k) ¢ (p) > 


where 
Ruv=ty Se(Ptk) ty t+tySr(p—-k’) ry 
=i(pk-(pk’)*)>. (kypk’—p, kk’) (1, pk—/, rk) 
+i(pk- (pk’)2)-)- (,/pk—p, KK) (7, pk! —py rk’) 
—1/2- (pk)? pk’). (ypk’—pyrk’) (1,pk—pyrk) irk 
—1/2-(pk- (pk’)*)—- (y, pk —p, 1k) (yypk’—py rk’) irk. 
If we put 
A,=1, Ag=lyk; 
Y= hypk!—p, kk’) (1,pk—pyrk), 
L2= (ky Pk —p, kk’) (yypk!—py rh’), 
U3= (yh! —py rk’) (1, pk —py rk), 
V3= (tuk —py rk) (rypk’—py rk), 
then 
Ruv=11(Zy Ay) +¢49(Z 9 Ay) +03 (Z"3 Ay) +¢04(7'sAa), 
where 


1 =¢9=7 (ph: (pk’)?)—), 93= —1/2-((pk)?-pk/)-, C24= —1/2- (pk- (pk’)?)-1, 
(7; Ay), (TZ 4), (7. 
and § 3 of I. 


eo 


A a : 
») and (7°; Ay) are independent bases which satisfy gauge invariance. See also §2 


Two external fermion lines do not mean two body problem but one body problem 
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make facile the analysis of calculations. 

It is to be noted that the number of the bases has nothing to do with the nature of 
external lines such as the mass, the charge and the arrangement, that is, which line is 
incoming or outgoing. If there are identical bosons in a state, the symmetry property due 
to the Bose statistics sometimes diminishes the number of the bases. Consideration of the 
parity may also reduce the number. These circumstances are shown in the examples of 
boson decays. It is almost unnecessary to say that if we specify the type of interaction and 
the method of approximation, some of the bases do not appear. 

The present method is certainly convenient to investigate the absolute selection rules but is 
not always the best one. In fact, the kinematical study of the photomeson production by 
Brueckner and Watson®’, which is intimately related to the general method in the angular 
momentum representation’’, is more familiar. The relation between these two methods will be 


discussed elsewhere. 


1. Two fermion lines and n spin O particles 


We have only one 7), which is either 1 or 7, according as even or odd number of 
pseudoscalar particles participate in the process*. Next we classify ,’s according to the 
number of 7-matrices contained. The number of the available four-momenta, which combine 
with 7-matrices to build up 4s, is (z—1). We have (7+2) momenta corresponding 
to each external lines and the energy-momentum conservation law reduces them by one, 
and further two momenta p,; and p, of the fermion lines must be excluded due to the 
Dirac equation. Indeed 77p, and 77, are expressed by universal constants not containing 
y-matrix. We notice that each A, cannot have two or more identical factors such as (7/‘) 
- (7k), which is immediately changed into a form not containing 7’s. The possible form 


and the number of combinations are shown in Table 1. 


Table 1 
Ne — ————————————— 
Number of y-matrices | 10) | i | 2 | 5) | — | n—1 | nt 
- he *, -, Pili 19S | Eid aaa aan | ee 
Number of Aj | 1 | n—101 | n—-1l2 n-103 a | Re | 0 
| : , ei ieed a Wie | URES 
Typical form | 4 he; rhs rh; rharkjyrhi | | hoe, | 0 


As is well-known, we have 16 independent combinations of 7-matrices including unity, 


so that the independent 4,’s are only those which contain 7’s four times or less. Thus 


we get the result** 


Nr=1+nACrtnals eG iC ey (7) - (2-3) 


* Tf one of the fermion lines is pseudospinor, this form of 7", must be reversed. 
4k The terms having five or more 7’s can actually be reduced to another form in principle, though it 


is rather complicated. Even if one does not try this reduction Va does not exceed 


1 tC] =r De Caae a F | One =2n-t, 
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2. Two fermion lines and p photon lines 


ri) ; ; 
In this case V,(/) is just the same as in the preceding example. Next, 77,’s, whose 
transformation property is a tensor of rank /, consist of 7-matrices, (/+2) momenta and 


Oy, Of (fP+2) momenta one is eliminated by the conservation law. The Lorentz condi- 
tion rules out %, when it is combined with A,(A) and the gauge invariance banishes 
one arbitrary momentum as shown in § 2 of I. Then / vectors, jy and (f—1) mo- 
menta, are available to combine with each suffix of the tensor of rank /. Instead of taking 
into account the order of 7’s in individual 7\,, it is convenient to take 0,, as specifying 


quantities. In Table 2 7%,’s are classified according to the number of 0,, contained. 


Table 2. 
coll = = 
Number of 6,, contained | 0 | 1 2 —  //2 for even f (f—1)/2 for odd 
Re iilindcsadect 7 lye ic. gra | UPteCuCa Vc (ete te sate ern 
umber of independent /,, | 7 | gee a x pp” | ~ |Cp/2)! oe (p—1/2)!” oye) 
| | | oeeeg-o carsdere 


a 


Thus we get the final result : 
Ny=p" +,Co per + 1/2 ! pls HEX pos —- cee 


/ 1 


ppp rr Coens ea? 
tg (2-4) 


For the sake of convenience let us define the following function, 


(Sas 2) cay Golo at OR a4 odie ] /2\ Pt 5 i ‘sie 


/ 

/ ni . + > 

| carpi Coe edit Ge for even 7, 

we (2-5) 
( em 1) /2)! ie n—-1 a—1C Eto tall iCy v for odd n 


or the compact form* 


n/2 


Y , — 1 ; 
F(x,n) = Pia nee ea, (Ame 


where //, 


means the Hermitian polynomial of the 7-th order 
> 


rehR eS (—1)"e* ane ke. 


For some simple cases we arran 


Oe ge the number of bases in Table 3 with the aid of 


+ 
The author expresses his thanks to Mr 


Y. Kawasaki who kindly informed him of this expression. 
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Table 3. 
To tenons ont 2 fermions 2 fermions | pf photons 
External lines 2 spin O 2 eer v spin 1 ag pactons | # spin 0 
| particles f/ photons particles Peels | particles 
| Glens | 
Nv | f(r) | SDMA, P) LYorosiy | Seen) | Hi peg 


The practical applications to the photomeson production and the Compton scattering have 
been done originally by Koba et al." and also in I. In the present paper we shall em- 


phasize the absolute selection rules for boson decays, particularly for three body decays. 


§ 3. Absoluteness of selection rules 


From the general point of view stated in § 2 the meaning of absolute selection rules 


should be understood by our language. 
Absolute selection rites 

If we have no such base that satisfies all conditions imposed on the external lines, 
the process is called absolutely forbidden. By the conditions we mean well established ones 


that are based on the invariances under Lorentz transformations and the gauge transformation 


and also on statistics. 
Relative selection rules 


This is the case that the dynamical coefficients vanish, even if there remain a number 
of bases. For example, the selection rules due to the conservation of the isotopic spin and 


the invariance under the charge conjugation are relative ones. 


The four dimensional derivation of absolute selection rules by our theorem is different in 
appearence from the usual ones!) but essentially equivalent to them. Therefore nothing 
new can be expected. Since our method is a covariant reformulation, we have only to 


mention a typical example of forbiddenness and some processes ‘which are not absolutely 


forbidden. 
1. Selection rules when n scalar particles and p photons participate 
One can immediately see from Table 3 the number of bases is 
N=F(p+u—3, p)- (3-1) 


From (2-5) we get 
N<0 if poodd and p+u—3 <0. (3-2) 


Hence this case is absolutely forbidden. Only one which is not meaningless* is that a 


* »=0 and f=3 is also forbidden. It must be noted that our argument is quite diferent in its nature 


from Furry’s theorem that owes to the charge conjugation. 
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meson of spin 0 cannot decay into a photon and a spin 0 meson. 
2. Processes not absolutely forbidden 


Though, following our method, we can enumerate all possible bases, it is enough to 
show at least one matrix element for the present purpose. /,, and 9 denote the electro- 
magnetic field and the meson field operators respectively, and /, /, mm and w are the four- 
momenta of decay products. 


10) 


a) The decay of a scalar meson into three photons 


M=F, (Kk) F,,0) Fn OQ) (kl—Uin) (nk — kl) (tim — mk) 


x¢o(k+l+m). (3-3) 
6) The decay of a pseudovector meson into three photons 
M=F,,(k) F,, (0 Fy (Mm) € Aoor) kL, (K++ mM). (3-4) 


These two matrix elements are evidently gauge invariant and symmetrical with respect to 


three photons. 
c) The decay of a pseudoscalar meson tnto four identical spin O mesons 
M= ¢(k) ¢()) ein) g(n) (k—-2D) - Qn—n) (n—k) - (d—n) 
xX (n—k) - (l— mM) E (poo) hy 1, mi, tg G(R +E+Mm4N). (3-5) 


Thus this process is not absolutely forbidden, though the pseudoscalar meson is not allowed 


to decay into three scalar mesons."” 
ad) The decay of a vector meson into three identical scalar mesons 
M=¢(k)¢(O¢ an) tink, + mkl,+khbn,) ¢, (k+l+m). (3-6) 


As stated above, other principles may rule out 77/a/zely some of these processes. 
Indeed, in the process 4) the lowest order calculation gives vanishing matrix element for 


both pseudovector and tensor couplings in virtue of the charge conjugation and the diver- 
gence theorem.'”)"” 


S 4. Absolute selection rules on the angular correlation 


for three body decays 


The kinematical restrictions on three body decays are obtained in this section by study- 


ing the common features of possible bases when at least two of the decay products are identi- 


cal. Some of the results, which have never been pointed out, are based on the symmetry 


property for identical particles. All discussions are given in the centre of mass system. 


1. A spin O particle cannot decay into three photons at an angle of 120° with each other 


S : : , 
We shall omit the dynamical coefficients Crm hereafter, 


a i which are symmetric with respect to the 
identical particles. (This footnote refers to’ in Line 2, p- 765.) 
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According to (3-1) the number of bases for this process is four, one of which is of 
such a type as in (3-3) and the remaining three are* 


M=F.,,(k) Fy F,6(m) &, lg (km—ml) ¢(k+tl+m) (4-1) 
and cyclic, 
if the parent particle is scalar. Here (A¢—lm) (ank—kl) (tin—ank) in (3-3) and 
(km—ml) etc. in (4-1) are simple and typical scalar quantities which make matrix 
elements symmetric with respect to all photons. However, we cannot construct such scalar 


quantities** when three photons are produced at an angle of 120° with each other. Thus 


this must be ruled out. For a pseudoscalar case the argument is quite similar. 


2. A spin O particle cannot decay into a photon and two identical spin O particles 
with momenta of equal magnitude 


From (3-1) we get only one base, that is, 
M=¢(k)¢() F,,(m) ky /, (kem— ml) ¢ (K+l+m), (4-2) 

if the initial particle is scalar, and 

M=¢(k) ¢(b) A, (im) (eme— ml) € (p90) m1, kolo (k+l+m), (4-3) 
if the initial one is pseudoscalar. In either example there must be a scalar factor such as 
(km—ml) antisymmetric with respect to Ie and U, in order to make the matrix element 
symmetric. This factor makes the matrix element zero if two identical spin 0 particles are 
emitted symmetrically. 

Next, we consider more general case where two spin O particles in the final state are 
not identical. Now the form of matrix element is the same as in (4-2) or (4:3) but 
a factor (Kit—ml). When the photon is emitted in the direction of 2 axis, A, (#7) has 
two independent components along x and y axes. If the final state is collinear, A’ and 
1 as well as a have only two components along ¢ and / directions. Since no terms of 
Fi, &, ¢, remain under such a condition, the matrix element has to vanish. Further, in 
the case of a pseudoscalar initial particle the collinear final state is obviously ruled out in 
virtue of E(uypo) mklo. Thus we get the result: Jf a spin O particle decays into 
a photon and two arbitrary spin O particles the final state 1s not allowed to be col- 
linear. This may be presumed by the previously mentioned rule that a spin 0 particle can 
not decay into a photon and a spin 0 particle. 

a.) Alspin 1 particle cannot decay into three identical spin O particles at an angle 
of 120° with each other 

When a vector (pseudovector) particle decays into three identical scalar (pseudoscalar) 
particles the possible matrix element is only of the form like (3-6), where the scalar factor 
lm, mk and kl are generalized into any symmetrical combination. These factors forbid 
the case where the three scalars are emitted quite symmetrically due to the subsidiary con- 
dition on the vector field (A+/+ 72) y Pu (k+l+m)=0.  Itis also noted that ¢ie decay 


4k These factors do not appear in a denominator, 


because the matrix element must be finite in all cases. 
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plane cannot be perpendicular to the direction of the polarization of the vector ( pseudo- 
vector) particle. 
Next if a vector (pseudovector) particle decays into three identical pseudoscalar (scalar) 


particles the matrix element is expressed by 
Maoh) yg Dy (my &(wp0) kL, 
x (kt—Uin) (mk— kl) Gin— mi) g, (ke+0+ mM). (4-4) 


In this case the antisymmetrical scalar factor such as (A'U—@n1t) Gnk—kD) (dir—amek) 
excludes the symmetrical case, as in the example 1. Similar to the above case, ‘ie decay does 
not occur in such a plane that contains the direction of the polarization of the parent 
particle. 

Further, contrary to the former case, 2f /zvo of the pseudoscalar (scalar) particles 
are identical and one is different, the like particles cannot have the momenta of the same 
magnitude. Vf (Kk) and ¢(l) are identical, in fact, the matrix element is the same as 
(4-4) but the scalar factor (AU—Uin) (aek—Kkl). The remaining factor (la— mk) 
gives this result, which has been pointed out by Dalitz"’ and used to analyse t-meson decay. 
The recent experiments seem to indicate that two like pions are of nearly equal momenta in 
considerable cases. This looks unfavorable to the vector theory of c-meson though not 
conclusive yet. It is almost needless to say that even if there are arbitrary three pseudo- 
scalar (scalar) paritcles in the final state they cannot be collinear. 

4. Further remarks 


One may try to discuss the three photon decay of “S state of a positronium or a 
vector particle, but our method gives no definite result because of too many bases of various 


characters. Indeed, we have 14 bases symmetric and antisymmetric with respect to three 
photons. 


We have no insight as to whether our method is useful or not for explaining the 
behaviour of iL-particle. 


In conclusion the auther would like to express his cordial thanks to Profs. H. Yuka- 


wa and S. Hayakawa and Mr. N. Mugibayashi for their encouragement and valuable discus- 
sions. 
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The pion-nucleon scattering is treated in the Tamm-Dancoff approximation using the symmetrical ps-ps 
theory, with emphasis particularly on the renormalization procedure. The numter of mesons and 
nucleon-pairs is restricted up to two and one, respectively, in every intermediate state. In order to 
perform the renormalization consistently, it is required to adopt tke five-tox approximation of Bethe 
and Dyson. But even in this case, the meson self-energy term is not treated consistently and skould 
be discarded. A method is proposed to remove the overlapping divergences ard it is shown that 
the Salam’s procedure can be carried out in a closed form. ‘The scattering phase shifts are evaluated 
and compared with experiments. 


$1. Introduction 


The experimental and theoretical analysis of the pion-nucleon (7-N) scattering has attracted 
our attention for the past few years, in expectation that it would give an essential knowledge 
about the elementary interaction between the pion and the nucleon. Recent results of the experi- 
ments up to 210 Mev by Fermi and co-workers’ together with those of the low energy scatter- 
ing at Rochester and Columbia” have come to a fairly reliable stage. Furthermore, the ex- 
perimental data for the high energy 7 -N scattering are going to be arranged at Brookhaven,” 
and we shall gain much more knowledge about the 7-N interaction in the near future.| 

At present, however, it should be noted that the measurements of the angular distribution, 
in particular those of forward and backward scattering are somewhat inaccurate and consequently 
the phase shift analysis has many ambiguities. It is not always certain that we may 
believe the strong dependence of the S-wave phase shifts on energy and isotopic spin. Further, 
the D-wave contribution may not be neglected even in the low energy region. But it 
would be cettain that the (3/2, 3/2) state (the first number 3/2 represents the isotopic 
spin state of the z-N system and the second the spacial spin state) has a resonance-like 
phenomenon and that the S-wave contribution is considerably large.* 

Now, we would like to give an outline of the theoretical analysis of the z-N interaction 
performed so far. First, while the type of the pion is definitely pseudoscalar, the type of the 
coupling between pion and nucleon has two possibilities ; pseudoscalar (p.s.) and pseudo- 
vector (p.v.). It is possible that both types of coupling mix together, but it is convenient, 


for the sake of simplicity, to treat either of the two. (An assumption that a greater part 


* Recent analysis by Glicksman seems to be more favorable from the theoretical point of view, (private 


communication) 
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of the coupling is p.v. and the remaining is p.s. seems to be attractive. ) The p.s--couphing 
theory is renormalizable in principle, while the p.v.-coupling theory is Revonah ee oa 
the static approximation can be applied. But even in the former theory this appre 
is not impossible (Tani-Foldy transformation,” strong coupling theory by Wental etc.) , 
and so this point is not so essential for the theory. In order to make a definite con- 
clusion about the type of the z-N interaction we have to investigate all mesonic processes 
systematically. Using the non-relativistic p.v.-coupling theory based on the cut-off hypothesis, 
we could interpret, at least qualitatively, various phenomena such as magnetic moment, 
y-7 reaction, nuclear forces, etc. and also P-wave 7-N scattering.” On the other hand, 
the p.s.-coupling, as is clear from the Tani-Foldy transformation, is composed of a strong S- 
wave pair interaction and a weak p.v.-coupling. Therefore, we might not rely too much 
upon this theory, so far as we adopt the conventional perturbation theory. For example, 
the S-wave contribution is predominant in the 7-N scattering, and the anomalous magnetic 
moment of the nucleon is not in agreement with the experiment because of the fact that the 


"* But, afterwards, it was found that the S-wave 


recoil current of the nucleon is so large. 
contribution is damped strongly on account of the field reaction,” and at present it is expected 
that the p.s.-theory could also explain experimental data including the S-wave interaction, at 
least qualitatively, in addition to its renormalizability. (Recent conclusions of Kroll-Ruder- 
man” and Deser-Thirring-Goldberger™ do not seem to be significant, since it is clear from 
the beginning that, at the threshold energy, essential higher order effects would disappear, be- 
cause the wave length of the incident meson is very large compared with the nuclear dimension.) 
Since the Tamm-Dancoff (T.D.) method" was applied to nuclear forces’) and to the z-N 
13) 


scattering," the meson theory has come to a new stage. The intermediate coupling theory 


developed by Tomonaga et al." has been considered so far to be appropriate and powerful 
in treating meson processes, but in this theory, it is difficult to take into account the 
nucleon recoil and to perform the mass and charge renormalization. Accordingly, the T.D. 
approximation method in which the number of mesons and nucleon-pairs is limited in 
every intermediate state, seems to correspond to the actual situation of the p.s. meson theory. 


Sawada-approximation using a canonical transformation’? is also worth mentioning by the 
same reason. 


There are two different standpoints for the application of the T.D. method to the 
m-N scattering. One is a standpoint in which the T.D. method is applied directly with- 
out performing any transformation, as that of Bethe and Dyson." (This method was 
independently proposed by N. Fukuda at summer school, in Kyoto, 1952.) From. this 
point of view, Levy and Marshak"? have recently made the analysis of the S-wave scattering 
and obtained reasonable results. The other is a standpoint in which the T.D. method is 


applied after the elimination of odd terms by the Tani-Foldy transformation, as was performed by 
Fukuda, Sawada et al.")** 


The latter one seems to be appropriate for a qualitative discussion, 


2 ; 
The strong coupling theory cannot give the anomalous magnetic moment correctly as well, though 
it has succeeded in explaining the resonance phenomena in the z-N scattering 
eK 2 ‘ 4 : 
** ‘The Dyson transformation used by Drell and Henley (Phys. Rev. 88 (1952), 1053.) is not sufficient 


to eliminate the odd interaction, because the ratio of i i mass is 
© of the effective coupling to the i 
| a2 ‘ 
ae pling is almost the same as 
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because the odd interaction is very strong in the 7, interaction. On the other hand, the 
first standpoint is consistent in that the characteristic features of the primary 7, interaction 
are always retained, particularly if we try to carry out the renormalization program. (The 
Bethe-Salpeter method is close to this one.) 

In this paper, we keep the first standpoint and treat the =-N scattering with the 
renormalization program. We shall adopt the five-box approximation of Bethe and Dyson 
and make use of the cut-off hypothesis for the higher momentum in order to avoid divergences 
caused by the non-relativistic approximation. This procedure will not change the qualitative 
nature of our results, because we might expect that the higher momentum components 
would be cut down considerably by recoil effects and the mass and charge renormalization. 
The renormalization has been treated so far only for the P-wave,” but here this problem 
will be considered including the S-wave as well. We shall show that the renormalization 
program can be carried out consistently except for the meson self-energy part and that 
the overlapping divergences can also be subtracted in a closed form, according to the prescrip- 
tions by Salam.”” 

In conclusion, our results are in agreement with those of Fukuda, Sawada et al. for 
the P-wave scattering, but the sufficient separation between the two isotopic spin states in 
the S-wave scattering was not obtained, probably because the effect of the t-¢X7Z term is too 
small to give rise to this separation. 

In Sec. 2 we derive the scattering equations in five-box approximation taking into 
account of counter terms. In Sec. 3, using the approximate Fredholm solution of the 
integral equation, we derive the formulas of phase shifts for scattering waves and discuss 
the method of the renormalization for the overlapping divergences. In Sec. 4 the results 


of calculations are compared with the experimental data. 


§2. Seattering equations in five-box approximation 


We adopt the symmetrical pseudoscalar meson theory with the pseudoscalar coupling between 
the pion and the nucleon. We shall restrict ourselves to the so-called five-box approximation 
in which at most two mesons and one nucleon-pair are simultaneously present in an inter- 
mediate state.’ We shall not consider any contribution from the state in which only one 
meson and one nucleon-pair exist simultaneously, because this state is not connected directly 
with the one meson and one nucleon state, and, in addition, the inclusion of this state 
destroys the consistent mass and charge renormalization, as we shall see later. The transition 
scheme is shown in Fig. 1, where the symbol (7, 77) represents a state in the Fock space in 
which ze mesons, # nucleon-pairs and one nucleon are 
present. 3) 2,1 | 

We start from the Schrodinger equation x fe 

[2 o|—| i o/—| 2, 0| 

ia (¢) /ot =(H,+H’)¥ (2), (1) 
Fig. 1 
where //, is the Hamiltonian of the uncoupled system and 
HT’ is the interaction Hamiltonian with counter-terms which are added for the consistent 
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were : ‘ F 
mass renormalization. A/, and A/’ are given as follows : 


aaa by V+m)par+ : | [72+ ¢.(4°—4) Go] ar, (2) 
A'=H,—A,—A,—-A;» (3) 
where 
Hy if| J7,7ePala", i= dn dddr, 


(4) 
jap aye| ur, jap oi organ 


H,, H, and H, are the counter-terms corresponding to the nucleon self-energy, meson self- 


energy and meson-meson scattering, respectively, but the last one may be discarded in our 


approximation. 
. . . *! ) s 
Now we expand /(¢) in terms of the eigenfunctions of the uncoupled system, a ee 
PL oN | (m,n) Uf (m,n) ,—tWot (5) 
(¢) = 33 ay er > 
Amn 
where 
V5 UB Tie = Lom a (6) 


m and x are the number of mesons and nucleon-pairs, and 4 stands for the momentum, 
charge, spin etc. of the particles in an uncoupled state. JI”, is the total energy of the 
system. Substituting eq. (5) into eq. (1), we obtain a set of equations to be satisfied 
by the amplitudes a@{”””’s : 

(HL) aeM=313! Cm ail de, gay” 


uw p=mt! 


q=n, nol 


. 7) 
— DTD An my a |ATg| 4, ty 9) a ~ 313) (A, me | Fa|s p, 2) a? ( 


~~ 
fh q=nntl wh p=m,m+t2 


Now it is easily seen that the necessary counter-terms in our case are only 
(A, 1, 0|77,|4, 1,0), (A, 1, 0|A|4, 1,0) and (4, 0, 0|A|4, 0,0) as a result of our 
restrictions. For example, the counter-term (/, 0, 0|//,|, 0,1) is represented in Fig. 2 


(a), and corresponds to the process shown in Fig. 2 (a’) (and to the processes obtained 
by inserting various insertions in 


(a’)), which includes the (1,1) bm 


2 
state to be excluded in our case. f 

Similarly, (4, 0, 0|77,|», 2, 0), re- ( \\ 
presented in Fig. 2(b), corresponds h \ i 
to the process (b’) (and to those ; \ 
obtained by inserting various inser- te oR m2 a 


tions in (b’)), which also includes Fig. 2 
the (1,1) state to be excluded. Others are also excluded by the similar reasons. Thus 


only the above three counter terms remain and we need not any other counter- 


ee term in our 
five-box approximation (except for the case of 


the meson self-energy ; see below). When 
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we include the (1,1) state, the renormalization is more complicated, and moreover can not 
be performed consistently in our present approximation 


If we want to include this state 
we should take into account higher configurations. 


After dropping unnecessary counter-terms, we obtain the equation for the amplitude 


a" by eliminating a, a®, a and a@”, namely 


(W.—E,— a, + 46 4+.49) a(p, 53k) 


any AD. S;K\7,|p— k’, s'; hk, k’) p— ki, sk, | Ap, 53 &) 


Kish W, 22, — i Op 


a(p, s;&) 


(Dp, s;Kk)Ai|p, p,—p—k’, s, #, 5" 3k, k’) 
kl st st? W,—2f,—- Ente — 


O;— On 


(pp, —p—k’, s, J, 8" 5 ke, k!'\Ai|p, 8’ 5K) 


a(p, s'3h) 


. 4 =.) it ye ! 
: (p. 5; k\Ai\p, p')—p' +h s,s, 5") 
i y | = ~ He! : ecru “ is 
pls! stl W.— £,— fy — Ayn 


(pp, =P’ +h s, 8 "IP 83®) ap, 55k) 


as (p. s;kl|H\p, p', —p'—k, s, 5's! 3 kk) 
pl sft! W,,— E,— Ey — Er sx 20 


(Dp PR s, sh 5h RV) Dy 6B) 


—a(p, 53k) 


ya) 9,0) 
kl ,st,stt We Bess: 


ptk 


bs S ;h| 7 |p+k, s') (p+k, s VA |pt+k—k’, 3” 3h’) 


GLB ER o's kt) 
(p, s;k\|A,\p, ptk—k’, Pp LK. s,s x8! kek) 


Rl ists! W,— E,— Ey 1n—1t — 2p n— Ox — OW 


(p, p+k—k’, —p—k, s,s. sk, k'\A,|p+k—k’, 8’; I’) 


-a(ptk—Kk’, s'; k’) 
(p. S$ k| A,|p—k’, s’ : Kk, ) (Doss Kk, ke’ |A |p+k — Kel; sl! ; k’) 


kl stall W, =e Sparen 


-a(p+k—k’, s''; kk’) 


(Cp. 53 k\L|p. DE k—Kk’, —p+k! So Sy 8) 
at art! W— E, aye eee ki 


(p, p+k—k’, —pt+k’, s,s !|A|pth—B, 83h) _ 


-a(pt+k—hk’, s';k’), (8) 
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where 
A8 = (p, s; kp. 55K), 
49 = (p,s;k|H,|p, s; 4), (9) 
A (pt+k, s'|Hi|\pt+k, s’). 
| ! ! iS ya ral 
ae = be 4 i 
i | x iV) iq ax 
Pp ! 1 < \ 
tee | wea 
(a) (b) c (e) (g) (h) 


Fig. 3 


Here we express the momentum, energy and spin of a nucleon by p ( p for an. anti- 
nucleon), /,,(=(p+7°)'”) and s, respectively, and the momentum and energy of a 
meson by & and w, (= (k°+y/)'"). We do not write down the charge variables ex- 
plicitly in the equations for the sake of brevity, but these are always implied. Each term 
on the right hand side of eq. (8) corresponds, one by one, to the process shown in 
Fig. 3. In eq. (8) we need not consider the Pauli exclusion principle when the sum- 
mations are carried out, since all the terms to be excluded by this principle are cancelled 


out. 
In the center-of-mass system we have for eq. (8) 
(Wy— E,— 0, +484 49) a(—k, 53k; T) 
=[4° (ke, Wi) +4° (le, W,) la(—k, 53h; T) 
+ On, Ft ott BIT), 55H, ) +1, (ie, 53h, s') Ja (—’, 5! k's T) 


+ an (7 |t-p/r-d*| ih) [,(k, Sus I vee 5) + if (hk, ay fee ot.) | a(—k’, Si : kK : iy 5 
(10) 


a / . . 
where $* and @’ are unit vectors in the meson charge-space and correspond to mesons with 


momenta A’ and /’, respectively, and 7’and 7” represent the charge states of the meson-nucleon 
system. And 


RNG Taye "7 po eae ae (,2-#* ) 
2 ax Ol Vie Been eae Ii.+m PORES: 


1 
Viper =e (1+ AKO Tree) 
Loma e Lag +k+ kt — O,— Wg (4, +m) (4, : Rey 


__ B(k+k)? )| 1 
(Lym)? (Es ty? Dies 


(1 ta) 
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Jonch, Wy 22752 (14, Me) ee 
Dp (By +m) (Epsw tm) (Ey tm)? (Lest my 


kG 


(en yee 
Wy— Ly — Ey — Ege Wo Ey Bs — Ens — 20% Di Dive 


(11b) 
I (k, s;k’, s’) =f? Ps bs re eveeiey ly Ne (GHAR) Ls 
(20,)'? (Qoy)'? Wy— m+ 4° (B+ m) (Bat) Deu 
(12a) 
Phish, ss) =—f- A = PEE Se eee 
(2,)1!? (2a)? W— Fy, — Eig — 1 — 0, — OY DD pes 
(12b) 
WS L [ Be 
Ga,)"”? Gop)? 22.609 Yor Fi gp — On— Ops) (Bea) 
: : Ey. — by, — A —m 1 
— (E+ £,—2m) + v=" g.ko-h'| ees 1 
te (LE, +m) (Lat) Dy Dur oo 
L(k,s;k', s‘)=—?— ne — ence eae | Ei 
Ta)? Qep)? 2E pay Wy— Ey Eu — esas) One 
Be ee et At Se oko K’| eee g ey 
(4,412) (Ly + 172) ss! DD pr 
where 
D,=[1+ #/ (E+) V- (13) 


A (Kk, W,) and A° (Ie, W,) are the nucleon and meson self-energy terms, and cor- 
respond to the processes shown in Figs. 3 (a), (6) adel (ey (d) sada, J, Ze and J, 


correspond to the processes (e), (f), (g) and (h), respectively. Here, we can determine 
the counter-terms, di!” and do, as follows : 
A — sO (he, E+), 
A = 4 (bk, E+ o,)- 
Now we define the amplitude (|X \Ae,) by the equation 
gah, sot T) =(*(—k|T ekg OS Ic) (Ke| R| Key) u? (— Ky) T (ky) 4[—*o] , 
(15) 
where /| —A’] and 7|#\ represent the charge state functions of the nucleon and the meson 
with momenta —& and Kk, and ©) (—#) the spin function of the nucleon. (The sufhx 0 
refers to the initial state.) The amplitude (Kk| Rk) is evidently independent of the spin 


(14) 


and isotopic spin states. 
Since we treat the low energy scattering, 
and expand eq. (10) in powers of u/c (uv is the nucleon velocity) neglecting terms 


we take into account only S- and /P-waves 


774 S. Chiba, M. Yamazaki and N. Fukuda 


higher than (v/c)° for each wave. (As a result of this approximation, we must cut off 
the upper limit of every integration.) Then we obtain 
(Wy m— cog Si + Fe — 4 (He, 1V,) — 6 he, W)) (| RY) 
= (2g BS} [ (Ue, We) +1, ht) |(Ue| Rh) (16) 
+ (t-9't-6*) x [Z,(k, kh’) +1,(h, hk’) |(k'| Rh), 
where 


if (k, hk’) 22 he er — 1 1 fe k! ok k’! 
: (20,) "* (2oy) W—m+ Fan +t x uF (17a) 


1 1 
esse . =), (17b) 


(20,)'"? (2wy)'?  W,—3m—ay— oy 


I,(k, k’) =—f 


Seok ee 1 
1,(k, k’) =f? - : 1 _(k-k’—io-kXk’), (17c) 


(20,)1" (2am)! Wo—-m — Mek Op 4ue 


Ten dG) Saal ae eereter: ee : oh che! 
(2«,)' (2a) Wo— 3m ( ae m ). Can 
The nucleon self-energy term is rewritten as 
Mt) — 49 (ke, WW) = (W— m— o,) P— (WM —m—,) °C, WW), (18) 
Sad el elie ee 
pai pty [tf 4), (19) 
2 Al Ops > Ont 4707 (2m + wy)? 
OCW) = yee E ie eh 
Z M Opl ow (My—m—w,— 4) 


a ul! 
SMR Re Sol ‘ (20) 


and the meson self-energy term as 


ARO — AN (le, We) = (Wm — ay) P(A) — (Wy—m—o4)*O(h, WH), (21) 


Pa =a |—4 ys 
(Oy, _(2m—w,)* (2m+,)° aE (22) 
Ok, Wi) =27? 2_| 1 
ow, L(2m—«,)°(W,—3m) 
- : > 
(2m + wy)? (W,—3m—2a,) | Zo (23) 


USHT e ergy actor on the left hand side 10) eq (16) become 
f h he n f f . Ss 
W,—- i O,+ AS ” + Av. — 4", (kK, VW <)) — 4% (k W. ) 

y 0 


= (Wy m— on) | A+P+ P)) — (Wim) (Ob, W) + Oh, W,))). (24) 


Pp; , = a salt a al . . 
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Now, we can perform the charge renormalization by putting 


14 Pe P(A) sl. 


It should be noticed, however, that (4) depends on / and, in addition, P(/) and 
O(k, W,) are linear- and logarithmic-divergent, respectively, even in the rigorous expressions. 
These facts show that our approximation method in which the number of particles is 
limited is not consistent as regards the meson self-energy term. To avoid this difficulty, 
we must take into account the additional processes besides the above ones. 


After the charge renormalization, the right hand side of eq. (24) becomes 


(W.—m—op)[1— (Wr—m— a) (Os, W) +04, W))1. 


As a result of our renormalization procedure which is not consistent for the meson self- 
energy term, the result of calculation depends seriously on the magnitude of the cut-off 
momentum. Thus we omit the term O (2, W,). Furthermore, for the sake of simplicity, 
we shall not consider the term O(/, IV), too. 

Next we shall decompose (/¢|/¢|/’,) into eigenstates with respect to the total charge 
and the total angular momentum. We define 7\;. and 7%). as the projection operators for 
the charge states with isotopic spin 1/2 and 3/2, respectively, and S, Py. and Ps as 
the projection operators for the states with total angular momentum 1/2 (/=0), 1 f2 
(J=1) and 3/2 (¢=1), namely 


Tryo=1/3- (G* 9 +77 -B* XH), 


(25) 
Typ=1/3+ (26* 6 —it- O* X9), 


and 
S=1/47, 
Pyp= (1/47) (Kk, +0 kX K,) /kko, (26) 
Pry (1/47) (2h, id eX k,) [kh 


Then we may put 


W, By 


ky (ki R\ ky) = Tyj2S (Cs W, a) i Ti php (* W,,\%o) I Ti j2Psy2 (& hy) 
an Tj2S (2| W,\o) az T3pPrp2 (A| Ws £0) ar TisoPsp2 (2| Ws3|40) ¥ 


From eqs. (16), (17) and (27) we obtain the following integral equations for scattering 


amplitudes : 


(4| W, |%) =0(k—-%) sie | dh! Ks (, Bas K,(, k’) | (2"| W,\h») ) (28) 


hy) =3(k—-&) +| ABE, (hy BI) — Ky (hy #) — 2K RYO lo) » 
(29) 


(A) 
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(2| Woh.) =3(b— ha) + \ dki|2K, (hb, PY + Kh, RIO slo)» Ey 

(£| Wal ho) =8 (2-4) — 2| dl! K(k, #) (2 | WalAo) » (31) 

(8) Wyld) = b= hy) +2 ELK Ch, 8) +24 (8, EVE Wald, (32) 

(6| Waly) =8 (hy) —2{ dlL2K CE, ) + Ke BYE Wal), (33) 
where 

Pos Pie a ie a CRN 2 st Be Seagal ae (34a) 
SNe! 2x° (2e,)'? (Zou)? 40° (W,—m—a,) (WV — m+ 4) 

OER Ne Lecomte: 10 pee Saeees Ld _, (4b) 
CE 21” (2w,)!? (2a)! (Wy—m— o,) (IV, — 32 — @ — Oj) 

: ie 1 hkl 1 _ 
Rib) Se A 
ere 27? (2u,) 1? (Zap)? 12m? (Wy—m—w,) (Wo—m— o,— oy) 

(34c) 
2 1 Bl 
i (Ep) ee es — : (34d) 
a ) 27” (20,)' (Zo)? (W,—m—o,) (IV,— 3m) 
9 AGS 
Fn Pe) ee d Eke : (34e) 


2m? (20,)'? (2a)? 60 (W,—m—w,) (W,—3m) — 
In these equations the renormalization is required only for the amplitude (/|/17%,|4,), 


whose equation has the kernel A, including the counter-term. As to the amplitude 


(A|11,|%,), we need not consider the renormalization at all. 


§ 3. Phase shifts for scattering waves 


Now we proceed to solve our integral equations. We cannot, however, solve these 
integral equations exactly, because the kernels are not generally degenerate, and so we shall 
make use of the approximate method of Fredholm to the integral equation. 


According to Fredholm, the solution of the integral equation 


(2| Wh) =0 (k—-#,) + \ adh! K(k, Rs wy) (2'| Why (35) 


is approximated by 


(@) 


(2| Wd) =3 (k—&) +—2 5A fas), (36) 


0 


D(a) =1— K(k, hk; w) dk. (37) 


It should be noticed here that the integration on the right hand side of eq. (37), when 


applied to our scattering problem, is divergent even if the nucleon recoil is taken into 
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account, and so the approximate solution given by eq. (36) would be meaningless. But, 
if the cut-off procedure is used, this solution gives a rather good approximation. 
In order to obtain the standing-wave solution of eq. (35), we take the principal-value 


for the integral in eq. (37), and if there is no need for renormalization, the phase shift 
is given by the formula 


tan a=7 lim (L—%,) (1/D(m)) KC, 203 ©) - (38) 


k-> ko 
In the following, we put 


NA = eae Oy. 


Before we calculate the phase shifts for scattering waves, we write the integral formulas, 
in which the principal-values are always taken and the interval of the integration extends 


from pL: to Gee 


ONG Clr. — pe Umax Herness 

fy (w) a ae 7? : a_i hy, x hs hy log COofdmaxT a i f= ain Wo log" ain 0) 
Wo, (Wp,— %) f2 (@max— ©) py 
(39a) 
Flo) = | eet a. (G,), (39b) 
W,— Wy 

4 

I, 9 (Wy) = oe, |r z RAR = ae max OG y+ ky om ( Wy)» (39c) 
 aear cc. — Pa 

A 1 . 2 

F,(@) = jae i —=— (/ (a) —G oF (39d) 
‘ w2(@,—@) ao 
where G,’s ate given by the formulas 
2 1 ie max alr ae 
Gy= lake /ore= F waslinax— 5 log ‘ y ? (40a) 
=| ak BP /2,= hmax —f- cos f2/Ormaxs (40b) 
Vmax Pmax == aii 
Ga=| ak B/ot=— Fone 4 fog 2m Ses , (40¢) 
zi Dy: ax L 

eats (40d) 


G.= dk hk 1/4. = od. gp (nash MAX = Bt. RCo) a (40e) 


& =| u Be =Beyyx/3— (40f) 
fe ., (40g) 
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(awe 1 - A 
Ee =| ae ee tel. : ere SU aes (40h) 


Dri ax L max 


Gira dk hk /o.= es (Discs —) maths (Wax sd 8) be Bye (max — 4) 
5 


“ji Al abe 2 
TN —- ; 40 
ihe Cae lt! ) fo 
7 4 i 4 4 max aw i) 
G.=| dk I oir (Oimaea ie Kas of were ‘te 3p ay - gabe . 
(40j) 
(1). 7=1/2, S-wave 
From eq. (28) we obtain 
1 1 hy 3 1 
jy “Ih\)=0(k— f _ 9 a 
CON ALD A a nD, (w,) (Qeny) (2a),) ae SrA 2m+w, 2m—wy 


(41) 


Then we have 


tan ete es Bed yy (42) 
4x D,(w)\2m+u, 2m—w 
where 
1D; ») =1+ | — = i 0 — fi, | = : a a% | $ 43 
he i 4z° 2m+w, ce Lies (= —m)| 274—(), ( : ) \ 


(2). £=1/2, Pie-wave 


In this case, it is necessary to perform the renormalization for the solution of the 
integral equation. We define (/|A),|/’) as the solution of the following integral equation : 


TEN 
t 


(21K,|2) =8 b—#) =| dh Ki, (h, BY) 42K (A 


(44) 


+ ay Since the kernel of this equation is not of “re 
Ales on aed 
we 


normalization type”, we can solve this without 
Fig. 4 any consideration for renormalization. This solu- 


tion corresponds to the scattering process such as 


shown in Fig. 4. The approximate Fredholm solution of eq. (44) is 


C1 Kile) =8b— 2’) — (1/Dy (wy) ) [Ky (2, #) 42K; (2, #) F (45) 


where 


Dd i =1— ue. : E z t — £05 4 
11 (@) Ar? lone i F, » (@q) fy, ( )b+ me : (46) 


2: 2 — WW, 


Using this (/|A),|2’), we can write the integral equation for (/| IV’, 


>: Nets : Re 8 fe ape ; J 
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Ca 


Ro) =| ak! (2 


K,,|#) [8 —&) + 3 dhl K, (RR) (k"| Wile) |. 47) 


Because of eq. (34a), eq. (47) becomes 


Fane : gas \ dk! (k\ Ky\P) 


(i i 
ax Wi—mt+4 4m 


Wi, 


ky) =k 


jl L113 
ee a sf ae ae (kV, 
We —m—w,y (Zoe) ” (Qa)? 


ky). (48) 


The kernel is degenerate in this integral equation, so we can easily solve this equation and 


obtain : 
: = 3 v(& 3 Wo) (4) 
Oi ein) be ee 49 
ue Kulfo) 2° 4m? W,—m+4—4(W,) , 
where 
} eer Rt 1 
Me | ae (Kale) we (50) 
WO, — Op (20y) 
° pls 
ww (h,) = lim 2 (2  o) = lim | dk! | Kylb)s (51) 
k > ko k->ko Qo, 


al 
gfe a: eles, (52) 


W,—m— Opn (2,1) ue 


2 3 6 
ai ss { po i dl! (k\ Ki, 
27° 40 Qa,” 


v(k 3m) and w (4) correspond to such graphs as obtained by closing either of the two 
meson lines in Fig. 4, 1.e., to the graphs shown in Figs. 5(a) and (b). They give the 


* The integral equation 


eh) =f) +| WAG MX) (Al) 

is equivalent to the following set of equations : 
(ALK [29 =0 (2-24) + \ dR! A(R, I) RNR), (A2) 
ea) ae UOZE, (A3) 


where /(2) may be some functional of g(4). (4|A' 41). is the so-called “resolvent” of the kernel 4(4, 4’). 


The proof is as follows : 
From eqs. (A2) and (A3) we have 


g(t) =f) +| dhl A(h, hf”) \ dh! (WINK Rf (A). 


Using eq. (A3) again, we obtain 


pale + | dA Ao). 
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contributions from the vertex parts with respect to the scattered and incident mesons. 4(1 V,) 


corresponds to a graph obtained by closing both meson lines in Fig. 4, as shown in Fig. 5 (c)a 


It gives the self-energy contribution ee 
for the nucleon. However, v(/ ; ), re at 
w(h,) and 4(IV,) contain the so-called 

“overlapping divergences ” and we 

must remove these divergences by some (b) 


appropriate prescriptions. We shall 
follow the prescriptions given by 
Salam.””"” From eqs. (44) and (50) 
it is found that 7 (4; @)) satisfies the 


integral equation Fig. 5 
k 1 


Wo Ox (2w,) 


Rae -{ DEK, (h, Bis co,) + 2K By, By) JO eae 


(53) 
where we write w, explicitly as the argument of A, and A,, in order to show the w,- 


dependence distinctly. By eqs. (34c) and (34e) we can rewrite eq. (53) as 


u(k > ) =U (- 3 Dy) [1 +| ak’ I (z', Wx 3 Dy) U (X’ 5 (Dy) ue (54) 
where 
a 1 
Uy (h 3 wy) = ———. 33 
W)— 0, (2w,)'" 69) 


a) ee en (56) 


27° 120" (20,4) '\@,—O,— Wy Wy — 2702 


The overlapping divergences evidently appear in solving this equation. In order to subtract 


the diverging parts for every subintegration, we replace eq. (54) by the following set of 
equations : 


Ue(L 39) =U, (23 wp) [1 +| AVR, Wy 3 Wy) Ve (K" 5 Wp) — fan’ Ve’, 050) 0,2 Ss 0yae 
(57) 


r 


u,(2; 0) =2,(2; 0)| 1+ | AR VV (R', 0,3 0) —V(R', 03 0)}o,(' ; 0) |. (58) 


U(4 3 Wy) is just what is given as a result of subtractions of all the overlapping divergences 
from v(43«,).* This can be seen easily, if we solve eq. (57) in the iterated form. 
The true divergences are completely subtracted for every subintegration. Using the 
approximate solution of Fredholm, we obtain the solution of eq. (58) as 


AE Mad gD E Fs D | UAV (RL, O43 0) —V(R', 0; 0)} (2 ; 0) | 


5 ve 
The same renormalization of the overla 


; pping divergences ind. : B 
(private communication) : was independently proposed by M.M. Lévy. 
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9 


= On. eae en 
ai (é;0)[1-2 2, JAA 0) —26,++ a 
i D 47 127? \ w, Gears Cant Op Gi |> ee) 


where 
D=1—| dhe (5 0)[V, 450) —V&, 050) 
=1+ (f*/4m) (1/247°) -G,. (60) 


Next, we notice the following equation which comes from eqs. (44), (50) and 


(56) : 


(EAA) =O (EH) Hay (Es ) | dk, e045 0) KM), (61) 


then the solution of eq. (57) is given as follows : 
vole 005) =| all EK y|H 26 Uso) [A= | ale", 05 0) 2" 0) 
Using eq. (50) we obtain 
VU, (2; wp) = (1—L) vk; m); (62) 
where 
i= | ave, 0;0)7,(4; 0). (63) 


L and w(k;@) are both diverging quantities, but here they give finite contributions on 


account of the cut-off procedure. / is approximately given by 


ee | (G+ = Gs sie RS 


= aay 9 a 9 9 
4n” 12m m D4 120 
5 Wax + Pmax 2 Mr Mee : Wi 
x {( Geen — Ga log t max v/ max ae Gs log —™* + max(; — pC cos i If ) 
a Ne Oynax Onnvax 


i g Gen G, Jog max + Ams a Gs log = toa +P Huns, — 6G ,cos—"-)} ] ( 
p p : 


7 Owax Oynax 


(64) 
and the explicit expression for v(k; a) by 
wr (lb 5 toy) = | Alt (| Kil) 20 A" 5 0) 


‘ 1 1 ‘lietens 
BER) E af 1 111) -R@-w)) 
42° Dj, (wo) 670 20, 


a > F(a) ]. (65) 


2774 — Wy 


Next, from eqs. (51) and (44) and using the reciprocal relation 
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p 


\ AIK (RB, BY) (k| Ku lA) = | dh!" (kK, 


J 


LI") K(R", &) (66) 


where 
K(k, F)=—| K,(k, &) AD KO hae ay 


we obtain the integral equation for zv(h 3 Wo), 
wk 3 a) =F / (20,4) v4. | dk'w (k's 0) KR’, 2). (67) 


From eqs. (34c), (34e) and (53) the following relation holds : 
ww (hk 5 Wy) = (m—a,) PUL; m)- (68) 
We define w,(£;«,) by 
We (hk 3 wy) = (y— wg) FU, (& 3 Wo) 
=(1—L)wk;), (69) 


which expresses the finite vertex part obtained by subtracting all the overlapping divergences 
from w(/;«,). Further, in order to remove the overlapping divergences from J(I//%), 
we write J(/I’,) as follows : 


2 73 wv 
4m) =F, | aeetera yn ¥) Kye é 1 


T 4707 20, ] wae (204) 5 
(70) 
From eqs. (44) and (66), we see that the following relation holds : 
0(k—#') = (k|K,,|#) = A(k| Ky, |2) KC, 2). 
Substituting this equation into eq. (70) we obtain for J(I/I’,) 
ACW) = (f%/20°) (3/4ur) | altdt!av (ks «(BCE —K) —B(h, 2) Jo 5 04) 71) 


If we define J(II’,) as the self-energy part in which the overlapping divergences are 
removed out, then it is given by 


ACH) = (f*/2R*) 3/4) | dhidltao.(k 5 0 [UL ~ KC, 2) Joo 5 04), 


(72) 
where w,(/ 3; w,) and U(k 37%) are given by eqs. (69) and (62). By expanding the 


right hand side of ea (v2) in powers of the coupling constant, we can easily justify 


et fae ee 
that J(/V,) is just what is given as a result of subtractin 


from 4(1V,); the true divergences are completely subtracted for every subintegration. 
From eqs. (72), (71), (69) and (62), we obtain 


g all the overlapping divergences 


4(W,) =(—D)*4(W). (73) 


Pion-Nucleon Scattering in the Tamm-Dancoff Approximation 783 


If we perform the substitution 
4(W,) > A—L)°4() (74) 


in the energy denominator of eq. (49), there remains only the final true divergence to 


be removed. We expand this equation in terms of (//,—7), namely 


= 124) == 1)"| don) +, in 2 dc) +4) |. (75) 


Worm C 


The first and second terms on the right hand side of eq. (75) are the quantities to be 
renormalized into mass and charge and the remaining term is the effective part. Then, we 


can determine the counter-term J as 
d= (1—L)*A(m). (76) 
The energy denominator of eq. (49) becomes 


(IV,—m)[1— A—L)* lim 04(W) /OW]— 4.) , (77) 
Worm 


where 


4,(W) =(—L)*d' (WV). 
In order to perform the charge renormalization, we make the substitution 
1— (1—L)* lim 04 (W,) jo, — 1. (78) 
Then (77) becomes ee 
W,—m—4,(W,). (79) 
By the approximate integration of (52) 4(IV,) is given as follows : 


A(W) ~ — (f 2/4") 3/4) Feo) — (77/42)? 0/40)? A/D (0) 


“a | Go (>) + (ee (%) F, (e) — Rmax {Fy (@) — 2m l%, («) +h ff, (9) } 


4 (Gy— 2G at boGy) logs — + —_*__ {F, (04) } | (80) 


max — Vp 2m — Wo 


Using this result we can easily evaluate 4 (v2), lim atl ») and d’(W,). Thus we 


Worm 


obtain the final expression for (2\ W1|4o) : 
eft 3 Ue (25 ’ Wp) Ue (Xo) (81) 


In 4m? W—m— J, (An 


by) = (ALK 


1 


The phase shift is given by 


2 ; a , ‘ 
ee (+S 20h ue a 
: 47 120 Wie («) WM, 2t—W 47 Ape 
eee bee : 1 Fo) PO) + 2 Fale) | 
@— (1 =)’ ( W,) 6m ays (cw) 2a m—), 


(82) 
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(3) ; = 12: Pyj.-wave 
From eq. (30) we obtain 
. aa 1 1 heey 1 
hy) =O (hho) + Ze eee ~y 1/2 1/2 . ( Hi ‘ 
2m? 6m Dy. (Wo) (204%)? (2a) "Wy — OKO 272 — W 


(83) 


G Ws 


The phase shift is given by 
tan y= — Lt dt) (84) 


coat a a Z Le Wore | Z a 
42 677° D,.,(@)) W) 2m—wy 


where 
Pata) 14 £1] my —A()} +1 Fad : 
is) : Ar” 6m'L wy 2(%) (5 ) 2m — Wy 2 (ov) Oy 
(4). T=3/2, S-wave 
From eq. (31) we obtain 
(| W,|4,) =8 2—&) + 2, ; 1_ ke ae 


py all BE (@) (20,) i (2) rt Oy — Ox 21 — ey 


The phase shift is given by 
tan a,= — (f°/47) (1/D,(w)) (24)/ (2m—w)), (87) 


where 
Ds (aw) =1+ (f?/47°) (2/(2m—w,)) Fy (ap). (88) 


O)., 1=3/2, Fig-wave 
From eq. (32) we obtain 


(2| W4|4) =O (h—2,) + lie INwe at 1 hh; 1 ea 
27° 6nt 1D. (wy) (20%) (2a)! wy—a,\o, 2m—a, 
(89) 
The phase shift is given by 
tan a@,,= — Ade ae : a4 J ad 90 
4z 6m LD. (a) ‘Wy 272%—W) aa 
where 
Ds (w) =1+ ass | fx %) —F( © | . ; 
4° 601 a, ace) F{ 2 ) “4 2 — ww a co) | , CY 
(6). 7=3/2, Pry-wave 
From eq. (33) we obtain 
(k Wo\ hy) =3(k—&,) ~~ as 1 RU Pee as tape kk} 1 ce 1 ) 
aT 3770 D.(W) (204)! (2a) 1? Ow, o, 2m—wa 


0 


(92) 
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The phase shift is given by 


Mal 1 (1 
ta ay ht): (93) 
47 3m” Dy. (a4) WO 271—Wy 
where 
cag ial AC 
Do) =1- 7 | {F(cn) —Fe(2)} ++ F(a) |. (94) 
47° 37720 Lwy \ 2 2m— Wy 


$4. Results of calculation and discussion 


From the formulas (42), (82), (84), (87), (90) and (93) we can evaluate the 
phase shifts for scattering waves. The calculations were carried out for nine cases from the 
combinations of f°/47=10, 15, 20 and sy a= 4H, SH, O- These results are shown in 
Figen 65 =7 and 8. In Fig. 9 the experimental analysis by Fermi and others’) is reproduced. 
(These are all referred to the center-of-mass system.) 

As regards a@,, @,, and @,,, our results have the same signs and reasonable magnitudes 
compared with the experiments, but, as regards a, a, and @,,, our results have opposite signs. 

As to a@., however, the energy dependence is not good, i.e., the very steep energy 
dependence as shown in the experiments is not given. As to @, the tendency is generally 
good, but the detailed points such as the position, magnitude and breadth of the resonance 
are not interpreted. As to a," in the case of f°/47=20 and &nax= 6/4, the attractive 


+100° ; o is 
[ f2/4r= 10. finan = Ap. L fF? /40= 10. bn =p 


b 


fP/Ar= 10, fegyas= Op. 


33 


—100 


Fig. 6 


: ie f the ambiguities of 
* Experimental values of ayy) a3 and a3; are not relied upon so much because o g f 


the phase shift analysis, 
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Fig. 8 
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ax =O 
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Pees Te 
p vercomes the repulsive one in the neighbourhood of = 2/4, and the sign is reversed. 


Further, in our approximation, the S-wave scattering potential is nearly isotopic spin in- 


dependent and represented by a short range repulsive core. 


by Fermi and others seem to require 
the existence of a strong attractive 
potential for the 7=1/2, S-state. 
In order to get over this discrepancy, 
the t-¢X7 term, which was first 
noticed by Wentzel and Drell-Henley, 
will be effective as shown by Fukuda, 
Sawada, et al., if the higher order 
effects of this type of interaction are 
included. 


and a@,,, our approximation does not 


Furthermore,- as for @,, 


give any appreciable difference between 
them, contrary to the experiments. At 
present, however, the experiment is 
not so accurate, especially as to the 
angular distribution, and moreover, 
the D-wave contribution is entirely 
neglected in the phase shift analysis. 
Thus it seems to be dangerous to 
try to compare the theory with 
experiments about such detailed points. 
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Using the unitarity of the S-matrix, Aizu and Watson have shown some relations between the 
photomeson production and the meson-nucleon scattering. Their theory is reformulated and genera- 
lized here in a summarized form, in order to make facile the analysis of experimental results. Ex- 
periments on the photomeson production near threshold energy lead us to suggest some limits on the 
magnitude of s-phase shifts of the meson-nucleon scattering and on the contribution of the nucleon 


current. 


SL. fntroduction 


This paper aims to investigate the relation between the photomeson production and 
the meson-nucleon scattering from the kinematical point of view. This purpose has been 
achieved using the unitarity of the S-matrix first by Nakano and Nishijima’ in the mo- 
mentum space and by Aizu”, Ross”) and Watson’ with the partial wave analysis, ‘some of 
which are related to specific models. Since these works are restricted to lower angular mo- 
mentum states, it seems worth while to give a general formalism with wider range of ap- 
Our formalism is to present an explicit connection between the amplitudes of 
oduction and the phase shifts of the meson-nucleon scattering in the 


The unitarity condition is combined with the detailed 


plications. 
the photomeson pr 


angular momentum representation. 
reversibility and further with the hypothesis of charge independence. Thus the S-matrix 


is separated not only into the angular momentum Lut also into the total isotopic spin, in 


order to make facile the analysis of experimental data. It is needless to say that our results 


agree with Aizu’s and Watson’s ones and include them. 


In our previous pape we have emphasized that there exists a remarkable symmetry 


propetty in the angular distribution of the meson-nucleon scattering as well as of the photo- 


Indeed, the angular distribution of the meson-nucleon scattering is invariant 


meson production. 
pair of the phase shifts belonging to the same 


under the simultaneous interchange of every 
while that of the photomeson production is invariant under 


total angular momentum fe 
litudes of the electric and magnetic radiations with the 


the interchange of the reaction amp 


* S, Hayakawa, M. Kawaguchi and S. Minami, Prog. Theor. Phys. 12 (1954), 355. This paper will 


be cited as I, 
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same multipole order both belonging to the same /. Utilization of the unitarity of the 
S-matrix, which is yet only a kinematical theory, does not remove the degeneracy stated 
above, but it can only give the correspondence between a phase shift of the meson-nucleon 
scattering and an amplitude of the photomeson production. Another important result is 
that the phases of two amplitudes, which correspond to two different kinds of multipole 
radiations with the same total angular momentum ,/ as well as the same parity /], are always 
equal apart from the inevitable ambiguity. 

The differential cross section of the photomeson production is expressed in terms of 

the phase shifts of the meson-nucleon scattering and the absolute magnitudes of the amplitudes 
which are undetermined. From experiments on the photomeson production near threshold, 
where s-wave meson may be produced predominantly, we find limits on the s-phase shifts 
of the meson-nucleon scattering and on the magnitude of the nucleon current without any 
detailed assumption. In the present paper, contrary to Watson’’ who has assumed various 
models, we start from only experimental data of considerable reliability and the established 
facts such as charge independence as a basic assumption. We get, for example, an upper 
limit on the difference of s-phase shifts |0,—0,| from the ratio of the cross sections o (7+ 
p> p+") /o(~+prn+n*). Further from o (y+n—-f+2-) /o(7¥+prn+7") we can 
find out the magnitude of the nucleon current to be confined within narrow limits near 
f/m times of that of the meson current, where / and 7 are the mass of meson and 
nucleon respectively. These results were expected from an unsophisticated classical considera- 
tion.’”*) 
The fundamental formulation of the unitarity of the S-matrix in the angular mo- 
mentum representation is developed in § 2, in order to combine the photomeson pro- 
duction with the meson-nucleon scattering. In § 3 the basic equation is separated into the 
eigenstates in the isotopic spin space for the purpose of practical applications. In § 4 we 
apply this theory to the photomeson production near threshold energy and get nontrivial 
restrictions on the phase shifts from experimental results. Next, the angular distribution 
of the photomeson production is tabulated in terms of the phase shifts of the meson- 
nucleon scattering up to f-wave of the dipole radiation. Detailed calculation of the time 
reversal used in § 2 is exhibited in Appendix. 


§2. General formalism 


Our fundamental equations are based on the unitarity of the S-matrix! 


that is to mean 
the conservation of probability. 


, It is convenient to express the unitarity condition in the 
following form: 


SR*=—R, where R= S—1. (2919 
Taking the matrix element for 7+ V—>N-+ 7, this yields 
(2|S\z) @LR*\7) =— @IRIp). (2-2a) 


We consider only the case where the energy of 


the system is too lo 
‘ w to produce two 
or more mesons, that is, ‘ 


we neglect the matrix elements such as (z7|R\7). Moreover 
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the higher order terms in the fine structure constant are not taken into consideration. Below 
we use the following notations: (////|S|///a) represents an eigenvalue of the S-matrix 
in the representation in which the total angular momentum / and parity // are diagonal. 
Here & and @ are used in order to specify the states in addition to _/ and //. When only a 
state of given /, // is concerned, this eigenvalue is simply written as S,,q. Then (2-+2a) 


may be expressed as 
a ha ee ae (2-2b) 
Using the above notations, we are able to expand the S-matrix as follows : 


(A S|t) =>1(fUIMd) (JHO| SMa) (JH Ma\i) (2.03) 


where Jf is the z component of J. Here both the scattering amplitude for the meson- 
nucleon scattering and the reaction amplitude for the photomeson production are given in 
I. For the meson-nucleon scattering, the orbital angular momentum of a meson belonging 
toa definite /-state is uniquely determined in virtue of the parity conservation. Then we 


are allowed to write down the eigenvalue of the S-matrix in the following form, 
INS JL) See x (L=/—1/2), (2 -4a) 
(J/E+1|S|7L4 1) =e? rt (L+1=/+1/2). (2-4b) 


Although the /-matrix for the photomeson production may be brought in the formula by 
decomposing the radiation field in terms of orbital angular momenta of photon, as has been 
carried out by Aizu”, it is more natural and practical to refer to a,(7m) and 4,(im), that 
have been introduced in I, with regard to the amplitude for multipole radiations. These 
quantities are dealt with on the same footing as the /A-matrix. The relation between the 


multipole radiation and our notations is shown in table 1. 


Table 1 
ere | parity Orbital angular mom. of pion. | R-matrix 
Loe j (1) ip poser ay (e) 
AML+1 bz (m) 
BE+1 (0) 
ML STEOS e azn) 


From this table, we see that there are two states of HL and ML+1 for y—7 pro- 
cesses even if /=2+1/2 and [/=(—1)” are specified, that is, (/fla|R\| Jy) has to 
be a matrix form and (2-2b) holds for each of its elements. 

Let us decompose the R-matrix into a real amplitude and a phase, namely 


a,(7) =q;(metsr™, (2-5a) 
6,(m) =b, (7) a ee (2+5b) 
Thus, the problem to be solved is how to get (@|X*|y7) from (z|R\7). By . the 


792 M. Kawaguchi and S. Minami 


definition (/|A*|2), 
CAR = GIRS (276) 


where the notation * means the complex conjugate. Therefore we have only to know the 


expression of (|| /). The time reversibility” of the physical process under considera- 
tion yields 

(7 Rt) = (F*1R[*)*, (2-8) 
where the notation 7% denotes the state which is produced from state 7 through the time 
reversal. Detailed calculation for this procedure will be explained in Appendix. Applying 
(A. 16) and (A. 17) to (2-2), we obtain the following relation. 


San RE, = Ray? . (2-9) 


By the expression of (2-4) for the meson-nucleon scattering and (2-5) for the photo- 


meson production, equation (2-9) can be written as follows : 


geen naree kT Foye iar. (2-10a) 
er For ML+1, (2-10b) 
edt z= ets) for EL+1, (2-10c) 
eet, = pit ® ym) Jor ML. (2-10d) 


These relations serve to know one of phases for the meson-nucleon scattering and the 
photomeson production from another. However, nothing can be said about a and b. 
i 


Moreover, the necessary quantities e***, etc. are subject to the ambiguity in phase by 7, 


as deduced from (2-10): 
= +c!" 741 etc. (2-11) 


There is no way to decide this sign in our framework. In Watson’s paper’ this ambiguity 
seems to be overlooked. 
Apart from this ambiguity, the phases for two different multipole radiations belong- 


ing to the same / and // are discriminated only by a constant phase, namely, 
&,(e) =7,(7) + (a7 2) z, (2: 12a) 
€,(m) =n,(e) + (n/2) 2, (2+12b) 


where 7 is any integer. These results agree with those of Aizu”) and Watson.” 

Finally, we discuss the symmetry property with respect to the phase shifts for the 
meson-nucleon scattering, wnich has been found by one of us (S.M.)".. That is, the differen- 
tial cross section for the meson-nucleon scattering is invariant under the simultaneous exchange 
of 0; and 07,, belonging to the same J but different parities. Also we have shown in I 
that the differential cross section for the photomeson production is insensible to the 


#) The minus sign here given by Aizu2) does not arise. However this sign is irrelevant to the final 
result. 
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substitution @,(7)—a,(e) and b,(m) <26,(e). If the substitution 0707 ,, is carried 
out, it induces the substitution ¢,(7) T¢,(e) and 7,(7)—27,(c) and consequently 
a;(m) —a,(e) and 4,(m)—6,(e). With this substitution the angular distribution for the 
photomeson production is left unaltered. Thus, the degeneracy which we have emphasized 
can not be removed either in the application of the unitary property of the S-matrix. We 
get only the correspondence between the phase shifts of the meson-nucleon scattering and the 
amplitudes of the photomeson production. 


§ 3. Separation of the R-matrix in the isotopic spin space 


For the purpose of practical applications the fundamental equations (2-10) are separat- 
ed into the eigenstates in the isotopic spin space. By means of the assumption of charge 
independence the phase shifts for the meson-nucleon scattering are usually decomposed into 
the eigenstates not only of angular momenta but also of isotopic spins. The final state 
for the photomeson production must also be managed in the same manner. 

The /-matrices for the meson-nucleon scattering are expressed in the current manner 
as in table 2. 


Table 2 
Lo tN 
Process | R-matrix 
nt+poptrt, i te R* bs 
m-+pop+n7, nt tusntnt (1/3) (2 p,3+2RF 7,1) 
K+ pont, nin pt ro (V2/3) (R* r55—K* 51) 


m+n >n+7°, n+ ppt (1/3) (2R* 753+ 25 751) 
Dee eee eee SOSS*=“=“‘“‘“‘“#C#COOSN”SCO®”C#”C#COC’®CO”#O(4w. a) 7 


R#, and Rt, are the /A-matrices for the states of /=3/2 and /=1/2 respectively. 
They are expressed in terms of phase shifts as follows : 


fh, 276+ (3-1) 


For the photomeson production there is a way as shown by Watson" to describe the 
matrix element with the third component of vector and scalar parts in the isotopic spin 
space. This treatment is very convenient to examine the contributions from the meson 
current and the recoil of a nucleon separately. However, it is subject to the defect that the 
quantities corresponding to the state of /=1/2 in the final state are PRESS both in ie 
third component of vector and in scalar parts. Another method, by eke the Tea 
element is separated only into the isotopic spin of the final state, is sometimes convenient. 
In this circumstances we express in table 3 the A-matrix in reference to the both stand- 


i i ur ions are different 
points, Watson’s and another one. But it must be noted that our notation 


1 
fous thoses ofa Watson.” ” 
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Table 3 
2 
Process R-matrix (Watson’s notion) /-matrix oe notion) 
Tati no | ih ; ari,+N ; AI + A ; ass | y | ‘ A753 V 3am 
Tee ee ee Ne AI53— ‘i ; BZ V ; aT ys | 4 ; 1793 | ; ens 
ytu ptr v4 2753— / aoe A ; aT ys V ; @D3—N ; ayy) 
tt+pont at He AT 3+ V a iirn = Vv 3 ATs \ xtra t 4 ! ; a’ 75) 
a 


a,, is the R-matrix for the state of /=3/2 and is defined in the same manner for 
a,(m), a,(c), 6,(m) and &,(e) in table 1 respectively. @,, is one for the third com- 
ponent of a vector belonging to /=1/2, while a,, is the one for the scalar part. @,, and 


a',, are connected with @,, and a,, by the following relations : 


az) = ate > 
- (3*2) 
ane =7) Oe Tian 
With this relationship we easily find that (2-10) is valid for respective isotopic spin 
state, for example 


4 6) 


e%8— 74393 = ¢7** 753 


(3 - 3a) 


and 


6°78 73,4191 =¢ 15 7, (6) or ett*/7,, 6) (3-3b) 
for AL, f= 6-P 19 Z. 


where $,3(c) and €,,(¢) or <’,,(c) denote the phase of a;,(e) and a,,(e) or a’z; (ce) 


respectively. Therefore the phases of a, and a’,, are equal apart from the inevitable 
ambiguities. 


S 4. Photomeson production near threshold 


As discussed in the above two sections, the cross section for the photomeson _ produc- 
tion is expressed in terms of the real amplitudes and of the phase shifts for the meson- 
nucleon scattering apart from the ambiguity in sign. In this section, we treat only such 
a low energy event (<180 Mev.) that mesons are produced in s-wave by absorbing inci- 
dent photons through £1, J=1/2. In this case we may assume the following facts as 
firmly established from existing experiments. 


i) First, the charge independence hypothesis should hold apart from the small mass dif- 
ference between z* and 2°. 


ii) As for the s-phase shifts for the meson-nucleon scattering, let us assume !0,—0,| to 
be less than 7/2. 
iii) o@(0)/o(+) is not larger than 1/10," 


where o(0) and o(+) are the total cross sections for the processes 
p—u-+T"* respectively, while 


~+p—>p+7 and 7+ 


the theoretical value of this ratio is estimated as the order of — 
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(u/ My’. 
iv) oa (—)/o(+) is nearly equal to 4/3”, 
Here «(—) is the total cross section for the process of 7+”—>/+7. On the other 


hand, the theoretical value”’*’ of this ratio is expected to be about (1+ p/J7)”. 

v) o(a+7°) /o(—) <o(0)/o(+). 

As o(z+7°), which is the total cross section for the process 7+ 7/2 -+ 7", may be obtain- 
ed experimentally through 7+d->d+7", we cannot have any accurate knowledge but qua- 


litative one. This inequality is, however, considered to be correct. 


Using the table 4 of I, the table 3 of this paper and the relation (3-3), the total 


cross sections for the photomeson production in the s-state are expressed as follows : 


) = 

a0) = 4 nt | 26%. 3 (¢) + S bie x (2) = ee bio 9 (¢) b/s 1 (2) cos (0,—6,+77) | 
3) = 3 3 

(4-1a) 

Jf 


i 5 i B 
Ca) = ni] : Di /2 3 (¢) te " bij ,(e) +— 
3 rp) 3 3 


2 110 4 (2) Baja 1 (2) €08 (0g— 0,27) | 
(4: 1b) 


5G al Ono OL, cos (d,—0,+1'7) |, 
3 Let ee 3 33 
(4+ 1c) 


: 5 2 272. 9 
a(n +7°) = ot at'| 2 6%, 3 (2) ike Oyo 1 (@) + sy bije 3 (2) bie , (¢) cos (6,—0,+n'7) I 
3 3 
(4-1d) 
where 6’s are the real amplitudes of ( 2:5) defined for respective isotopic spin states, the 
s-phase shifts d, and 0, are Oy; and Og eot, Koad) respectively and 7 and 7’ are arbitrary 


ntegers. 

. ae of all, we can fix the ambiguity in sign, namely, the evenness or oddness of 7, 
in reference to the evidences it) and iii). If 2 were an odd number, the signs of the 
interference terms in (4-1la) and (4-1b) would result in a (0) = (1/2) o(+), because 
cos(O,—0,+7) is negative. As 1” is thus fixed to be even, we can express the ratio of 


the cross sections as 


CO) 2 Ae we Pe (4-2) 
o(+) 1424°+2v2 pr 


by introducing parameters 
£=b's21() [Diyos (e) and y7=cos (0,—0,). 
Similarly 7’ is to be odd from the evidence v), then 
o(n+m) _ 2+PZVv?2 py ; (4-3) 
- He ap 2 4 2 2 oF 


where bee Diy 1 (e) /Di2 3 (e) 5 


| 
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In taking into account the evidence iii) we plot a(0)/o(+) in Fig. 1. This has 
a minimum at += (1+ V1 + 8p") /2 V20 4) where 


70), ey les 4 teat, eee (4-4) 
o(+) min 2(1+20°+ ¥1+80°) 


(0) /o(+) 
2 


| 6:6) |=90° 


0.54 


0.01 


Fig. 1. The relation of » and «(0)/o(+) for various values of the parameter 
\d,—6,|. All the curves lie between those of |d,—0, =90° and of |6,—6;|= 
0°. The relation of v and o(7+7°)/c(—) is also shown by this graph. 


As o(0)/o(+) must be smaller than 1/10, we find 
|3—8,| < 37°. (4-5) 

If the ratio is smaller than, say, 1/50 or 1/100, |0,—0,| should be smaller than 18° or 

10°. As a similar argument can be applied for o(+7°)/o(—), the relation between 


y and o(7+7°)/o(—) is expressed by the same curve of Fig. 1. If one could get this 


. - dN) . - . 
ratio experimentally, |0;—0,| would have a severer upper limit from the evidence v). 


The ratio o(—)/o(+) is expressed by parameters x, y and ¢ as 


a(—) a» 1+2y +272 py 


o(+) 1+227°4+2V/2 ox ie) 
The evidence iv) together with (4-6) yields 


hel CS bie s(e) + bij 8 (e) 
= ee -=K> 1, ‘. 
4 bie 1(e) — Di /2 5 (e) ‘ ¥ “a 
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where byj2,(¢) and by, (¢) are the absolute magnitudes of Ciers (e) and J). , (@) given in 


table 3. Assuming o(—)/o(+) =4/3 and o(0)/o(+) =1/10, (4-2) and (4-6) are 
combined to the following form, 


82°— 22/2 pr+19=0 Gia) 
and 
(8—6x°) 2?+ (8— 6k) /2 px+1=0. (476) 


By eliminating the parameter ” from these two equations we get 


29—19 Ve 
r=(— REL =): (4-8) 
22k + 8«—40 


As x must have its minimum at the smaller one of two intersecting points of the curve 
of |0,—0,|=0 and o (0) /o(+) =1/10 in Fig. 1, 


HAS (08/5). (4-9) 


When Fig. 1 is considered as the graph of o(u+n°)/o(—), which is assumed to be 
smaller than 1/10 from the evidence v), two solutions of 7 for a fixed value of ¢ lie 
always between those of x. As 7 must, however, be larger than 1, only the smaller one 
of the two solutions x fits our requirement. As a result, the maximum value of x is 1.55 


where two solutions of x coincide. 
Pel 53. (4-10) 
From (4:8), (4-9) and (4-10) we get immediately 
eee 1s or. 0,10 < by, (2): (Dyes @) = 0-13- (4-11) 


As bj. ;(@) represents the contribution from a nucleon recoil, (4-11) shows that the recoil 
effect is about 10% (the order of ¢/). This result is quite reasonable, when only the 
electric dipole radiation contributes to the photomeson production. In the table 4a, the 
values of «, p, etc. are given for 7 (0) /o(+)=1/10 and o(—) /o(+) =4/3, and in 
the table 4b for o (0) /o(+) =1/50 and o(—)/o(+) =4/3. 


Table 4a 


by /28(e) /b1/2 1 (e) ae 0 | [dg—dy| 


= 


aCe 


0.11 22) | 0.838 | Bo | TO 


1.38 0.077 
0.13 | 1.30 


0.035 


Table 4b 
61/2s(¢) /b1/21 (2) x | 0 | 1b3—01! | x | y | a (w+n°)/o(—) 
0.11 lies 25 0.962 | 16° 1a | 142 | 0.018 
LOO aamatar 1827 ol 0.005 
| 
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Thus we can find out the magnitude of the nucleon current to be confined within 


natrow limits near /4/7 times of that of the meson current. These results are consistent 


with the existing data. 
Finally the differential cross sections for the photomeson production are given in terms 


of the phase shifts of the meson-nucleon scattering up to f-wave of the dipole radiation. 


Table 5a 
By iyo J=1/2 M1 J=if2 | M1 J=3/2 
Se elit) baie. ps ee a Wee | an 
anaG) 7=3/)2 bij23(e) 7=1/2 6/1/21 (m2), 7=3/2 bij2s(7) Z=1/20/3/21(m) |f=3/2 a3/23(7) ) 
| | | a 
E | L=1/2 | —V2(—)s-m1 |—cos 6(—) 11-1 (V2 cos@(—) 731-1 cos @ —W> cos 
sal Y Lee pay | (—)7187"1 (—) 33774 
‘5 1/21 (2)| | Xcos (63—61;) | Xcos (011-01) Xcos (031;—40)) Xcos (dj;—0;) Xcos(d3;—01) 
eas =| Lee = 
| | | %, Se 
| 7233/2 | | 3 my : 
ve V2 cos#( —) 11-3 —2cos@(—) "317"3 —V 2 cosé 2cos( —) 733-78 | 
eee | 2 Sanaa 
1/2 (—)18 23 
pila 3(2) | | Xcos (011-03) Xcos (031-03) X cos (0); —03) X cos (03; —d4) 
ia. << cere = = = a 
| 
| iD) | —V2 (—) "31-11 (1/2) (1 —3cos°6) — (W2 /2) 
Mi, ’ | 1 x (—) 13-11 (1 — 3cos?4) 
6/12 1(7) | cos (ds;—6))) “ * (= sar 
| sd cos (8;3—64)) X cos (d33—611) 
| ai i | ee, : tee * 
J=| T=3/2 | —V2 /2 (1 —3c0s?0) 
(1 —3cos?A) 
L2he iy 3 (mm). a xX (—) 13-731 x (—) mss mst 
| cos (dj;—03;) Xcos(d33—ds1) 
| | | ex sae —a 
ij 7=1/2 | | |. oe 
MW | | ie ter 5 — 3cos*4 
a’s/2 1(72) | (1/2) (S—3cos?4) ( ) 
| | | X (—) 2387718 
a een oS eee | |X cos (O33;— 013) 
| sea |e = a 
i) 723 | | 
| 
3/2 | 
| ase 3 (7) | 5—3 cos*@ 


Each blank in the table is to be filled by the same one symmetrical to the diagonal figures 


Here 7's are arbi 

itrary inte : 
a) ae fs re gees the relation 7,—»,=even as found in this section. 
1» Os, etc. e phase shifts for the meson-nucleon scattering. Similarly we can write 


d ‘ 
ae the pies for do(—) /dw and do(n+2°) /dw with the substitution b’>—b 
> — — ae 1 
a and ”,—7,=odd. Owing to the lack of experimental data for 7+ 7 and am- 


biguity of 2*, it is i i i 

guity of z*, it is impossible to give any remarkable result at present 
* 

When they are fixed the analysis of experiments will be easy. 


the superiority or inferiori f th orted so 
ity fe} e number of i 

phase shifts rep 

Glicksman’s solutions, 


Then, it may be expected to decide 
far, for instance, Fermi’s, Yang’s and 
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E = 
Borgo(+)) se _ led 1/2 M1 Jzwj2 M1 Ve32 
2 dw f=1/2 | 723/19 cae : | Orne ee eee <a ; 
= by is 3(e) fete 6 1/2. 1(772) | 7=3/2 by23(m)| 7=1/20/3/21(m) | 7=3/2 a3/2307) 
JR ug 2 V7 2h (=) Peary |= 2cosd (—) mie 4 —V 2 cosd 2cos§(—)"137"1 V 2cosd 
(—) sim Coar a 
671/21 (e) Xcos (6;—6;) | Xcos (d11—d | 5 5 
1) | XX cos (05;—0,) X cos (913 — 91) cos (033—0}) 
rs | —— —_—— | — — 
. | , 
| =e —V2cos0 = 
f= [=3/2 ve —cosf(—) 31-3 [2 cos6(—)13-"3| cos (— ) "33-78 
Be. 1 (—)mu-ns 
pose) serosa) Xcos (03;—0s) X cos (0j,—03) X cos (033;—0s) 
J Ee | ae 
r=1/2 Verne: | = 308%) | (2p) 
M 2 hee (1—3cos? @) 
x (—) 37711 ty 
x (—) 733 41 


Ve 
61/2 1(772) | < cos (03; — 011) - < 
| cos (6)3—011) 


(142 /2)(1 — 3cos?6) 
x (- ) 1377231 
cos (6)3—d31) 


f=3/2 


61/2 3 (72) 


f=1/2 
M1 (5 —3cos?0) 


a’3/21 (7/2) 


cos (633— 011) 

(1/2)(1 — 3cos?@) 

x (—) 7387781 
cos (033031) 


(V2 /2) 
(5—3cos?@) 
* (=) 7837713 


cos (033— O13) 


T=3/2 


(1/2) (5— 3cos"6) 


a3/23(/72) 


Bach blank in the table is to be filled by the same one symmetrical to the diagon 
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Appendix 


Detailed calculation with regard to the ti 


The state which is induced by the time reversa ‘ 


way; 


SHUM) = (PF, Fm) = (U, ¥F, P yaa) - 


(Cra 


Here we introduce a unitary matrix U, according to the 


pr=U; Ue 
We bring (A-1) in 


al figures. 


yakawa, Prof. K. 


e discussions. 


f Osaka University for finan- 


me reversal is carried out in this appendix. 


1 from i or ies reduced in the following 


(A-1) 


definition given by Wigner,” 


(A:2) 
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(f*| JIM) = (8%, U7! Poau) = (EF, UF AUF Pham) *. (Ax 3) 


There appears an operator (/U* that means twice of the time reversal, 


prer—OUU*e. (A-4) 
According as the state obeys Bose or Fermi statistics, there results “= +, so that 
UU*= +41=6. (A-5) 


From (A-3) and (A-5), therefore, we have 


(f*| JIM) =& (JNM |). (A-6) 
Similarly 
(JM \i*) =E,(0|JHM"*). (A-7) 
Thus 
(FRR) = Dey (| JH M*a) (JH16|R| /Ha) (SUM*o|f). (A-8) 


The quantity for which we ask is obtained by taking complex conjugate of (A-8). 
(7|R*|2) = ME & (/| JM M6) (J 110| R| 1a) * (SUM *a\2). (A-9) 
JUM 


Let us apply this general formula to the 7—7 process we are interested in. €; and 
€; are equal to —1 respectively, because there is one nucleon both in the initial and 
the final states. If we consider, for example, the reaction amplitude for magnetic / pole 


radiation AZ* (72) given in § 3 of I, (/|A{Z) is given by AS* (17) X (aY+) Pe ete 
(z|7=L+1/2, L,.M=3/2) (/M|R|JIM) JNM, MLiz) 


= / * 
=V7 Pee ye 8 pL Tay. |e CA-2_ aes ; 
ct? Vi BL" Via far(m) (4/F42 a Yi)", (Ato) 


where °7/; shows the angular part of wave function which is specified by the ZZ pole and 
magnetic quantum number 1. 


In order to obtain (z|'\7) following (A-9), 
(7|7=L+1/2, L, M=3/2*) (JINR| JIN * (/ILMML*|\y) 
eg [L2G a geet: |e IT y+\*\* 
=—VvVioJa_/ ) 3 sy \pere f/E+2 gh 
[é SRL var. ies ed lly Tidak Zi) 
(A-11) 
where we use U/=o, in the current representation ( : < ). 
The minus sign in the right hand side is due to the property that the intrinsic parity 
of a meson against the time reversal is odd. By means of Wigner’s theory’ 


aX=o,a* = 78, B® =o,8* = —ia. (A-12) 


Taking advantage of the property of spherical harmonics Y;,m and of polarization of photon 
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against the time reversal, that is 


ree Vg es (a) BY ny (A+ 13) 
and 


Lemar oF (A-14) 
Our desired result can be obtained from (A-11), 


Nie Ie y 2, Yai 3/2") (/iR 


JID) * SN MMUL* 


7) 
= val fFE vs ceaJ!—* v,, fem (EF? 092) 
B D1 ala a oe 2 (771) eae Y;) - (A:15) 


For A,(e), B,(e) and B,(i) we are able to perform our calculation in the same 
manner as this. As for the photomeson production (A-9) results in 


@|R*) =— Da J—M) ARID * JM) 
Putting M=— J, 
(2|R*|7) = spa Werke (JI R| JM) * JIM 


Na: (A-16) 


Therefore 
ai Kner (A-17) 


It is remarkable that the relation between (7|A|7) and (z|X*|7) with respect to sign 
depends neither upon the order of multipole for photon nor upon the orbital angular mo- 


mentum of meson as shown by Aizu.” 
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The Relaxation Process im Ferro- 


magnetic Resonance Absorption 


Tadao Kasuya 
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October 29, 1954 


Concerning the problems of nuclear and _para- 
magnetic resonance absorption, many researches have 
been done since Bloch!) and agreement between 
theory and experiment is fairly good. This agree- 
ment is owing in part to the simplicity of the 
mechanisms by which the line width, relaxation 
process, etc. occur. Namely, we can treat these pro- 
blems on the following assumptions: (i) The energy 
spectra of these spin systems are mainly determined by 
the Zeeman energy, and the dipole-dipole interaction 
and the exchange interaction are so small that they 
can be treated as perturbations. That is to say, we 
can proceed on the picture of one body approxima- 
tion. (ii) As the Zeeman energy is determined by 
the component of the magnetization in the direction 
of the external magnetic field, J/, is changed not 
by the spin-spin interaction but only by the spin- 
lattice interaction. By these reasons we can introduce 
the Bloch type damping forces (—J/,/7, —A1,/ TZ», 
—(Uh—A,)/T,), where 7, and 7» are called 
respectively spin-lattice and spin-spin relaxation time. 
Physical meanings of these relaxation times are very 
clear by the above considerations. 

In the case of ferromagnetic resonance absorption, 
however, the situation is completely different. As 
already pointed out by Anderson,”) the characteristic 
properties of ferromagnetic resonance are: (i) The 
main energy of the system is the exchange energy. 
Namely, the phenomenon of ferromagnetism is one 
of the most typical problems of the cooperative 
phenomena, which can not be treated on the basis 
of one body approximation. J7. is no longer a 
constant of motion in the spin-spin interaction, be- 
cause the thermal equilibrium and the energy spectrum 
of the spin system are determined mainly by the 
exchange energy, and the Zeeman energy can change 
its value in the spin-spin interaction by cancelling the 
exchange energy. (ii) As the heat capacity of the 


spin system is very large, the process of heat transfer 
from the spin system to the phonon system is not 
so important. As is well known, the exchange 
energy commutes with the perturbation energy by 
microwave field, and so we can consider roughly that 
the Zeeman energy is excited by microwave field and 
the exchange energy system behaves as if it be an 
external system. 

At first we treat the system with the spin wave 
approximation. This model is applicable only to 
non-metallic ferromagnetism such as ferrimagnetism. 
In the spin wave approximation, the spin wave excit- 
ed by microwave field is only that having zero wave 
vector, or in other words, that having the Zeeman 
energy in the first approximation. We use as the 
Hamiltonian of the spin system that of Hbolstein- 
Primakoff) with a term of pseudo-dipolar interaction 
added to it. If we apply strictly the selection rule 
that only the spin waves having zero wave vector are 
excited, the effective processes for the relaxation are 
collisions of more than four spin waves. The relax- 
ation time by these processes is calculated as follows : 
(1) Collision of four spin waves 
(42) exchange term 


i 10° rae Wary 


= = “ —1 
zt  2x(2s)2\(q/3)s7 J 100 *~ (1) 


where, t is the relaxation time, s the magnitude of 
the spin quantum number, » the number of the 
nearest neighbours, x the Boltzmann constant, 7’ 
the absolute temperature, and _/ the exchange energy 
between nearest neighbours. 

(4¢) dipole term 


1/t=1.4X109(10~5/a)® 100/ 7’: (xZ/ (y/3)s_7)® sec 
(2) 


where a is the distance between the nearest neighbours. 
(44) pseudo-dipole term 


1/r=109/2 X (25)?+ (D/_7)2(x 7/(4/3)./s)® sec(3) 


where /) is the constant of pseudo dipole coupling, 
and by van Vleck!) the order of magnitude of the 
ratio (7/7) is about 10-!~10-2 in room tempera- 
tures. The inverse relaxation times by these three 
terms are all less than 10° sec~1 and their temperature 
dependence is more than square of the absolute 
temperature. On the other hand, according to the 
experimental results, the magnitude of l/c is about 
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of the order of 10°~10° sec~! in room temperatures 

and proportional to the absolute temperature. 
When the deviation of the magnetization from 

the equilibrium value becomes large, collisions of 

the five spin waves such as ap7%vz*a-,* become 

important. The results are as follows : 

(II) Five spin wave collisions 

(5d) dipole term 


1/r=2.5 X 101(25)5(10-8/a)®(100/7")"/? 
X (x7 ] (9/3) 57) 3/22/07)? (4) 


where JZ. is the Z component of the magnetization 
M. Values of the other terms are fairly smaller 
than that of the dipole term. The magnitude of 
this term is also too small and 1/2 dependency of 
the relaxation time has not been found expert- 
mentally so far. 
(Il) Three spin wave collision 

So far, we applied the selection rule strictly, but 
if we now consider that the spin waves having small 
but non-zero wave vector are also excited by micro- 
wave field, the three spin wave collision becomes 
important. The basis of the above assumption is as 
follows: The half widths of the resonance absorp- 
tion in ferrites are almost independent of temperature, 
and greater than inverse relaxation times of Mz. 
These facts suggest that the mechanism causing the half 
width is different from that of the relaxation process. 
According to the facts that the line width is de- 
pendent on the sample and the process of cooling, 
it seems likely to me that the line width in ferrite 
is determined mainly by the lattice imperfection, 
by which the mixing between the spin waves having 
non-zero wave vectors and zero wave vector is caused. 
The largest wave vector to be mixed may have 
nearly the same kinetic energy as that of the line 
half width. According to Damon’), we obtain Amax 


as follows: 


(9/3)5J CAmax = 2B44~1.3 X 10-® erg. 
(AH=75 ce) (5) 


ak pas ~3 X 10-3. (6) 


On the other hand, for the smallest wave vector 


Amin in the three spin wave collision, we have 
(9/3) 8/@hmin* 
=1/4-(2BH )2/x7~4.5 X10 100/Z’-erg. (7) 
akmin~4X10-4 in room temperatures. (8) 


Therefore this process may take place even in 


sufficiently low temperatures. The results are: 


(3d) dipole term 
1/¢-=0.9 X 10 (2s) (10-8/a) ®(x7'/ (9/3) 5) 
< (108@kmax) sec} (9) 
(3/) pseudo-dipole term 
1/e=4X10" 1/(2s) (DI)? (x7/ (9/3) 8, /)* 
< (108aknax) 7! sec}. (10) 


The pseudo-dipole term is smaller in ordinary case 
than the dipole term because of the factor (P/J)*. 
The dipole term gives in room temperature the order 
of magnitude 10% sec-', which value agrees fairly 
well with the experimental value, and the temperature 
dependence is also satisfactory. 

Our model of spin system is faitly simple and 
does not correspond strictly to that of ferrites ; even 


in this case, however, essential change may not occur. 


1) FE. Bloch, Phys. Rev. 70 (1946), 460. 

2) P. W. Anderson, Phys. Rev. 88 (1952), 1214. 

3) T. Holstein and H. Primakoff, Phys. Rev. 58 
(1940), 1098. 

4) J. H. van Vleck, Phys. Rev. 52 (1938), 1178. 

5) R. W. Damon, Rev. Mod. Phys. 25 (1953), 
239: 


The Relaxation Process in Ferro- 
magnetic Resonance Absorption 


— The Effect of the Conduction Lelectron — 
Tadao Kasuya 
Physical Institute, Nagoya University 
October 29, 1954 


According to the renewed estimation of Bloem- 
bergen-Wang,! the relaxation time of non-metallic 
ferromagnetics such as ferrites agrees fairly well with 
our earlier results both in magnitude and temperature 
dependence. The relaxation time of metallic ferro- 
magnetics such as Ni, however, is larger than that 
of ferrite and seems to be almost independent of 
temperature. This fact seems to imply that in metallic 
ferromagnetism, other relaxation processes may exist 
which are much stronger than that of collision ke- 
tween spin waves. As suggested by Bloembergen” 
the interaction between ¢-electron and conduction 
electron would be the most important of such pro- 


cesses. 


804 ~ Letters to the Editor 


There are three types of such a ¢-d interaction. 

(1) The exchange interaction between c-electron 
and d-electron 

This interaction can not be written in a simple 
form such as Dirac’s vector model. But it is easily 
seen that the Hamiltonian of this interaction commutes 
with the magnetization IM, and consequently only 
exchanges the direction of spins of delectron and 
c-electron. That is to say, it is the largest interaction, 
but has no direct relation to such relaxation processes 
that change the magnitude of J/,. As we shall see 
later, however, this indirect process also seems to be 
important to the relaxation process. 

(2) The spin-dipole interaction between ¢- and 
c-electrons 

This interaction is formed of two terms. The 
one patt commutes with Mf and may have nearly 
the same form as the exchange interaction, but is 
much smaller in magnitude. Therefore this term is 
not important. The other part does not commute 
with M and has nearly the same form as the spin- 
orbit interaction which will be discussed immediately. 
But, if we treat d-electrons with spin wave 
approximation, the spin waves excited by microwave 
field have very small wave vector A. Therefore this 
interaction does not become important compared 
with the spin-orbit interaction since, as we can see 
easily, they are in the ratio A/%, where & is the 
wave vector of c-electron at the Fermi level. 

(3) The interaction between the spin magnetic 
moment of ¢-electron and the orbital magnetic moment 
of c-electron. 


The hamiltonian of this interaction can be written 


as follows : 
Has ag) (Su (i — Ri) -Pi/4) 
HEE aa? 
Kans Z| 


where, sufhx 7 refers to the v-electron, Ry, is the 
position of ¢-electron, P’; the momentum of th elec- 
tron, and § the Bohr magneton. 

For the further treatment, we assume that 
electron is distributed equally to each lattice position 
in a ratio 77q/V, where 77, is the number of @-electrons 
and /V is the number of lattice points per unit volume. 
We think that this model is not so wrong, and we 
treat this system with spin wave approximation, 
considering further c-electron as a free electron having 
a certain effective mass. 


By this assumption, the eq. (1) becomes as follows: 


ue =z [Ann bee nop aK 
AL 


+ Ark thn Ktbka-K*) 4+ DDD 
kk KS 
Briok+K* bk aK AK + K! » (2) 


where 
Ag K* =i8r (2s) /2N 1/2 (B2/V7) - i [m*) 
Uo £G)| =a 7s (3) 
Brwe=il6r(B2/V) -(m/m*) - [kX KK] 7/K?. (4) 


The first term in the eq. (2) is the most im- 
portant, but if we apply strictly the selection rule 
that only spin waves having zero wave vector are 
excited by microwave field, this process does not 
concern the relaxation process. As mentioned in 
the case of non metallic substances, however, this 
restriction seems to be too strict. The minimum 
wave vector concerning this process is of the order 
of 10°cm—!. On the other hand, if we take 
the breadth of the region of mixing of spin waves 
having non-zero wave vectors with that of zero wave 
vector as of the order of magnitude of the absorp- 
tion line width, the maximum wave vector of mixing 
Ayax is abour 10°cm—!. In this respect, we think 
that this process seems to concern the relaxation 
process. 

The result of calculation is as follows ; 


Ar 4" *10-8)2 
=1.3X10!0(2s)( = 10-*) (Z10-) ( ay ) 
Th I (4A 10-5)8 
«| 1-( Aynin yy 5 
prael ik (5) 
where 


Kmin=* 9B Ho/#22~108m*/m cm), (6) 


If we take the value of A’ as of the order of 
10°cm~!, the eq. (5) gives the order of 10! sec-}. 
This value is larger than the value of our earlier 
paper by one or two in the order of magnitude, 
and is independent of temperature. These results 
agree fairly well with the experimental results both 
in the order of magnitude and the temperature 
dependence. 

As to the causes of mixing of spin waves having 
non-zero wave vector, the simple explanation, which 
seems to be applicable to the cases of ferrites, does 
hot seem to be applicable, because, although experi- 
mental data are not sufficient, the mechanism of 
the line width seems to be the same as that of 
the relaxation process of A/7.. It seems likely that the 
second order perturbation by the exchange interaction 
may be the cause of this mixing. The study of this 
process is now in progress. 
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The Method of Generating Function 
Applied to Radiative and Non- 
Radiative Transitions of 
a Trapped Electron 


in a Crystal 


Ryogo Kubo and Yutaka Toyozawa* 


Department of Physics, University of Tokyo 
“Department of Applied Physics, 
University of Tokyo 


October 29, 1954 


The radiative and non-radiative transitions of a 
trapped electron in a crystal are discussed with the 
aid of the generating function method.)*) Assuming 
a linear form for the electron-lattice interaction 
Hamiltonian, one can calculate the generating func 
tions of these two processes for a general electron- 
lattice system, that is: not only the equilibrium 
lattice positions but also the vibrational frequencies 
and the axes of the normal modes are different for 
the two electronic states between which the transition 
takes place. 

The generating function for radiative transition, 
from which one can calculate the shape of the 
absorption band by the inverse formula for Laplace 
transformation, factorizes into three functions, the 
first of which represents the effect of the difference 
in equilibrium positions, the second due to the 
difference in frequency tensors (/V-dimensional, in 
general, where /V is the number of modes) and the 
third due to the variation of the transition dipole 
moment with lattice configuration. All these effects 
contribute additively to the moments of the absorp- 
tion curve such as peak shift, broadening and asym- 
metry, and one can estimate the order of magnitude 
of each contribution for actual examples. The third 
factor is important when one discusses a transition 
which is forbidden but for the lattice vibration. 

The generating function for non-radiative transi- 
tion also turns out to be a product of three patts, 
the two of which are identical with the first two factors 


for the radiative transition stated above. We can 
derive, in a general form, the low and high tempera- 
ture features!) of the transition probability, that is : the 
temperature dependences of the probability are given 
by exp(—&/&7") and exp(—e*/£7) for the two 
limiting cases, respectively, where & is the energy 
difference of the ininimum points of the two adiabatic 
potentials, while €* is the minimum point of the 
intersection of the two adiabatic potentials. This 
means that at low temperatures the transition occurs 
primarily as a tunneling effect while at high tempera- 
tures the dominant process is the jumps over the 
activated states. The result of Huang and Rhys*) 
is obtained as a special case. The method used 
here, however, permits one to calculate the thermal 
ionization probability of a trapped electron or hole 
in non-polar crystals such as silicon and germanium. 
The result at high temperatures is written in the 
form 


—m* ¢ 


: ‘ [eTN? 
W,=2V 2] 7 ) exp(—e*/£7), 
roti) 


where & is the depth of trapping, 7* is the effective 
mass of the electron or the hole, ¢ is the longitudinal 
sound velocity in the crystal and 7 is a dimensionless 
constant which contains the well-known electron 
lattice interaction constant C. The activation energy 
é* is given by 


et (1 7/2) 9/2760 = Co- 


For the crystals cited above 7 ranges from 0.1 to 0.4. 
The cross-section ¢, for retrapping process is also 
calculable as we can relate it with 1/7; on the basis 
of detailed balance theorem. The numerical values 
of the ionization rate and the cross-section are very 
sensitive to 7 which depends on the effective mass 
of the electrons ot holes and on the interaction 
constant (. Thus it is impossible at present to give 
reliable values for the actual crystals, but examples 
of o, at 300°K in germanium are: o, (electron) = 
2X 10—cm?, «; (hole) =1 X 10-'*cm?. 

If we confine ourselves a t/¢70 to high tempera- 
ture region, it is possible to discuss radiative and 
non-radiative transitions for a most general form of 
adiabatic potentials which are not necessarily harmonic. 
Thus we can derive, for instance, the well-known 
formula for the rate of transition 


7 


AT aN 
W= x -exp(—2*/07) 
2 


with appropriate definitions of /’* (the free energy 
of activation) and x (transmission coefficient). It 
is a simple matter to derive the Franck-Condon 
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principle for radiative transition. 

We have also discussed the broadening of the 
absorption band due to the degeneracy of the excited 
states, and the effect of resonance repulsion of the 
two adiabatic potentials near the activated states on 
the nonradiative transition. In the latter problem 
the transmission coefficient turns out to be strongly 
temperature-dependent. Detailed accounts will be 
given in a later issue of this journal. 


1) R. Kubo, Phys. Rev. 86 (1952), 929. 

Dy Wik, Mewes I (12 74) (Geb), aveEe 

3) K. Huang and A. Rhys, Proc. Roy. Soc. A 204 
(1950), 406. 


Meson Theoretical Potentials 


in Triplet Odd Siate 


Shoichiro Otsuki and Ryozo Tamagaki 
Department of Physics, Kyoto University 


October 29, 1954 


Nuclear forces derived from the symmetrical 
pseudoscalar meson theory have succeeded in explain- 
ing many experimental data of two nucleon system!). 
However an important problem is left untouched 
concerning the triplet averaged /-wave phase shift at 
low energies. It is possible in this problem to compare 
theoretical results with experimental data quantitatively 
without uncertainty which the meson theoretical 
nuclear force problems often go with. The nuclear 
potentials derived meson-theoretically become unreli- 
able when two nucleons come nearer than about 0.6 
times the meson Compton wave length (1.40107) 
cm). However, effects due to this unreliable part of 
the potentials are surely much reduced as the energy 
is very low and the centrifugal force exists in this 
problem. 

Presence of non-central foices separates the triplet 
P-wave phase shift into three, 0”, /=0, 1, 2 being 
the total angular momentum. However, at low 
energies /-/ scattering experiments tell one only the 
averaged /-wave phase shift 4—= (1/9) (69! +30, 
+502'). Most of the experiments up to 5 Mey 
show either negative 4 or too larger experimental 
errots to say something definite. The latest and 
the most precise one is the Wisconsin data?), of 
which the only point at 4.203 Mev is not quite 


consistent with the other points due to experimental 
difficulties, as was stated by the authors. The 
variation of 4 with energy at the other 6 points 
from 1.855 to 3.899 Mev is consistent, so it would be 
sufficient to compare theoretical results with dexp= 
—0.109 +0.020° at 3.899 Mev. 

It is expected that the representative phenomeno- 
logical Z-/ potentials proposed so far can never 
reproduce negative 4. At low energies it is estimated 
that 6,,”(exact) >d.-“(Born) mathematically for 
monotonous potentials. As far as we confine our- 
selves to interactions involving no higher powers of 
the relative velocity than the first®), the only allowed 
noncentral interactions for /#-/ scattering are tensor 
type or L-S type. For both types the effects of the 
non-central interactions to 4(Born) cancel out as 
a whole, so that 


A (exact) > 4(Born) oc /”(central potential). 


Thus the averaged effect to 4 due to the non-central 
forces is usually attractive. As the triplet central 
potentials of Christian-Noyes! and Jastrow®) are 
vanishing, 4(Born)=0, so that 4>0. This was 
actually calculated for the latter case by S. O-numa®). 
The Case-Pais potentials’) are probably unfavourable 
as its triplet central force (nearly the same with the 
Christian-Hart potentials*)) is too weak, while 4exp 
requires for the central Yukawa well the exchange 
character of (0.38+0.62/7),)%). Presence of hard 
core is of no use. A hard core of the radius 0.4 
times the meson Compton wave length contributes to 
4 only of the order —0.033°. 

It is to be noted that the triplet odd central 
force derived from the symmetrical pseudoscalar 
meson theory by both TMO! and BW!” treatments 
is repulsive in the region .>1.5, « being the inter- 
nucleon distance in the unit of the meson Compton 
wave length, as can be seen from Fig. 1. Emphasis 
must be laid on the fact that this repulsive force is 
due only to the 2nd order contribution and is not 
affected by the 4th order terms. Moreover, this 
central force is not so strong as those of the other 
states owing to the dependence of the 2nd order 
central force on (t)-t2)(¢;-00). This condition has 
been shown to be very favourable to explain the 
intermediate /-/ and »-/ scattering.}!2) 

Our purpose is then to see whether this 2nd 
order slight repulsive force in the triplet odd state 
can reproduce negative 4, overwhelming the contri- 
butions from the 4th order terms and non-central 


terms which are effective to make 4 larger mathema- 
tically. 
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As the first step, we take into account only the 
2nd order central and tensor forces, cutting the 
potentials all to be zero in the region «<1. The 
One is to 
study the effect of the 2nd order force alone which is 
expected to be responsible for negative 4. The other 
is that, unfortunately, the 4th order potentials of TMO 
and BW treatments are different from each other in 


purpose of this prescription is twofold. 


the region x <1 in the triplet odd state as can be 
seen from Fig. 1, though this difference is not so 
large as in the triplet even state. 6,y’s are calculated 
numerically in this case as the Born approximation 
For the 
pseudo-vector coupling constant g-/4xz=0.10, the 
results are: 69!=1.502°, 0)1= — 0.694", 62} = —0.280° 
and the resultant 4=—0.207°. Actually, negative 4 


is not suitable for such delicate problems. 


is obtained. 

This result is corrected for various cases, Le., for 
the variation of g?/4x or by the contribution from 
the 4th order potentials in the region 1 >1 and that 
from the 2nd plus 4th order potentials in the region 
a<1. The resultant 4’s are tabulated in the table. 
The Born approximation is used to calculate these 
They are small compared with the 2nd 
order contribution. Results for FST potentials!*? 
are expected to lie between TMO and BW results. 
The assumed presence of a hard core with radius 0.3 
would contribute —0.015° to 4. We see from this 
table that 
theoretical potentiais can actually reproduce dexp for 
g|4x=0.08~0.06 and that this is mainly due to 
the 2nd order central potential that is repulsive far 
This 2/4x is comparable with 


corvections. 


from the origin. 
that predicted from the singlet even state data, ie. 
0.08~0.10. We feel ail these facts to be an experi- 
mental support of the meson theory of nuclear forces. 
Note that, though meson-theoretical potentials can 
reproduce negative 4 at low energies, they will give 
6 
g/4n | 0.10 | 0.08 0.06 


TMO) BW |TMO) BW ‘TMO BW 
Case A |—0.19|—0.17|-0.16|—0.14|—0.12|—0.11 
OB 10.18 |= 015 |—0.15 |=0.13 |-0.12/—0.10 
Case € |—0.16|—0.11 |—-0.14 —0.10]—0.11 —0.09 


——— 


Table. 4 in degrees. Case A, B and C are 4’s 
due to the 2nd plus 4th order TMO or BW 
potentials Bitside @2=1.0, 0.6 and 0.3 respectively, 
the inside potentials being cut to be zero. 4exp= 
—0,109-£0.020°, 


the symmetrical pseudoscalar meson- 
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positive 4 at intermediate energies owing to the 4th 
order central terms that are large and attractive in the 
region «<1 and to the tensor force effect. 

We wish to express our thanks to Prof. S. 
Takagi for his encouragement. 


Mey 
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4 


PS 
x (1.4010-}5 ema) 


Fig. 1 


Symmetrical pseudoscalar meson theoretical 
potentials of the triplet odd state of 

TMO with g°/4z7=0.08, 

BW with equivalent G2/4x (p)2 47 )*=0.08, 

the 2nd order term alone with g?/4z=0.08. 
The suffixes c and ¢ mean central and tensor part 


respectively. 
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A Note on Superexchange Interaction 


Jiro Yamashita 


Institute of Science and Technology, 


University of Tokyo 


November 2, 1954 


In the previous paper!) we have developed a 
theory of the superexchange interaction of MnO by 
the method of Heitler, London and Liwdin. The 
energy difference between the ordered antiparallel 
spin state and the parallel spin state was found to 


be 
Ep) 7 F(a) =6NH,,"|(Hyq.— ido) - Q, (1) 


where .V is the number of ion pairs in the unit 
volume, //,, is the energy of the totally ionic state 
(ground state), //,, is the energy of the excited 
state, where one pair of Mn+ —QO- ions exists, // 


ga 


is the transition matrix element between the ground 
state and the excited state and ( is the net energy 
difference between the two spin arrangements ip 
excited state. We see from eqa (1) that. ata nas 
positive, the ordered antiparallel spin state is more 
stable than the parallel spin state at low temperature. 
Thus, in our theory the decision of the sign of Q 
is very important. Using Liwdin’s?) notation Q is 
approximately expressed as 


O= B(2f0|3d0) + C(270|37), (2) 


where 7 is the S-energy between a (270) electron of 
an O~ ion and a (320) electron of a adjacent Mn*+ 


jon and C is the exchange energy between a (2/0) 


electron of an O- ion and (3¢)5 electrons of a ad- 
jacent Mn** ion. In the previous paper, however, 
we left quantitative consideration of the quantities 
O; Aa and(are lian) untouched. In this note 
we shall compute them approximately, in order to 
get the more or less quantitative information about 
the mechanism of the superexchange interaction 
developed by Kramers®) and Anderson.* 

In fact, the rigorous computation of Q seems to 
be a rather complicated problem, because we must 
have many electron configurations in order to get a 
good representation of the state of an O~ ion within 
a MnO crystal. We, however, want to know only 
the order of magnitude of Q at present. Thus for 
our semi-quantitative purpose it may be allowed to 
use the Hartree-Fock wave function of (2/)° state 
of the O- ion and an approximate (3¢)° wave func- 
tion of Mnt+ jon, which is determined by the 
interpolation from the Hartree-Fock wave functions 


of Cut and Cr**, 
Pag (7) = {57.44 exp(—4.8357) 
+ 2.366 exp(—1.8717) }7°. (3) 


This function gives the better agreement with the 
experimental charge distribution?) than Dancoff’s 
exact H-F wave function of free ion. When the 
wave functions are given, the computation of & and 
C is performed straightforwardly by Léwdin’s method 
and the results are as follows (we use the atomic 
unit) : 


S(2/0!3d0) =0.11,  B8=0.021, 


C=—0.016 and Q=0.005. 


Next, //jq is approximately given by 


iol : = 2ay—1 
Hya=Se\ doy :O-)(J vin(7) + 
. é 


+Vy(r)) dsao(rs Mn) de, (4) 
where /\t,(7°) is the potential of a Mnt+ ion, ay 
is the Madelung constant and 2« is the lattice con- 
stant and the last term gives the correction due to 
the finite size of the oxygen ion, which is expressed 
as: 


MPO iy Se ee 2 
Vy) =6x55 (1! »(R) —(- ne) tea. (5) 
a7 
(10(&) =the Hartree field of the oxygen ion.) 


Using the above mentioned wave functions we find 
Ayq~0.0075, Finally (2j7—Hna) is roughly 
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estimated by the following expression : 


4a 
Pee yee UE ele, 


a 
(6) 

where / is the ionization energy of Mnt+ ion (about 
l6ev.?) and / is the affinity of the O-~ ion (about 
—9ey.?) and /p is the polarization energy, which 
is estimated by Klemm’s®) method (about —Sev). 
Using these values we get the value 9ev for 4/. 
In the case of alkali-halide crystals the values of 4” 
estimated from (6) are nearly equal to the observed 
values (the difference is about one or two evy.). 
However, in the case of MnO the value of 4/ is 
supposed to be two or three ev. Thus we see that 
eq. (6) fails in giving the right order of JZ. 
Using the value 4“ =3ev. we find: 


{E(p) —E(a)}/NV=6X (0.0006) ev. 


Thus we find that our computation gives the right 
order of magnitude for the superexchange interaction 


of MnO crystals. 


only a semi-quantitative nature owing to many 


Although our computation has 


approximations, it may be allowed to say that our 
computation gives some further support to the 
Kramers-Anderson’s theory. Here we notice that for 
quantitative consideration our method is much more 
convenient than the usual spin operator method. 
Finally the author wishes to express his thanks to Prof. 
T. Muto and Prof. R. Kubo and Dr. P. W. Anderson 


for helpful discussions. 
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A Remark on Convergence Factor* 


Nobutaka Ito 
Vamashiro High School, Kyoto 
November 15, 1954 


We want to use the following convergence factor 


* Read at the annual meeting of the Physical Society 
of Japan, Oct. 31, 1954, 


including the idea of the cohesive meson theory! in 
order to calculate the finite values of the Dirac 
particles’ self energy: 


C=C ((P-k)?—m*) —9-O(k*), (1) 


where 


C((P—h)?—?) =—#((P-k)?2— 18-2) 4, 
Co(K2) = — @ exp(—(u/2)) (kh? = # exp(— (u/2)?))~; 


m+: mass of Dirac particle, 4: mass of C-meson, 
g: constant, 


(2) 
and 


(1-—g)T1C Jase =1. (3) 
The 2nd order self energy integrals of an electron 
in the energy momentum space representation is 
given by 
bm=e/ni\ 7,(P—k—m)7,k ak — 9) 
a 


: [C aso (4) 
= (6m,—dnig) (1 —g)3, 


where 
67, = [2/xi| ph 7) Ny heath 
C((P—-kh)2—m*) a5» 


O19 = [e2/z “| ty( P—h—m) p,kaikg- Ch?) aso - 


(5) 
Owing to the formulae 
((P—k)?—m*)3C ((P—k)*—m*) \ 
fa | 
aa ((P—k)?—m?—L)dL, | 
0 
| 
Azexp (— (14/22) (6) 
20,(k) =— | 


(h2—L)d/, 
0 
1 
ab} = \ 2xdx(ax+b0— ars 
0 


we have 


dim =[e2]ni| 1, (Phe +m) rye (Ph)? —m) 
-C((P—h)?-1®)hk]is0 (7) 
= [2/xi\ 1,(P—k+m) yeh 2Pke-L)# 


(hk) Jase: 
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On the other hand, 


(si) (1: hg) d3h(k2—2Ph— 1) (ke) 


= ( (liaP5) 2ex log (22/7?) (8) 


0 
where A> ™ 
Om, = 3e2/27 [log Alz] -m+3e?/2x-m[5/12]. (9) 
A>o 
(log-term ) (finite-term ) 
The value of 67, is the same as that of V. Weiss- 


kopf?) and J. Schwinger,®) that is to say, 


V. Weisskopf: 3¢%/2x\log Ale] -m 
A> 0 


+ 322/2n-m[log(1+V1+ (m/A)*) — (1/6) Jasco 
(10) 


J» Schwinger: 32°/2x[log Alm] -m 
Z A> 


+3e°/2z-m[5/6—log vale 9 aul lite ile (11) 


We calculate 6. as well and get the following 
result : 
Oty = 37/27 [log Alme—4 + (p/A)2] «72-9 
+ 3¢2/2z-m-g- (1/4). (12) 


If g=1, this is entirely the same expression as the 
result obtained by Feynman.4) According to the 
calculation by M. Hamaguchi,*) 6 includes the 
logarithmically divergent part and the 2nd finite term 
does not appear. In my calculation 3 is as follows, 


Om= (Om, — Oy) (1 — 9)! =3e2/2z-m ((5— 3g) /12) 
2110) sane (13) 


g 
12(1—g) 
electron. If g= 


59 | . 
32° /2n-m- gives for the change in mass of 


1, g=0, g=2, g=3, etc. we get 
the values of ¢he change in mass : e*/2r-m, e°/8x-5m, 


e"/8x-m, e*/4z-m, respectively. 


1) S. Sakata, Prog. Theor. Phys. 2 (1947), 30. 
A. Pais, Verh. Kon. Ac. Amsterdam 19 (1947). 

2) V. Weisskopf, Phys. Rev. 56 (1936), 81. 

3) J. Schwinger, Phys. Rev. 75 (1948), 675. 

4) R. P. Feynman, Phys. Rev. 76 (1949), 777. 


5) M. Hamaguchi, Prog. Theor, Phys. 11 (1954), 
471, 


On the Hydrodynamical Representa- 
tion of Non-Relativistic 
Spinor Equation 


Takehiko Takabayasi 


Physical Institute, Nagoya University 


November 18, 1954 


The hydrodynamical representation of Schrodinger 
equation formerly suggested by Madelung") has been 
developed in our previous paper,’ considering its 
bearings from various points of view. The similar 
method was taken up by Schinberg in a recent paper®) 
where he briefly quoted an unpublished investigation 
of Bohm, Schiller, and Tiomno which attempts to 
represent a quantum-mechanical motion by a vo¢ational 
hydrodynamical field in the case of non-relativistic 
We have incidentally touched 
upon the latter problem in a short note?) which was 


spinning particle. 


intended to give some remarks to Schénberg’s article. 
In the present note we would like to state briefly 
our treatment of the problem of spin separately 
in a more sufficient form, though it would be 
expected to be quite similar to the work of Bohm 
et al. 

The quantum-mechanical motion of a non-relativis- 
tic spinning particle is described by the Schrédinger 
equation 


((4/7)0/0¢+ 7) p=0, (1) 
with the two-component spinor function ¢= ai 


and the Hamiltonian 
H=1/2m-(p—eA]c)*+e4o—(elmc)SH, (2) 


as we consider, for simplicity, in the lowest approxi- 
mation, where (4, 4) is the external electromagnetic 
potential, #7—=curl A the magnetic field strength, 
and s=(7/2)o, o being the Pauli matrices. 

First we introduce a scalar 


P=grg (3) 
and a vector 


2 #ro-rer-b 
v= 2mi gry ar pe ’ (4) 


which satisfy the continuity equation 


P+div(Pv) =0, (5) 
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and so can be regarded respectively as a density and 
a velocity functions, the latter being a general rota- 
tional field due to ¢ having two components. 
Further, we introduce a vector S by 


S=2/2-¢*o/p*¢ (6) 
which has a constant length: 
S?= 77/4, (7) 


and can be regarded, in our picture, as the ‘spin 
field’, i.e. the intrinsic angular momentum distributed 
in space. It is not independent of the flow velocity 
v but is connected with the rotational part of the 
latter by 


curl; x RU 4 05UK — 0,0; 
= (1/75) (05520453 — Oz 52055) —= (e/mc) [jx kp 
(8) 


with 0;=0/0x;. The first term in the right side 
of (8) can be rewritten in a more symmetrical form 


. ea 05S; 0552 055 
Ox Sy Op. So 0; Sa 


> 


Sad A Sei soey Sao | 
| 
| 


whose divergence vanishes identically on account of 
(7), as it should. 

We can now find, after some calculations using 
(1), the Euler equation of our velocity function to 


be 
mdv,|dt= Ky +e]mc-D\ 0, 1x Sk 
k 


+ (#2/2m) -0;(4V P[V P) 
—(1/mP) Z Ox (POiS7-On57)> (9) 
#4 


where d/@¢=0/0/+ (vp) means the substantial deriva- 
tive. In the right side of (9), Ky,=cL tele: lv 
XH1],; is the Lorentz force, and the third term is 
the well-known quantum force, but there appear, in 
addition, the second and the fourth terms dependent 
on the spin field. The former is taken as the re- 
action on the orbital motion of the element of the 
fluid due to the inhomogeneity of the magnetic field, 
as the result of the spin being associated with the 
magnetic moment (e/mc)S, while the latter is the 
new stress which appears due to the inhomogeneity of 
the spin distribution. 

Next we calculate the equation of motion for S 


to obtain 


d§|dt= (e/mc) (Sx H) + 1/m 
- [Sx (48+ (1/?) 31 0;P0;,8)), (10) 


where the first term in the right side is the torque 
acted on the spin by the magnetic field due to the 
magnetic moment associated to the spin, while the 
second term means that the spin is also subjected to 
the additional torque dependent on the gradient of 
the spin field itself. 

We could thus transform the spinor equation 
(1) into simultaneous equations of motion, (5), (9), 
and (10), for a scalar P and two vectors U and 5S, 
together with the subsidiary conditions (7) and (8) 
compatible with the equations of motion.®) These 
equations are all real and explicitly gauge-invariant 
and could be associated with the extended hydro- 
dynamical picture: The more detailed properties of 
it can be investigated in a similar manner as in the 
original hydrodynamical picture”) ; for instance, the 


energy density is given by 


1 
~ 118+ 7,08) ; 

Since the above formulation presents a new pic- 
ture and a method for the treatment of a spinning 
particle or of a spinor field, it is expected to be 
useful for various purposes, though the picture itself 
should not be taken too realistically.”) For instance 
it gives immediately the ‘classical or W.K.B.-like 
approximation’ for the quantum mechanics of a 
spinning particle: If we neglect the quantities of 
the order #2, taking into account that S is of the 
order 4, eqs. (9) and (10) are reduced to 


mv 4idt= Ky + (e]mc) >) 042K Sh (97) 
k 
d§/dt=elmc- [Sx 7} (10’) 


respectively, while eqs. (5), (7), and (8) remain 
the same. This shows that the picture 1s reduced, 
in this approximation, to such an ensemble of the 
numerous and mutually independent classical motions 
of a classical particle with spin, as to satisfy the 
condition (8), besides (5). 

At this point it would be useful to add an ex- 
planation on the classical-spin. It-is to be defined 
formally as the fourth intrinsic degree of freedom 
such as to bring about to the Hamiltonian @); 
taken as a classical quantity, its last term U6 bei 
— (r/c) SH, which is to be considered as a func- 


tion of the conjugate canonical variables), 
qs =tan~' (52/55), 


Ps =J3 


under the constraint s!= 22/4. The equations of 
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motion derived from this classical Hamiltonian co- 
incide with (9’) and (10), with S replaced by s. 
These equations exhibit that the classical particle with 
spin behaves just identically with a particle having 
the internal angular momentum s and the magnetic 
moment (¢/c)s. Nevertheless it is not needed to 
‘intevp:et’ the classical spin by the rotating model. 
The Hamiltonian is originally diferent from that 
of the rotator, having only one degree of freedom. 

The author is indebted to Mr. Tetsuro Otsuka 


for useful assistance in this work. 


1) E, Madelung, ZS. f. Phys. 40 (1926), 332. 

2) TT. Takabayasi, Prog. Theor. Phys. 8 (1952), 
143; ibid. 9 (1953), 187. 

3) M. Schénberg, Nuovo Cimento, 12 (1954), 103. 

4) TT. Takabayasi, Nuovo Cimento (to be publish- 
ed). 

5) If we introduce the Eulerian angles (0, ¢, %) 
such as their Cayley-Klein parameters are (q), ¢2), 
they just play the role of the Clebsch parameters 
for the rotational momertum field : 


p(w) =mv-+elc-A= 4/2: (cos 7 b+7x); 


and also (6,6) become at the same time the 
polar angles for § (see reference 4). The Euler 
angles, however, are perfectly eliminated when 
we use v and SN. 

6) Cf. reference 2). 

7) Cf. reference 2). 

8) H. A. Kramers: Quantenthcorie des Elektrons 
und dr Strahluny (Akad. Verlagsgesell., Leipzig, 
1938), p. 234. 


A Classical Treatment of the Scatter- 
ing of Electromagnetic Waves 


by Nucleons 


Iwao Sato and Yoshihiko Ichikawa* 


Department of Physics, Tohoku University 


November 19, 1954 


Brueckner and Case!) applied the classical meson 
theory to the production of mesons by photons on 
nucleons, and succeeded to explain the copious pro- 
duction of neutral mesons and other gereval featutes. 
By the use of the same method we investigate the 
scattering of electromagnetic waves by nucleons. A 
quantum mechanical treatment of this process has 
been given by Sachs and Foldy”’, but these authors 
have assumed the weak mesor-nucleon coupling. 
On the contrary, our method is based on the assump- 
tion of the strong coupling. 

We consider a system of one nucleon at rest and 
the pseudoscalar meson field, both interacting with an 
electromagnetic field. The meson-nucleon coupling 
is assumed to be pseudovector, and the anomalous 
magnetic moments of nucleon are taken into account 


phenomenclogically. Following Brueckner and Case,!) 


* Now at Lab. of Nuclear Studies, Cornell Univer- 
sity, Ithaca N.Y., U.S.A. 


(1) nucleon cE ETT eee isobar ea nucleon 


incident wave 


(II) nucleon 


scattered wave 


x» isobar Berle nucleon ty: nucleon 


excited meson vps static meson 


incident wave 


nucleon 


scattered wave 


an haa Nod i nucleon eps ors) nucleon 
static meson ae excited meson oy static meson 


incident wave 


scattered wave 


we assume that the meson field is unquantized, and 
regard spin and isotopic spin of the nucleon as 
classical unit vectors. Then the equatiors of motion 
of the system under the influence of the incident 
plane electromagnetic wave can be solved without 
any approximations other than the expansions in 
powers of elementary charge ¢. Only the «*-parts 
of charge and current densities ave necessary for our 
purpose. We denote them by po (a, ¢) and jo(a, ¢), 
and write them as 


02 (a, t) 


= —Be—ttw BY sel pw (t) 
es se Sane a, 


iulbwig 


where w is frequency of the incident wave. The 
scattering takes place through the three processes 
represented schematically «as above. Corresponding 
to this, j,,(7) can be written as 


Ju) =J1O +7711 Ot+7111 O, (2) 


where j7,,J77 and j777 correspond to the processes 
Z, (1, and /// respectively. Inj and j77, there- 
fore, the resonance occurs at the excitation energy 
of the isobar. j77 and jy77 are expressed by 
integrals over Fourier components of meson field 
around the nucleon. The integral for 777 1s linearly 
divergent, while the one for j77 is convergent. We 
cut off this divergent integral. Then a difficulty 
arises. Namely, the equation of continuity for the 


charge and current densities 
—inp,(L) +it-ju@ =0 (3) 


does not hold. As a consequence of this, the cross 
section does not vanish at »=0, even if the nucleon 
is assumed to be at rest. We find that this difficulty 
is due to certain terms appearing in Pw and jyrr- 
These terms are the so-called surface terms, and 
are quite different in the form from the other terms. 
We drop these terms entirely. Then the terms 
containing the cut off momentum disappear from 
Jrrr and only jr and jrr depend on the cut off 
momentum through the ¢?-parts of spin and isotopic 
spin. We have verified that the charge and current 
densities outside the nucleon as well as the total 
charge are not affected by dropping the terms injur- 
ing the equation of continuity. These terms contain 
a term proportional to the cut of momentum in spite 
of the fact that the cut off is the very cause of the 
breakdown of the equation of continuity. This is due 
to the strong singularity of the derivative coupling 
between nucleon and meson. In the quantum 


mechanical treatment, all the divergences cancel, so 
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cut of is not necessary, therefore the above difficulty 
does not arise”). 

Now we add to j.(av, ¢) the term giving rise to 
the ordinary Compton scattering 


— (22/247) (1—t3) Ao (ao, 4)0(a6—2o), (4) 


where Ao is vector potential of the incident wave, 
and @» denotes position of the nucleon. Then we 
have instead of (2) 


Jolb) =JoO +91 O +911 O +9711 O, 


where jy(4) denotes the Fourier transform of (4). 
Owing to jo, J. does not satisfy the equation of 
continuity (3) again, and at w=0 the cross section 
takes the Thomson value instead of zero. 

The differential cross section per unit solid angle 
in the direction of the unit vector ” is given by 


ds /d2=\j.,(0) |?—|N-jJu(e) |?. 


We average this over all directions of the spin and 
the isotopic spin. Therefore our calculation gives 
only the average of the ctoss sections for proton 
and neutron. If we do not take the average over 
the isotopic spin directions, we are led to an un- 
accountable result that .j777 does not contribute to 
the cross sections. This is because the isotopic spin 


has been treated as a classical unit vector. 


1,0 


In Fig. 1 we show the total cross section o and 
the main contributions to it as functions of w. «0, 
rr and oyzr rrr are the contributions of Jo, Jz 
and jy71 respectively, and aozy, is the interference 
term between ,jy and J 777- The other terms contribute 
to ¢ at most 7% fora < 3u4. Unit of the ordinate 
has been taken to be the Thomson cross section 


oo= (87/3) (e2)A7)?. 


814 


Values of the coupling constant and the cut off 


momentum have been taken from reference 1): 


f ?/4n=1/6, Amax= (37/8) AZ. 


In virtue of «77, o has a maximum at w=1.8 yp. 
«77 depends strongly on the magnetic moments of 
nucleon, for which we have taken the. static values. 
S00» S411 11x and ooyz7 ate independent of the nu- 
cleon magnetic moments and the cut of momentum. 

Sachs and Foldy?) have calculated only the terms 


corresponding to oo+toyr4 271 +001115 and have 
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any remarkable anomaly af w=y. Sachs and: 
Foldy have taken a larger value for the coupling; 
constant: £°/4%=0.252. Even for this value of the: 
coupling constant, our values of oo +o y77 111+ 0771, 
are much smaller than those of Sachs and Foldy.: 
This is partly due to our classical averaging over the} 


spin variables. 


1) K. A. Brueckner and K. M. Case, Phys. Rev. 
83 (1951), 1141. 


shown that these terms have maxima atw=y. In our 2) R. G. Sachs and L. L. Foldy, Phys. Rev. 80) 
case, however, oo toysr7 rrzt+0rr7 does not show (1950), 824. 
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